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Rotodinamica

La maggior parte delle  
macchine industriali ha  
organi rotanti!

Lo studio della loro dinamica  
si differenzia in base alle  
dimensioni e dal regime 
di funzionamento

Si considera acquisito il concetto 
di squilibrio  
statico / dinamico / di coppia

La rotodinamica si occupa 
di macchine in cui una parte 
(rotore) ruota con un 
significativo momento angolare 
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Rotodinamica
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Si definisce un ROTORE un corpo sospeso tramite  
una serie di cerniere cilindriche che gli permettono di ruotare liberamente 
attorno ad un asse!  (statore..non si muove) 

Si immagina che l’asse di rotazione sia fisso nello spazio  
(non è vero nelle macchine semoventi automobili, aerei, navi..) 

Si immagina che il rotore sia equilibrato  
(asse rotazione coincide asse principale d’inerzia), o se non lo è 
lo squilibrio sia piccolo e le deformazioni relative piccole

Si immagina che il rotore sia assial-simmetrico 
(le equazioni son più semplici, e non serve lavorare con  
un sistema di rif solidale al rotore)

Si immagina che il rotore sia “mosso” dall’esterno

Rotodinamica - semplificazioni
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Rotodinamica - classificazione

Vibrazioni Flessionali (-> risonanze flessionali) 
l’asse del rotore si deforma su un piano (se non c’è smorzamento)

Vibrazioni Torsionali (-> risonanze torsionali) 
l’asse del rotore resta coincidente a quello del sistema indeformato

..bisogna considerare entrambi i casi!!!
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Rotodinamica - risonanze e regimi di funzionamento

Si possono immaginare due condizione di funzionamento: 
a velocità costante (o poco variabile es. alternatore elettrico) 
a velocità variabile (transitorio es. motore automobile) 
 
Il rotore avrà un certo numero di frequenze naturali (flessionali - torsionali).. 
si deve fare in modo che il/i regimi di funzionamento, siano più lontani possibili 
da tali frequenze… (amplificazione delle deformate…vibrazioni…rotture)

Si utilizza il diagramma di Campbell che rappresenta contemporaneamente  
la velocità del rotore e le sue risonanze (flessionali, torsionali, forward, backward,..)
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Rotodinamica - diagrama di Campbell 2

Ω

fn
1xΩ2xΩ

Ω1c Ω2cΩ3c Ω4c

Nel diagramma di Campbell le rette orizzontali rappresentano  
le frequenze naturali del rotore (flessionali - torsionali) 
L’intersezione tra queste e le rette rappresentanti la velocità del rotore Ω  
(o le sue armoniche)  sono dette velocità critiche!

Nel grafico a sinistra si riporta il caso di 
freq. naturali fn indipendenti da Ω. 
(rette rosse) 
Non è sempre cosi per effetto dei 
momenti giroscopici..

Non tutte le critiche creano problemi! 
dipende dal valore di smorzamento  
associato!

NB alle velocità critiche il rotore  
non vibra, ma ruota deformato! 
diventando la sorgente di eccitazione  
periodica della parte statica 
della macchina!!
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262 6. Anisotropy of rotors or supports

lfu[rad/s]
178.0 181.9 470.9 491.7 3,424 4,885

TABLE 6.4. Values of the first six critical speeds.

FIGURE 6.18. Campbell diagram and decay rate plot for the undamped system.

the machine has a low margin of stability is encountered, but the threshold of

instability is at about 33,000 rpm.

The values of the first six natural frequencies, with the corresponding decay

rates, at the operating speed of 27,450 rpm are reported in Table 6.5.

Backward Forward
Im(v) [rad/s] Re(v) [1/s] Im(v) [rad/s] Re(v) [1/s]

71=2 338=8 281=3 379=7
131=1 345=7 807=0 3122=0
377=5 3137=3 2283 344=1
1417 360=5 3467 344=1
3537 344=5 4943 3122=0
4337 347=5 5469 379=7

TABLE 6.5. Values of the first six natural frequencies at the operating speed of
27,450 rpm.

