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In textbooks on point groups the usefulness of cyclic point
groups is often neglected. Nevertheless, these groups have a
very interesting property: the characters of their representa-
tions may be written readily, almost automatically. Applica-
tions to S, groups are given as examples.

C, Groups

It is well known by students that C,, groups are abelian and
cyclic. Let us now choose an arrangement in writing down the
elements which is slightly different from the usual one. Rather
than starting with the identity, we will begin with the element
generating the groups and its powers; all elements of a given
C, group are generated by a given element and its powers.
Since the group is abelian there are as many irreducible rep-
resentations as elements (the order of the group: n). The table
of characters arranged in such a way will have characters for
the identity element in the last column. An element in the p
column is the p power of the element in the first column.
Corresponding characters have the same relationship.

x(CB) = [x(Cp)IP
For the last column (identity element)
1= x(Ch) = [x(C)]"

It appears that possible characters for the generating elements
are the nth roots of unity (1). There are n such values (in-
cluding 1) in group C,,. Thus, the tables of characters can be
written out straightforwardly by using the “complex circle”
representation.

Cs C, Ci=E (Fig. 1a)
A 1 1
B -1 1
Cs Cs c3 ci=E (€ = exp 2wi/3)  (Fig. 1b)
A 1 1 1
€ €* 1

E

{ € € 1

C d e

Small circles indicate possible characters in complex representation when there
are 2, 3, 4, 5, or 6 elements in the cyclic group.

Cs | Ca c; ci=F Ci=E (Fig. 1c)
A 1 1 1 1
13 i -1 = 1
B —1 1 -1 1
13 —i -1 i 1

In this last example, the usual arrangement of representa-
tions is lost. for the sake of representation symbols, it is useful
to keep the conjugated roots in pairs. This merely means that
the “complex circle” should be followed by 2 symmetrical
ways: clockwise and counterclockwise. For example, if one
wishes to write the table of characters for C; in a way that is
not too different from the usual one, the roots may be classi-
fied as follows:

1,ei27/5 = ¢ o(—i2n/) = g% p2i2n/5 = @2 p-2iZn/b = (2%

This gives the following table for C5

' See Mc Weeny. "'Symmetry,” Pergamon, 1963, p. 92.
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Cs ci ci Cs ci=¢E
A 1 1 1 1 1
€ € € € 1
£ & &2 €2 € 1
€2 € € €2 1
E2 fzn € £* €2 1
S, Groups

The S, groups are cyclic abelian groups, too. A detailed

study is very useful for tutorial purposes.

Group S; appears to be identical to C; and isomorphic to C3 group
(Table 1a and Fig. 1a).

Group Sz (= C;) is isomorphic to S; and Cqo Table 1b and Fig. 1a).

Group Sz (= Cyp, group) has 6 elements and is isomorphic to Cg (Table
1c and Fig. le).

Group Sy is isomorphic to C4 (Table 1d and Fig. 1c).

Group S5 (= Csp) is isomorphic to Cyp (Table 1e).

Group S has 6 elements and is isomorphic to Cg (and S3!) (Table 1f
and Fig. le).

81 =Cs l Si1=0 Si=FE
(a)
A l 1 1
A” —1 1
So = C, l 32 =.d Sg =E
(b)
Ag ’ 1 1
Ay —1 1
sa=cah| S si=cCf Si=o0, Si=C S5 S{=E
(c)
A 1 1 1 1 1 1
£ —¢* € -1 € —€ 1
{ —€ € -1 € —€* 1
etc.
S | S4 si=0C 53 Si=E
(d)
1 1 1 1
i s | —i 1
_j -_— I 1
—1 = 1
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Ss=Csn|Ss Si=CI S Si=0Cf Si=o
S¢=C; Sl s8=cC2 82 si’=€E

l etc.

Ss ‘ Se Cs
()

i same as Sz = Cap

C,», groups with odd values of n appear to be cyclic. Writing
S, tables of characters in such a way is almost automatic. For
students it has other advantages. They understand more
clearly what exactly an S,, operation is, there is no longer any
need to calculate multiplication table for S, groups, and iso-
morphism is well demonstrated. There is a drawback: direct
product features of some groups disappear from the resulting
tables; but this aspect can be recovered easily as explained
below.

More Tutorial Applications

(1) Multiplying together different cyclic groups such as Cy,, S,, C;
and C; with their axes and planes parallel or perpendicular to each
other, it is possible to generate readily character tables for many
more point groups.

(2) A quick examination of the S%, operations shows that if p is even
SP = (¥ and if p is odd S% equals the product of C% by oj. So if
one picks from list {S?] all the elements having p even (and this
is very quickly done by picking one in every second opergtion),
one gets a set of proper operations which is a group, the order of
which is n if n is odd and n/2 is n is even. The remaining elements
obviously form a coset.

If o), exists in the coset, the whole S, group appears as the
product of group C,, by group C,. This enables another more
traditional way of writing the table. It happens if n is odd, i.e., for
all C, groups having n odd. If n = 4k + 2 (k integer) (for example
n = 2,6, 10) the same procedure picking one in every second op-
eration yields the Cs;41 proper group. Inversion remains in the
coset which may be obtained by multiplying Ca;41 by i. The table
is obtained from it. But S,, groups having n = 4k cannot be de-
composed in a similar way. Usually they are dealt with in a lengthy
and awkward manner. Considering them as cyclic is much easier
and unifying.

(3) The method is a good introduction to 1-, 2-, or 3-dimensional
translational groups and Born cyclic conditions.
Summary

Cyclic properties give a unified view of C,,, S, and one-
dimensional translational groups and an efficient way to write
down corresponding tables of characters.



