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MEMS Vibratory Gyroscope Using Parametric

Model Order Reduction
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Abstract—In this paper, a parameterized reduced model of a vi-
bratory microelectromechanical systems (MEMS) gyroscope is es-
tablished using a parametric model order reduction algorithm. In
the reduction process, not only the input angular velocity, material
density, Young’s modulus, and Rayleigh damping coefficient but
also the coefficient of thermal expansion and the change in tem-
perature were all preserved. Based on this model, the integrated
behavior simulation of the MEMS gyroscope, including many
environmental factors in engineering situations, was performed
in an accurate and fast way. Compared with the finite-element
method, the relative error of the reduced-order model was less
than 4.2%, while the computational efficiency was improved about
five times. The cosimulation with a complete interface circuit
was successfully performed in a very fast way, which provides
a convenient platform for designers to evaluate the performance
of sensors. The experimental verification proves that the reduced
model can provide a reliable simulation result, although some
errors exist. [2009-0079]

Index Terms—Behavior simulation, macromodel, microelectro-
mechanical systems (MEMS), parametric model order reduction
(PMOR), vibratory gyroscope.

I. INTRODUCTION

M ICROELECTROMECHANICAL systems (MEMS) are
devices on a submillimeter scale. They can be an inte-

gration of sensors, actuators, and electronics on a common sili-
con substrate, obtained through microfabrication technology. A
MEMS vibratory gyroscope is such a typical device. Thermal,
electrical, and environmental actions should be accounted for
in a fully coupled multiphysics modeling and simulation of the
devices. A variety of modeling methods have been proposed to
perform such multiphysics simulation.
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The lumped-parameter (LP) method is perhaps the easiest
one. By extracting LPs such as mass, damping, and stiffness, the
dynamic equations or transfer functions of the MEMS devices
can be established [1]–[4]. Due to the simplicity of the LP model,
the complex cosimulation between the sensors and interface
circuits can be carried out in a tolerable speed [5]. However,
the LP model cannot reflect any geometry characteristics and
does not include some parasitic mechanical modes. For MEMS
gyroscope, only the driving and sensing modes can be involved.

The element network method, which decomposes the MEMS
devices into a variety of lumped models like plate, beam,
comb, and anchor [6]–[9], is a method frequently used in most
commercial MEMS CAD software such as CoventorWare [10]
and Intellisuite [11]. In such a way, the geometry and material
characteristic of the microstructures can be included during
modeling process. Cosimulation of the MEMS gyroscope with
an interface circuit can also be performed in a fast reasonably
accurate way [12], [13]. However, it would be impossible for
users to add such lumped models or elements into the software
suite when the available models or elements are not enough to
build a new device.

The finite-element (FE) method is the most flexible and
accurate solution to such a multiphysics modeling problem.
Dynamic characteristics of the MEMS gyroscope [14]–[16] and
impact of environment factors like thermal fluctuations [17]–
[19] can be analyzed in this method. However, this method
requires a high computational cost and a long simulation time.
In order to insert the FE model into a circuit simulator, the
behavior model can be generated from the FE simulation results
[20]. However, the insertion does not preserve the physical
meaning of the initial system, and some expensive full-scale
physical simulations are required.

The model order reduction (MOR) method is maybe the
only way to reach a balance between the speed, flexibility, and
accuracy of simulation. Through this approach, the original
large-dimension model can be reduced to a low-order model
without much loss of accuracy. Moreover, the reduced model
can be directly inserted into the system level simulators in
an easy way. By now, a variety of MOR algorithms have
been presented and applied. Reitz et al. [21] used an efficient
nodal order reduction method to get the reduced model of a
MEMS gyroscope from the FE model. The simulation results
showed that the low-order model was accurate and efficient.
Lienemann et al. [22] took the Arnoldi algorithm to obtain
the reduced model of a Butterfly gyroscope. The simulation
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results in the time and frequency domains agreed well with
those of the original model. In addition, how to preserve the
passivity of the gyroscope during MOR using the Arnoldi
algorithm was discussed in [23]. Gabbay et al. [24] used basis
function methods to generate the nonlinear dynamic macro-
models from 3-D physical simulations for the conservative-
energy-domain behavior of electrostatically actuated devices.
Mehner et al. [25] improved the basis function method to get
the macromodel in the condition of large deflection and stress
stiffening. However, the aforementioned MOR algorithms are
not parameterized, which means that the MOR process would
be performed again when any parameter changes. Obviously,
this consequent iteration will be very time consuming.