8.3 Rolling elements bearings 297

FIGURE 8.6. Campbell diagram of the turbojet of Figure 8.5.

The Campbell diagram is reported in Figure 8.6. The first four modes are nei-

ther forward nor backward modes, because some of the nodes of the shaft whirl in

one direction and others in the opposite one. However, the fact that the first two

are characterized by a whirl frequency that decreases with the speed, whereas that

of the other two increases, shows that the first two modes are mainly backward

modes and the other ones are mainly forward modes.

The mode shapes corresponding to the critical speeds are shown in Figure 8.7.

From the shape of the orbits, it is clear that the first two modes occur mostly

in the horizontal (|}) plane, with the turbine wheel (node 21, at the right end)
whirling along a circular orbit owing to its own gyroscopic e�ect in the second
mode. The third mode is mainly a mode in the vertical plane. As shown in the

sketch of the axes, the forward direction for whirling (forward whirling) is coun-

terclockwise when looking at the rotor from the origin. The turbine wheel whirls

in forward direction in the second and third mode, and in backward direction in

the first mode, whereas the compressor whirls in forward direction in the first and

in backward direction in the others.

An unbalance corresponding to grade 2.5 at 20,000 rpm has been given to the

turbine wheel. This corresponds to an eccentricity of 1.2 �m and to a static un-

balance p� = 7=6 gmm. The response computed at the turbine wheel (node 21)
and at the rear bearing (node 14) is reported in Figure 8.8.

Note that although the damping of the bearings has been assumed small (� =
0=01), the orbits, which are elliptical, are very small.

Rotodinamica - diagrama di Campbell 3

296 8. Rotor-bearings interaction

FIGURE 8.5. Sketch of the finite element model of the turbojet of Figure 8.4.

$q(l = 0)[rad/s] lfu[rad/s]
Isotropic Nonisotropic Isotropic Nonisotropic

I 1,539 831 2,103 809
II 2,832 1,707 3,975 1,492
III 4,825 2,365 38,524 2,700
IV 7,540 3,262 43,477 3,487

TABLE 8.2. Values of the first 4 natural frequencies at standstill and of the first
4 critical speeds. FEM model.

for the connection between the turbine wheel and the shaft, which in the model is

one piece with the latter, whereas in the actual machine is fit on it. On the con-

trary, the sti�ening e�ect of the compressor wheel on the shaft has been neglected,
which may result in underestimating the sti�ness. The latter problem may be al-

leviated by adding some massless beam elements to model the sti�ening e�ect of
the compressor wheel, as it was done in Example 4.1; However, in that case, the

compressor wheel was locked in place using a nut on the shaft, whereas here it is

bolted on a single section (the disc at midshaft) and its sti�ening e�ect is much
lower and depends strictly on the fit between the shaft and the wheel. Note that the

fit changes with the speed and the temperature (in both cases, the wheel expands

more than the shaft) and it may be wise to neglect the sti�ening altogether, unless
experimental data are available. A short massless beam element has been used to

connect the mass element modeling the turbine wheel to the shaft.

The first four natural frequencies at standstill and the first four critical speeds,

computed using both an anisotropic model and an averaged model with isotropic

characteristics are reported in Table 8.2.

Note that the first mode, particularly when the nonisotropic model is used, was

computed with a fair accuracy also using the rigid-body model: This suggest that

the deformations occur mainly in the bearings, as it will be shown later when

plotting the mode shape. The other modes are mainly deformation modes, and

the rigid-rotor model yields values of the frequencies that are much higher than

the correct ones.

6.2 Nonisotropic rotors on isotropic supports 261

FIGURE 6.16. FEM model of the rotating gravitational quadrupole.

FIGURE 6.17. First six critical speeds as functions of the sti�ness of the bearings.

be chosen. The corresponding values of the critical speeds are reported in Table

6.4

The fifth critical speed is then at 32,699 rpm, i.e., 120% of the maximum

operating speed. Such safety margin is usually considered su cient.

