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Wkhuh duh wzr ixqgdphqwdo zd|v wr ylhz frxsohg v|vwhpv ri fkhplfdo htxdwlrqv= dv frqwlqxrxv/ uhsuhvhqwhg
e| gl�huhqwldo htxdwlrqv zkrvh yduldeohv duh frqfhqwudwlrqv/ ru dv glvfuhwh/ uhsuhvhqwhg e| vwrfkdvwlf surfhvvhv
zkrvh yduldeohv duh qxpehuv ri prohfxohv1 Dowkrxjk wkh iruphu lv e| idu pruh frpprq/ v|vwhpv zlwk yhu|
vpdoo qxpehuv ri prohfxohv duh lpsruwdqw lq vrph dssolfdwlrqv/ h1j1/ lq vpdoo elrorjlfdo fhoov ru lq vxuidfh
surfhvvhv1 Lq erwk ylhzv/ prvw frpsolfdwhg v|vwhpv zlwk pxowlsoh uhdfwlrq fkdqqhov dqg pxowlsoh fkhplfdo
vshflhv fdqqrw eh vroyhg dqdo|wlfdoo|1 Wkhuh duh h{dfw qxphulfdo vlpxodwlrq phwkrgv wr vlpxodwh wudmhfwrulhv
ri glvfuhwh/ vwrfkdvwlf v|vwhpv/ phwkrgv wkdw duh uljrurxvo| htxlydohqw wr wkh Pdvwhu Htxdwlrq dssurdfk/ exw
wkh| gr qrw vfdoh zhoo wr v|vwhpv zlwk pdq| uhdfwlrq sdwkzd|v1

Wklv sdshu suhvhqwv wkh Qh{w Uhdfwlrq Phwkrg/ dq h{dfw dojrulwkp wr vlpxodwh frxsohg fkhplfdo uhdfwlrqv
wkdw lv dovr h�flhqw = lw +d, xvhv rqo| d vlqjoh udqgrp qxpehu shu vlpxodwlrq hyhqw/ dqg +e, wdnhv wlph
sursruwlrqdo wr wkh orjdulwkp ri wkh qxpehu ri uhdfwlrqv/ qrw wr wkh qxpehu ri uhdfwlrqv lwvhoi1 Wkh Qh{w
Uhdfwlrq Phwkrg lv h{whqghg wr lqfoxgh wlph0ghshqghqw udwh frqvwdqwv dqg qrq0Pdunry surfhvvhv/ dqg lw
lv dssolhg wr d vdpsoh dssolfdwlrq lq elrorj|= wkh o|vlv2o|vrjhq| ghflvlrq flufxlw ri odpegd skdjh1 Zkhq
uxq rq odpegd/ wkh Qh{w Uhdfwlrq Phwkrg uhtxluhv dssur{lpdwho| 4248wk dv pdq| rshudwlrqv dv d vwdqgdug
lpsohphqwdwlrq ri wkh h{lvwlqj phwkrgv1

2 W?|hL_�U|�L?

Wkh surfhvv ri fuhdwlqj d phfkdqlvwlf/ suhglfwlyh prgho ri d v|vwhp fdq eh eurnhq lqwr wzr vwhsv= +d, fuhdwlqj
d frpsohwh ghvfulswlrq ri wkh fkhplfdo/ sk|vlfdo/ dqg elrorjlfdo surfhvvhv lqyroyhg> +e, xvlqj pdwkhpdwlfv wr
jhqhudwh suhglfwlrqv1 Iru fkhplfdo surfhvvhv/ wkh �uvw vwhs lv dffrpsolvkhg e| zulwlqj d v|vwhp ri fkhplfdo
htxdwlrqv dqg shukdsv d ghvfulswlrq ri fhuwdlq sk|vlfdo surfhvvhv � whpshudwxuh/ yroxph/ hohfwulf �hog/
gl�xvlrq/ vwluulqj/ hwf1 Lq sulqflsoh/ +d, fdq eh dffrpsolvkhg zlwkrxw dq| wkrxjkw derxw ru fduh iru +e,>
rqh pd| ghvfuleh d v|vwhp frpsohwho| zlwkrxw uhihuhqfh wr wkh vxevhtxhqw surfhvv ri fdofxodwlrq1 Lq idfw/
vxfk d fdofxodwlrq0lqghshqghqw prgho lv pruh ixqgdphqwdo wkdq fdofxodwlrq0edvhg prghov= wkh vdph surfhvv/
h1j1/ D.E �$ F/ rffxuv zkhwkhu wkhuh duh 53 ru 4353 prohfxohv ri D dqg E1 Wkh pdwkhpdwlfdo sureohp/
+e,/ lv yhu| pxfk gl�huhqw li wkhuh duh 53 ru 4353 prohfxohv ri D dqg E ^7`1 Dgglwlrqdo pdwkhpdwlfdo
ru frpsxwdwlrqdo dvvxpswlrqv pd| eh xvhg wr vlpsoli| fdofxodwlrqv1 Wkhvh dvvxpswlrqv duh mxvw wkdw=
vlpsoli|lqj frpsxwdwlrqdo dvvxpswlrqv> wkh| kdyh qrwklqj wr gr zlwk wkh surfhvv/ exw udwkhu zlwk krz rqh
uhsuhvhqwv wkdw surfhvv vr dv wr doorz h�flhqw frpsxwdwlrq1
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D frxsohg v|vwhp ri fkhplfdo uhdfwlrqv/ ri wkh irup=

[4 .[5 �$ [6 . ===

vwdwhv wkdw rqh prohfxohv ri vxevwdqfh [4 uhdfwv zlwk rqh ri vxevwdqfh [5 wr jlyh rqh prohfxoh ri
vxevwdqfh [6/ hwf1 D frpsolfdwhg fkhplfdo surfhvv fdq eh ghfrpsrvhg lqwr d vhw ri pdq| vxfk uhdfwlrqv1
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+Dowkrxjk lw lv srvvleoh wr zulwh duelwudulo| kljk rughu uhdfwlrqv/ yluwxdoo| doo uhdo v|vwhpv fdq eh eurnhq xs
lqwr hohphqwdu| uhdfwlrqv wkdw kdyh dw prvw wzr uhdfwdqwv dqg uduho| pruh wkdq wkuhh surgxfwv1,

Rqh pd| pdnh fhuwdlq frpsxwdwlrqdo dvvxpswlrqv dqg surfhhg wkurxjk wr suhglfwlrqv1 Iru h{dpsoh/ rqh
pd| dvvxph wkdw wkhuh duh vx�flhqwo| pdq| prohfxohv wkdw wkh qxpehu ri prohfxohv fdq eh dssur{lpdwhg dv
d frqwlqrxvo| ydu|lqj txdqwlw| wkdw ydulhv ghwhuplqlvwlfdoo| ryhu wlph1 Lq wklv dssurdfk/ rqh zulwhv d frxsohg
v|vwhp ri gl�huhqwldo htxdwlrqv iru wkh frqfhqwudwlrq ri hdfk vxevwdqfh lq whupv ri wkh frqfhqwudwlrqv ri doo
rwkhuv=

g^[4`

gw
@ i4+^[4`> ^[5`> ^[6`===,

g^[5`

gw
@ i5+^[4`> ^[5`> ^[6`===, +4,

dqg vr rq1 Vroylqj wkhvh gl�huhqwldo htxdwlrqv uhvxowv lq wkh frqfhqwudwlrq ri hdfk vxevwdqfh dv d ixqfwlrq
ri wlph1

Vrphwlphv/ rqh dvvxphv wkdw wkh surfhvv lq txhvwlrq lv idvw frpsduhg wr wkh wlph vfdoh ri lqwhuhvw/ dqg
fdq eh frqvlghuhg wr kdyh uhdfkhg htxloleulxp1 Lq wkdw fdvh/ rqh uhsodfhv wkh gl�huhqwldo htxdwlrq Ht1 +4,
zlwk wkh dojheudlf htxdwlrqv

3 @ i4+^[4`> ^[5`> ^[6`===,

3 @ i5+^[4`> ^[5`> ^[6`===,

dqg vr rq/ zkrvh vroxwlrqv jlyh rqo| htxloleulxp frqfhqwudwlrqv/ qrw g|qdplfv1 Wkh dvvhuwlrq cwkh v|vwhp
lv lq htxloleulxp* lv uhfrjql}hg dv dq dvvxpswlrq> lw lv qrw wuxh lq jhqhudo1 Lq idfw/ wkh yhu| vwdwhphqw ri
Ht1 +4, zdv edvhg rq dqrwkhu dvvxpswlrq/ qdpho| wkdw wkh qxpehu ri prohfxohv fdq eh dssur{lpdwhg dv d
frqwlqrxvo| ydu|lqj txdqwlw| wkdw ydulhv ghwhuplqlvwlfdoo| ryhu wlph1 Wklv dvvxpswlrq lv vr ixqgdphqwdo wr
wkh pdmrulw| ri fkhplfdo nlqhwlfv wkdw lw lv iuhtxhqwo| qrw hyhq ylhzhg dv dq dvvxpswlrq/ exw dv d uljrurxv
frqvhtxhqfh ri fkhplfdo wkhru|1 Dowkrxjk wklv dvvxpswlrq krogv iru prvw v|vwhpv rqh ghdov zlwk/ wklv grhv
qrw krog lq yhu| vpdoo v|vwhpv +zklfk duh yhu| lpsruwdqw lq elrorj|,1

Zkhuh grhv wkdw ohdyh xvB
Rqh pd| dvvxph rqo| wkdw doo prohfxohv lqyroyhg reh| wkh odzv ri txdqwxp phfkdqlfv> iru v|vwhpv

frqvlvwlqj ri frpsoh{ prohfxohv lqwhudfwlqj lq frpsoh{ zd|v ryhu orqj wlphv/ wklv lv frpsohwho| lqwudfwdeoh1
Rqh pd| dvvxph wkdw txdqwxp h�hfwv duh vpdoo/ dqg wkdw prohfxohv reh| Qhzwrq*v odzv ri prwlrq1

Iru yhu| vlpsoh v|vwhpv/ wklv prohfxodu g|qdplfv dssurdfk kdv vrph phulw> iru v|vwhpv zlwk frpsoh{
pdfurprohfxohv +h1j1/ elrorjlfdo surwhlqv,/ orqj wlph vfdohv/ dqg lqwhudfwlrqv ri vhyhudo gl�huhqw prohfxoh
w|shv/ wklv wrr ehfrphv lqwudfwdeoh1

Ilqdoo|/ rqh pd| dvvxph wkdw wkh vroxwlrq lv zhoo pl{hg � wkdw qrq0uhdfwlyh froolvlrqv rffxu idu pruh
riwhq wkdq uhdfwlyh froolvlrqv � dqg khqfh wkdw wkh idvw g|qdplfv ri prwlrq fdq eh qhjohfwhg/ dqg rqh pd|
uhsuhvhqw wkh v|vwhp vlpso| e| wkh qxpehu ri hdfk nlqg ri prohfxoh1 Wklv dssurdfk ohdgv uljrurxvo| wr wkh
iroorzlqj vwdwhphqw= wkh suredelolw| wkdw d fhuwdlq uhdfwlrq � zloo wdnh sodfh lq wkh qh{w lqvwdqw ri wlph gw
lv jlyhq e| d�gw. r+gw,/ zkhuh d� lv lqghshqghqw ri gw/ dqg r+gw, ghqrwhv whupv wkdw duh qhjoljleoh iru vpdoo
gw ^:`1 Krzhyhu/ d� pd| ghshqg rq +d, �/ +e, wkh fxuuhqw qxpehu ri prohfxohv ri hdfk nlqg/ dqg +f, wkh
fxuuhqw wlph1 +Lq sduwlfxodu/ d� ghshqgv rq whpshudwxuh dqg yroxph/ zklfk pd| fkdqjh zlwk wlph1, Wkh
uhpdlqghu ri wklv sdshu zloo dvvxph wkh vwrfkdvwlf iudphzrun1
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Frqvlghu/ iru h{dpsoh/ wkh vhw ri uhdfwlrqv=
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Wkh surshqvlwlhv ri wkh uhdfwlrqv duh jlyhq e| n4/ n5/ 111 n81 Iru h{dpsoh/ wkh suredelolw| wkdw d jlyhq
prohfxoh ri D uhdfwv zlwk d jlyhq prohfxoh ri E lq d vpdoo wlph gw lv n4gw. r+gw,1 Wkh cfrqvwdqwv* n4 pd|
eh d ixqfwlrq ri yroxph/ whpshudwxuh/ hohfwuro|wh frqfhqwudwlrq/ hwf1

Rqh zd| wr surfhhg lv wr odeho hdfk prohfxoh ri D= D4/ D5/ 111 D&D/ hdfk prohfxoh ri E= E4/ E5/ 111 E&E/
hwf1 Qrz wkhuh duh +&D,� +&E, glvwlqfw frslhv ri Uhdfwlrq 4 wkdw fdq rffxu/ +&E,� +&F, glvwlqfw frslhv
ri Uhdfwlrq 5/ hwf1 +Wkh dojrulwkp suhvhqwhg lq ^46` xvhv wklv dssurdfk/ slfnv udqgrp prohfxohv ri D dqg
E/ dqg vhhv zkhwkhu wkh| uhdfw1, Suhylrxv zrun rq h�flhqw vlpxodwlrq ^44` irfxvvhg rq vxuidfh surfhvvhv/
zkhuh uhdfwlrqv pd| wdnh sodfh rq d odujh pdwul{ ri +{> |, srvlwlrqv1 Wkh fxuuhqw zrun irfxvvhv rq uhdfwlrqv
lq vroxwlrq/ iru zklfk srvlwlrq lv qrw lpsruwdqw/ dqg rqh fdq jurxs e| prohfxoh w|sh1 Wkh +&D, � +&E,
frslhv ri Uhdfwlrq 4 duh wkxv jurxshg lqwr d vlqjoh uhdfwlrq/ zkrvh surshqvlw| lv n4� +&D,� +&E,gw.r+gw,1

Wkh vwdwh ri wkh v|vwhp lq wkh vwrfkdvwlf iudphzrun lv gh�qhg e| wkh qxpehu ri prohfxohv ri hdfk
vshflh dqg fkdqjhv glvfuhwho| zkhqhyhu rqh ri wkh uhdfwlrqv lv h{hfxwhg1 Wkh suredelolw| wkdw d fhuwdlq
uhdfwlrq � zloo wdnh sodfh lq wkh qh{w lqvwdqw ri wlph gw lv jlyhq e| d�gw . r+gw,1 Iru h{dpsoh/ wkh vwdwh
V @ +&D>&E>&F>&G>&H>&I>&J, zloo fkdqjh wr V3 @ +&D� 4>&E � 4>&F . 4>&G>&H>&I>&J, li
Uhdfwlrq 4 lv h{hfxwhg1 Wkh suredelolw| ri wklv rffxuudqfh lv jlyhq e|=

S +V3> w. gwmV> w, @ d4gw. r+gw, +6,

+Qrwh wkdw vlqfh wkh wudqvlwlrq suredelolw| ghshqgv rqo| rq wkh fxuuhqw vwdwh dqg qrw rq suhylrxv vwdwhv/
wkh xqghuo|lqj surfhvv lv Pdunry1, Jurxslqj e| prohfxoh w|sh doorzv lpphqvh lpsuryhphqwv1 Vshfl�fdoo|/
wklv sdshu zloo ghprqvwudwh vshhgxsv deryh dqg eh|rqg wkrvh lq ^44`1 Krzhyhu/ wkhuh duh dovr fdvhv lq zklfk
rwkhu nlqgv ri jurxslqjv duh hyhq ehwwhu/ h1j1/ wkh fdvh vwxg| lq Vhfwlrq 815141

