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POPULATION CTMC: DEFINITIONS

MASTER EQUATION

Zr (X -V, )P(x—V,, 1) - Zr (X)P(x,t) =

dP(x t)

\/,V\[«]z
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FIRST-ORDER APPROXIMATION

DIFFERENTIAL EQUATION FOR THE AVERAGE OF A PCTMC

TAYLOR EXPANSION OH E [F;(X)],

M
B0~ FEX +5 D) 03F(EX],)- COV XX, =
~  hk=1 ,

FIRST-ORDER EQUATION FOR THE AVERAGE
dE [Xi],

— Fi(E [X]t)

dt
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SECOND-ORDER APPROXIMATION

EXACT EQUATION FOR COVARIANCE 4
O M — 810, (X0), ¥ B I(X ~ EXI)F(X)], + E[(Xe - E[X])F(X)),
— _

SECOND-ORDER EQUATIONS FOR AVERAGE AND
COVARIANCE

=Y. [T(N)
a d[XI]t = Fi(E [X]t) T 1 Z a%kFi( = [X]t) - COV [Xth]t ﬁ)
[ hk=1_ T, A

| X]
dCOVd[tX'Xk]t = Dw(E[X],) + ; InFi(E[Y]) - COV [XiXn], 7
X]
+ > 0nFi(B[X],) - COV [XicXp], Y,
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RANDOM WALK

One variable X € Z.

Transitions: (inc, T, X’ = X + 1@ (dec, T, X = X — @

F(X) =0 I 2 1X] = F(E[X]) + 3 COV [X?| 5 F(E[X]) = 0
D(X) = 2k COV [X2] = D(E [X]) + 2COV | X2| axF (E [X]) = 2k

Unbiased Random Walk (circa 5000 iterations at global rate 2)
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THE LINEAR NOISE ANSATZ

Fluctuations around the counting process are of order Nz. We
assume that the PCTMC at level N fluctuates around the

solution of the fluid equation:

XN () ~ CNx(t)

where £ I1s a continuous random variable. This means that

XN (1) ~ x(t) + N"2&
— .
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DERIVING THE EQUATIONS

One proceeds as follows
Q Write the master equation in terms of normalized variables;
O Apply the Ansatz ﬂ"(&\ = w
© Expand probablllty and propensﬂy functions arounq“x( )
This makes sense if N~ 2§ IS small.

Q Introduce a new robablllt densit X, t) for the noise
term g i / y\/(”/)

Q Collect terms in order 5 Of N to get the fluid equation for
X(t), and in order O of N to get the PDE equation for I1.
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[.LINEAR NOISE APPROXIMATION

DRIFT, JACOBIAN, DIFFUSION MATRIX

F(X) = ) Vyfy(x) =~

nevs

Jij(t) = Z V1101, (X(t)) <

nes

Dix(X) = ) Vylilvy[K]fy(x) <—

NOISE: LINEAR FOKKER-PLANK EQUATION
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[.LINEAR NOISE APPROXIMATION

LLINEAR FOKKER-PLANK EQUATION

Linear Fokker-Plank equations have solutions which are Gaussian
Processes! We can obtain the equations for average and variance
from I1, and solve them to fully determine the noise term &(t).

AVERAGE
@ JE[£(1)], So it E[¢(0)] = 0, then E[£(1)] = 0.
COVARIANCE MATRIX@ 3,0 wdibia ﬁwao /¢
J A
: JC+CJT+D | BBE Bl
? { o
SOLUTION TO THE SYSTEM COUARIANCE 4 FZOR =

f((N)(t) z@ﬂ) + N‘%ég ti)is a Gaussian Process.
At time ¢, it is a multivariate Gaussian distribution with me@nd
covariance N~
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CENTRAL LIMIT THEOREM

We can look at the linear noise approximation from a limit
theorem point of view. l

XN (1) = Nx(t) + N2&gN (),

where we defined

£N(t) = N~2(XN(t) — Nx(t))

CENTRAL LIMIT THEOREM (KURTZ)
If rate functions are of class C', then

¢N) = £ (weakly)
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[—

SN

Three variables: Xg,X;,Xpg.
State space:

D ={(n,n2,n3) | N +nN2+n3 =
N} c{0,...,N})3.

EXAMPLE: SIR EPIDEMICS o /

Transitions:
o (inf,T,(~1,1,0)k3 Xs)
@ (rec, T,(0,-1,1), kX))
® (susc,T,(1,0,-1),ksXR)
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EXAMPLE: SIR EPIDEMICS

REDUCE THE SYSTEM DIMENSION

As Xr = N - Xs — X, we can reduce to two dimensions: Xs = X
and x; —\y/CaII also u = VAR(és), v = VAR()), -
c=COV(és.é)

AVERAGE: FLUID EQUATIONS 2

E = —Ki Xy + ks(1-x-y)
dy = KXy — KRy

VARIANCE U OF X, V OF ¥y, COVARIANCE C

U = —2u(kiy + ks) — 2¢(kix + ks) + kixy + ks(1 — x — y)

dv = 2c(kiy) + 2v(kix — Kr) + Kixy + Ky

9 — _c(kiy + ks) — v(kix + ks) + kiyu + c(kix — k) — kixy
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SIR EPIDEMICS: FLUID EQUATIONS

EXPANSIONS LINEAR NOISE
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SIR EPIDEMICS: LN ESTIMATED STANDARD DEVIATION
OF S AND [/
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SIR EPIDEMICS: LN ESTIMATED CORRELATION OF S

AND /
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SIR EPIDEMICS: LN ESTIMATED P{/(t) > 750}

N.: (oL,

Pr['l(t) > 75@2- N=1000
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N VS - = stat mc (10000 runs)
—— |inear noise
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