The lack of symmetry of the rotor causes the critical speeds to split and some

fields of instability to be present, at least in the case of the undamped system. The

Campbell diagram and the decay rate plot are reported in Figure 6.18. It is clear

that a very strong instability range is present above the fifth critical speed, but

other, weaker, instabilities are present within the working range of the machine.

To stabilize the system, damping must be added. If the supports have a struc-

tural damping with � = 0=8, no instability is encountered within the working range
of the machine, as shown by the decay rate plot of Figure 6.19. From the plot,

it is clear that during spin-up, a frequency field at about 18,000 rpm in which

Gli effetti giroscopici influenzano il diagramma di Campbell in maniera significativa!
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Rotodinamica - flessionale / rotore di Jeffcott 

Il sistema più semplice per lo studio dei sistemi flessioni rotanti consiste  
in un punto materiale m collegato a un albero senza peso (Foppl 1895 - Jeffcott 1919)

36 2. Je�cott rotor

FIGURE 2.1. Perfectly balanced Je�cott rotors. In (a), the rotor consists of a
point mass on a flexible shaft running on sti� bearings. In (b), the shaft is sti�
while the bearings are compliant. In (c), both the shaft and the bearings are
considered as deformable bodies.

Point P, in which mass p is fixed, is always contained in the {|-plane. This
statement is justified by the uncoupling between axial and radial motions
and relies on the small displacement assumptions that are at the base of
linear structural analysis. In the study of the flexural behavior, a model
with only two degrees of freedom can then be used.
The mentioned schemes are, however, too much idealized: In practice,

it never occurs that point P in which mass p is located exactly coincides
with the elastic center C of the cross section of the shaft, i.e., with the
point at which the elastic reaction of the shaft acts. However small may be
the distance between points C and P, the presence of the eccentricity �, as
in Figure 2.2(a) and (b), causes a static unbalance p� that can strongly
a�ect the behavior of the system.
As in elementary rotordynamics, the spin speed  of the system is as-

sumed to be constant; taking as initial time (w = 0) the instant in which
vector P-C is parallel to the {-axis, the angle between P-C and the {-axis
is � = w.

2.1.1 Equations of motion

Two choices for the generalized coordinates are possible: either coordi-
nates {C and |C of point C, i.e., the geometric or elastic shaft center, or
coordinates {P and |P of point P, i.e., the center of mass.
Using the first alternative, by far the most common one, the position and

velocity of point P can be expressed as

Le forze di richiamo che si generano nel sistema possono dipendere da..

albero supporti albero+supporti

Il caso rappresentato è troppo ideale, ci sarà sempre un po’ di squilibrio residuo e 
la massa non giacerà sull’albero..

rotore  
equilibrato
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2.1 Undamped Je�cott rotor 37

FIGURE 2.2. Unbalanced Je�cott rotor, with unbalance p�. (a) Sketch of the
system; (b) situation in the {|-plane.
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A Lagrange equation can be written in the form

g

gw

µ
C (T � U)
Cṫl

¶

� C (T � U)
Ctl

= Tl , (2.4)

where tl are the Lagrangian coordinates, here {C and |C.
Assuming that an external force acts on point P in {|-plane (e.g., the

weight of the rotor in case the axis of rotation is horizontal), forcesTl can be
easily obtained by assuming a virtual displacement of point C [�{C > �|C ]W .
As the angular velocity is imposed by the driving system (i.e., angle � = w
does not depend on the generalized coordinates), the virtual displacement
of point P is [�{C > �|C ]W and the virtual work �L of a force I with compo-
nents I{ and I| acting on point P is

…l’eccentricità ε della massa m, creerà lo squilibrio statico mε  
che influenzerà fortemente il sistema… in funzione della velocità di rotazione Ω 
(costante per il momento).. 