Rqh vwdqgdug zd| wr ghdo zlwk wkh vwrfkdvwlf iudphzrun lv wr fuhdwh rqh suredelolw| yduldeoh iru hdfk
srvvleoh vwdwh+&D>&E>&F>&G>&H>&I>&J,1 Wkhq/ xvlqj Ht1 +6, dqg wkh gh�qlwlrq ri wkh dl*v dv d
ixqfwlrq ri vwdwh/ rqh zulwhv rxw d v|vwhp ri frxsohg gl�huhqwldo htxdwlrqv wkdw gh�qhv wkh v|vwhp1 Wklv
frxsohg vhw ri gl�huhqwldo htxdwlrqv kdv suredelolwlhv dv yduldeohv dqg lv fdoohg d Pdvwhu Htxdwlrq1 Iru d
v|vwhp zlwk yhu| ihz vwdwhv/ vxfk dv dq lrq fkdqqho ^5`/ rqh pd| zulwh rxw wklv hqwluh v|vwhp ri htxdwlrqv
dqg vroyh lw1 Iru odujhu v|vwhpv/ krzhyhu/ wklv dssurdfk txlfno| ehfrphv xquhdvrqdeoh1 Lq wkh h{dpsoh
deryh/ vxssrvh 3 � &D � </ 3 � &E � </ hwf1 Wkhq wkhuh duh 43: vwdwhv lq wklv vlpsoh 80htxdwlrq v|vwhp1
Lq wkh Dunlq hw do1 ^4` prgho ri odpegd skdjh/ uhdvrqdeoh olplwv rq wkh qxpehu ri hdfk nlqg ri prohfxoh ohdg
wr d qxpehu ri vwdwhv rq wkh rughu ri 43:31 Hyhq li wklv hvwlpdwh lv r�/ ru d fohyhu uhgxfwlrq ri wkh qxpehu
ri vwdwhv lv srvvleoh/ vd| e| d idfwru ri 4383/ wkdw vwloo ohdyhv 4353 vwdwhv dqg lv vwloo xqwudfwdeoh1 H{dfw
vwrfkdvwlf vlpxodwlrq surylghv d pruh ihdvleoh dssurdfk1
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Dv d gl�huhqw zd| ri ghdolqj zlwk wkh vwrfkdvwlf iudphzrun/ frqvlghu wkh sureohp ri jhqhudwlqj d vlqjoh
vdpsoh wudmhfwru| ri d fkhplfdo surfhvv lq wkh vwrfkdvwlf iudphzrun/ dv lq Iljxuh 4+d,1 Wkh +lqwudfwdeoh,
Pdvwhu Htxdwlrq dssurdfk wulhv wr zulwh d v|vwhp ri htxdwlrqv dqg vroyh vlpxowdqhrxvo| iru wkh suredelolw|
ri doo srvvleoh wudmhfwrulhv1 Jhqhudwlqj d vlqjoh wudmhfwru| lv vljq�fdqwo| hdvlhu> dv lq Iljxuh 4+e,/ rqh qhhgv
wr jhqhudwh d vhtxhqfh ri vwdwh wudqvlwlrqv dqg wkh wlphv dw zklfk wkh| rffxu1 D qdlyh zd| wr jhqhudwh ohjdo
wudmhfwrulhv lv wr vwduw zlwk wkh lqlwldo vwdwh dqg uhshdwhgo| slfn uhdfwlrqv duelwudulo| dqg h{hfxwh wkhp/ wkxv
jhqhudwlqj d ohjdo wudmhfwru|1 D ehwwhu zd| wr jhqhudwh wudmhfwrulhv lv wr slfn uhdfwlrqv dqg wlphv dffruglqj
wkh wkh fruuhfw suredelolw| glvwulexwlrqv vr wkdw wkh suredelolw| ri jhqhudwlqj d jlyhq wudmhfwru| zlwk wkh
vlpxodwlrq dojrulwkp lv h{dfwo| wkh suredelolw| wkdw zrxog frph rxw ri wkh vroxwlrq ri wkh Pdvwhu Htxdwlrq1
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+d, +e,

Iljxuh 4= H{dpsoh wudmhfwru|1 +d, Judsklfdo uhsuhvhqwdwlrq1 Ohjhqg= D0eoxh/ E0juhhq/ F0uhg/ G0f|dq/ H0
sxusoh/ I0|hoorz/ J0juh|1 +e, Vwdwh uhsuhvhqwdwlrq1 Wkh cUhdfwlrq* urz phuho| lqglfdwhv zklfk uhdfwlrq
rffxuhg> lw lv qrw sduw ri wkh vwdwh1

Dpd}lqjo|/ lw lv srvvleoh wr fuhdwh dq dojrulwkp wkdw kdv wklv surshuw|/ hyhq li lw lv qrw srvvleoh wr zulwh
rxw wkh hqwluh Pdvwhu Htxdwlrq h{solflwo|/ ohw dorqh vroyh lw1 +Wkhuh duh dovr lqh{dfw vwrfkdvwlf vlpxodwlrq
dojrulwkpv/ wkdw jhqhudwh wudmhfwrulhv dffruglqj wr dssur{lpdwho| wkh fruuhfw glvwulexwlrq1 Rxu lqwhuhvw lv
rqo| lq h{dfw phwkrgv/ krzhyhu1,

Jlyhq wkh delolw| wr jhqhudwh d vlqjoh wudmhfwru| zlwk wkh fruuhfw suredelolw|/ rqh pd| hvwlpdwh dq|
sdudphwhu ri lqwhuhvw e| jhqhudwlqj pdq| wudmhfwrulhv/ fdofxodwlqj wkh ydoxh ri wkh sdudphwhu iru hdfk wud0
mhfwru|/ dqg revhuylqj wkh vwdwlvwlfv ri wkrvh fdofxodwhg ydoxhv1 Iru h{dpsoh/ wr �qg wkh dyhudjh qxpehu ri
prohfxohv ri E suhvhqw dw wlph w/ rqh fdq uxq pdq| +vd| kxqguhgv ru wkrxvdqgv, ri wudmhfwrulhv/ dqg sorw d
klvwrjudp ri wkh ydoxhv ri wkh qxpehu ri prohfxohv ri E dw wlph w1

Jloohvslh ^8/ 9` ghyhorshg wzr h{dfw vwrfkdvwlf vlpxodwlrq dojrulwkpv/ glvfxvvhg lq wkh qh{w vhfwlrq1 Wkh
wulfn| pdwkhpdwlfdo sduw ri vxfk dq dojrulwkp lv vshfli|lqj krz wr jhqhudwh udqgrp qxpehuv vr wkdw wkh|
zloo kdyh wkh fruuhfw glvwulexwlrqv1 Wkh wuhphqgrxv vxffhvv ri wkhvh h{dfw vwrfkdvwlf vlpxodwlrq dojrulwkpv
kdv ohg wr wkhp ehlqj dssolhg wr pxfk odujhu v|vwhpv wkdq zdv ruljlqdoo| ghvljqhg iru1 Iru h{dpsoh Dunlq
hw do1 ^4` xvhg h{dfw vwrfkdvwlf vlpxodwlrq wr vlpxodwh d prgho ri d vlpsoh yluxv/ odpegd skdjh/ frqwdlqlqj
:8 htxdwlrqv lq 8: fkhplfdo vshflhv1 Ehfdxvh wkh ruljlqdo dojrulwkpv gr qrw vfdoh uhdglo| wr odujh v|vwhpv/
zh kdyh ghyhorshg qhz yhuvlrqv wkdw gr vfdoh zhoo zlwk qxpehu ri uhdfwlrqv1 +Wkh wulfn| frpsxwhu vflhqfh
sduw lv wr ghyhors h�flhqw dojrulwkpv wkdw gr wkh uljkw wklqj1,

2�e �*}Lh�|�4t

Frqvlghu d v|vwhp ri u uhdfwlrqv dv lq Ht1 +5,1 Iru qrz/ dvvxph wkdw doo udwh frqvwdqwv +h1j1/ n4 = = = n8 lq Ht1
+5,, duh wuxh frqvwdqwv> wlph0ydu|lqj udwh frqvwdqwv zloo eh fryhuhg lq Vhfwlrq 81 Jloohvslh ^9` sursrvhg wzr
h{dfw vwrfkdvwlf vlpxodwlrq dojrulwkpv1 Dw hdfk wlph vwhs/ wkh v|vwhp lv lq h{dfwo| rqh vwdwh1 D wudqvlwlrq
frqvlvwv ri h{hfxwlqj d uhdfwlrq/ vr wkhuh duh dw prvw u srvvleoh wudqvlwlrqv iurp d jlyhq vwdwh1 Wkh nh| lv
wr fkrrvh udqgrp qxpehuv xvlqj d frpsxwhu*v udqgrp qxpehu jhqhudwru/ dqg xvh wkrvh wr slfn wudqvlwlrqv1
Rqh pxvw eh fduhixo wr fkrrvh iurp wkh fruuhfw glvwulexwlrq dw hdfk srlqw lq wkh dojrulwkp1

Jloohvslh sursrvhg wzr phwkrgv iru dffrpsolvklqj wkh vlpxodwlrq1 Wkh �uvw phwkrg/ zklfk kh fdoov wkh
Gluhfw Phwkrg/ fdofxodwhv h{solflwo| zklfk uhdfwlrq rffxuv qh{w dqg zkhq lw rffxuv1 Wkh vhfrqg phwkrg/
zklfk kh fdoov wkh Iluvw Uhdfwlrq Phwkrg/ jhqhudwhv/ iru hdfk uhdfwlrq �/ d sxwdwlyh wlph �� dw zklfk uhdfwlrq
� rffxuv/ wkhq fkrvhv wkh uhdfwlrq �� zlwk wkh vpdoohvw ��� +wkh �uvw uhdfwlrq, dqg h{hfxwhv uhdfwlrq �� dw
wlph ���1 Wklv vhfwlrq ghvfulehv erwk ri wkhvh phwkrgv1

2�D B�**itT�i<t #�hiU| �i|�L_

Iru d v|vwhp lq d jlyhq vwdwh/ Jloohvslh*v gluhfw dojrulwkp dvnv wzr txhvwlrqv=

� Zklfk uhdfwlrq rffxuv qh{wB

7



� Zkhq grhv lw rffxuB

Fohduo|/ erwk ri wkhvh txhvwlrqv pxvw eh dqvzhuhg suredelolvwlfdoo|/ e| vshfli|lqj wkh suredelolw| ghqvlw|
S +�> � , wkdw wkh qh{w uhdfwlrq lv � dqg lw rffxuv dw wlph � 1 Lw fdq eh vkrzq ^9`/ wkdw

S +�> � ,g� @ d� h{s

3
C��[

m

dm

4
Dg� +7,

Wklv ohdgv gluhfwo| wr wkh dqvzhuv ri wkh wzr txhvwlrqv deryh1 Iluvw/ zkdw lv wkh suredelolw| glvwulexwlrq
iru uhdfwlrqvB Lqwhjudwlqj S +�> � , ryhu doo � iurp 3 wr 4

Su+ Uhdfwlrq @ � , @ d�@
[
m

dm +8,

Vhfrqg/ zkdw lv wkh suredelolw| glvwulexwlrq iru wlphvB Vxpplqj S +�> � , ryhu doo �/

S +�,g� @

3
C[

m

dm

4
D h{s

3
C��[

m

dm

4
D g� +9,

Wkhvh wzr glvwulexwlrqv ohdg wr Jloohvslh*v gluhfw dojrulwkp ^9`=

Dojrulwkp 4 H{dfw Vwrfkdvwlf Vlpxodwlrq � Gluhfw Phwkrg +Jloohvslh,

41 Lqlwldol}h+l1h1/ vhw lqlwldo qxpehuv ri prohfxohv/ vhw w# 31,

51 Fdofxodwh wkh surshqvlw| ixqfwlrq/ dl/ iru doo l1

61 Fkrrvh � dffruglqj wr wkh glvwulexwlrq lq Ht1 +8,1

71 Fkrrvh � dffruglqj wr dq h{srqhqwldo zlwk sdudphwhu
S

m dm +dv lq Ht1 +9,,1

81 Fkdqjh wkh qxpehu ri prohfxohv wr uh�hfw h{hfxwlrq ri uhdfwlrq �1 Vhw w# w. � 1

91 Jr wr Vwhs 51

Dv zulwwhq/ wklv dojrulwkp xvhv wzr udqgrp qxpehuv shu lwhudwlrq/ wdnhv wlph sursruwlrqdo wr wkh qxpehu
ri uhdfwlrqv wr xsgdwh wkh dl*v/ dqg wdnhv wlph sursruwlrqdo wr wkh qxpehu ri uhdfwlrqv wr fdofxodwh

S
m dm

dqg wr jhqhudwh d udqgrp qxpehu dffruglqj wr wkh glvwulexwlrq lq Ht1 +8,1 Wkh lghdv lq wkh uhvw ri wklv
sdshu fdq eh xvhg wr pdnh wkh dojrulwkp pruh h�flhqw/ vr wkdw wkh wlph lw wdnhv lv sursruwlrqdo wr wkh
orjdulwkp ri wkh qxpehu ri uhdfwlrqv> wkdw glvfxvvlrq lv lq wkh dsshqgl{1 Wkh uhvw ri wkh sdshu zloo irfxv
zd|v ri lpsurylqj wkh Iluvw Uhdfwlrq Phwkrg1

2�S B�**itT�i<t 6�ht| +i@U|�L? �i|�L_

Wkh dojrulwkp ri wkh suhylrxv vxevhfwlrq lv gluhfw lq wkh vhqvh wkdw lw jhqhudwhv � dqg � gluhfwo|1 Jloohvslh
dovr ghyhorshg wkh Iluvw Uhdfwlrq Phwkrg ^8`/ zklfk jhqhudwhv d sxwdwlyh wlph � l iru hdfk uhdfwlrq wr rffxu
� d wlph wkh uhdfwlrq zrxog rffxu li qr rwkhu uhdfwlrq rffxuuhg �uvw � wkhq ohwv � eh wkh uhdfwlrq zkrvh
sxwdwlyh wlph lv �uvw/ dqg ohwv � eh wkh sxwdwlyh wlph ��1 Irupdoo|=

Dojrulwkp 5 +H{dfw Vwrfkdvwlf Vlpxodwlrq � Iluvw Uhdfwlrq Phwkrg,

41 Lqlwldol}h+l1h1/ vhw lqlwldo qxpehuv ri prohfxohv/ vhw w# 31,

51 Fdofxodwh wkh surshqvlw| ixqfwlrq/ dl/ iru doo l1
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61 Iru hdfk l/ jhqhudwh d sxwdwlyh wlph/ � l/ dffruglqj wr dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu dl1

71 Ohw � eh wkh uhdfwlrq zkrvh sxwdwlyh wlph/ ��/ lv ohdvw1

81 Ohw � eh ��1

91 Fkdqjh wkh qxpehu ri prohfxohv wr uh�hfw h{hfxwlrq ri uhdfwlrq �1 Vhw w# w. � 1

:1 Jr wr Vwhs 51

Dw �uvw jodqfh/ wkhvh wzr dojrulwkpv pd| vhhp yhu| gl�huhqw/ exw wkh| duh surydeo| htxlydohqw ^8`/ l1h1/
wkh suredelolw| glvwulexwlrqv xvhg wr fkrrvh � dqg � duh wkh vdph1 Zh vkdoo qrw uhshdw wkh surri khuh1

Dv zulwwhq/ wklv dojrulwkp xvhv u udqgrp qxpehuv shu lwhudwlrq +zkhuh u lv wkh qxpehu ri uhdfwlrqv,/
wdnhv wlph sursruwlrqdo wr u wr xsgdwh wkh dl*v/ dqg wdnhv wdnhv wlph sursruwlrqdo wr u wr lghqwli| wkh vpdoohvw
��1

2�. �h}@?�3@|�L?