Recently, some parametric MOR (PMOR) methods have
been proposed to preserve the parameters during the MOR
process [26]–[30]. They can be classified into two types. One
is based on the modal superposition technique [26]. The para-
metric model can be extracted by the variational FE technol-
ogy [31], and the geometrical parameters can be effectively
preserved using the modal superposition method. The other is
based on the moment matching technique. The method in [27]
using the explicit moment matching technologies can cause the
scale of the reduced-order model to become very large and lead
to a rapid accumulation of the rounding errors. To overcome the
problem, the implicit generation of the moments is often used.
The mixed moments are neglected, and only pure moments are
used to generate the subspace [32], [33]. Through this implicit
approach, the bearing thickness and the angular velocity of a
gyroscope are preserved in a reduced model [33].

In this paper, a PMOR approach based on the implicit
moment matching technique is taken to generate a parametric
low-order model for a typical MEMS vibratory gyroscope. In
the reduction process, not only the angular velocity, material
density, Young’s modulus, and Rayleigh damping coefficient
but also the coefficient of thermal expansion and the change in
temperature are preserved. Compared with the reduced model
in [33], the impact of thermal fluctuation on the performance
of the gyroscope is involved into the parametric model. In
addition, we found that the Coriolis matrix does not have to
take part in the reduction process. Moreover, it will reduce
the dimension of the macromodel dramatically due to avoiding
expanding in all the parameter directions. The cosimulation
with an interface circuit successfully predicted some important
properties of the sensor. Comparisons with the FE method and
experimental test results show that the reduced-order model can
accurately and efficiently approximate the original gyroscope
device when the parameters change at a certain range.

This paper is organized as follows. In Section II, we intro-
duce the modeling object, a z-axis gyroscope, and give the
vibration equation. In Section III, the algorithm to generate the
parametric macromodel is described in detail. In Section IV,
we verify the PMOR method by comparing the harmonic
simulations with FE analysis (FEA). The cosimulation with
an interface circuit of the gyroscope is successfully performed
in a fast way and verified by experiments. In Section V, we
discuss a few important issues about system level modeling of
the gyroscope using PMOR. The conclusions are provided in
Section VI.

Fig. 1. Schematic of the gyroscope.

TABLE I
PARAMETERS OF THE GYROSCOPE

II. MULTIPHYSICS MODELING

A. Structure and Parameters of the Gyroscope

A z-axis MEMS vibratory gyroscope with a symmetrical
structure is shown in Fig. 1. The gyroscope is driven in the
x-direction by an electrostatic force generated by a dc-biased
ac voltage applied across the comb electrodes. The Coriolis
force produced by an angular velocity input around the z-axis
causes the proof mass to oscillate in the y-direction. The output
signals are then detected from the capacitance change of comb
electrodes in the sense direction. The various parameters of the
gyroscope are shown in Table I and will be used in the following
modeling and simulation process.

B. Modeling of the MEMS Gyroscope

Considering damping, temperature, electrostatic, Coriolis,
and centrifugal effects simultaneously, the vibration equation
with multidegrees of freedom for the MEMS vibratory gyro-
scope under the condition of linear elastic and small deflection,
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Fig. 2. Diagram of the factors involved in the vibration equation.

after discretion in space, is described by a second-order system
in ordinary differential equations in time

ρMẍ(t) + (D + ωρG)ẋ(t)
+ (EK + ETChΔTS − ω2Ms)x(t) = F e + F t + F r

y(t) = LTx(t). (1)

In (1), t is the time variable, x(t) is the vector of state
variables, and M, D, G, K, S, and Ms are the mass, damping,
Coriolis, stiffness, temperature stress-stiffening, and centrifugal
mass matrices, respectively. The Coriolis matrix G is generated
by Coriolis acceleration. F e, F t, and F r are the electrostatic
force, thermal force, and centrifugal force vectors, respectively.
L is the output matrix, and y(t) is the output vector. The
parameters ρ, ω, E, TCh, and ΔT are the material density,
input angular velocity around the z-axis, Young’s modulus, the
coefficient of thermal expansion, and the change in temperature,
respectively.