(si possono scrivere le equazioni del sistema  
in coordinate ortogonali o polari)
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L’equazione di Lagrange..
38 2. Je�cott rotor

�L = I{�{C + I|�|C . (2.5)

The generalized forces can then be computed as Tl = C�L@C�tl.
By performing the relevant derivatives and remembering that the spin

speed  has been assumed to be constant, the following equations of motion
are then obtained:
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(2.6)

where forces I{(w)and I|(w) are considered as generic functions of time
whereas unbalance forces are of the same amplitude but in time quadrature.
As usual, the general solution of Equation (2.6) can be obtained by

adding the general solution of the homogeneous Equation (the comple-
mentary function)

½
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p|̈C(w) + n|C(w) = 0 ,

(2.7)

to the particular integral of the complete equation. Equations (2.7) yield the
free motion of the perfectly balanced Je�cott rotor, whereas Equations (2.6)
yield the response to the static unbalancep� and the response to a external
force acting in the {|-plane. Note that, owing to linearity, it is possible to
study separately the response to unbalance and that to a static force.
As already stated, it is possible to use the coordinates {P and |P of

point P (center of gravity) as generalized coordinates. In this case, the
position of point C can be expressed as
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By introducing the Lagrangian function and the generalized forces I{
and I| in the Lagrange equations, the following equations of motion of
point P are then obtained:
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p|̈P(w) + n|P(w) = n� sin(w) + I|(w) .

(2.11)
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con le forze generalizzate..

ed il lavoro virtuale delle forze applicate..

38 2. Je�cott rotor

�L = I{�{C + I|�|C . (2.5)

The generalized forces can then be computed as Tl = C�L@C�tl.
By performing the relevant derivatives and remembering that the spin

speed  has been assumed to be constant, the following equations of motion
are then obtained:

½
p{̈C(w) + n{C(w) = p�2 cos(w) + I{(w) ,
p|̈C(w) + n|C(w) = p�2 sin(w) + I|(w) ,

(2.6)

where forces I{(w)and I|(w) are considered as generic functions of time
whereas unbalance forces are of the same amplitude but in time quadrature.
As usual, the general solution of Equation (2.6) can be obtained by

adding the general solution of the homogeneous Equation (the comple-
mentary function)

½
p{̈C(w) + n{C(w) = 0 ,
p|̈C(w) + n|C(w) = 0 ,

(2.7)

to the particular integral of the complete equation. Equations (2.7) yield the
free motion of the perfectly balanced Je�cott rotor, whereas Equations (2.6)
yield the response to the static unbalancep� and the response to a external
force acting in the {|-plane. Note that, owing to linearity, it is possible to
study separately the response to unbalance and that to a static force.
As already stated, it is possible to use the coordinates {P and |P of

point P (center of gravity) as generalized coordinates. In this case, the
position of point C can be expressed as

C-O = rC (w) =

½
{C (w)
|C(w)

¾

=

½
{P(w)� � cos(w)
|P(w)� � sin(w)

¾

. (2.8)

The kinetic and potential energies are

T =
1

2
p
¡
{̇2P + |̇

2

P

¢
, (2.9)

U =
1

2
n
¡
{2P + |

2

P + �
2 � 2� [{P cos(w) + |P sin(w)]

¢
. (2.10)

By introducing the Lagrangian function and the generalized forces I{
and I| in the Lagrange equations, the following equations of motion of
point P are then obtained:

½
p{̈P(w) + n{P(w) = n� cos(w) + I{(w) ,
p|̈P(w) + n|P(w) = n� sin(w) + I|(w) .

(2.11)

Con le opportune derivate, nelle coordinate generalizzate si ottiene 
il sistema di equazioni del moto del rotore di Jeffcott ..

Il sistema omogeneo da le vibrazioni libere del rotore di Jeffcott  
perfettamente equilibrato
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..equazioni uguali a un sistema SDOF!!
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Rotodinamica - flessionale / rotore di Jeffcott 

Rotazione libera (senza squilibrio)…

Soluzione di tentativo…

2.1 Undamped Je�cott rotor 39

2.1.2 Free whirling

The equations of motion along each axis are coincident with the equation
of the free motion of a system with a single degree of freedom. A purely
mathematical approach to the solution of Equations (2.7) is to assume an
exponential solution

½
{C(w) = {C0h

vw ,
|C(w) = |C0h

vw ,
(2.12)

and solve for v 5 F
½ ¡

pv2{C0 + n{C0
¢
hvw = 0 ,¡

pv2|C0 + n|C0
¢
hvw = 0 .

