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The Framework
Suppose that, for a particular commodity, the demand and supply functions are as follows:

Ye=a—pP (a.f > 0)

\ 15.8
O=—y+5P  (7,6>0) (138)
Then, according to (3.4), the equilibrium price should be'
. ¥ty . ..
= = some positive constant 15.9
I { p ) (15.9)

Ifit happens that the initial price P(0) is precisely at the level of P*, the market will clearly
be in equilibrium already, and ne dynamic analysis will be needed. In the more interesting
case of P(0) # P*, however, P* is attainable (if ever) only after a due process of adjust-
ment, during which not only will price ¢change over time but Qg and Q. being functions of
P, must change over time as well. In this light, then, the price and quantity variables can af/
be taken to be functions of time.

Our dynamic question is this; Given sullicient time for the adjustment process to work
itself out, docs it tend to bring price to the equilibrium level P*9 That is, does the time path
(1) tend to converge to P*, asf — oc?

The Time Path

To answer this question, we must first find the time path P(¢). But that, m turn, requircs 4
specific pattern of price change to be prescribed first. In general, price changes arc gov-
erncd by the relative strength of the demand and supply forces in the market. Let us assumc,
for the sake of simplicity, that the rate of price change (with respect to time) at any moment
is always directly proportional to the excess demand ( 0q — Q) prevailing at that moment.
Such a pattern of change can be expressed symbolically as

| o
5 /Wm0 U= 0) (15.10)

where ; represents a (constant) adjusfment coefficient. With this pattern of change, we can
have dP/dt = 0 if and only if (}; = . In this connection, it may be instructive to nofe
two senses of the term equilibritm price: the intertemporal sense (P being constant over
time) and the market-clearing sense (the equilibrium price being one that equates gy and
;). In the present model, the two sgnses happen to coincide with each other, but this may
not be true of all models.

By virtue of the demand and supply functions in {15.8}, we can express (15.10) specifi-
cally in the form

dP
dt =jfla-BfP+y—8P)=jlaty)— j{(f+HP
or
{P
rdr JB+HHP = jlat+y) (15.10)

* We have switched from the symbols (¢, b, ¢, d) of (3.4) to (&, £, y, 5) here to avoid any possible
confusion with the use of a and b as parameters in the differential equation (15.4) which we shall
presently apply to the market model.
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Since this is precisely in the form of the differential equation (15.4), and since the coefli-
cient of £ 13 nonzero, we can apply the solution formula{15.5) and write the solution—the

time path of price—as
Y| sl «+y
Py =| P = el
g [U ﬁ+b‘]€ TETe
=[PO) - Pl ™+ P [byt15.9): k=/(B+8] (15.11)

The Dynamic Stability of Equilibrium

In the end, the question originally posed, namely, whether P({) — P* asf — o0, amounts
to the question of whether the first term on the right of (15.11) will tend to zero as ¢ — 0.
Since P({}) and £* are both constant, the key factor will be the exponential expression
e~ . In view of the fact thal £ = 0, that expression does tend to zero as f — o0, Conse-
quently, on the assumptions of our model, the time path will indeed lead the price toward
the equilibrium position. In a situation of this sort, where the time path of the relevant vari-
able P(1) converges to the level P*  interpreted here in its role as the intertemporal (rather
than market-clearing) equilibrium—the equilibrium is said to be dvnamically stable.

The concept of dynamic stability 15 an important one. Let us examine it further by a
more detailed analysis of (15.11). Depending on the relative magnitudes of P{() and P*,
the solution (15.11) really encompasses three possible cascs. The first is P(0) = P*, which
implies P(¢) = P*. In that event, the time path of price can be drawn as the horizontal
straight line in Fig. 15.1. As mentioned earlier, the attainment of equilibrium is in this casc
a fait accompli. Sccond, we may have P(0) > £, In this case, the first term on the right of
(15.11} is positive, but it will decrease as the increase in ¢ lowers the value of ¢ . Thus the
time path will approach the cquilibrium level P* from above, as illustrated by the top curve
in Fig. 15.1. Third, in the opposite case of P{0) < P*, the equilibrium level P* will be
approached from below, as illustrated by the bottom curve in the same figure. In general,
to have dyhamie stability, the deviation of the time path from equilibrium must cither be
1dentically zero (as in case 1) or steadily decrease with time (as in cases 2 and 3).