The factors involved in the vibration equation can be depicted
by a diagram as shown in Fig. 2. The damping, electrostatic,
temperature, and centrifugal effects will be discussed separately
in the following paragraphs.

1) Damping Effect: Viscous damping is a very important
parameter in oscillating MEMS devices like vibratory gyro-
scopes since it mainly determines the devices’ dynamic behav-
ior. Generally, slide film damping and squeeze film damping are
the two main damping effects [34]. A slide film damping occurs
when two parallel plates are in relative lateral motion, whereas
a squeeze film damping occurs when two parallel plates are in
vertical motion.

In the gyroscope, the plates move in the x−y plane which
is parallel to the substrate. Thus, the slide film damping should
be involved in the gyroscope’s dynamic model. Two kinds of
energy dissipative processes are shown in Fig. 3. Under the
isothermal condition, the influence of the temperature on the
damping behavior is not taken into account.

Couette flow assumes a constant velocity gradient across
the fluid gap. Tangentially moving surfaces at low frequencies
produce a nearly constant velocity gradient in the fluid, so the
Couette flow is applicable to the damping at low frequencies.
The damping coefficient is [35]

Ccoutte =
μA

d
(2)

where μ is the viscosity of the fluid, A is the surface area, and
d is the height of the gap.

Fig. 3. Dissipative processes in the lateral moving gyroscope. (a) At low
frequency. (b) At high frequency.

Stokes flow assumes that the velocity gradient is not constant
across the fluid gap. Tangentially moving surfaces at high
frequencies do not produce a constant velocity gradient, so the
Stokes flow is applicable to the damping at high frequencies.
The transition from Couette to Stokes flow occurs near the
cutoff frequency fc

fc =
μ

2πρd2
(3)

where ρ is the density of fluid.
The damping effects come from both the ambient fluid on

the top of the moving plate and the fluid between the plates.
The Stokes-type damping effect in the ambient fluid is [36]

CstokesA = μAη. (4)

The Stokes-type damping effect underneath the plate is

CstokesB = μAη
sinh(2ηd) + sin(2ηd)
cosh(2ηd) − cos(2ηd)

(5)

where η =
√

πf/ν, with f being the oscillation frequency and
ν being the kinetic viscosity.

In Fig. 3, the penetration depth δ is given by δ = 1/η. When
the operating pressure is reduced to a degree, the gas rarefaction
must be included in the damping model by applying various
boundary conditions such as the first-order or high-order slip
boundary conditions. The behavior of the gas will change due to
the gas rarefaction effect, so the effective viscosity is introduced
as [35]

μeff =
μ

1 + 2Kn
(6)
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where Kn is the Knudsen number which is the ratio of the mean
free path λ and the gap height d

Kn =
λ

d
. (7)

In the drive and sense modes, the coefficient of slide film
damping is the sum of the damping due to both the proof mass
and the comb fingers

cslide = cmass + ccombs. (8)

The damping matrix D is often modeled as Rayleigh damp-
ing, which is a linear combination of the mass and stiffness ma-
trices, i.e., D = αM + βK. In order to calculate the Rayleigh
damping coefficients α and β, two frequencies covering the
concerned modes need to be selected for further computation
[37]. Herein, the frequencies of the drive mode (ω1) and sense
mode (ω2) are chosen. The corresponding damping ratios can
be obtained by

ξ1 = cslide1/2ω1m1

ξ2 = cslide2/2ω2m2 (9)

where ξ1, cslide1, and m1 are the damping ratio, damping
coefficient, and the mass of the drive mode, respectively, and
ξ2, cslide2, and m2 are the damping ratio, damping coefficient,
and the mass of the sense mode, respectively.

Then, the Rayleigh damping coefficient can be computed by
the following equations:

α/2ω1 + βω1/2 = ξ1

α/2ω2 + βω2/2 = ξ2 (10)

α =
2
(
ω1ω

2
2ξ1 − ω2

1ω2ξ2

)
ω2

2 − ω2
1

β =
2 (ω1ξ1 − ω2ξ2)

ω2
1 − ω2

2

. (11)

2) Electrostatic Effect: The electrostatic force vector gener-
ated by a comb-drive actuator is

F e =
1
2
V (t)2

∂C

∂x
(12)

where V (t) is the driving voltage and C is the capacitance.
In order to include the fringing fields of the comb fingers,
the capacitance–displacement relation is computed by a series
of electrostatic computations through the FE method. After
least square fitting, the capacitance–displacement relation is
C = 0.00027x[pF/μm] + 0.00469 [pF] as shown in Fig. 4.