(2.13)

As hvw 6= 0 and a nontrivial solution is sought, i.e., {C0 6= 0 and |C0 6= 0, it
implies that ½

pv2 + n = 0 ,
pv2 + n = 0 .

(2.14)

The absolute value of v that satisfies Equation (2.14) coincides with the
natural frequency of the nonrotating system

$q =
p
n@p ,

and the four solutions ±l$q (actually two solutions, each one with mul-
tiplicity 2) are purely imaginary, owing to the conservative nature of the
system.
Because of the symmetry of the system about {- and |-axes, the motion

of point C is given by the combination of two harmonic motions taking
place along axes { and | with the frequency $q coinciding with the natural
frequency of the nonrotating shaft

½
{C(w) = [1hl$qw +[2h�l$qw ,
|C(w) = \1hl$qw + \2h�l$qw .

(2.15)

Constants [1, [2, \1, and \2 can be determined from the initial condi-
tions on the positions {C(0) and |C(0)> and on the velocity {̇C(0), and |̇C(0)

{C(0) = [1 +[2 ,
|C(0) = \1 + \2 ,

{̇C(0) = l ([1 �[2)$q ,
|̇C(0) = l (\1 � \2)$q .

(2.16)

Substitution into Equations (2.15) gives the solution in terms of the
initial conditions

½
{C(w) = {C(0) cos($qw) +

1

$q
{̇C(0) sin($qw) ,

|C(w) = |C(0) cos($qw) +
1

$q
|̇C(0) sin($qw) ,

(2.17)

..derivata (2 volte) e sostituita nell’equazione        …
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..si cerca la soluzione valida per ogni istante t 
e diversa dalla soluzione di quiete..
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tions on the positions {C(0) and |C(0)> and on the velocity {̇C(0), and |̇C(0)

{C(0) = [1 +[2 ,
|C(0) = \1 + \2 ,

{̇C(0) = l ([1 �[2)$q ,
|̇C(0) = l (\1 � \2)$q .

(2.16)

Substitution into Equations (2.15) gives the solution in terms of the
initial conditions

½
{C(w) = {C(0) cos($qw) +

1

$q
{̇C(0) sin($qw) ,

|C(w) = |C(0) cos($qw) +
1

$q
|̇C(0) sin($qw) ,

(2.17)

..2 soluzioni complesse e coniugate….

2.1 Undamped Je�cott rotor 39
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¢
hvw = 0 ,¡

pv2|C0 + n|C0
¢
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(2.13)
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p
n@p ,
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..con Xi e Yi dipendenti dalle condizioni 
iniziali sullo spostamento e sulla velocità….

2.1 Undamped Je�cott rotor 39

2.1.2 Free whirling

The equations of motion along each axis are coincident with the equation
of the free motion of a system with a single degree of freedom. A purely
mathematical approach to the solution of Equations (2.7) is to assume an
exponential solution

½
{C(w) = {C0h

vw ,
|C(w) = |C0h

vw ,
(2.12)

and solve for v 5 F
½ ¡

pv2{C0 + n{C0
¢
hvw = 0 ,¡

pv2|C0 + n|C0
¢
hvw = 0 .

(2.13)

As hvw 6= 0 and a nontrivial solution is sought, i.e., {C0 6= 0 and |C0 6= 0, it
implies that ½

pv2 + n = 0 ,
pv2 + n = 0 .

(2.14)

The absolute value of v that satisfies Equation (2.14) coincides with the
natural frequency of the nonrotating system

$q =
p
n@p ,

and the four solutions ±l$q (actually two solutions, each one with mul-
tiplicity 2) are purely imaginary, owing to the conservative nature of the
system.
Because of the symmetry of the system about {- and |-axes, the motion

of point C is given by the combination of two harmonic motions taking
place along axes { and | with the frequency $q coinciding with the natural
frequency of the nonrotating shaft

½
{C(w) = [1hl$qw +[2h�l$qw ,
|C(w) = \1hl$qw + \2h�l$qw .