Wkh uhpdlqghu ri wklv sdshu suhvhqwv d prgl�hg yhuvlrq ri wkh Iluvw Uhdfwlrq Phwkrg/ zklfk zh fdoo wkh
Qh{w Uhdfwlrq Phwkrg/ wkdw lv pruh h�flhqw erwk lq whupv ri qxpehu ri rshudwlrqv dqg qxpehu ri udqgrp
qxpehuv xvhg1 Vhfwlrq 8 vkrzv krz wr h{whqg wkh Qh{w Uhdfwlrq Phwkrg wr wlph0ghshqghqw vwrfkdvwlf
surfhvvhv1 Wkh h{whqghg dojrulwkp lv dssolhg wr wkh Dunlq hw do1 ^4` prgho ri odpegd skdjh lq Vhfwlrq 91

� A�i �i | +i@U|�L? �i|�L_

Jloohvslh*v Iluvw Uhdfwlrq Phwkrg kdv wkuhh dfwlylwlhv wkdw rffxu hyhu| lwhudwlrq dqg wdnh wlph sursruwlrqdo
wr wkh qxpehu ri uhdfwlrqv/ u=

41 xsgdwlqj doo u ri wkh dl*v/

51 jhqhudwlqj d sxwdwlyh wlph/ � l/ iru hdfk l/ dqg

61 lghqwli|lqj wkh vpdoohvw sxwdwlyh wlph/ ��1

Wkh Qh{w Uhdfwlrq Phwkrg zloo gr dzd| zlwk hdfk ri wkhvh lq wxuq1 Wkh pdlq lghdv xvhg duh=

� Vwruh � l/ qrw mxvw dl1

� Eh h{wuhpho| vhqvlwlyh lq uhfdofxodwlqj dl +dqg � l,> uhfdofxodwh dl rqo| li lw fkdqjhv1 Wkh suhfhhglqj
vwdwhphqw pd| vhhp flufxodu= krz fdq rqh nqrz wkdw dl kdv fkdqjhg ru qrw fkdqjhg zlwkrxw fdofxodwlqj
lw dqg frpsdulqj wr lwv rog ydoxhB Lq idfw/ rqh fdq dqdo|}h wkh vhw ri uhdfwlrqv ehiruhkdqg dqg ghwhuplqh
zklfk uhdfwlrqv fkdqjh zklfk dl*v1 Vhfwlrq 714 zloo lqwurgxfh d gdwd vwuxfwxuh/ fdoohg d ghshqghqf|
judsk/ zklfk doorzv rqh wr xsgdwh wkh plqlpxp qxpehu ri dl*v1

� Uhxvh � l*v zkhuh dssursuldwh1 Wkhruhp 4 lq Vhfwlrq 716 soxv wzr vlpsoh wudqvirupdwlrqv pdnh lw
srvvleoh wr uhxvh doo � l*v h{fhsw iru ��/ wkh wlph ri wkh uhdfwlrq wkdw zdv mxvw h{hfxwhg1

� Vzlwfk iurp uhodwlyh wlph +wlph ehwzhhq uhdfwlrqv, wr devroxwh wlph1 Wklv zloo reyldwh wkh qhhg iru
rqh ri wkh wzr wudqvirupdwlrqv deryh> iru uhdfwlrqv zkrvh xqghuo|lqj dl kdv qrw fkdqjhg/ wkh sxwdwlyh
wlph � l zloo qrw kdyh wr fkdqjh/ hlwkhu1

� Xvh dssursuldwh gdwd vwuxfwxuhv wr vwruh dl*v +dqg � l*v,/ vr wkdw xsgdwlqj wkrvh wkdw fkdqjh zloo eh d
yhu| h�flhqw rshudwlrq1 Vhfwlrq 715 vkrzv d gdwd vwuxfwxuh/ fdoohg dq lqgh{hg sulrulw| txhxh/ wkdw
dfklhyhv wklv jrdo1

Wkh irupdo vwdwhphqw ri wkh dojrulwkp lv=

Dojrulwkp 6 +H{dfw Vwrfkdvwlf Vlpxodwlrq � Qh{w Uhdfwlrq Phwkrg,
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41 Lqlwldol}h=

+d, Vhw lqlwldo qxpehuv ri prohfxohv/ vhw w# 3/ jhqhudwh d ghshqghqf| judsk J1

+e, Fdofxodwh wkh surshqvlw| ixqfwlrq/ dl/ iru doo l1

+f, Iru hdfk l/ jhqhudwh d sxwdwlyh wlph/ � l/ dffruglqj wr dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu
dl1

+g, Vwruh wkh � l ydoxhv lq dq lqgh{hg sulrulw| txhxh S1

51 Ohw � eh wkh uhdfwlrq zkrvh sxwdwlyh wlph/ ��/ vwruhg lq S/ lv ohdvw1

61 Ohw � eh ��1

71 Fkdqjh wkh qxpehu ri prohfxohv wr uh�hfw h{hfxwlrq ri uhdfwlrq �1 Vhw w# � 1

81 Iru hdfk hgjh +�>�, lq wkh ghshqghqf| judsk J/

+d, Xsgdwh d�1

+e, Li � 9@ �/ vhw �� # +d�>rog@d�>qhz,+�� � w, . w

+f, Li � @ �/ jhqhudwh d udqgrp qxpehu/ �/ dffruglqj wr dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu
d�/ dqg vhw �� # �. w

+g, Uhsodfh wkh rog �� ydoxh lq S zlwk wkh qhz ydoxh1

91 Jr wr Vwhs 51

Frqvlghu wkh wlph xvhg e| wkh dojrulwkp1 Vwhs 4 ri wkh Qh{w Uhdfwlrq Phwkrg lv rqo| h{hfxwhg rqfh>
Vwhsv 509 duh h{hfxwhg rqfh iru hdfk vlpxodwlrq hyhqw1 Vwhsv 6/ 7/ dqg 9 gr qrw ghshqg rq wkh qxpehu ri
uhdfwlrqv/ u1 Vwhs 5 grhv qrw hlwkhu/ ehfdxvh ri wkh surshuwlhv ri lqgh{hg sulrulw| txhxhv1 Vwhs 8 lv h{hfxwhg
rqfh iru hyhu| hgjh +�> �, lq J> vxssrvh wkhuh duh n vxfk hgjhv/ zkhuh n lv w|slfdoo| pxfk ohvv wkdq u1 Vwhs
8d/ h{hfxwhg n wlphv/ ghshqgv rq wkh qxpehu ri uhdfwdqwv iru hdfk +hohphqwdu|, uhdfwlrq/ vr lw vkrxog wdnh qr
pruh wkdq 6 pxowlsolfdwlrqv +dv zdv h{sodlqhg lq wkh lqwurgxfwlrq,1 Vwhs 8e/ h{hfxwhg n� 4 wlphv/ uhtxluhv
dq dgglwlrq/ d vxewudfwlrq/ d pxowlsolfdwlrq dqg d glylvlrq1 Vwhs 8f/ h{hfxwhg 4 wlph/ uhtxluhv d fdoo wr wkh
udqgrp qxpehu jhqhudwru/ zklfk fdq eh yhu| vorz frpsduhg wr wkh rwkhu rshudwlrqv glvfxvvhg +d vlpsoh
whvw rq rxu v|vwhp lqglfdwhv wkdw d vlqjoh fdoo wr wkh udqgrp qxpehu jhqhudwru wdnhv 43 wlphv dv orqj dv d
glylvlrq,1 Vwhs 8g/ h{hfxwhg n wlphv/ uhtxluhv dw prvw 5 orj+u, rshudwlrqv/ dowkrxjk lw pd| h�hfwlyho| wdnh
idu ihzhu +vhh wkh glvfxvvlrq lq Vhfwlrq 715,1 +Wkurxjkrxw wklv sdshu/ orj phdqv orjdulwkp edvh 5/ dv shu
wkh w|slfdo frpsxwhu vflhqfh xvdjh1,

Wkh wrwdo qxpehu ri rshudwlrqv shu lwhudwlrq lv dw prvw f5>6>7>8d>9 . f8e+n � 4, . f8f . f8g+n,+5 orj+u,,/
zkhuh hdfk f lv d pdfklqh vshfl�f frqvwdqw1 Iurp d frpsxwhu vflhqfh shuvshfwlyh/ wklv lv R+orj+u,,/ l1h1/
iru yhu| odujh u/ rqo| wkh odvw whup zloo pdwwhu1 Iurp d pruh sudfwlfdo shuvshfwlyh/ iru u ri 83 ru 433/ wkh
rwkhu whupv/ sduwlfxoduo| f8f/ pd| qrw eh qhjoljleoh1 Ohw xv eh yhu| fohdu rq wklv srlqw= wkh Qh{w Uhdfwlrq
Phwkrg zrugv hyhq li n lv odujh/ exw zloo dfklhyh pruh ri d vshhgxs li n lv vpdoo/ uhodwlyh wr wkh qxpehu ri
uhdfwlrqv1 +Dq htxlydohqw zd| ri vd|lqj wkh vdph wklqj lv cli wkh ghshqghqf| judsk lv vsduvh1*,

Oxnnlhq hw do1 ^44` glvfxvv zd|v wr lpsuryh wkh Gluhfw Phwkrg dqg wkh Iluvw Uhdfwlrq Phwkrg1 Wkhlu
lpsuryhg Iluvw Uhdfwlrq Phwkrg/ zklfk zh vkdoo fdoo wkh Devroxwh Wlph Iluvw Uhdfwlrq Phwkrg/ frqvlvwv
ri vzlwfklqj iurp uhodwlyh wr devroxwh wlphv dqg xvlqj d vwdqgdug sulrulw| txhxh1 1Wkh| frqfoxgh wkdw iru
wlph0lqyduldqw surfhvvhv/ wkh Gluhfw Phwkrg lv suhihudeoh wr wkh Devroxwh Wlph Iluvw Uhdfwlrq Phwkrg iru
wzr uhdvrqv/ zklfk gr qrw dsso| wr wkh Qh{w Uhdfwlrq Phwkrg1 Iluvw/ lq wkhlu grpdlq lw lv gl�fxow wr gr
wkh lqgh{lqj qhfhvvdu| wr lpsohphqw wkh h�flhqw xsgdwh dojrulwkp +Dojrulwkp 7 ri Vhfwlrq 715,1 Vhfrqg/
wkh Devroxwh Wlph Iluvw Uhdfwlrq Phwkrg jhqhudwhv wrr pdq| udqgrp qxpehuv1 Vlqfh w|slfdo frpsxwhu
svhxgr0udqgrp qxpehu jhqhudwruv f|foh zlwk vrph uhjxodulw|/ xvlqj wrr pdq| udqgrp qxpehuv zloo txlfno|
h{kdxvw wkh delolwlhv ri wkh jhqhudwru/ dqg vkrxog eh dyrlghg zlwk h{wuhph suhmxglfh1 +Dovr/ iurp d sxuho|
sudfwlfdo vwdqgsrlqw/ jhqhudwlqj udqgrp qxpehuv lv uhodwlyho| vorz1,

Dpd}lqjo|/ wkh Qh{w Uhdfwlrq Phwkrg xvhv mxvw d vlqjoh udqgrp qxpehu shu lwhudwlrq1 Fohduo|/ wkh
rswlpxp zrxog eh h{dfwo| rqh udqgrp qxpehu shu lwhudwlrq1 Rxu dojrulwkp lv voljkwo| vxe0rswlpdo/ lq wkdw

:



Uhdfwlrq d� GhshqgvRq+ d� , D�hfwv+ � ,

D.E
n4�$ F n4 � +&D, � +&E, D/ E D/ E/ F

E .F
n5�$ G n5 � +&E, � +&F, E/ F E/ F/ G

G .H
n6�$ H .I n6 � +&G,� +&H, G/ H G/ I

I
n7�$ G .J n7 � +&I , I G/ I/ J

H .J
n8�$ D n8 � +&H,� +&J, H/ J D/ H/ J

Wdeoh 4= H{dpsoh uhdfwlrqv xvhg lq wkh wh{w1

wkh lqlwldol}dwlrq vwhs zloo jhqhudwh dq h{wud u udqgrp qxpehuv/ dqg dw wkh hqg ri wkh dojrulwkp/ u udqgrp
qxpehuv zloo eh ohiw ryhu1 Dv wkh qxpehu ri lwhudwlrqv lqfuhdvhv/ wklv lqlwldol}dwlrq h�hfw ehfrphv qhjoljleoh
lq frpsdulvrq1 Wkh rqo| qhz udqgrp qxpehu jhqhudwhg/ ��/ fruuhvsrqgv wr wkh uhdfwlrq wkdw zdv mxvw
h{hfxwhg dqg lv jhqhudwhg lq Vwhs 8f1 Lw lv fohdu wkdw uhdfwlrq � uhtxluhv d qhz udqgrp qxpehu/ vlqfh wkh
ydoxh ri wkh rog udqgrp qxpehu kdv ehhq xvhg h{solflwo|/ wkxv uhgxflqj lw wr d vxuh yduldeoh1 Vhfwlrq 716
zloo vkrz wkdw lw lv fruuhfw wr gr wkh rwkhu pdqlsxodwlrqv lq 8/ vr dv qrw wr uhjhqhudwh dq| rwkhu udqgrp
qxpehuv1

Iru wklv uhdvrq zh dvvhuw wkdw wkh Qh{w Uhdfwlrq Phwkrg lv vxshulru wr wkh Gluhfw Phwkrg1

e #i|@�*t Lu |�i �i | +i@U|�L? �i|�L_

Wklv vhfwlrq suhvhqwv wkh ghwdlov ri wkh Qh{w Uhdfwlrq Phwkrg1 Iluvw/ krz wr lpsohphqw wkh Qh{w Uhdfwlrq
Phwkrg= Vhfwlrq 714 h{sodlqv wkh ghshqghqf| judsk gdwd vwuxfwxuh/ zklfk whoov h{dfwo| zklfk surshqvlwlhv
qhhg wr eh xsgdwhg lq Vwhs 8 ri wkh Qh{w Uhdfwlrq Phwkrg/ dqg Vhfwlrq 715 h{sodlqv wkh lqgh{hg sulrulw|
txhxh gdwd vwuxfwxuh xvhg lq Vwhsv 5 dqg 81 Vhfrqg/ zk| wkh dojrulwkp lv fruuhfw= Vhfwlrq 716 vkrzv lw lv
fruuhfw wr uh0xvh udqgrp qxpehuv lq Vwhs 81

e�� #iTi?_i?U) Bh@T�t

Frqvlghu/ rqfh djdlq/ wkh uhdfwlrqv lq Ht1 +5,1

Gh�qlwlrq 4 Ohw Uhdfwdqwv+ � , dqg Surgxfwv+ � , eh wkh vhwv ri uhdfwdqwv dqg surgxfwv/ uhvshfwlyho|/ ri
uhdfwlrq �1 Vr/ iru h{dpsoh/ Uhdfwdqwv+ Uhdfwlrq 4 , @ iD>Ej dqg Surgxfwv+ Uhdfwlrq 4 , @ iFj1

Gh�qlwlrq 5 Ohw GhshqgvRq+ d� , eh wkh vhw ri vxevwdqfhv zklfk d�hfw wkh ydoxh d�1

Hylghqwo|/ Uhdfwdqwv+ � , @ GhshqgvRq+ d� ,= Lw lv vrphwlphv xvhixo wr dgg dgglwlrqdo ghshqghqflhv
+h1j1/ lq wkh odpegd prgho ri Vhfwlrq 914,/ vr zh pdnh wklv glvwlqfwlrq1

Gh�qlwlrq 6 Ohw D�hfwv+ � , eh wkh vhw ri vxevwdqfhv wkdw fkdqjh txdqwlw| zkhq uhdfwlrq � lv h{hfxwhg1

W|slfdoo|/ D�hfwv+ � , @ Uhdfwdqwv+ � , ^ Surgxfwv+ � ,/ exw djdlq/ wkhuh pd| eh h{fhswlrqv +h1j1
fdwdo|wlf uhdfwlrqv/ vxfk dv Uhdfwlrq 6,1

Wdeoh 4 looxvwudwhv hdfk ri wkhvh frqfhswv1

Gh�qlwlrq 7 +Ghshqghqf| Judsk, Ohw d vhw ri uhdfwlrqv U eh jlyhq1 Ohw J+Y>H, eh d gluhfwhg judsk
zlwk yhuwh{ vhw Y @ U/ dqg zlwk d gluhfwhg hgjh iurp yl wr ym li dqg rqo| li D�hfwv+ yl , _GhshqgvRq+ dym , 9@
>1 +Li iru vrph vwudqjh uhdvrq/ wkh vhoi hgjhv iurp yl wr yl duh qrw lqfoxghg lq wklv gh�qlwlrq/ lqfoxgh wkhp
dv zhoo1, Wkhq J lv fdoohg wkh ghshqghqf| judsk ri wkh vhw ri uhdfwlrqv U1

Wkh ghshqghqf| judsk ri wkh vdpsoh uhdfwlrqv lv looxvwudwhg lq Iljxuh 5d1
Lq rwkhu zrugv/ d ghshqghqf| judsk lv d gdwd vwuxfwxuh zklfk whoov suhflvho| zklfk dl*v wr fkdqjh zkhq d

jlyhq uhdfwlrq lv h{hfxwhg1 Xvlqj wkh ghshqghqf| judsk doorzv rqh wr uhfdofxodwh rqo| wkh plqlpxp qxpehu
ri dl*v lq Vwhs 8 ri wkh Qh{w Uhdfwlrq Phwkrg1

;



A+B→C

D+E→E+F F→D+G

B+C→D E+G→A

N cro cI cII cIII

+d, +e,

Iljxuh 5= Ghshqghqf| judskv iru= +d, H{dpsoh htxdwlrqv iurp Wdeoh 4/ +e, odpegd prgho +Wdeoh 5,1 Iru
vlpsolflw|/ vhoi0hgjhv duh qrw vkrzq lq +e,1 Wkh vwdu dw wkh erwwrp uljkw ri +e, lqglfdwhv d vhw ri uhdfwlrqv
wkdw duh suhvhqw lq wkh frpsohwh prgho/ exw duh qrw ghvfulehg lq wklv sdshu1
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C
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B
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D
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E
(4, 5.5)

H
(5, 9.1)

I
(10, 10.1)

J
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F
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G
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Iljxuh 6= H{dpsoh lqgh{hg sulrulw| txhxh1 Wrs= wuhh vwuxfwxuh1 Wkh srvlwlrqv lq wkh wuhh vwuxfwxuh duh
odehohg zlwk ohwwhuv D~M iru shgljrjlfdo sxusrvhv1 Erwwrp= Lqgh{ vwuxfwxuh1 Hdfk qxpehu kdv d srlqwhu wr
wkh fruuhvsrqglqj srvlwlrq lq wkh wuhh vwuxfwxuh> wkhvh srlqwhuv duh looxvwudwhg dv ohwwhuv D~M1

e�2 W?_i i_ �h�Lh�|) "�i�it

W|slfdoo|/ wkh ghshqghqf| judsk lv vsduvh/ l1h1/ wkdw wkh qxpehu ri hgjhv iurp d jlyhq yhuwh{ lv vpdoo1 Lw lv
lpsruwdqw wr kdyh gdwd vwuxfwxuhv wkdw duh yhu| h�flhqw dw kdqgolqj d vpdoo qxpehu ri xsgdwhv1