The total electrostatic force can be applied on the mechanical
structure by converting it to surface forces. Then, the electrosta-
tic force vector is

F e =
N

2
V (t)2

∂C

∂x
(Bdl + Bdr + Bsu + Bsd) (13)

where N is the number of comb-drive fingers in one side of
the center mass, Bdl and Bdr are the distribution matrices of
the electrostatic force in the drive mode, and Bsu and Bsd are

Fig. 4. Plot of capacitance–displacement relation.

Fig. 5. Positions of the distribution matrices of the electrostatic force.

the distribution matrices of the electrostatic force in the sense
mode, as shown in Fig. 5.

3) Thermal Fluctuation Effect: The effects of environmen-
tal thermal fluctuations on the gyroscope should be considered
when estimating the actual performance of the gyroscope. The
impact of temperature variation on the frequency of a system
can be decomposed into three different types: changes in the
modulus of the elasticity, thermal expansion, and thermally
induced stress [17], [18].

The relation of Young’s modulus and temperature is

E(T ) = E(T0) + E(T0)TCEΔT (14)

where E(T ) is Young’s modulus at temperature T , E(T0) is the
initial value of Young’s modulus, and TCE is the temperature
coefficient of Young’s modulus.

The thermal load vector applied on the structure is

F t = ETChΔTBt (15)

where Bt is the distribution matrix of the thermal load.
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Fig. 6. FE mesh model and definition of output node.

Residual stress usually exists in many MEMS fabrication
processes and has a great impact on the performance of
the devices. Since the thermal stress can be calculated by
σ = ETChΔT , the effect of residual stress can be mod-
eled by a thermal load at a corresponding environment
temperature.

In addition, temperature prestress effects have significant
influence on the total stiffness of the structure and have there-
fore to be taken into account. The temperature stress-stiffening
matrix S in the vibration equation is generated by the static
thermal load, and it is a function of Young’s modulus E,
the coefficient of thermal expansion TCh, and the change in
temperature ΔT .

4) Centrifugal Effect: Rotation of a structure will cause a
centrifugal load. The centrifugal load is

F r = ω2ρBr (16)

where ω is the angular velocity of rotation and Br is the
distribution matrix of the centrifugal load.

In addition, the circumferential motions will lead to the
changes in geometry of the structure. The effect can be ac-
counted for by an adjustment of the stiffness matrix, called spin
softening.

Considering the spin-softening effect, the effective stiffness
matrix is

K = EK − ω2Ms. (17)

Here, a small deflection is assumed. Therefore, the change
of the stiffness matrix caused by the centrifugal load is not
accounted for.

C. FE Modeling

In order to extract the matrices in the vibration equation, such
as M, G, K, S, Bdl, Bdr, Bsu, Bsd, Br, and L, the FE model
of the gyroscope was constructed using the FEA tool ANSYS
as shown in Fig. 6.

As the combs do not significantly impact the eigenfrequency
of the structure and will obviously increase the number of
nodes and result in the singular of the grids, here, the model
is simplified by removing the comb fingers. In addition, the
irregular holes are equivalent to square holes. It consists of
47 949 tetrahedral structural elements (SOLID187) and 110 685
nodes. Dirichlet boundary conditions are applied to all degrees
of freedom of the nodes belonging to the bottom surfaces
of the suspension beams, and 984 degrees of freedom are
constrained. A node which is located in the center of the mass
is selected as an output node for observation of the dynamic
response.

III. PMOR

In order to preserve the parameters in the vibration equation,
the PMOR method is used. Since the damping matrix D in (1)
does not have to take part in the process of generation of the
subspace, which has been proved by [38], it is not included
in (22).