(2.15)

Constants [1, [2, \1, and \2 can be determined from the initial condi-
tions on the positions {C(0) and |C(0)> and on the velocity {̇C(0), and |̇C(0)

{C(0) = [1 +[2 ,
|C(0) = \1 + \2 ,

{̇C(0) = l ([1 �[2)$q ,
|̇C(0) = l (\1 � \2)$q .

(2.16)

Substitution into Equations (2.15) gives the solution in terms of the
initial conditions

½
{C(w) = {C(0) cos($qw) +

1

$q
{̇C(0) sin($qw) ,

|C(w) = |C(0) cos($qw) +
1

$q
|̇C(0) sin($qw) ,

(2.17)

..soluzione generale….

40 2. Je�cott rotor

FIGURE 2.3. Response of the Je�cott rotor to the free vibration. (a) Real (in {
and |) and complex (in u = {+ l|) representation of the orbit of point C; (b) and
(c) representation of coordinates {(w) and |(w) of point C in the vector planes as
projections on the {- and |-axes of rotating vectors �D and �E.

which coincides with the responses of two decoupled harmonic oscillators.
As usual, the solution can also be expressed in terms of amplitude and
phase angles

½
{C(w) = [ cos ($qw� !{) ,
|C(w) = \ cos

¡
$qw� !|

¢
,

(2.18)

where
{C(0) = [ cos!{ ,
|C(0) = \ cos!| ,

{̇C(0) = $q[ sin!{ ,
|̇C(0) = $q\ sin!| .

(2.19)

The equation of the motion as expressed by Equations (2.18) can be
represented in a graphical form as shown in Figure 2.3. The trajectory
of point C may be seen as that of vector rC(w) whose coordinates {C(w)
and |C(w) at time w are given by harmonic functions (2.18) of amplitudes
[ and \ , and phases !{ and !|. They can also be thought of as the

projection of rotating vectors �D and �E on the auxiliary axes { and | of
Figure 2.3.
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Rotodinamica - flessionale / rotore di Jeffcott 

Rotazione sbilanciata (con squilibrio)…

Risolviamo l’equazione       e per semplicità trascuriamo la forza esterna F…

42 2. Je�cott rotor

det

·
pv2 + n 0

0 pv2 + n

¸

= 0 , (2.22)

i.e.,
p2v4 + 2npv2 + n2 = 0 . (2.23)

A quadratic equation in v2 is so obtained. Solving it in v2, a double
solution v2 = �n@p is found, accounting for the four solutions with double
multiplicity that are also the eigenvalues of the associated eigenproblem.
For what concerns the eigenvectors, the system is clearly decoupled and
made of two single degree-of-freedom systems, and thus the eigenvectors
may be chosen unitary and orthogonal

r1 =

½
1
0

¾

> r2 =

½
0
1

¾

, (2.24)

and the resulting time solution

rC(w) =
2X

l=1

rl

³
Flh

vlw + F�l h
v�l w
´

(2.25)

that may be expanded to Equations (2.15) and following.

2.1.3 Unbalance response

According to the equation of motion (2.6), when neglecting the external
forces, the unbalance forces are represented as periodic forces in quadrature
and with frequency equal to the rotational speed. The particular solution,
i.e., the steady-state solution, of such a set of di�erential equations has the
form

½
{C(w) = {C0 cos (w) ,
|C (w) = |C0 sin (w) = |C0 cos(w+ �@2) .

(2.26)

By introducing it into the equation of motion, the latter transforms into
the algebraic equation

½ ¡
n �p2

¢
{C0 = p�

2 ,¡
n �p2

¢
|C0 = p�

2 ,
(2.27)

which yields

{C0 = |C0 = �
p2

n �p2 = �
2

2fu �2
= �

2

2fu

1 � 2
2fu

, (2.28)

where fu is the critical speed defined by Equation (2.20).

