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20. A subset 4 of the unit square S = [0, 1] X [0, 1] that is

dense in S and such that every vertical or horizontal line that
meets S meets 4 in exactly one point.

What we are seeking 1s a one-to-one correspondence ; with domain
and range [0, 1] and with a graph dense in S. We start by defining
f(z) forz € (0, 1] n @, in stages. Let the points of B = ((0, 1] n @) X
((0, 11n Q) be arranged in a sequence: (w1, y1), (x2, %), ---.
We define f(z:1) = 71 for the zero stage. For stage one we partition B
into four disjoint parts by vertical and horizontal bisecting lines,
(0, 21n @) X (0,31 n @), ((0,3]n Q) X ((3,1InQ), --- , and denote
these parts in any order: Bu, B, Bis, Bua. Denote by (zu, yu)
the first point of the sequence {(x., ¥»)} that belongs to By and is
such that neither z;; = 21 nor ¥y = 71, and let f(zin) = yu . Denote
by (212, ¥12) the first point of the sequence {(xn, ¥»)} that belongs to
By, and is such that z» is different from both z; and z;; and yi. 1s
different from both 7 and yu, and let f(zn) = 1. After f(zis) is
defined similarly to be equal to y:3, we denote by (1, y14) the first
point of {(x,, ¥»)} that belongs to Bis and is such that x4 1s different
from 1, 2u, T2, and 213, and yu 1s different from 1, yu, Y,
and 113, and define f(z14) = 114. This completes stage one. Stage two
is similar, with B partitioned into sixteen = 42 parts by further ver-
tical and horizontal bisections, By, B, -+, Bss. For each of
these parts in turn we define f at a rational point not yet in its domain
and having as value a rational point not yet in its range. If this
procedure is indefinitely continued, with B partitioned into 4" con-
gruent parts at stage n , a function f having the specified properties
for (0, 1] n @ is obtained. Finally, we extend the domain and range
of f to [0, 1] by defining f(z) = z for z € [0, 1]\ ((0, 1] n Q).




consists of all aless than ¥, and the range  of q(«) contains a point
P« from every closed plane set /', of positive plane measure.

We now show that the set F is nonmeasurable by assuming the
contrary and obtaining a contradiction. Indeed, if £ is measurable,
then so is its complement £’ , and since £’ contains no closed plane
set of positive plane measure, £’ must have measure zero. On the other
hand, since every line in the plane meets Z in at most two points, £
must also have measure zero (by the Fubini theorem). Therefore the
entire plane, being the union of the two sets £ and E’ of measure zero,
must also be of measure zero, and we have the desired contradiction.

We note too that if S is any set of positive plane measure, then
S n E is nonmeasurable. Otherwise the Fubini theorem implies that
u(Sn E) = 0, whence u(S\ E) > 0. Thus S\ E contains some closed
set I of positive plane measure. Since F n E = (), there is a contradic-
tion of the basic property of E: E meets every closed set of positive
plane measure.

S. Mazurkiewicz [31] constructed a plane set £ meeting each line
of the plane in precisely two points. However, such a set E may be
measurable and indeed is then of measure zero. The reason for this
is the form of the construction which depends only upon the existence
of a set K; in the plane such that E; meets every line in a set of car-
dinality c¢. The set E is then formed as a subset of £;.

However, sets enjoying the property of £; may have plane measure
zero. For example, let C' be the Cantor set on [0, 1] and let

Bi=@XCu(CX®).

Then clearly each line meets F; in a set of cardinality ¢ and yet E,
is a (closed) set of plane measure zero.

In [3] the construction of a “Mazurkiewicz set” is given in answer
to a problem posed in that journal.

F. Galvin has shown the following: If 1 < n < N, where 8 is
the cardinality of 91, there is a nonmeasurable set .S in the plane such
that the intersection of S with any line consists of precisely » points.

and such that f_",qf(.\', y)dA , where S = [0, 1] X [0, 1], does
not exist.

224 A nonnegative function of two variables f(x, y) such that

folfolf(x,y)dxdy= [folf(x,y)dydx= 0

We shall give two examples, one m which Riemann integration is
used and one in which Lebesgue integration is used.

Iirst example: Let f be the characteristic function of the set of
Example 20. Then for every y € [0, 1], f(l) fx, y) de = 0, and for
every z € [0, 1], [, f(z, y)dy = 0, the integrals being those of
Riemann. However, the double Riemann integral over S fails to
exist, since for the function f the upper and lower Riemann integrals
are equal to 1 and 0, respectively.

Second example: Let f be the characteristic function of the set of
Example 21. Then the iterated integrals are again both equal to zero,
where the integration is that of either Riemann or Lebesgue, while
the function f is not measurable on S, and hence has no double
Lebesgue integral there.

23. A real-valued function of one real variable whose graph is a

nonmeasurable plane set.
Let f(z) be defined as follows, for z € ®:

) - {max{yl @ y) € B} if {y|(zy) €E}=0,
0 if {y|(x ) €E} =290,

where F is the set of Example 21. Let By = {(z, f(z)) |z € ®} n E,

E, = E \ E,. Then either E; or E; (or both) must be nonmeasurable

since their union is E. If E; is nonmeasurable, then

F={@f)|z €&l
the graph of f, is the union of F; and a subset of the x axis; hence,
since the latter has plane measure zero, F' is nonmeasurable. If E,
is nonmeasurable, let g(z) be defined, for x € ®:
min{y | (z,y) € B)} if {y|(z,y) € B}
g(r) = consists of two distinet points,
0 otherwise.

Then G = {(z, ¢g(z)) | € R}, the graph of g, is the union of E,
and a subset of the 2 axis, and hence nonmeasurable. There must exist,
then, in one way or the other, a function whose graph is a nonmeasur-
able plane set.