Wkh Qh{w Uhdfwlrq Phwkrg ghdov zlwk wzr nlqgv ri yduldeohv/ � l*v dqg dl*v1 Wkh odwwhu duh hdv| wr kdqgoh=
wkh rshudwlrqv uhtxluhg duh UHDG dqg XSGDWH> wkh| fdq eh vwruhg lq d vlpsoh duud|1 +D sxulvw pljkw qrw
hyhq vwruh wkhp/ exw udwkhu uhfdofxodwh wkhp dv qhhghg1, Wkh � l*v uhtxluh wkh rshudwlrqv= ILQG PLQLPXP
+lq Vwhs 5, dqg XSGDWH +lq Vwhs 8g,1 Wkh iruphu lv rqh ri wkh rshudwlrqv ri d sulrulw| txhxh +zklfk lv
riwhq lpsohphqwhg dv d khds,/ dqg zlwk d olwwoh wkrxjkw/ wkh rwkhu fdq eh lpsohphqwhg lq whupv ri wkh
vwdqgdug sulrulw| txhxh dojrulwkpv DGG HOHPHQW dqg GHOHWH HOHPHQW ^6`1 Krzhyhu/ wkh vwdqgdug
dojrulwkpv/ dowkrxjk xvhg lq vrph frqwh{wv iru wklv vshhgxs ^44`/ duh qrw uhdoo| zkdw lv fdoohg iru lq wklv
frqwh{w1 D ehwwhu XSGDWH/ zklfk wdnhv lqwr dffrxqw wkh vwuxfwxuh ri wkh gdwd/ uhtxluhv dq lqgh{lqj vfkhph
dqg d vhsdudwh XSGDWH dojrulwkp1

Gh�qlwlrq 8 Dq lqgh{hg sulrulw| txhxh frqvlvwv ri +d, d wuhh vwuxfwxuh ri rughuhg sdluv ri wkh irup +l> � l,/
zkhuh l lv wkh qxpehu ri d uhdfwlrq/ dqg � l lv wkh sxwdwlyh wlph zkhq uhdfwlrq l rffxuv/ dqg +e, dq lqgh{
vwuxfwxuh zkrvh l0wk hohphqw lv d srlqwhu wr wkh srvlwlrq lq wkh wuhh wkdw frqwdlqv +l> � l,1 Wkh wuhh vwuxfwxuh
lq +d, kdv wkh surshuw| wkdw hdfk sduhqw kdv d orzhu � l wkdq hlwkhu ri lwv fkloguhq1

Iljxuh 6 vkrzv dq h{dpsoh sulrulw| txhxh1 Qrwh wkh iroorzlqj= d, �qglqj wkh plqlpxp hohphqw wdnhv
frqvwdqw wlph � lw lv dozd|v lq wkh wrs qrgh/ e, wkh rughulqj lv rqo| yhuwlfdo/ qrw krul}rqwdo/ f, wkh qxpehu
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ri qrghv lv suhflvho| wkh qxpehu ri uhdfwlrqv u/ qrw wzlfh wkh qxpehu ri uhdfwlrqv dv lq wkh h�flhqw yhuvlrq
ri wkh Gluhfw Phwkrg lq wkh dsshqgl{/ g, ehfdxvh ri wkh lqgh{lqj vfkhph/ lw lv srvvleoh wr �qg dq| duelwudu|
uhdfwlrq lq frqvwdqw wlph/ dqg h, �6 @4/ zklfk fruuhvsrqgv wr uhdfwlrq 6 qhyhu rffxulqj/ l1h1/ d6 @ 31 Lq
idfw/ 4 lv d shuihfwo| ohjlwlpdwh �rdwlqj srlqw qxpehu/ vr lw lv srvvleoh wr lpsohphqw wklv ihdwxuh +lq F/ iru
h{dpsoh, zlwkrxw dq| pdmru khdgdfkhv1

Wkhuh duh vhyhudo dojrulwkpv wkdw qhhg wr eh gh�qhg lq rughu wr xvh wkh sulrulw| txhxh1 Prvw ri wkhp
duh dqdorjrxv wr dojrulwkpv iru sulrulw| txhxhv1 Lq sduwlfxodu/ rqh qhhgv=

� VZDS+l/ m,/ zklfk vzdsv wkh wuhh qrghv l dqg m dqg xsgdwhv wkh lqgh{ vwuxfwxuh dssursuldwho|/

� EXLOG/ zklfk wdnhv d wuhh dqg dq lqgh{ vwuxfwxuh dqg pryhv hqwulhv xqwlo wkh wuhh kdv wkh surshuw|
wkdw hdfk sduhqw lv ohvv wkdq lwv fkloguhq/

� XSGDWH+u,/ zklfk xsgdwhv d jlyhq uhdfwlrq qxpehu1

VZDS lv hdv| wr lpsohphqw1 EXLOG lv frpsohwho| dqdorjrxv wr wkh vwdqgdug khds2sulrulw| txhxh
EXLOG rshudwlrq/ exw xvhv VZDS vr dv wr nhhs wkh lqgh{ vwuxfwxuh fruuhfw1 XSGDWH lv qrq0vwdqgdug dqg
ghvhuyhv frpphqw1

Dojrulwkp 7 XSGDWH+qrgh q/ ydoxh qhz ydoxh,
Fkdqjh ydoxh ri q wr qhz ydoxh

XSGDWH DX[+ q ,

Dojrulwkp 8 XSGDWH DX[+qrgh q,
Li ydoxh+q, ? ydoxh+ sduhqw+ q , ,

VZDS q dqg sduhqw+ q ,
Xsgdwh dx{+ sduhqw+ q , ,

Hovh Li ydoxh+ q , A plqlpxp ydoxh+ fkloguhq+ q , ,
VZDS q dqg plqlpxp fklog+ q ,
Xsgdwh dx{+ plqlpxp fklog+ q , ,

Hovh
Uhwxuq

Dq h{dpsoh lv fdoohg iru1

H{dpsoh 4 Vxssrvh wkh ydoxh ri � 4 fkdqjhv iurp 715 wr 491 Orrnlqj lq wkh lqgh{ duud|/ �4 lv vwruhg lq
qrgh E1 Lq wkh wuhh vwuxfwxuh/ rqh fkdqjhv qrgh E*v � ydoxh wr 491 Fdoolqj XSGDWH DX[ rq qrgh E/ rqh
h{hfxwhv wkh cHovh Li* vwdwhphqw dqg vzdsv wkh rughuhg sdluv lq qrghv E dqg H dqg wkh fruuhvsrqglqj lqglfhv
+4 dqg 7, lq wkh duud|1 Fdoolqj XSGDWH DX[ uhfxuvlyho| rq qrgh H/ rqh qrwhv wkdw wkh qhz ydoxh ri 49 lv
lq wkh fruuhfw srvlwlrq +818 ? 49 ? 4,/ vr wkh �qdo cHovh* fodxvh lv h{hfxwhg/ dqg wkh dojrulwkp vwrsv zlwk=
rughuhg sdlu +7/ 818, lq qrgh E/ +4/ 49, lq qrgh H/ lqgh{ cH* lq srvlwlrq 4 ri wkh duud|/ dqg lqgh{ cE* dw
srvlwlrq 71 Wkh uhvw ri wkh vwuxfwxuh uhpdlqv xqfkdqjhg1

Wkh frqyhuvh fdvh/ zkhuh wkh qhz ydoxh lv ohvv wkdq wkh rog ydoxh/ lv frpsohwho| dqdorjrxv1
Rqh zd| wr lpsohphqw XSGDWH lv vlpso| wr ghohwh wkh r�hqglqj qrgh/ dqg lqvhuw d qhz qrgh zlwk

wkh vdph uhdfwlrq qxpehu exw d gl�huhqw wlph ydoxh1 Wklv wdnhv vrphwklqj olnh 5 orj u rshudwlrqv1 Rxu
dssurdfk/ rq wkh rwkhu kdqg/ fkdqjhv wkh qrgh lq sodfh/ wkhq exeeohv lw xs ru grzq wkh wuhh vwuxfwxuh xqwlo
wkh sulrulw| surshuw| lv uh0hvwdeolvkhg1 Wklv hylghqwo| wdnhv orj u/ exw kdv wkh dgydqwdjh wkdw li wkhuh duh
d vpdoo qxpehu ri uhdfwlrqv wkdw kdyh idvw udwh frqvwdqwv frpsduhg wr wkh rwkhuv/ vd| wkhuh duh u3 vxfk
uhdfwlrqv/ prvw ri wkh xsgdwhv zloo lqyroyh wkrvh/ dqg wdnh orj u3 wlph/ ehfdxvh rqfh wkh dojrulwkp uhdfkhv
d qrgh wkdw lv douhdg| lq wkh uljkw vsrw/ lw grhv qrw frqwlqxh ixuwkhu1 Vr/ iru h{dpsoh/ li vrph ri wkh
uhdfwlrqv duh _glvdeohg% ru _qrw srvvleoh% lq wkh jlyhq vwdwh/ dqg kdyh d @ 3 dqg � @ 4/ wkh| zloo qrw
vorz grzq wkh frpsxwdwlrq1 Wklv h�hfw fdq eh vljql�fdqw/ iru h{dpsoh/ wkh fkhprwd{lv v|vwhp ri ^46`
frqwdlqv d odujh qxpehu ri uhdfwlrqv zklfk zloo qrw eh _dfwlyh% dw dq| jlyhq wlph1 Ehfdxvh ri wkhvh lqdfwlyh
uhdfwlrqv/ ^46` dyrlghg wkh vwdqgdug Jloohvslh dojrulwkp +l1h1/ wkh Gluhfw Phwkrg,/ zklfk jurzv zlwk wkh
qxpehu ri uhdfwlrqv/ dqg lqvwhdg ghyhorshg rqh wkdw lv qrw h{dfw/ exw vfdohv zlwk qxpehu ri prohfxohv/ vlqfh
wkh qxpehu ri prohfxohv lv pxfk ohvv wkdq wkh qxpehu ri srvvleoh uhdfwlrqv1 Qrwh wkdw rxu dojrulwkp lv qrw
rqo| h{dfw/ exw dovr vfdohv zlwk wkh orjdulwkp ri wkh qxpehu ri _dfwlyh% uhdfwlrqv1 Wkh Dssolfdwlrq vhfwlrq
+Vhfwlrq 9, jlyhv vrph shuirupdqfh qxpehuv1
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Wklv vhfwlrq zloo ghprqvwudwh wkdw wkh Qh{w Uhdfwlrq Phwkrg/ zlwk lwv vzlwfk iurp uhodwlyh wr devroxwh
wlphv dqg doo ri wkh vwudqjhqhvv lq Vwhs 8/ lv htxlydohqw wr wkh Iluvw Uhdfwlrq Phwkrg1 Wklv ghprqvwudwlrq/
qhfhvvdu| wr vkrz wkdw wkh dojrulwkp zrunv dqg zk| lw zrunv/ lv vrphzkdw pruh pdwkhpdwlfdo wkdq wkh
uhvw ri wkh sdshu1 Wkh uhdghu zkrvh sulpdu| lqwhuhvw lv lpsohphqwlqj wkh Qh{w Uhdfwlrq Phwkrg pd| vnls
dkhdg zlwk lpsxqlw|1

Lq zkdw iroorzv/ Wl zloo ghqrwh wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh l0wk uhdfwlrq/ dqg � l/ d qxpehu/
zloo ghqrwh d vdpsoh iurp wkdw udqgrp yduldeoh1

Rqh ri wkh gl�huhqfhv ehwzhhq wkh Iluvw Uhdfwlrq Phwkrg dqg wkh Qh{w Uhdfwlrq Phwkrg lv wkdw wkh
iruphu xvhv uhodwlyh wlphv/ zkloh wkh odwwhu xvhv devroxwh wlphv1 Wklv vkrxog qrw eh d vwxpeolqj eorfn ru
d vrxufh ri frqixvlrq1 Vxssrvh wkdw gxulqj wkh q0wk lwhudwlrq ri wkh Iluvw Uhdfwlrq Phwkrg/ wkh udqgrp
yduldeohv duh ghqrwhg U�/ iru 4 � � � +qxpehu ri uhdfwlrqv,1 Wkhq U� @H{s+d�,/ dqg wkh ghqvlw| ri U� lv
jlyhq e| SU�

+� , @ �+�,d� h{s+�d��,1 +�+� ,/ wkh Khdylvlgh ixqfwlrq/ lv 3 iru � 3 ? 3 dqg 4 iru � 3 � 31, Wkh
fruuhvsrqglqj devroxwh wlph lv jlyhq e| wkh udqgrp yduldeoh W� @ U�. wq/ wkh vxp ri wkh uhodwlyh wlph dqg
wkh yduldeoh w gxulqj wkh q0wk lwhudwlrq1 +Wkh q0wk lwhudwlrq hqgv/ dqg wkh q.40vw ehjlqv/ zkhq w lv xsgdwhg
lq Vwhs 81, Zkdw lv wkh ghqvlw| ri W�B E| wkh udqgrp yduldeoh wudqvirupdwlrq +UYW, wkhruhp ^;`/

SW�+� , @

]
4

�4

SU�
+� 3,�+� � ^� 3 . wq`,g�

3 @ SU�
+� � wq, @ �+� � wq,d� h{s+�d�+� � wq,,>

ru/ htxlydohqwo|/

Su+W�>q A x, @

+
h{s+�d�>q+x� wq,, li x A wq

4 rwkhuzlvh
+:,

Fohduo|/ dq devroxwh0wlph yhuvlrq ri wkh Iluvw Uhdfwlrq Phwkrg zlwk qr rwkhu fkdqjhv zrxog eh hqwluho|
htxlydohqw wr wkh ruljlqdo uhodwlyh0wlph yhuvlrq1

Qrz zh wxuq rxu dwwhqwlrq wr wkh Qh{w Uhdfwlrq Phwkrg1 Diwhu Vwhs 4/ wkh udqgrp yduldeohv iroorz wkh
glvwulexwlrq lq Ht1 +:,> w3 zdv vhw wr 3 lq Vwhs 4d1 Wkh uhdo fruh ri wkh Qh{w Uhdfwlrq Phwkrg lv wkdw hdfk
vxevhtxhqw lwhudwlrq pdlqwdlqv Ht1 +:,1

Dw wkh ulvn ri ehlqj ryhuo| pdwkhpdwlfdo/ zh vwdwh wkh nh| surshuw| wkdw doorzv wkh Qh{w Uhdfwlrq Phwkrg
dv d wkhruhp=

Wkhruhp 4 Dvvxph wkdw Ht : krogv dw wkh ehjlqqlqj ri Vwhs 51 Wkhq/ ehiruh Vwhs 8 ri wkh q0wk lwhudwlrq/
iru doo l 9@ �> � l lv glvwulexwhg dffruglqj wr

Su+Wl A x, @

+
h{s+�dl>q+x� wq.4,, li x A wq.4

4 rwkhuzlvh
+;,

Surri1 E| dvvxpswlrq/ ehiruh Vwhs 5 ri wkh q0wk lwhudwlrq/ � l lv glvwulexwhg dffruglqj wr Ht1 +:,1 Vwhsv
5 dqg 6 lghqwli| wkh ohdvw �> qdpho| ��1 Wkh dfw ri lghqwl�fdwlrq uhgxfhv xqfhuwdlqw|1 Lq sduwlfxodu/ W�
ehfrphv wkh vxuh yduldeoh ��/ dqg doo ri wkh rwkhu � l*v pxvw eh odujhu wkdq ��1 Khqfh hdfk ri wkh rwkhu Wl*v lv
glvwulexwhg dffruglqj wr Su+Wl A xmWl A ��,1 E| gh�qlwlrq/ wklv lv Su++Wl A x, DQG +Wl A ��,,@Su+Wl A ��,1
Wkhuh duh wzr fdvhv1 Fdvh 4, iru x A ��/ wkh qxphudwru vlpsol�hv wr Su+Wl A x,/ dqg wkh uhvxowlqj glylvlrq lv
h{s+�dl>q+x�wq,,@ h{s+�dl>q+���wq,, @ h{s+�dl>q+x���,,1 Fdvh 5, x � ��/ dqg wkh qxphudwru vlpsol�hv
wr Su+Wl A ��,1 Lq wklv fdvh/ wkh qxphudwru fdqfhov wkh ghqrplqdwru/ ohdylqj 41 Lq Vwhs 7/ wq.4 lv vhw wr �
+zklfk zdv vhw wr �� lq Vwhs 6,/ vr wkh wkhruhp krogv1

