
Tight binding bands - DOS - cyclotron orbits

Exercise 1: Tight binding bands in the square lattice

Consider a square lattice with one s orbital per site, only nearest-neighbor interactions
and neglect overlap.

1. Show that the expression of the tight binding s-band is:

E(k) = E1s − 2 γ (cos kxa+ cos kya)

where γ = −
∫
φ1s(r) ∆U(r) φ1s(r − R); R are Bravais lattice vectors joining the

nearest-neighbour sites to the origin, and γ > 0.

2. Show that the band has remarkable symmetry properties: the band E(k) is symmet-
ric with respect to E1s, in the sense that every state at E−E1s has a corresponding

state at −(E−E1s), and, more precisely: E(k)− E1s = −
[
E
(
k− π

a
(1, 1)

)
− E1s

]
3. Show that the Fermi energy coincides with E1s in case of half-filled band.

4. Plot the Brillouin zone and the Fermi surface in case of half-filled band.

5. Plot E(k) along Γ-M -X-Γ, where M =
π

a
(1, 0) and X =

π

a
(1, 1).

6. Show that: Γ corresponds to the minimum, X to the maximum, M to a saddle
point.

7. Plot the density of states g(E) and show that it diverges at EF (set to 0 in the figure
below) with a logarithmic divergence. The figure also shows the occupied states in
case of half filling of the band.



Exercise 2: Tight binding bands of “cubium”

Similarly as above, consider now the 3D case. Consider a simple cubic lattice with one
s orbital per site, only nearest-neighbor interactions and neglect overlap (a toy model
known also as cubium).

1. Show that the expression of the tight binding s-band is:

E(k) = E1s − 2 γ (cos kxa+ cos kya+ cos kza)

where γ = −
∫
φ1s(r) ∆U(r) φ1s(r − R); R are Bravais lattice vectors joining the

nearest-neighbour sites to the origin, and γ > 0.

2. Plot E(k) along Γ-X-M -Γ-R, whereX =
π

a
(1, 0, 0), M =

π

a
(1, 1, 0) andR =

π

a
(1, 1, 1).

3. Plot the density of states g(E).
Tight binding dispersion relation for a simple cubic lattice
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Density of states of a simple cubic crystal in the tight-binding
approximation

The density of states was calculated by taking 4 × 106 evenly distrubuted points in the first Brillouin zone,
calculating the energy of the points, and plotting the distribution of the resulting energies. Since there are 2 states
per atom, the integral of the density of states over the whole band should be 2.
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The tight-binding dispersion relation for a simple cubic crystal can be found here. In this calculation, ε and t are
arbitrary parameters.

The Mathlab files used to generate the density of states are dosCubic.m, genKVectorsCubic.m, and plotDOS.m.

The density of states is tabulated in eV-1 atom-1 and eV-1 m-2 below. The data in the right column can be copied
and pasted into one to the pages that calculate the temperature dependence of thermodynamic quantities.

Chemical potential μ
Energy spectral density u(E)
Internal energy density u(T)
Specific heat cv(T)

E [eV] D(E) [eV-1 atom-1]
-6.5 0
-6 0
-5.999198 0.003068
-5.938901 0.012372
-5.878605 0.017787
-5.818308 0.022165
-5.758012 0.025383
-5.697715 0.029347
-5.637419 0.031254
-5.577122 0.033941
-5.516826 0.037631
-5.456529 0.039513
-5.396233 0.04322
-5.335936 0.044306
-5.27564 0.047548

E [eV] D(E) [eV-1 m-3]
-6.5 0
-6 0
-5.999198 3.0680000000000003e+26
-5.938901 1.2372e+27
-5.878605 1.7787000000000003e+27
-5.818308 2.2165000000000003e+27
-5.758012 2.5383000000000003e+27
-5.697715 2.9347000000000005e+27
-5.637419 3.1254e+27
-5.577122 3.3941000000000003e+27
-5.516826 3.7631e+27
-5.456529 3.9513e+27
-5.396233 4.3220000000000007e+27
-5.335936 4.4306e+27
-5.27564 4.7548000000000003e+27
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Exercise 3: Semiclassical theory of electron dynamics: cyclotron orbits

Consider the problem of a cyclotron orbit in the (kxky) plane (suppose an external uniform
magnetic field H applied in the z direction, and kz(t = 0) = k̇z(t = 0) = 0) for a SC
crystal with band structure:

E(k) = E0 − 2A[cos (akx) + cos (aky) + cos (akz)]

1. Show that the equation for the orbit with a given energy E close to the minimum
Emin is: E = Emin + Aa2 (k2x + k2y).

2. Calculate the period of the orbit as a function of the parameter A.

3. Describe the orbit in real space.

4. Generalize your result to a crystal with band structure:

E(k) = E0 − 2[A cos (akx) +B cos (aky) + C cos (akz)]