The element mass matrix is [39]

Me = ρ

∫
V

NTNdv (18)

where N is the element shape function matrix.
The element Coriolis matrix is

Ge = ρ

∫
V

NTΩNdv (19)

where Ω is the rotational matrix. Here, only the input an-
gular velocity around the z-axis is considered, so Ω can be
written as

Ω = ω

⎡
⎣ 0 −1 0

1 0 0
0 0 0

⎤
⎦ . (20)

Therefore, the global matrices M and G can be expressed as
a summation of the matrices Me and Ge as

M =
∑

e

NT
e MeNe G =

∑
e

NT
e GeNe. (21)

The Coriolis matrix can be obtained from the mass matrix.
Therefore, in this paper, the Coriolis matrix does also take part
in the process of generation of the subspace.

Then, the parameterized equation of the aforementioned
gyroscope can be rewritten as

c1Mü(t) + (K + c2S)u(t) =
1
E

(F e + F t + F r) (22)

where c1 = ρ/E and c2 = TChΔT .
Therefore, a total of two parameters should be accounted for

during the reduction process. The stiffness matrix K is selected
as a constant matrix to generate the projection matrix.

The Laplace transform of (14) can be written as

(
c1Ms2 + (K + c2S)

)
X(s) =

1
E

BU(s). (23)
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Then, the transfer function is

H(s) =
1
E

LT[K + s̃1P1 + s̃2P2]−1B

=
1
E

LT
[
I − (−s̃1K−1P1 − s̃2K−1P2)

]−1 K−1B

=
1
E

LT
∞∑

n=1

(−s̃1K−1P1 − s̃2K−1P)nK−1B

≈ 1
E

LT

[ ∞∑
n=1

(−K−1P1)nK−1Bs̃n
1

+
∞∑

n=1

(−K−1P2)nK−1Bs̃n
2

]
(24)

where s̃1 = c1s
2, s̃2 = c2, P1 = M, and P2 = S.

Only the pure moments are computed, and the two projection
matrices can be generated separately by

colspan(V1) = Kr1(−K−1P1,K−1B)

colspan(V2) = Kr2(−K−1P2,K−1B) (25)

where Kr1 and Kr2 are the Krylov subspaces of dimensions r1
and r2, respectively.

The final projection matrix V is composed of the aforemen-
tioned two projection matrices as

colspan(V) = colspan(V1,V2). (26)

Then, the reduced-order system can be obtained by project-
ing (1) on the subspace V

ρMrẍr(t) + (Dr + ωρGr)ẋr(t)

+ (EKr + ETChΔTSr)xr(t) = F er + F tr + F rr

y(t) = LT
r xr(t) (27)

where

Mr =VTMV Dr = VTDV Gr = VTGV,

Kr =VTKV Sr = VTSV F er = VTF e,

F tr =VTF t F rr = VTF r Lr = VTL.

Therefore, some important parameters such as input angu-
lar velocity, material density, Rayleigh damping coefficient,
Young’s modulus, the coefficient of thermal expansion, etc., are
preserved because the projection matrix V does not depend on
these parameters.

IV. SIMULATIONS AND VERIFICATIONS

By using the aforementioned PMOR algorithm, we can
obtain the parameterized reduced gyroscope model. The first
subspace matrix is composed of 70 vectors, and the second
subspace matrix is composed of 70 vectors. The final dimension
of the reduced-order model is 140. Based on this parametric
reduced model, various simulations can be performed.

TABLE II
DAMPING COEFFICIENT AT DIFFERENT PRESSURE

Fig. 7. Effect of damping on the gyroscope.

A. Simulations of Mechanical Part Including Multifactors

First, the damping coefficient was computed at different pres-
sure as shown in Table II, and the amplitude of the gyroscope
in the drive mode is shown in Fig. 7. It can be seen that the
gyroscope can work well at atmospheric pressure. In addition,
the gyroscope works at low frequency; the stiffness due to
damping is neglected.

In order for comparison with the FE model, a total of
35 frequency points were evaluated between 800 Hz and
100 kHz. The harmonic response of the output node in the
driving direction at atmospheric pressure is shown in Fig. 8(a).
The comparison showed that the simulation results based on the
original model and the reduced-order model match perfectly
even at high frequency. The relative error was kept below
0.003% as shown in Fig. 8(b). The error of the harmonic
response is estimated as

Error = |H − Ĥ|/H (28)

where H is the harmonic solution of the full model represented
by (1) and Ĥ is the harmonic solution of the reduced-order
model described by (27).

Second, the harmonic response in the sense direction at
different angular velocities is shown in Fig. 9(a). It can be seen
from the plot of the relative error as shown in Fig. 9(b) that
the maximum error is about 0.2% when the angular velocity is
400◦/s.