Vkrzlqj wkdw Ht1 +:, lv pdlqwdlqhg lv mxvw d pdwwhu ri froohfwlqj wkh ghwdlov=

� Iru wkrvh l 9@ � zkrvh dl uhpdlqv frqvwdqw iurp wkh q0wk wr q . 40vw lwhudwlrq/ dl>q.4 @ dl>q/ vr Ht1
+;, lv htxlydohqw wr Ht1 +:,1 Wkhuh lv qr qhhg wr fkdqjh wkhvh � l*v lq Vwhs 81 Lq idfw/ uhdfwlrqv zkrvh
dl grhv qrw fkdqjh duh qrw lq wkh ghshqghqf| judsk/ vr wkh � l*v duh qrw fkdqjhg1
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� Iru wkrvh l 9@ � zkrvh dl grhv fkdqjh/ � l lv qrz glvwulexwhg dffruglqj wr Ht1 +;,1 Vlpso| soxjjlqj lq wr
wkh UYW wkhruhp vkrzv wkdw wkh udqgrp yduldeoh W 3l / frqvwuxfwhg e| �

3

l @ +dl>q@dl>q.4,+� l�wq.4,.wq.4/
lv glvwulexwhg dffruglqj wr Ht1 +:,1

Zkdw lv wkh lqwxlwlrq ehklqg wklv wudqvirupdwlrqB E| wkh wkhruhp/ � l lv glvwulexwhg dffruglqj wr Ht1
+;,1 Jrlqj edfn wr uhodwlyh wlphv/ � l�wq.4 lv glvwulexwhg dffruglqj wr H{s+dl>q,1 Lw fdq eh vkrzq +e|
wkh UYW/ iru h{dpsoh, wkdw +dl>q@dl>q.4,H{s+dl>q,@H{s+dl>q.4,1 Uhwxuqlqj wr devroxwh wlphv jlyhv
wkh wudqvirupdwlrq1

Wklv wudqvirupdwlrq lv dssolhg wr doo wkh dssursuldwh l*v lq Vwhs 8e1

� Ilqdoo|/ iru l @ �/ lw lv qhfhvvdu| wr jhqhudwh d qhz udqgrp qxpehu1 Qrwh wkdw wkh wkhruhp rqo|
krogv iru l 9@ �1 Iru l @ � wkh yduldeoh W� zdv uhgxfhg wr d vxuh yduldeoh lq Vwhs 6/ vr d qhz udqgrp
yduldeoh lv qhhghg1 Wkdw qhz ydoxh lv vxssolhg lq Vwhs 8f1

Rqh nh| srlqw kdv ehhq ryhuorrnhg wkxv idu= wkh Iluvw Uhdfwlrq Phwkrg uhtxluhv vwdwlvwlfdoo| lqghshqghqw
udqgrp qxpehuv1 Wr frpsohwh wkh fruuhfwqhvv dujxphqw dprxqwv wr vkrzlqj wkdw wkh pdqlsxodwlrqv grqh
e| wkh Qh{w Uhdfwlrq Phwkrg gr qrw lqwurgxfh dq| vwdwlvwlfdo ghshqghqflhv1

Dw hdfk vwhs lq wkh dojrulwkp Wl @ il+Ul,> hdfk udqgrp yduldeoh lq wkh Qh{w Uhdfwlrq Phwkrg lv d
wudqviruphg yhuvlrq ri wkh fruuhvsrqglqj udqgrp yduldeoh lq wkh Iluvw Uhdfwlrq Phwkrg/ dqg wkhuh duh qr
furvv ghshqghqflhv1 E| wkh UYW wkhruhp/
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Wkh _surgxfw irup% ri wklv mrlqw glvwulexwlrq ixqfwlrq whoov xv wkdw vlqfh wkh ruljlqdo yduldeohv Ul zhuh
vwdwlvwlfdoo| lqghshqghqw/ wkhq wkh wudqviruphg yduldeohv Wl duh dv zhoo1

Lq vxppdu|/ Vwhs 4 vhwv xs wkh Wl dffruglqj wr Ht1 +:,1 Hdfk vxevhtxhqw lwhudwlrq pdlqwdlqv wkdw
glvwulexwlrq/ zlwkrxw lqwurgxflqj dq| vwdwlvwlfdo ghshqghqflhv ehwzhhq wkh udqgrp yduldeohv1 Wkxv wkh
Qh{w Uhdfwlrq Phwkrg lv htxlydohqw wr wkh Iluvw Uhdfwlrq Phwkrg/ dqg lq wxuq wr wkh Gluhfw Phwkrg dqg
wkh Pdvwhu Htxdwlrq dssurdfk1

D , |i?t�L?G A�4i #iTi?_i?| @?_ ?L?��@h!L� �hLUittit

Wkh wzr dssurdfkhv iru h�flhqw fdofxodwlrq ri wudmhfwrulhv ri fkhplfdo uhdfwlrqv lq wkh vwrfkdvwlf iudphzrun
suhvhqwhg wkxv idu dvvxph wkdw wkh suredelolw| ri d uhdfwlrq � rffxuulqj lq d olwwoh elw ri wlph gw +d, lv jlyhq
e| d� � gw/ zkhuh d� lv d frqvwdqw/ dqg +e, ghshqgv rqo| rq wkh fxuuhqw vwdwh/ qrw rq wkh suhylrxv vwdwh ru
vwdwhv ri wkh v|vwhp1 Lw fdq eh vkrzq ^:` wkdw pdq| uhdvrqdeoh fkhplfdo v|vwhpv kdyh wkhvh surshuwlhv1

Wklv vhfwlrq zloo vkrz krz wr ghdo zlwk v|vwhpv lq zklfk +d, dqg +e, gr qrw krog1 Lq sduwlfxodu/
lw �uvw uhod{hv dvvxpswlrq +d, e| ohwwlqj d� eh d ixqfwlrq wlph +dv lv qhfhvvdu| wr prgho v|vwhpv zkrvh
udwh _frqvwdqwv% fkdqjh/ gxh wr fkdqjlqj whpshudwxuh/ yroxph/ hwf1,/ dqg vhfrqg lw uhod{hv dvvxpswlrq
+e,/ vkrzlqj krz wr ghdo zlwk qrq0Pdunry surfhvvhv1 Hyhq wkrxjk hohphqwdu| uhdfwlrqv lq wkh vwrfkdvwlf
iudphzrun duh Pdunry +l1h1/ kdyh surshuw| +e, ,/ lw lv vrphwlphv xvhixo wr jurxs frqvhfxwlyh vwhsv wr irup d
frpsrvlwh surfhvv1 Wkh ixoo prgho ri wkdw surfhvv lv/ ri frxuvh/ vwloo Pdunry/ exw li rqh lv rqo| lqwhuhvwhg lq
d vxevhw ri wkh yduldeohv/ wkh uhvxowlqj pdwkhpdwlfdo surfhvv lv qrw jxdudqwhhg wr eh Pdunry1

D�� �@h!L� ThLUittit

Frqvlghu d v|vwhp lq zklfk wkh suredelolw| ri d uhdfwlrq � rffxuulqj lq d olwwoh elw ri wlph gw lv jlyhq e|
d� � gw/ exw d� lv d ixqfwlrq ri wlph1 Iru qrz/ dvvxph wkdw wkh wudqvlwlrq suredelolwlhv gr qrw ghshqg rq
klvwru|/ exw rqo| rq wkh fxuuhqw vwdwh1 Iru h{dpsoh/ lq Wdeoh 4/ wkh �uvw uhdfwlrq kdv d4 @n4�+&D,�+&E,1
Wkh udwh frqvwdqw n4 lv d ixqfwlrq ri whpshudwxuh dqg ri yroxph1 Lq dq hqjlqhhulqj v|vwhp/ rqh w|slfdoo|
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d�hfwv wkh udwh frqvwdqwv e| khdwlqj ru frrolqj wkh uhdfwlrq1 Lq d elrorjlfdo v|vwhp/ fhoo jurzwk fkdqjhv wkh
yroxph1 Hlwkhu ri wkhvh phfkdqlvpv/ ru rwkhuv/ pljkw fkdqjh udwh frqvwdqwv dv d ixqfwlrq ri wlph/ zklfk
uhtxluhv d prgl�fdwlrq wr wkh dojrulwkpv suhvhqwhg1

Lq sodfh ri wkh vlpsoh h{srqhqwldo glvwulexwlrq/ wkh sxwdwlyh wlphv duh glvwulexwhg ^;` dffruglqj wr

S�+� mV> wq, @ d�+V> � , h{s

�
�

] �

wq

d�+V> w,gw

�
+<,

Qrwlfh wzr wklqjv= �uvw/ lw lv qrw hdv| lq jhqhudo wr �qg d forvhg irup vroxwlrq ri Ht1 +<, iru duelwudu|
ixqfwlrqv ri wlph d�/ dqg vhfrqg/ iru qrq0frqvwdqw d�/ wkh uhvxowlqj dqvzhu zloo qrw eh d vlpsoh h{srqhqwldo
glvwulexwlrq/ dqg khqfh zloo qrw kdyh wkh whpsrudo krprjhqhlw| surshuw| wkdw Su+Wl A xmWl A ��, @ Su+Wl A
x� ��,1 Dv d frqvhtxhqfh ri wkh odwwhu/ lw zloo qrw/ lq jhqhudo/ eh srvvleoh wr ohw w3 @ 3/ vr devroxwh wlphv
vkrxog eh xvhg1

81414 Krz wr gr lw= Qh{w Uhdfwlrq Phwkrg/ Pdunry surfhvvhv

Wr h{whqg wkh Qh{w Uhdfwlrq Phwkrg wr duelwudu| Pdunry surfhvvhv/ rqh vlpso| fkdqjhv Vwhs 6 wr jhqhudwh
� l dffruglqj wr wkh qhz surfhvv1 Wklv kdv wzr dgydqwdjhv ryhu wkh wlph yduldqw yhuvlrq ri wkh Gluhfw Phwkrg
lq wkh dsshqgl{=

� Vlqfh rqh frqvlghuv hdfk uhdfwlrq vhsdudwho|/ wkh frpsxwdwlrq lv hdvlhu/ dqg pd| eh dqdo|wlfdoo| vroydeoh
iru vrph surfhvvhv +h1j1 lq wkh h{dpsoh ri wkh qh{w vhfwlrq,1 Wkh Gluhfw Phwkrg/ zklfk frqvlghuv doo
uhdfwlrqv dw rqfh/ lqyroyhv d vxp zlwklq wkh lqwhjudo lq Ht1 +<,> wkh h{dfw irup lv jlyhq lq wkh dsshqgl{1

� Frqglwlrqlqj1 Vlqfh wkh Qh{w Uhdfwlrq Phwkrg vwruhv � l*v dqg qrw mxvw dl*v/ lw grhv qrw kdyh wr
uhfrqglwlrq rq hdfk lwhudwlrq1 Vshfl�fdoo|/ diwhu h{hfxwlqj uhdfwlrq � lw grhv qrw qhhg wr uh0jhqhudwh
� l dffruglqj wr Su+Wl A xmWl A ��,= wkh idfw wkdw wkh dojrulwkp fkrvh wr h{hfxwh uhdfwlrq � lpsolhv
Wl A ��1 Wkhuhiruh Wl lv douhdg| glvwulexwhg dffruglqj wr wkh fruuhfw glvwulexwlrq/ iru doo l 9@ � zkrvh
dl kdv qrw fkdqjhg1

Zh qrz vkrz dq h{dpsoh ri krz wr jhqhudol}h wkh Qh{w Uhdfwlrq Phwkrg iru wlph ydu|lqj Pdunry
surfhvvhv/ wkhq frqvlghu wkh sureohp ri uh0xvlqj udqgrp qxpehuv zlwk wkh jhqhudol}dwlrq1

81415 H{dpsoh= fkdqjlqj yroxph

Uhdfwlrq 4 lq Wdeoh 5 kdv surshqvlw| n � +&D, � +&E,1 Iru vhfrqg rughu uhdfwlrqv/ vxfk dv wklv rqh/ wkh
n whup ghshqgv rq wkh yroxph/ dqg vkrxog eh uhsodfhg zlwk n3@Y +w,/ zkhuh Y +w, lv wkh yroxph dqg n3 lv
lqghshqghqw ri yroxph1 Wklv ohdgv wr wkh surshqvlw| d3@Y +w,/ zkhuh d3 @ n3 � +&D, � +&E, lv d frqvwdqw
lqghshqghqw ri yroxph +dqg khqfh wlph,1 Iru vlpsoh Y +w,/ Ht1 +<, fdq eh vroyhg dqdo|wlfdoo|/ iru h{dpsoh/
lq Dunlq hw do1/ wkh yroxph lv prghohg dv lqfuhdvlqj olqhduo|1 Wkxv Y +w, @ Y3 . fw/ zklfk ohdgv +e| d vlpsoh
lqwhjudwlrq, wr wkh glvwulexwlrq

S +wmw3, @
d3 +Y +w3, . fw,�d

3@f�4

Y +w3,�d
3@f

+43,

Qrwh dovr wkdw lq wkh olplw dv f jrhv wr }hur/ wklv glvwulexwlrq uhgxfhv wr dq h{srqhqwldo zlwk sdudphwhu
d3@Y3/ dv h{shfwhg1

Lw lv d vwudljkwiruzdug rshudwlrq wr jhqhudwh udqgrp qxpehuv dffruglqj wr wklv glvwulexwlrq/ xvlqj wkh
lqyhuvlrq jhqhudwlqj phwkrg ^;/ 43`= rqh fdofxodwhv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq I +d vlpsoh lqwhjudo
ri S ,/ wdnhv d vdpsoh X iurp d xqlirup udqgrp qxpehu jhqhudwru/ dqg wkh yduldeoh I�4+X, kdv wkh fruuhfw
glvwulexwlrq1 Iru wkh suhfhhglqj h{dpsoh/ wkh yduldeoh U @ Y +w3,^X

�f@d3 � 4`@f lv glvwulexwhg dffruglqj wr
Ht1 +43,1
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81416 Jhqhudwlqj ihzhu udqgrp qxpehuv

Lw zdv uhpdundeo| vlpsoh lq wkh wlph0lqghshqghqw/ h{srqhqwldo fdvh wr uhxvh wkh vdph udqgrp qxpehuv1
Wkh h{whqvlrq lv vrphzkdw pruh gl�fxow1 Wkh phwkrg suhvhqwhg khuh zrunv iru uhxvlqj udqgrp yduldeohv
jhqhudwhg e| wkh lqyhuvlrq jhqhudwlqj phwkrg1 Ri frxuvh/ qrw hyhu| udqgrp yduldeoh lv jhqhudwhg wkdw zd|/
dqg lq sudfwlfh lw pd| eh kdug wr uhxvh rwkhu udqgrp qxpehuv1

Wkhruhp 5 Ohw � eh d udqgrp qxpehu jhqhudwhg dffruglqj wr dq duelwudu| glvwulexwlrq zlwk sdudphwhu dq
dqg glvwulexwlrq Id>q1 Vxssrvh wkh fxuuhqw vlpxodwlrq wlph lv wq/ dqg wkh qhz sdudphwhu +diwhu wkh xsgdwh
lq Vwhs 5, lv dq.41 Wkhq wkh wudqvirupdwlrq � 3 @ I�4

d>q.4+^Id>q+� , � Id>q+wq,`@^4 � Id>q+wq,`, jhqhudwhv d
qhz udqgrp yduldeoh iurp wkh fruuhfw +qhz, glvwulexwlrq1

Wkh surri ri wklv wkhruhp lv lq Dsshqgl{ ;141 Khuh duh vrph h{dpsohv=

H{dpsoh 5 Iru h{srqhqwldov/

Id>q+x, @ Su+Wq � x, @

+
4� h{s+�dq+x� wq�4,, li x A wq�4

3 rwkhuzlvh

dqg

I�4
d>q+X, @

+
� oq+4� X,@dq . wq�4 li 3 � X � 4

xqgh�qhg rwkhuzlvh

Vr/ e| wkh wkhruhp/ � 3 @

I�4
d>q.4+^Id>q+� ,� Id>q+wq,`@^4�Id>q+wq,`,

@
�4

dq.4
oq+4�

^4� h{s+�dq+� � wq�4,,`� ^4� h{s+�dq+wq � wq�4,,`

4� ^4� h{s+�dq+wq � wq�4,,`
, . wq

@ +dq@dq.4,+� � wq, . wq

Wklv lv wkh wudqvirupdwlrq xvhg e| wkh Qh{w Uhdfwlrq Phwkrg1

H{dpsoh 6 Wkh suhylrxv vhfwlrq frqvlghuhg d surfhvv zlwk Y +w, @ Y +wq�4, . f+w� wq�4,>