A comparison ol (15.11) with (15.5) tells us that the £* term, the counicrpart of &/a,
is nothing but the particular intcgral y,, whereas the exponential term is the (definitized)
complementary function y,.. Thus, we now have an economic interpretation for y. and
Vpi Vp represents the intertemporal equilibrium level of the relevant variable, and y, is the
deviation from equifibrium. Dynamic stability requires the asymptotic vanishing of the
complementary function as ¢ becomcs infinite,
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F(1) : casc of Py = P*

Pr @ =

Fr)y - case of PIOY < 7
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FIGURE 15.2

In this model, the particular integral is a constant, so we have a stationary equilibrium
in the intertemporal sensc, represented by P*. Tf the particular intcgral is nonconstant, as in
(15.7"}, on the other hand, we may interpret it as a moving equilibrium.

An Alternative Use of the Model

What we have done in the preceding is to analyze the dynamic stability of equilibrium {the
convergence of the time path), given certain sign specifications for the parameters. An al-
ternative type of inquiry is: In order to ¢nsure dynamic stability, what specific restrictions
must be imposcd upon the parameters?

The answer to that is contained in the solution (15.11). If we allow P(0} # P*, we see
that the first { v,) term in (15.11) will tend to zero as ¢ — oo if and only if & > 0—that is,
if and only if

j(B+8) =0

Thus, we can take this last inequality as the required restriction on the parameters j {the ad-
justment cocfficient of price), B (the negative of the slope of the demand curve, plotted with
O on the vertica! axis), and § (the slope of the supply curve, plotted similarly).

in casc the price adjustment is of the “normal” type, with j = 0, so that excess demand
drives price up rather than down, then this restriction becomes merely (£ + ) = 0 or,
cquivalently,

5> -8

To have dynamic stability in that event, the slope of the supply must exceed the slepe of the
demand. When both demand and supply are normally sloped (=8 < 0, 8 = 0), as in
(15.8), this requircment is obviously met. But even if onc of the curves is sloped
“perversely,” the condition may still be fulfilled, such as when § = 1 and —# = 1/2 {posi-
tively sloped demand). The latter situation is illustrated in Fig, 15.2, where the equilibrium
price P* is, as usual, determined by the point of intersection of the two curves, If the initial
price happens to be at Py, then {y (distance P &) will exceed O, (distance P F), and the
excess demand (FG) will drive price up. On the other hand, if price is initially at /%, then

0




Chapter 15 Cmtimones Time: Firsi=-Crder Differentiol Equations 483

there will be a negarive excess demand MN, which will drive the price down. As the (wo ar-
rows in the figure show, therefore, the price adjustment in this case will be roward the equi-
librium. no matter which side of P we start from. We should emphasize. however, that
while these arrows can display the direction, they are incapable of indicating the magnitude
of change. Thus Fig. 15.2 is basically static, not dynamic, in nature, and can serve only (o
illustrate, not to replace, the dynamic analysis presented.

EXERCISE 15.2

1. If both the demand and supply in Fig. 15.2 are negatively sloped instead, which curve
should be steeper in order to have dynamic stability? Does your answer conform to the
criterion & > — B2

2. Show that {15.10") can be rewritten as dP/dt + k(P — P*}=0. ffwelet P — P* = A
(signifying deviation), so that dA /dt = dP /dt, the differential equation can be further
rewritten as
dA

= -0
d!-HcA

Find the time path A(?), and discuss the condition for dynamic stability.

3. The dynamic market model discussed in this section is closely patterned after the static
one in Sec. 3.2, What specific new feature is responsible for transforming the static
model inte a dynamic one?

4. Let the dermand and supply be
Qd={x—ﬁP+Ui—": Qi=—y +4P (o, f, 7,6 =0)

(@) Assuming that the rate of change of price over time is directly proportional to the
excess demand, find the time path P(f) (general sclution).

{b) What is the intertemporal equilibrium price? What is the market-clearing equilib-
rium price?

(¢) What restriction on the parameter o would ensure dynamic stability?

5. Let the demand and supply be
Quma=pP—rSr Q=8P (wAnb>0)

{o) Assuming that the market is cleared at every point of time, find the time path P()
(general solution).

{b) Does this market have a dynamically stable intertemporal equilibrium price?

{¢) The assumption of the present model that Qg = Q; for all ¢ is identical with that of
the static market model in Sec. 3.2, Nevertheless, we still have a dynamic modet
here. How come?

15.3 Variable Coefficient and Variable Term

In the more general case of a first-order lincar diffcrential equation

dv
- - P = Wit 15.1
i u(ry = wit) (15.12)