Finally, we got the harmonic responses at 100 ◦C and −60 ◦C
as shown in Figs. 10(a) and 11(a), respectively. It showed
that the frequencies also matched well due to the symmetrical
structure. It is shown in Figs. 10(b) and 11(b) that the relative
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Fig. 8. (a) Harmonic response in the driving direction at atmospheric pressure. (b) Error for harmonic response.

Fig. 9. (a) Harmonic responses in the sensing direction at atmospheric pressure for angular velocities 1◦/s and 400◦/s. (b) Error for harmonic responses.

Fig. 10. (a) Harmonic response at the output nodes at 100 ◦C. (b) Error for harmonic response.
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Fig. 11. (a) Harmonic response at the output node at −60 ◦C. (b) Error for harmonic response.

Fig. 12. Effect of thermal fluctuations on the resonant frequencies.

TABLE III
COMPARISON OF SIMULATION TIME BETWEEN THE ORIGINAL MODEL

AND THE REDUCED-ORDER MODEL

error was kept below 4.2% when the temperature changed from
−60 ◦C to 100 ◦C.

The impact of thermal fluctuations on the resonant frequency
was computed as shown in Fig. 12. It can be seen that the reso-
nance frequencies of the gyroscope decrease as the temperature
increases.

The computation time between the original model and the
reduced-order model was compared as shown in Table III. It is
obvious that the simulation speeds up five times, but the error is
below 4.2%.

B. Cosimulation With Interface Circuit

The complete circuit block diagram of the gyroscope is
shown in Fig. 13. The circuit consists of a self-oscillation

loop and a Coriolis signal detection channel. The gyroscope
resonates in the direction of the driving axis using a self-
oscillation technique which is a useful method for driving a
mechanical resonator at the resonant frequency. The mechan-
ical displacement causes a change in the capacitance of the
sensing electrodes. Consequently, the change in capacitance is
converted to an electrical signal by a charge amplifier according
to (29). The Coriolis signal is filtered, demodulated, and ampli-
fied to pick off the input angular rate signal through the Coriolis
signal detection channel

i = Vs

(
∂C

∂y

)
dy

dt
V = − Vs

Cf

(
∂C

∂y

)
y (29)

where Vs is the amplitude of the carrier wave, C is the capaci-
tance change of the sensing electrode, y is the displacement in
the sensing direction, and Cf is the feedback capacitor of the
charge amplifier.

In this simulation, the parametric reduced model and its
interface circuit were described using hardware description
language in Saber [40]. The frequency of the carrier wave used
for modulation is 100 kHz. Accounting for the carrier signal,
the time step was 1 μs, and the minimum step was 100 ns.
To verify the designed interface circuit of the gyroscope in a
fast way, the effect of thermal fluctuations was not temporarily
considered, and the order of the reduced model was 70. When
the time period was 150 ms, the total computation time was
148 000 s on a PC with 1-GB RAM and 2.30-GHz CPU.

If both the reference voltage of the automatic gain control
and time constant of the low-pass filter remain unchanged, the
startup time of the driving loop is 146 ms when the driving gain
is 143 as shown in Fig. 14. The startup time is shortened to
19 ms when the driving gain becomes 703 as shown in Fig. 15.
It can be concluded that the startup time can be reduced by
increasing the driving loop gain.

The transient analysis results under a sinusoidal angular rate
input are shown in Fig. 16. The five signals shown from the
bottom to top are angular rate to be detected, displacement of
the mass in the driving direction, displacement of the mass
in the sensing direction, the electrical signal after the first
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Fig. 13. Block diagram of the interface circuit for the gyroscope.

Fig. 14. Simulation result of startup time when the driving gain is 143.

Fig. 15. Simulation result of startup time when the driving gain is 703.

demodulation, and the output signal after the second demod-
ulation, respectively. It is obvious that the model really works
well with the interface circuit.

C. Experimental Verification

In order to verify the parametric macromodel, the gyroscope
was fabricated (Fig. 17) and tested in conjunction with signal
conditioning electronics.

The test results of the startup time are shown in Figs. 18 and
19. From the results, it was observed that the response time is
5760 ms when the driving gain is 143, and the response time is
shortened to 680 ms when the driving gain is 703. The actual
startup time of the gyroscope is much longer than the simulation

Fig. 16. Transient analysis results when the rotation rate is sine wave.