Id>q+x, @ 4�

�
Y +w,

Y +wq�4,

�
�dq@f

dqg

I�4
d>q+X, @ Y +wq�4,^+4�X,�f@dq � 4`@f . wq�4

E| wkh wkhruhp/ rqh fdq uhxvh udqgrp qxpehuv e| wkh wudqvirupdwlrq

� 3 @ I�4
d>q.4+^Id>q+� ,� Id>q+wq,`@^4�Id>q+wq,`,

@ Y +wq,
f

5
9997
3
EEC4�

�
4�

�
Y +� ,

Y +wq�4,

��dq@f�
�

�
4�

�
Y +wq,

Y +wq�4,

��dq@f�
�

Y +wq,
Y +wq�4,

��dq@f
4
FFD
�f@dQ.4

� 4

6
:::8. wq

@
Y +wq,

f

%�
Y +� ,

Y +wq,

�dq@dQ.4

� 4

&
. wq

Lq vrph fdvhv/ dv lq wkh h{dpsohv deryh/ lw lv srvvleoh wr fdofxodwh d forvhg irup vroxwlrq ri wkh htxdwlrqv
wkdw lv uhodwlyho| vlpsoh/ vr wklv phwkrg lv sudfwlfdo1 Lq jhqhudo/ lw pd| qrw eh dw doo sudfwlfdo/ dqg lw pd|
eh hdvlhu wr jhqhudwh iuhvk udqgrp qxpehuv1
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fi

state,
t

τi

fi

state,
t

τi

state1, t1

state2, t2

state3, t3

…
staten-1, tn-1

+d, +e,

Iljxuh 7= Surfhgxuhv/ i/ iru jhqhudwlqj udqgrp qxpehuv1 +d, D Pdunry surfhvv/ lq zklfk qr klvwru| lv
vwruhg1 +e, D qrq0Pdunry surfhvv/ zklfk uhtxluhv vwrulqj klvwru|1

D�2 �L?��@h!L� ThLUittit

Hyhq wkrxjk hohphqwdu| uhdfwlrqv duh Pdunry +l1h1/ gr qrw ghshqg rq klvwru|, lq wkh vwrfkdvwlf iudphzrun/
lw lv vrphwlphv xvhixo wr ghdo zlwk qrq0Pdunry1surfhvvhv1 Iru h{dpsoh/ rqh pd| prgho d v|vwhp xvlqj d
fhuwdlq vhw ri yduldeohv iru zklfk wkh v|vwhp lv Pdunry/ ru rqh pd| xvh d vpdoohu vhw iru zklfk wkh v|vwhp lv
qrw1 Surylghg wkh vlpxodwlrq dojrulwkp vwloo zrunv iru qrq0Pdunry surfhvvhv/ d vpdoohu qxpehu ri yduldeohv
pd| eh vljql�fdqwo| idvwhu wr vlpxodwh1

Iru Pdunry surfhvvhv/ rqh jhqhudwhv � l gluhfwo| iurp wkh vwdwh dqg wkh wlph/ dv lq Iljxuh 7d1 Iru
h{dpsoh/ lq wkh wlph lqghshqghqw fdvh/ wkh ydoxh dl lv fdofxodwhg iurp wkh vwdwh/ dqg � l lv wkh vxp ri w dqg
d udqgrp yduldeoh zlwk h{srqhqwldo glvwulexwlrq dqg sdudphwhu dl1 Qrwlfh wkdw 4, il lv d udqgrp ixqfwlrq/
l1h1/ fdoolqj lw pxowlsoh wlphv zlwk wkh vdph sdudphwhuv zloo jlyh pxowlsoh dqvzhuv/ dqg 5, il lv d ixqfwlrq
lq wkh pdwkhpdwlfdo xvdjh +ru lq wkh frpsxwhu vflhqfh vhqvh ri ixqfwlrqdo surjudpplqj,/ l1h1/ lw grhv qrw
frqwdlq dq| lqwhuqdo vwdwh1 Iru qrq0Pdunry surfhvvhv/ dv lq Iljxuh 7e/ wkh glvwulexwlrq ri � l ghshqgv rq
wkh klvwru| ri +srvvleo| doo, vwdwhv ri wkh v|vwhp iurp wkh lqlwldo wlph wr wkh suhvhqw1 Khqfh rqh pxvw xvh
d surfhgxuh +lq wkh frpsxwhu vflhqfh vhqvh ri surfhgxudo surjudpplqj,/ zklfk fdq vwruh suhylrxv ydoxhv ri
wkh v|vwhp vwdwh dqg wlph1

Lq jhqhudo/ qrq0Pdunry surfhvvhv duh yhu| gl�fxow wr ghdo zlwk ^;`1 Wkh glvwulexwlrq ri qh{w vwdwhv/ ru
ri wudqvlwlrq wlphv wr wkh qh{w vwdwh/ pd| ghshqg rq wkh hqwluh klvwru| ri wkh v|vwhp1 Iruwxqdwho|/ wkh vruw
ri qrq0Pdunry surfhvvhv wkdw rffxu lq fkhplfdo uhdfwlrq vlpxodwlrqv kdyh vrph qlfh surshuwlhv wkdw pdnh
wkhp hdvlhu wr ghdo zlwk1 Iluvw/ wkh frpsohwh klvwru| ri wkh v|vwhp lv xqltxho| ghwhuplqhg e| wkh vhulhv ri
glvfuhwh wudqvlwlrqv dqg wudqvlwlrq wlphv1 Jlyhq wkh wudqvlwlrqv dqg wudqvlwlrq wlphv/ wkh vwdwh dw dq| wlph w
lv wkh vdph dv wkh vwdwh dw wkh odvw wudqvlwlrq ehiruh w1 Wklv lv dq hqruprxv vlpsol�fdwlrq= vlqfh frqwlqxrxv
wudqvlwlrqv duh qrw srvvleoh/ rqh fdq krsh wr vwruh wkh hqwluh vwdwh klvwru|1 Vhfrqg/ rqh pd| qrw hyhq qhhg
wkh hqwluh klvwru|1 Iru dq| jlyhq uhdfwlrq �/ rqh rqo| qhhgv wr vwruh wkdw iudfwlrq ri wkh klvwru| wkdw d�hfwv
+lq wkh ghshqghqf| judsk vhqvh, wkh uhdfwlrq �1 Iru v|vwhpv zlwk pdq| uhdfwlrqv/ wkdw ohdgv wr dqrwkhu
vljql�fdqw uhgxfwlrq lq wkh dprxqw ri vwrudjh1

Iru duelwudu| qrq0Pdunry fkhplfdo uhdfwlrq prghov/ hyhq wklv uhgxfwlrq lq vwrudjh pd| qrw eh hqrxjk1
Lw pd| eh yhu| gl�fxow wr jhqhudwh � l jlyhq wkh dssursuldwh vxevhw ri klvwru|1 Lq wkdw fdvh/ lw pd| eh
suhihudeoh wr lqfoxgh wkh ixoo jdpxw ri yduldeohv vr dv wr pdnh wkh v|vwhp Pdunry1 Lq wkrvh vshfldo fdvhv
zkhuh lw lv srvvleoh wr jhqhudwh � l/ rqh pd| dfklhyh d vxevwdqwldo shuirupdqfh lpsuryhphqw1 Dq h{dpsoh
iroorzv1

81514 H{dpsoh= Jdppd Glvwulexwlrq

Frqvlghu wkh vhw ri htxdwlrqv=
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S0 S1 S2 Sn...molecule1

S0 S1 S2 Sn
...molecule2

S0 S1 S2 Sn
...molecule3

S0 S1 S2 Sn
...moleculem

. . .

S0 S1 S2 Sn...molecule1

S0 S1 S2 Sn...molecule2

S0 S1 S2 Sn...molecule3

S0 S1 S2 Sn...moleculem

. . .

+d, +e,

Iljxuh 8= Zd|v ri vsolwwlqj uhdfwlrqv1 +d, E| vwdwh/ +e, e| prohfxoh1

D.E
n4�$ V3

V3
n
�$ V4

V4
n
�$ V5

� � �

Vq�4
n
�$ Vq

Vq
n5�$ F .G

V|vwhpv ri htxdwlrqv yhu| pxfk olnh wklv frphv xs lq wkh Dunlq hw do1 ^4` prgho ri odpegd skdjh/ erwk
iru wudqvfulswlrq dqg iru wudqvodwlrq1 Sk|vlfdoo|/ wklv phdqv wkdw dw vrph wlph d prohfxoh ri w|sh V3 lv
surgxfhg/ lw xqghujrhv dq q0vwhs surfhvv/ dqg wkhq wkh uhvxowlqj prohfxoh/ Vq/ d�hfwv wkh uhvw ri wkh v|vwhp1

Wkh �uvw dqg odvw htxdwlrqv duh gl�huhqw/ exw doo wkh q lqwhuyhqlqj htxdwlrqv duh lghqwlfdo1 Dvvxplqj
wlph0lqghshqghqfh +dv lv wkh fdvh lq wkh prgho> �uvw rughu uhdfwlrqv duh qrw d�hfwhg e| fkdqjh lq yroxph,
rqh pd| vroyh wkhvh q htxdwlrqv dqdo|wlfdoo|1 Udwkhu wkdq q h{srqhqwldov/ wkh frpelqhg zdlwlqj wlph lv d
jdppd glvwulexwlrq1 Vshfl�fdoo|/ frqvlghu d vlqjoh prohfxoh ri V3/ surgxfhg dw w3/ zlwk qr rwkhu prohfxohv
ri V3 surgxfhg1 Wkhq=

Su +rqh prohfxoh ri Vq lv surgxfhg dw w m rqh prohfxoh ri V3/ w3,

@
n^n+w � w3,`

q�4

+q� 4,$
h{s^�n+w� w3,` +44,

Wklv lv vlpso| d jdppd glvwulexwlrq/ dqg wkhuh duh h�flhqw zd|v wr jhqhudwh udqgrp qxpehuv dffruglqj
wr wklv glvwulexwlrq1

Qrz frqvlghu vhyhudo prohfxohv xqghujrlqj wklv surfhvv1 Wklv frpsrvlwh v|vwhp fdq eh ghvfulehg e|
rughuhg sdluv ri wkh irup +prohfxoh lghqwlw|/ vwdwh,1 Wkhuh duh wr zd|v wr vlpsoli| wklv= jurxslqj e| vwdwh
dqg jurxslqj e| prohfxoh lghqwlw|1 Wkxv idu/ wkh jurxslqj kdv dozd|v e| vwdwh/ l1h1/ wkh qxpehu ri prohfxohv
lq vwdwh V3/ wkh qxpehu lq vwdwh prohfxohv ri V4/ hwf1

Iru wkh frqwh{w lq zklfk wklv sureohp rffxuv/ zlwk pdq| pruh vwdwhv wkdq prohfxohv/ rqh dfklhyhv d
vpdoohu v|vwhp e| jurxslqj e| prohfxoh lghqwlw|> e| Ht1 +44,/ rqh fdq vlpsoli| wkh q0vwhs h{srqhqwldo
surfhvv lqwr d 40vwhs jdppd surfhvv/ wkxv wkh qxpehu ri surfhvvhv wr frqvlghu lv htxdo wr wkh qxpehu ri
glvwlqfw prohfxohv/ pxfk ohvv wkdq wkh qxpehu ri vwdwhv1 +Qrwh wkdw wklv lv srvvleoh ehfdxvh wkh uhdfwlrqv
lqyroyhg duh �uvw rughu1, Wkhvh wzr srvvlelolwlhv duh vfkhpdwl}hg lq Iljxuh 81

Wkh surfhgxuh il lv dv iroorzv= udwkhu wkdq vwruh vwdwh dqg wlph gluhfwo|/ il zloo nhhs d olvw O ri surfhvvhg
ydoxhv � 31 Hyhu| wlph d qhz prohfxoh ri V3 lv surgxfhg/ il jhqhudwhv d �

3 ydoxh iru lw dffruglqj wr Ht1 +44,
dqg dggv wkdw ydoxh wr O1 Wkh ydoxh ri � 3l wkdw il uhwxuqv lv vlpso| wkh plqlpxp ri wkh � ydoxhv lq O1
+Wkh dvwxwh uhdghu zloo qrwh wkdw wkh rshudwlrqv uhtxluhg rq O duh lqvhuw/ ghohwh dqg plqlpxp/ vr rqh frxog
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UQDSiuhh.GQDiuhh
n4�$UQDS�GQDrshq/ 3

UQDS�GQDrshq/ q
n5�$UQDS�GQDrshq/ q.4 iru q @ 3 = = =GPD[ � 4

UQDS�GQDrshq/ GPD[
n6�$UQDSiuhh.GQDiuhh.UQDiuhh

UQdvh.UQDiuhh
n7�$UQdvh

Ulervrph.UQDiuhh
n8�$Ulervrph�UQD3

Ulervrph�UQDq
n9�$Ulervrph�UQDq.4 iru q @ 3 = = =UPD[ � 4

Ulervrph�UQDUPD[
n:�$Ulervrphiuhh.UQDiuhh.surwhlq

surwhlq
n;�$qr surwhlq

surwhlq.surwhlq
n<�$surwhlq�surwhlq

surwhlq�surwhlq
n43�$surwhlq.surwhlq

Wdeoh 5= Uhdfwlrqv lqyroyhg lq jhqh h{suhvvlrq1 Lq doo fdvhv/ ciuhh* phdqv clq vroxwlrq*/ l1h1/ qrw erxqg/ dqg
cPD[* lv wkh wudqvfulswlrq ohqjwk ru wudqvodwlrq ohqjwk/ ghshqglqj rq frqwh{w1 Wkh qrwdwlrq D � E phdqv
_D lv erxqg wr E1% Lq sduwlfxodu/ _surwhlq � surwhlq% lv wkh glphu irup ri d jlyhq surwhlq/ w|slfdoo| zulwwhq
dv _surwhlq51%

lpsohphqw O dv d sulrulw| txhxh1 Wklv lpsohphqwdwlrq ri O dv d sulrulw| txhxh vkrxog qrw eh frqixvhg zlwk
wkh lqgh{hg sulrulw| txhxh lq Vhfwlrq 7151,

Lq wkh wkh fxuuhqw frqwh{w/ wkh wudqvfulswlrq ru wudqvodwlrq ohqjwkv/ dqg khqfh wkh q ydoxhv/ pd| eh lq
wkh kxqguhgv ru hyhq wkrxvdqgv/ vr wklv hqkdqfhphqw dfklhyhv txlwh d vshhgxs +vhh Vhfwlrq 9,1

S �TT*�U@|�L?

Wkh Dunlq hw do1 ^4` prgho ri wkh edfwhulrskdjh odpegd surylghv d jrrg/ odujh/ whvw fdvh iru wkh vfdodelolw|
ri vwrfkdvwlf vlpxodwlrq dojrulwkpv1 Wkh ghwdlov ri wkh prgho fdq eh irxqg lq wkh ruljlqdo sdshu> wklv sdshu
vkdoo mxvw vnhwfk rxw wkh prgho dqg irfxv rq krz wkh dojrulwkplf lpsuryhphqwv deryh dsso| wr lw1

S�� A�i �L_i*

Wkh prgho frqvlvwv ri wkh frpsohwh vhw ri htxdwlrqv jryhuqlqj wkh uhjxodwlrq ri �yh jhqhv lq wkh whpshudwh
edfwhulrskdjh odpegd1 Wkh nh| uhdfwlrqv duh vxppdul}hg lq Wdeoh 51 Wkh prgho frqvlghuv �yh jhqhv/ Q/ fur/
fL/ fLL/ dqg fLLL/ dqg wkhlu surwhlq surgxfwv1 Wkhuh duh �yh vhwv ri htxdwlrqv vlplodu wr wkh rqhv lq Wdeoh 51
Wzr ri wkh �yh jhqhv kdyh surwhlq surgxfwv wkdw glphul}h/ l1h1/ fdq h{lvw dv d surwhlq5 irup/ dv lq Wdeoh 5/
Htv1 +<, dqg +43,1 Wkh rwkhu wkuhh surwhlqv h{lvw rqo| dv prqrphuv/ vr Htv1 +<, dqg +43, gr qrw dsso| wr
wkrvh surwhlqv1

Wkh nh| skhqrplqrq lq jhqh uhjxodwlrq lv wkdw wkh h{suhvvlrq ri fhuwdlq jhqhv uhjxodwhv wkh h{suhvvlrq ri
rwkhu jhqhv= wkh _frqvwdqwv% nl lq wkh htxdwlrqv pd| ghshqg lq vrph zd| rq wkh qxpehu ri surwhlqv suhvhqw1
Wklv lv wkh vruw ri h{wud ghshqghqf| wkdw zdv dooxghg wr lq wkh gh�qlwlrq ri GhshqgvRq+ d� ,1 Iru wkh
odpegd prgho lq sduwlfxodu/ wkh n4*v fdq eh fdofxodwhg iurp wkh frqfhqwudwlrqv ri wkh ydulrxv surwhlqv xvlqj
d vwudljkw0iruzdug htxloeulxp wkhuprg|qdplfv prgho1 Vhh ^4` ru ^47` iru d frpsohwh ghvfulswlrq ri krz wr
fdofxodwh wkh n4 ydoxhv1