..la soluzione particolare è….
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..che porta allo spostamento ….

..velocità critica..y

xΩt

P
C

e

..sub-critica..

y

xΩt
P

C

e

..iper-critica..

..autocentratura..
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sub-critica iper-critica

..ampiezza della risposta del rotore 
di Jeffcott al variare di r..

42 2. Je�cott rotor
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where fu is the critical speed defined by Equation (2.20).

Rotodinamica - flessionale / rotore di Jeffcott 

positive whirl 

negative whirl 
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Rotodinamica - flessionale / rotore di Jeffcott 

Oltre all’eccentricità si può studiare l’effetto  

..della piegatura (flessione statica) dell’albero  
(non necessariamente nel piano dello squilibrio).. 
..la presenza di smorzamento  
(non rotating damping - fondazioni e rotating damping - albero) (viscoso, strutturale..)  
..la rigidezza delle fondazioni.. 
..la variazioni di coppia dovute a resistenze interne  
(legati a fenomeni dissipativi dello smorzamento).. 
..

2.3 Je�cott rotor with shaft bow 49

FIGURE 2.6. Je�cott rotor with shaft bow. (a) Sketch. Full line: undeflected
configuration; dashed line: deflected configuration. (b) Situation in {|-plane.

Self-centering becomes even more clear when using complex coordinates:
When the speed tends to infinity, the amplitude of the orbit of point C tends
to ��. The sign of the solution determines the equilibrium configurations
as shown in Figure 2.5(a) and (b). When the solution is positive, in the
subcritical field, points O, C, and P are aligned in the mentioned order and
the center of mass of the rotor lies outside the deformed configuration of
the shaft. In the supercritical field, however, point P lies between points C
and O, and when the speed tends to infinity, the amplitude u0 tends to ��,
or point P tends to point O.

2.3 Je�cott rotor with shaft bow

Eccentricity is not the only imperfection whose e�ects can be studied by
means of the Je�cott rotor model: The shaft of Figure 2.1(a) can be slightly
bent in its undeflected configuration (Figure 2.6, full line). Note that the
direction of the bow e is generally not coincident with the direction of the
eccentricity �: In the figure, it is assumed that the eccentricity has the
direction of {-axis when w = 0, whereas the bow of the shaft has a direction
that at the same time makes an angle � with the same axis.
As usual, as the system is linear, the e�ects of unbalance and shaft bow

can be studied separately and then the results can be added to each other.
At time w, the position of point O’ can be expressed as

2.7 E�ect of the compliance of the bearings 81

FIGURE 2.22. Compliant Je�cott rotor on deformable bearings, as in Figure
2.1(c), but with damping added to both rotor and stator.

If the system is undamped, the first equation can be solved in uE, yielding

uE = uF
nu

nq + nu
. (2.148)

By introducing Equation (2.148) into the second Equation (2.147) and
neglecting damping, it follows that

püF +
nqnu
nq + nu

uF = p�
2hlw . (2.149)

The system behaves as a Je�cott rotor with a sti�ness equal to that of
the two springs nq and nu in series. As already stated, the system of Figure
2.1(c) is equivalent to those of Figures 2.1(a) and (b). The critical speed is
then

fu =

s
nqnu

p (nq + nu)
. (2.150)

This is not the case for the damped system, which cannot be dealt with
as a single degree-of-freedom system (two in real coordinates). As the mass
of the bearings has been neglected, the system is a third-order one, in
complex coordinates.

..con coordinate solidali alla 
macchina (fisse).. 
..con coordinate solidali al 
rotore (rotanti)..
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Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore di Jeffcott - momenti giroscopici 

Finora abbiamo considerato un sistema costituito da un albero e 
una massa puntuale m (centrata o eccentrica).. 
I modi di questo sistema non dipendono da Ω, ed il diagramma di Campbell 
rappresenta le frequenze naturali con da rette orizzontali. 