Fig. 17. SEM photograph of the gyroscope.
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Fig. 18. Test result of startup time when the driving gain is 143.

Fig. 19. Test result of startup time when the driving gain is 703.

Fig. 20. Gyroscope output signal versus input angular rate.

result mainly because of the delay of the electronic devices in
the experimental interface circuit.

The simulation results of the scale factor are shown and
compared with the test results in Fig. 20. The experiment was
carried out at room temperature and atmospheric pressure. The

x-axis in the figure represents the input angular rate signal, and
the y-axis represents the output voltage from the gyroscope.
The square mark represents the simulation result, and the
dotted line is the first-order regressive model. The value of the
simulated scale factor is about 4.6 mV · deg−1 · s−1, which is
much smaller than 17.3 mV · deg−1 · s−1 of the test result with
a diamond mark.

Through the aforementioned comparisons with the FE
method and experimental test results, we could find that the
parametric macromodel fits very well with the FE model with a
much better simulation efficiency, while big errors occur when
compared with the experimental test results. It is obvious that
the errors are caused by the big differences between the ideal
model and the realities. Sometimes, the difference is really hard
to measure and be incorporated into the model. Anyway, the
parametric macromodel-based simulation shows an accordant
and reliable prediction through the experimental verification,
which provides a useful design tool for the evaluation of the
sensors’ performance.

V. DISCUSSION

In previous sections, we have demonstrated that the PMOR
method for a MEMS vibratory gyroscope can really reduce the
dimensions of the full model considerably and preserve those
important parameters and the accuracy simultaneously. In this
section, we will discuss a few important issues about system
level modeling of the microgyroscope using PMOR.

Different from the traditional MOR method, PMOR needs
Taylor expansion in different parameter directions. During the
process, there will be a large number of mixed moments. The
number of mixed moments grows linearly as the iteration goes
on. If many parameters need to be preserved, it usually leads
to a high-dimensional system and a rapid accumulation of the
rounding errors. Thus, we can neglect the mixed moments
and perform separated Taylor expansions in all the parameter
directions. Then, the number of moments can be selected ac-
cording to their importance. However, the order of the reduced
model is very high if considering many parameters. Therefore,
keeping the accuracy within a certain range makes the order of
the macromodel lower, which is better. Eid et al. have proven
that the Rayleigh damping matrix is unnecessary to be taken
into account for generation of the subspace. Here, we find that
the Coriolis matrix neither has to take part in the reduction.
Moreover, it will reduce the dimension of the macromodel
dramatically due to avoiding expanding in all the parameter
directions.

When cosimulating with the interface circuit, the frequency
of the carrier wave in the interface circuit is usually larger
than 100 kHz, and the generated macromodel must consider
properties at high frequency. In order to ensure the accuracy of
the macromodel at high frequency, more moments need to be
generated along the frequency direction, which will lead to a
larger dimensional system. On the other hand, the typical reso-
nant frequency of the MEMS inertial sensors is about 1–20 kHz.
The different time scales of the mechanical structure and the
circuit cause the cosimulation to become very time consuming
and hard to be convergent. To speed up the simulation, the order
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of the macromodel should be as low as possible. Thus, the
tradeoffs must be made to determine the order of the reduced
model.

VI. CONCLUSION

Through the aforementioned experiments and discussions,
we can draw some conclusions.

First, the PMOR method is the most efficient way to enable
the integrated behavior simulation in an accurate and fast
way. It can get a faster simulation speed than the FE method
and a better accuracy than the LP method. In this paper, the
simulation of the gyroscope based on PMOR kept the relative
error within 4.2%, while the computational efficiency improved
about five times compared with the FE method.

Second, the PMOR algorithm can be applied to not only the
components such as damping in perforated plates and folded
beams but also to a complex system like a gyroscope. In this
paper, a vibratory MEMS gyroscope has been successfully
reduced in a parametric way. In addition, we have found that,
during reduction, the expansion in the angular velocity direction
is unnecessary.

Finally, the integrated behavior simulation based on the
parametric macromodel provides a good design platform for
MEMS devices such as gyroscope and accelerometer. Various
design tasks such as circuit design and performance evaluation
can be finished in this platform.
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