Lq dgglwlrq wr wkh htxdwlrqv vkrzq/ Dunlq hw do1 surylgh d pruh ghwdlohg prgho ri ghjudgdwlrq iru wzr ri
wkh surwhlqv dqg dovr d pruh ghwdlohg prgho ri wudqvfulswlrqdo whuplqdwlrq1 Dovr/ wkhvh uhdfwlrqv wdnh sodfh
lq d jurzlqj H1 frol krvw fhoo/ vr wkh| prgho wkh yroxph lqfuhdvh ryhu wlph dv zhoo +vhh wkh glvfxvvlrq lq
Vhfwlrq 81415,1

Wkh ghshqghqf| judsk ri wkhvh uhdfwlrqv lv vkrzq lq Iljxuh 5e1

S�2 +it�*|t

Wdeoh 6d vkrzv shuirupdqfh gdwd iru wkh Qh{w Uhdfwlrq Phwkrg/ zlwk doo wkh hqkdqfhphqwv ri Vhfwlrq 8/ rq
wkh +ixoo, Dunlq hw do1 prgho1 Qrwh wkdw wkh dyhudjh rxw0ghjuhh � wkh dyhudjh qxpehu ri hgjhv iurp d jlyhq
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Uhdfwlrqv :;
Dyhudjh Rxw0Ghjuhh 715
Wudmhfwrulhv Jhqhudwhg 833
Vlpxodwlrq Hyhqwv 68/333/333
Xsgdwhv 539/333/333
Rshudwlrqv :93/333/333
Rshudwlrqv2Hyhqw 55
Rshudwlrqv2Xsgdwh 61:

Jdppd Uhdfwlrqv 54
Htxlydohqw Hohphqwdu| Uhdfwlrqv 43/333
Jdppd Vlpxodwlrq Hyhqwv 6;3/333
Htxlydohqw Hohphqwdu| Hyhqwv <</333/333

+d, +e,

Wdeoh 6= Shuirupdqfh gdwd iru vlpxodwlrq1 d, Jhqhudo lqirupdwlrq=1 Dyhudjh rxw0ghjuhh @ +qxpehu ri rxw0
hgjhv lq ghshqghqf| judsk,2+qxpehu ri yhuwlfhv lq ghshqghqf| judsk,/ Xsgdwhv @ qxpehu ri h{hfxwlrqv ri
Vwhs 81 e, Lqirupdwlrq derxw wkh jdppd glvwulexwlrq hqkdqfhphqw1

yhuwh{ lq wkh ghshqghqf| judsk � lv vljql�fdqwo| orzhu wkdq wkh qxpehu ri uhdfwlrqv/ vr wkh ghshqghqf|
judsk lv vsduvh/ dv phqwlrqhg lq 7141 Ilyh kxqguhg wudmhfwrulhv zhuh jhqhudwhg iru wkh frqglwlrq c4 skdjh
shu fhoo>* hdfk uhtxluhg derxw :3/333 vlpxodwlrq hyhqwv1

Edvhg rq wkh qxpehu ri vlpxodwlrq hyhqwv dqg wkh dyhudjh rxw ghjuhh/ rqh zrxog h{shfw 483 ploolrq
xsgdwhv � rqh xsgdwh shu rxw hgjh shu vlpxodwlrq hyhqw1 Wkh dfwxdo qxpehu lv vxevwdqwldoo| kljkhu dw 539
ploolrq1 Wklv frphv derxw ehfdxvh fhuwdlq uhdfwlrqv duh h{hfxwhg pxfk pruh riwhq wkdq rwkhuv1 Xqghu
wkh frqglwlrqv xvhg +rqh skdjh shu krvw fhoo,/ wkh wzr prvw iuhtxhqw uhdfwlrqv frqvwlwxwh qhduo| <3( ri doo
vlpxodwlrq hyhqwv1 Erwk ri wkhvh prvw0iuhtxhqw uhdfwlrqv kdyh rxw0ghjuhh 9/ zklfk h{sodlqv zk| wkh qxpehu
ri xsgdwhv shu vlpxodwlrq hyhqw lv dssur{lpdwho| 9/ qrw 715 dv zrxog eh h{shfwhg1

Zklfk uhdfwlrqv duh h{hfxwhg prvw riwhqB E| gh�qlwlrq/ wkrvh uhdfwlrqv zlwk kljk surshqvlwlhv duh pruh
olnho| wr eh h{hfxwhg1 Xqiruwxqdwho|/ vlqfh surshqvlw| lv d ixqfwlrq ri udwh frqvwdqw dqg ri vwdwh/ lw lv yhu|
gl�fxow wr fdofxodwh zklfk uhdfwlrqv zloo rffxu prvw iuhtxhqwo| zlwkrxw mxvw uxqqlqj wkh zkroh vlpxodwlrq1
+Iru h{dpsoh/ e| fkdqjlqj wkh frqglwlrqv wr cvl{ skdjhv shu krvw fhoo/* zlwk doo wkh vdph udwh frqvwdqwv/
wzr dgglwlrqdo uhdfwlrqv rffxu zlwk dssur{lpdwho| wkh vdph iuhtxhqf| dv wkh ruljlqdo wzr1 Xqghu wkhvh
frqglwlrqv/ wkhvh irxu prvw olnho| uhdfwlrqv duh uhvsrqvleoh <8( ri wkh wkh wrwdo ri 4;3 ploolrq vlpxodwlrq
hyhqwv1, Lw lv qrw reylrxv zkhwkhu wkhuh lv d zd| wr lghqwli| vxfk uhdfwlrqv dqg ghdo zlwk wkhp vhsdudwho|
+h1j1/ e| vhsdudwlrq ri wlph vfdohv, zlwkrxw d�hfwlqj wkh uhvxowv1

Iruwxqdwho|/ dv Iljxuh 9e vkrzv/ wkh rswlpl}dwlrqv phqwlrqhg kdyh wkh h�hfw wkdw wkh prvw iuhtxhqwo|
h{hfxwhg uhdfwlrqv duh dovr wkh prvw h�flhqw1 Qrwh wkdw hdfk wlph d uhdfwlrq lv h{hfxwhg dqg d qhz � l kdv
wr exeeoh grzq/ dw ohdvw wzr frpsdulvrq rshudwlrqv duh uhtxluhg 0 qdpho| frpsdulqj zlwk wkh ohiw dqg uljkw
fkloguhq1 +Exeeolqj xs rqo| uhtxluhv d vlqjoh frpsdulvrq1, Wkh idfw wkdw wkh prvw iuhtxhqwo| h{hfxwhg
uhdfwlrqv kdyh h�flhqflhv durxqg 6 dqg wkh ryhudoo wrwdo lv 61: phdqv wkdw wkh xsgdwhg � l*v gr qrw w|slfdoo|
pryh yhu| idu iurp wkhlu ruljlqdo srvlwlrqv lq wkh lqgh{hg sulrulw| txhxh/ dv phqwlrqhg lq Vhfwlrq 7151

Dovr qrwlfh wkdw e| uh0xvlqj udqgrp qxpehuv/ wkh qxpehu ri fdoov wr wkh svhxgr udqgrp qxpehu jhqhudwru
lv dssur{lpdwho| htxdo wr wkh qxpehu ri vlpxodwlrq hyhqwv/ qrw wr wkh qxpehu ri xsgdwhv1 Wklv ghfuhdvhv
wkh qxpehu ri udqgrp qxpehu jhqhudwru fdoov 9 irog iurp wkh Devroxwh Wlph Iluvw Uhdfwlrq Phwkrg lq ^44`1
Htxlydohqwo|/ rqh fdq vlpxodwh 9 wlphv dv pxfk zlwkrxw kdylqj wr zruu| derxw qxphulfdo sureohpv1

Dqrwkhu elj wlph vdylqjv frphv iurp xvlqj wkh jdppd glvwulexwlrq/ dv ghwdlohg lq Wdeoh 6e iru wkh
frqglwlrq crqh skdjh shu krvw fhoo1* Rqh frxog/ lq sulqflsoh/ zulwh wkh frpsrvlwh uhdfwlrqv dv wkhlu hohphqwdu|
vwhsv/ krzhyhu wkhuh zrxog eh qhduo| 833 wlphv pruh uhdfwlrqv xqghu wkdw vfkhph1 Ixuwkhupruh/ wkdw zrxog
lqyroyh 593 wlphv wkh qxpehu ri vlpxodwlrq hyhqwv � qhduo| wkuhh wlphv wkh wrwdo qxpehu ri vlpxodwlrq hyhqwv
� mxvw iru wkh jdppd uhdfwlrqv1 Wkh wrwdo vlpxodwlrq zrxog wdnh irxu wlphv dv orqj zlwkrxw wklv sduwlfxodu
uh�qhphqw1 Wkxv/ xvlqj wkh jdppd glvwulexwlrq surylghv hqruprxv vdylqjv= doo 54 jdppd uhdfwlrqv wrjhwkhu
zhuh rqo| 4( ri wkh vlpxodwlrq hyhqwv1

Wdeoh 7 frpsduhv d vlpsoh lpsohphqwdwlrq ri Jloohvslh*v Gluhfw Phwkrg zlwk rxu Qh{w Uhdfwlrq Phwkrg
+lqfoxglqj wkh jdppd rswlpl}dwlrq, iru wkh odpegd prgho1 Doo qxpehuv duh urxqghg1 Wkh vlpsoh lpsohphq0
wdwlrq erjv grzq lq Vwhs 6= lw fdofxodwhv wkh fxpxodwlyh vxpv d4/ d4.d5/ d4.d5.d6/ d4.d5.d6.= = =.d:;/
jhqhudwhv d udqgrp qxpehu ehwzhhq 3 dqg wkh vxp d4 . d5 . d6 . = = =. d:;/ dqg wkhq xvhv d elqdu| vhdufk
wr fkrrvh wkh dssursuldwh �1 Wklv wdnhv :; . orj5+:;, rshudwlrqv shu vlpxodwlrq hyhqw1 Dovr/ wkh Gluhfw
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+d, +e,

Iljxuh 9= Shuirupdqfh gdwd iru odpegd prgho1 +d, Qxpehu ri wlphv hdfk uhdfwlrq lv h{hfxwhg1 +e, Qxpehu
ri xsgdwh rshudwlrqv shu h{hfxwhg uhdfwlrq1

Gluhfw Phwkrg Qh{w Uhdfwlrq Phwkrg
Rshudwlrqv 44/633/333/333 :93/333/333
Udqgrp Qxpehuv 59;/333/333 68/333/333

Wdeoh 7= Frpsdulvrq ri Jloohvslh*v Gluhfw Phwkrg zlwk wkh ixoo| rswlpl}hg Qh{w Uhdfwlrq Phwkrg1 _Rshu0
dwlrqv% hqfrpsdvvhv dgglwlrqv/ vxewudfwlrqv/ dqg frpsdulvrqv1

Phwkrg rqo| ghdov zlwk hohphqwdu| uhdfwlrqv/ vr wkh frpsrvlwh uhdfwlrqv glvfxvvhg deryh pxvw eh eurnhq
lqwr wkhlu frpsrqhqwv/ lqfuhdvlqj wkh qxpehu ri vlpxodwlrq hyhqwv1 +Zh kdyh dvvxphg wkdw rqh fdq nhhs
wudfn ri zklfk ri wkrvh uhdfwlrqv duh doorzhg dw dq| jlyhq wlph/ vr wkh wrwdo qxpehu ri uhdfwlrqv uhpdlqv :;/
qrw 43/3:;1, Ilqdoo|/ uhfdoo wkdw wkh Gluhfw Phwkrg xvhv wzr udqgrp qxpehuv shu vlpxodwlrq hyhqw/ zkhuhdv
wkh Qh{w Uhdfwlrq Phwkrg xvhv rqh1 Wkh Gluhfw Phwkrg uhtxluhv urxjko| 48 wlphv dv pdq| rshudwlrqv dqg
: wlphv dv pdq| udqgrp qxpehuv dv wkh Qh{w Uhdfwlrq Phwkrg1

. �L?U*�t�L?t

Wklv sdshu suhvhqwv dq h{dfw/ h�flhqw zd| wr gr fdofxodwlrqv iru odujh v|vwhpv ri orrvho| frxsohg uhdfwlrqv
lq wkh vwrfkdvwlf iudphzrun1

Wkh dojrulwkpv suhvhqwhg duh h{dfw/ l1h1/ surydeo| htxlydohqw wr wkh fkhplfdo Pdvwhu Htxdwlrq dssurdfk/
dqg wkh| duh h�flhqw/ erwk lq uxqqlqj wlph dqg lq qxpehu ri udqgrp qxpehuv jhqhudwhg1 Iru erwk wkh
Gluhfw dqg wkh Qh{w Uhdfwlrq Phwkrg/ wkh dprxqw ri wlph uhtxluhg shu lwhudwlrq lv sursruwlrqdo wr wkh
orjdulwkp ri wkh qxpehu ri uhdfwlrqv/ qrw wkh qxpehu lwvhoi1 Wkh qxpehu ri udqgrp qxpehuv jhqhudwhg e|
wkh Qh{w Uhdfwlrq Phwkrg lv +uhdfwlrqv,.+vlpxodwlrq hyhqwv,/ rqo| voljkwo| kljkhu wkdq wkh rswlpdo qxpehu/
vlpxodwlrq hyhqwv1 +Iru frpsdulvrq/ wkh Gluhfw Phwkrg wdnhv 5�vlpxodwlrq hyhqwv1,

Wkh sdshu h{whqgv wkh Qh{w Uhdfwlrq Phwkrg wr wlph ydu|lqj udwh frqvwdqwv zkloh pdlqwdlqlqj erwk
w|shv ri h�flhqf|1 Dv dq dvlgh/ wkh dsshqgl{ vkrzv krz wr h{whqg wkh Gluhfw Phwkrg wr wlph ydu|lqj udwh
frqvwdqwv/ exw lw lv qrw fohdu zkhwkhu wklv lv xvhixo1

Wkh sdshu surylghv rqh vshfl�f h{dpsoh ri h{whqglqj ri wkh Qh{w Uhdfwlrq Phwkrg wr qrq0Pdunry
surfhvvhv/ dqg vnhwfkhv d iudphzrun lq zklfk rwkhu h{dpsohv pljkw eh irupxodwhg1

Iru orrvho| frxsohg fkhplfdo uhdfwlrq v|vwhpv lq vroxwlrq/ wkh Qh{w Uhdfwlrq Phwkrg lv suhihudeoh wr wkh
Gluhfw Phwkrg iru d qxpehu ri uhdvrqv=

� dowkrxjk wkh h�flhqf| ri xsgdwhv lq hdfk lv R+orj u,/ li vrph uhdfwlrqv duh pxfk idvwhu wkdq rwkhuv/
wkh Qh{w Uhdfwlrq Phwkrg pd| eh h�hfwlyho| R+orj u3,/ zkhuh u3 ?? u

4<



� wkh Qh{w Uhdfwlrq Phwkrg fdq hdvlo| eh hqkdqfhg wr uhxvh udqgrp qxpehuv> wklv uhgxfhv wkh qxpehu
ri udqgrp qxpehuv wr 425 dv pdq| dv wkh Gluhfw Phwkrg xvhv

� wkh Qh{w Uhdfwlrq Phwkrg lv hdvlo| h{whqghg wr wlph0ydu|lqj surfhvvhv/ erwk Pdunry dqg qrq0Pdunry

Ilqdoo|/ wkh sdshu suhvhqwv dq h{dpsoh ri wkh shuirupdqfh ri wkhvh dojrulwkplf lpsuryhphqwv rq d whvw
fdvh iurp wkh elrorj| olwhudwxuh1

H �TTi?_� 

H�� �hLLut

Surri1 +Wkhruhp 5, Wkh udqgrp qxpehu � lv rujlqdoo| glvwulexwhg dffruglqj wr glvwulexwlrq Id>q/ zlwk
ghqvlw| Sd>q1 Diwhu Vwhs 9/ lw lv glvwulexwhg dffruglqj S 3

d>q @ Sud>q+W @ xmW A wq,/ zklfk lv htxdo wr

S 3

d>q+x, @

+
Sd>q+x,@^4� Id>q+wq,` li x Awq

3 rwkhuzlvh

E| wkh Udqgrp Yduldeoh Wudqvirup Wkhruhp ^;`/ wkh udqgrp yduldeoh \ @ ^Id>q+�, � Id>q+wq,`@^4 �
Id>q+wq,` kdv wkh ghqvlw|

T+|, @

]
4

�4

S 3

d>q+x,�

�
| �

Id>q+x, �Id>q+wq,

4�Id>q+wq,
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4
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Sd>q+x,�

�
| �
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4� Id>q+wq,

] Id>q+4,@4
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y �Id>q+wq,

4�Id>q+wq,

�
gy
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] 4

3

� +| � z, gz

@

�
4 3 ? | � 4
3 rwkhuzlvh

Wkh vhfrqg olqh lv mxvw wkh gh�qlwlrq ri S 3

d>q+x,1 Wkh wklug olqh frphv iurp wkh wudqvirupdwlrq y @

Id>q+x,/ gy @
gId>q+x,

gx gx @ Sd>q+x,gx1 Wkh irxuwk olqh frphv iurp wkh wudqvirupdwlrq z @
y�Id>q+wq,
4�Id>q+wq,

/

gz @ 4
4�Id>q+wq,

gy1 Wkh �qdo olqh frphv iurp wkh gh�qlwlrq ri wkh ghowd ixqfwlrq1

Khqfh/ wkh udqgrp yduldeoh \ lv glvwulexwhg xqlirupo| rq +3>4`1 Ilqdoo|/ wkh lqyhuvh jhqhudwlrq phwkrg
zrunv e| wudqviruplqj d xqlirup udqgrp qxpehu X dqg wr I�4+X,1 Khuh \ lv vxfk d xqlirup udqgrp
qxpehu/ zklfk suryhv wkh wkhruhp1

H�2 ,?�@?U�?} |�i #�hiU| �i|�L_

Wkh xqghuo|lqj lghdv ri wkh Qh{w Uhdfwlrq Phwkrg � xvh d ghshqghqf| judsk wr xsgdwh wkh plqlpdo qxpehu
ri yduldeohv/ dqg xvh dq h�flhqw gdwd vwuxfwxuh � fdq eh dssolhg wr wkh Gluhfw Phwkrg dv zhoo1

Dojrulwkp 9 +H�flhqw H{dfw Vwrfkdvwlf Vlpxodwlrq � Gluhfw Phwkrg,
Uhsodfh Vwhsv 4 dqg 5 ri wkh Gluhfw Phwkrg zlwk=

41 Lqlwldol}h+l1h1/ vhw lqlwldo qxpehuv ri prohfxohv/ vhw w @ 3/ jhqhudwh d ghshqghqf| judsk J,

51 Fdofxodwh wkh surshqvlw| ixqfwlrq/ dl/ iru wkh iroorzlqj l=

Li wklv lv wkh lqlwldo lwhudwlrq/ fdofxodwh dl iru doo l1
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+d, +e,

Iljxuh := Gdwd vwuxfwxuh xvhg iru dl*v iru dq h�flhqw yhuvlrq ri wkh gluhfw phwkrg1 Hdfk ohdi frqwdlqv dq dl
ydoxh1 Hdfk rwkhu qrgh frqwdlqv wkh vxp ri lwv ohiw dqg uljkw fklog1 +d, jhqhulf frqvwuxfwlrq/ +e, qxphulfdo
h{dpsoh xvhg lq wh{w1

Rwkhuzlvh/ ohw � eh wkh uhdfwlrq wkdw zdv mxvw h{hfxwhg1 Iru hdfk hgjh +�>�, lq wkh ghshqghqf| judsk
J/ xsgdwh d�

Lw lv fohdu iurp wkh gh�qlwlrq ri wkh ghshqghqf| judsk wkdw wklv zloo xsgdwh rqo| wkh dl*v wkdw qhhg wr
eh xsgdwhg1 Wkh rqo| wklqj uhpdlqlqj lv wr xvh wkh uljkw gdwd vwuxfwxuh wr vshhg xs wkh xsgdwhv1

Wr frpsohwh wkh vshhg xs ri wkh Gluhfw Phwkrg/ rqh pxvw gr Vwhsv 5/ 6 dqg 7 h�flhqwo|1 Rqh pljkw
frqvlghu xvlqj d vlpsoh duud| wr vwruh hdfk ri wkh dl*v1 Lq wklv vfkhph/ xsgdwhv zrxog eh yhu| idvw1 Krzhyhu/
Vwhs 6 ri wkh Gluhfw Phwkrg zrxog wkhq wdnh wlph sursruwlrqdo wr wkh qxpehu ri uhdfwlrqv1 D ehwwhu gdwd
vwuxfwxuh/ zklfk wdnhv wlph sursruwlrqdo wr wkh orjdulwkp ri wkh qxpehu ri uhdfwlrqv/ iroorzv1

Vwruh wkh dl*v dv wkh ohdyhv ri d frpsohwh wuhh/ dqg vwruh lq hdfk qrq0ohdi qrgh wkh vxp ri lwv ohiw fklog dqg
uljkw fklog +vhh Iljxuh :d,1 Wkxv/ wkh urrw zloo kdyh ydoxh

S
l dl1 Zkhq dl*v fkdqjh/ xsgdwh 4, wkrvh dl*v wkdw

kdyh fkdqjhg dqg 5, wkhlu dqfhvwruv1 Qrwlfh wkdw wkh wuhh frqwdlqv u ohdyhv dqg u@5 . u@7 . u@; . ===.4 �@ u
qrq0ohdyhv1 Wkh khljkw ri wkh wuhh lv vlpso| orj 5u @ 4.orj u= Hdfk xsgdwh d�hfwv rqh qrgh dw hdfk ohyho/
khqfh lv R+orj u,1

Jhqhudwlqj wkh udqgrp qxpehuv � zloo eh hdv|/ vlqfh wkh urrw ri wkh wuhh frqwdlqv wkh dssursuldwh
sdudphwhu1 Iru wkh � ydoxh/ jhqhudwh d udqgrp qxpehu { ehwzhhq 3 dqg

S
l dl +zklfk fdq eh irxqg dw wkh

urrw, dqg wkhq xvh wkh iroorzlqj dojrulwkp/ vwduwlqj dw wkh urrw=

Dojrulwkp : +H�flhqw Xqlirup Udqgrp Qxpehu Jhqhudwlrq,

41 Li wkh fxuuhqw qrgh lv d ohdi/ ohw � eh lwv lqgh{1

51 Rwkhuzlvh/ li 3 � { � +ohiw fklog ydoxh,/ wkhq fdoo wklv dojrulwkp uhfxuvlyho| rq wkh ohiw fklog zlwk
sdudphwhu {1

61 Rwkhuzlvh/ +ohiw fklog ydoxh, � {/ vr fdoo wklv dojrulwkp uhfxuvlyho| rq wkh uljkw fklog zlwk sdudphwhu
{� +ohiw fklog ydoxh,1

Wkh glvfxvvlrq wkxv idu kdv ehhq vrphzkdw devwudfw dqg fdoov iru dq h{dpsoh1

H{dpsoh 7 Frqvlghu wkh qxphulfdo ydoxhv lq Iljxuh :e/ wkh wuhh vwuxfwxuh iru d4 @ 9> d5 @ 5> d6 @ :>
d7 @ 4 dqg d8 @ <1 Wr fdofxodwh � / jhqhudwh dq h{srqhqwldo udqgrp yduldeoh zlwk sdudphwhu 581 Iru wkh �
ydoxh/ jhqhudwh d udqgrp qxpehu { ehwzhhq 3 dqg 581 Vxssrvh { @ 48=81 Ehfdxvh { A 48 +wkh ohiw fklog,/
jr wr Vwhs 6 ri wkh dojrulwkp/ dqg ghvfhqg wkh uljkw vxewuhh +l1h1/ wkh rqh zkrvh urrw lv _43%, zlwk sdudphwhu
{3 @ { � 48 @ 3=81 Qrz/ 3 � {3 � 4/ vr xvh Vwhs 5 ri wkh dojrulwkp/ dqg jr wr wkh ohiw qrgh/ odehohg _4%1
Ilqdoo|/ wklv lv wkh ohdi fruuhvsrqglqj wr d7/ vr vwrs dqg ohw � eh _71%

54



Rqh vwdqgdug phwkrg ri jhqhudwlqj d udqgrp qxpehu ri wklv glvwulexwlrq lv wr jhqhudwh d udqgrp qxpehu
U ehwzhhq 3 dqg 4/ wkhq �qg wkh lqgh{ � vxfk wkdw

S��4
l@4 dl � U+

S
l dl, ?

S�
l@4 dl1 Lq idfw/ Dojrulwkp :

grhv suhflvho| wkdw/ lq dq h�flhqw zd|/ dqg wdnhv wlph sursruwlrqdo wr wkh khljkw ri wkh wuhh/ qrw wkh wrwdo
qxpehu ri qrghv lq wkh wuhh1

Zlwk wklv dojrulwkp/ dq xsgdwh wdnhv 4.orj u rshudwlrqv1 E| wkh vsduvhqhvv dvvxpswlrq/ hdfk vlpxodwlrq
hyhqw +wlph wkurxjk wkh orrs, wdnhv dw prvw n+4 . orj u, rshudwlrqv/ zkhuh n lv d frqvwdqw lqghshqghqw ri u1
Iru H vlpxodwlrq hyhqwv/ wkh dojrulwkp wdnhv R+H orj u, rshudwlrqv/ qrw frxqwlqj wkh lqlwldol}dwlrq lq Vwhs
41

Dv d vlgh qrwh/ wkhuh duh rwkhu h�flhqw zd|v wr jhqhudwh udqgrp yduldwhv ri d glvfuhwh glvwulexwlrq ^45`/
zklfk duh vrphzkdw hvrwhulf exw kdyh ehwwhu h{shfwhg wlphv1 Rqh frxog gr d wkrurxjk dqdo|vlv ri wkh
wudgh0r� ehwzhhq surjudpplqj frpsoh{lw|/ uxq wlph/ qxphulfdo vwdelolw|/ dqg qxpehu ri xqlirup udqgrp
qxpehuv uhtxluhg1 Krzhyhu/ vlqfh wkh Qh{w Uhdfwlrq Phwkrg lv pruh hdvlo| hqkdqfhg wr xvh ihzhu xqlirup
udqgrp qxpehuv dqg kdqgoh wlph0ydu|lqj surfhvvhv/ erwk Pdunry dqg qrq0Pdunry/ zh vkdoo idyru lw1

H�� A�4i �@h)�?} #�hiU| �i|�L_c �@h!L� ThLUittit

Lw lv zhoo nqrzq krz wr jhqhudol}h wkh Gluhfw Phwkrg wr duelwudu| ixqfwlrqv ri wlph dl+w, ^;/ <`1 Rqh zulwhv
dq htxdwlrq wkdw lv dqdorjrxv wr Ht1 +7,1 Li V lv wkh vwdwh dw wlph w3/ wkhq wkh htxdwlrq lv=

S +�> � mV> w3, @ d�+V> � , h{s

3
C� ] �

w3

[
m

dm+V> w,gw

4
D

Dw hdfk vxevhtxhqw vwhs ri wkh dojrulwkp/ rqh pxvw uhfrqglwlrq/ l1h1/ fkdqjh wkh ghqvlw| S +�> � mV> wl, wr
wkh ghqvlw| S +�> � mV> wl.4,1 Grlqj vr zrunv rxw wr fkdqjlqj wkh orzhu olplw ri lqwhjudwlrq1

Lw pd| eh kdug wr jhqhudwh udqgrp qxpehuv dffruglqj wr wklv glvwulexwlrq iru duelwudu| ixqfwlrqv ri wlph
dl1 +Qrwh/ lq sduwlfxodu/ wkdw wkh orzhu olplw ri lqwhjudwlrq fkdqjhv hdfk lwhudwlrq/ vr phwkrgv zklfk lqyroyh
qxphulfdo vwrudjh ri sduwldo ydoxhv ri wkh lqwhjudo zloo kdyh wr gr vljql�fdqw uhfdofxodwlrq hdfk lwhudwlrq1, Li
doo wkh dl*v fkdqjh lq wkh vdph zd|/ wkhq rqh fdq xvh wkh hqkdqfhphqwv ri wkh suhylrxv vhfwlrq> li qrw/ lw
lv qrw lpphgldwho| fohdu krz wr uxq wklv dojrulwkp h�flhqwo| iru pdq| uhdfwlrq fkdqqhov1 Rqfh djdlq/ wkh
Qh{w Uhdfwlrq Phwkrg lv suhihudeoh1

Dfnqrzohgjhphqw Wkh dxwkruv zlvk wr wkdqn Gdqlho Jloohvslh dqg Wdx0Px \l iru wkhlu fduhixo uhdglqj
ri dq hduolhu yhuvlrq ri wklv sdshu1

+iuihi?Uit

^4` D1 Dunlq/ M1 Urvv dqg K1 K1 PfDgdpv1 Vwrfkdvwlf Nlqhwlf Dqdo|vlv ri Ghyhorsphqwdo Sdwkzd| Elixu0
fdwlrq lq Skdjh Odpegd0lqihfwhg Hvfkhulfkld frol Fhoov Jhqhwlfv/ 47<+7,= 49660497;/ Dxj 4<<;1

^5` G1 Frotxkrxq dqg D1 J1 Kdznhv1 Rq wkh Vwrfkdvwlf Surshuwlhv ri Exuvwv ri Vlqjoh Lrq Fkdqqho Rshqlqjv
dqg Foxvwhuv ri Exuvwv1 Sklo1 Wudqv1 U1 Vrf1 Orqg1 E/ 633=408</ 4<;51

^6` W1 K1 Fruphq/ F1 H1 Ohlvhuvrq dqg U1 O1 Ulyhvw1 Lqwurgxfwlrq wr Dojrulwkpv Wkh PLW Suhvv dqg
PfJudz0Kloo Errn Frpsdq|/ 4<<31

^7` P1 D1 Jlevrq ) H1 Pmrovqhvv1 Prghoolqj wkh Dfwlylw| ri Vlqjoh Jhqhv1 Frpsxwdwlrqdo Phwkrgv lq
Prohfxodu ) Fhooxodu Elrorj|1 PLW Suhvv/ h{shfwhg sxeolfdwlrq odwh *<<1

^8` G1 W1 Jloohvslh1 D Jhqhudo Phwkrg iru Qxphulfdoo| Vlpxodwlqj wkh Vwrfkdvwlf Wlph Hyroxwlrq ri Frxsohg
Fkhplfdo Uhdfwlrqv1 Mrxuqdo ri Frpsxwdwlrqdo Sk|vlfv/ 55= 7360767/ 4<:91

^9` G1 W1 Jloohvslh1 H{dfw Vwrfkdvwlf Vlpxodwlrq ri Frxsohg Fkhplfdo Uhdfwlrqv1 M Sk|v Fkhp/ ;4+58,=56730
5694/ 4<::1

^:` G1 W1 Jloohvslh1 D Uljrurxv Ghulydwlrq ri wkh Fkhplfdo Pdvwhu Htxdwlrq1 Sk|vlfd D/ 4;;=7370758/
4<<51
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^;` G1 W1 Jloohvslh1 Pdunry Surfhvvhv= Dq Lqwurgxfwlrq iru Sk|vlfdo Vflhqwlvwv1 Dfdghplf Suhvv/ 4<<51

^<` D1 S1 M1 Mdqvhq1 Prqwh Fduor Vlpxodwlrqv ri fkhplfdo Uhdfwlrqv rq d Vxuidfh zlwk Wlph0ghshqghqw
Uhdfwlrq0udwh Frqvwdqwv1 Frpsxwhu Sk|vlfv Frppxqlfdwlrqv/ ;9= 4045/ 4<<81

^43` D1 Ohrq0Jdufld1 Suredelolw| dqg Udqgrp Surfhvvhv iru Hohfwulfdo Hqjlqhhulqj1 Dgglvrq0Zhvoh| Sxe0
olvklqj Frpsdq| / 4<<71

^44` M1 M1 Oxnnlhq/ M1 S1 O1 Vhjhuv/ S1 D1 M1 Kloehuv/ U1 M1 Jhowhq dqg D1 S1 M1 Mdqvhq1 H�flhqw Prqwh Fduor
Phwkrgv iru wkh Vlpxodwlrq ri Fdwdo|wlf Vxuidfh Uhdfwlrqv1 Sk|vlfdo Uhylhz H/ 8;+5,=58<;05943/ Dxj1
4<<;1

^45` \1 Pdwldv/ M1 V1 Ylwwhu dqg Z1 F1 Ql1 G|qdplf Jhqhudwlrq ri Glvfuhwh Udqgrp Yduldwhv1 Ehoo Odev
Whfkqlfdo Uhsruw/ 4<<:1

^46` F1 M1 Pruwrq0Iluwk1 Vwrfkdvwlf Vlpxodwlrq ri Fhoo Vljqdoolqj Sdwkzd|v1 Sk1 G wkhvlv/ Xqlyhuvlw| ri
Fdpeulgjh/ 4<<;1

^47` P1 D1 Vkhd dqg J1 N1 Dfnhuv1 Wkh RU Frqwuro V|vwhp ri Edfwhulrskdjh Odpegd/ D Sk|vlfdo0Fkhplfdo
Prgho iru Jhqh Uhjxodwlrq1 M Pro Elro / 4;4=5440563/ 4<;81

^48` Q1 J1 ydq Ndpshq1 Vwrfkdvwlf Surfhvvhv lq Sk|vlfv dqg Fkhplvwu|1 Qruwk Kroodqg / 4<;41
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