Quando il rotore contiene un corpo rigido (al posto della massa m), 
si introducono momenti giroscopici che tendono a  
..deformare l’albero.  
..variare le frequenze naturali del sistema (in funzione di  Ω) 
.. 
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3.2 Uncoupled gyroscopic system 103

FIGURE 3.3. Cylindrical and conical whirling of a rigid rotor on compliant bear-
ings (the label bearings axis refers to the undeformed position).

f =

½
p�hl�

"(Mw � Ms)hl�
¾

= (3.24)

3.2 Uncoupled gyroscopic system

3.2.1 Complex coordinates

As can be seen from equation (3.20), the two equations uncouple ifN12 = 0,
i.e., if the translational degrees of freedom are elastically uncoupled from
the rotational ones. Translational motion occurs with the axis of the rotor
remaining parallel to itself and is referred to as cylindrical whirling ; rota-
tional motion occurs about the center of mass and is called conical whirling
(Figure 3.3). This can occur, for instance, in the case of a rigid rotor on
two equal bearings with the center of mass exactly at midspan, which is a
situation not uncommon in practice. The equation of motion reduces to

½
pü +N11u = p�2hl(w+�) >
Mw!̈� lMs!̇+N22! = "2(Mw � Ms)hl(w+�) =

(3.25)

The first Equation (3.25) is identical to the equation of motion of a
Je�cott rotor and needs no further study. The second equation describes
the behavior of the simplest gyroscopic system that can be conceived. The

at standstill respectively. The FRF results for these three con-
figurations are given in Fig. 7. The natural frequencies of the
rotor at different support beam length are summarized in Tab. 3.
Changing the beam length results in a significant change of the
dynamics of the structure. Not only rigid body mode natural fre-
quencies change but also the natural frequency belonging to the
first flexural mode changes by altering the beam length. In the
next sections, the experimental results will be compared with the
theoretical results obtained from different support models.
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Beam Length: 72 mm
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Beam Length: 90 mm

Figure 7. FRFs AT DIFFERENT SUPPORT BEAM LENGTH

Table 3. NATURAL FREQUENCIES-DIFFERENT CONFIGURATIONS
Beam Length: 72 mm 80 mm 90 mm

1st Rigid body 57.2 Hz 50.6 Hz 43.7 Hz

2nd Rigid body 113.4 Hz 102.8 Hz 84.0 Hz

1st Flexural 327.2 Hz 320.1 Hz 311.6 Hz

EQUIVALENT SUPPORT MODELS
Support: Mass-Spring-Damper

In the first model the support has been modeled as a mass,
spring and damper and only translational degrees of freedom
have been taken into account. Bearing stiffness has been ig-
nored since the bearing stiffness is much higher than the support
stiffness. The first support model and the rotor are illustrated
in Fig.8. The equivalent stiffness and equivalent damping co-
efficient for the support are extracted from experimental modal
analysis of the isolated support as shown in Fig. 4. An equivalent

m m

kk cc

Figure 8. FIRST SUPPORT MODEL

spring-damper system can be constructed from the modal anal-
ysis data of the isolated support by using the well known peak
amplitude method. The details of this method are explained by
Ewins [14]. For each beam length, the stiffness is calculated by
k = ω2nm where m is the mass of the support disc. The damping
ratio is ζ = ∆ω/ωn from which the support damping coefficient
is found. Then these mass, stiffness and damping values repre-
senting the supports are implemented in the structural model for
the theoretical dynamic analysis of the total system. The theoret-
ical and experimental results are compared in Tab. 4.

Table 4. NATURAL FREQUENCIES
Experimental Theoretical

50.6 Hz 51.4 Hz

102.8 Hz 80.1 Hz

320.1 Hz 263 Hz

962.1 Hz 877 Hz

There is a significant difference between the theoretical and ex-
perimental results. Therefore the support model has to be en-
hanced.

Support & Bearing with Rotational DOF
The support model consisting of a translational spring and

damper and the mass directly added to the connection node has
been observed not to be adequate to predict the dynamic behav-
ior of the system. Therefore an additional degree of freedom has
been added and the bearing rotational and translational stiffness
have been taken into account. In addition the rotational stiffness
has also been included in the support model. The bearing transla-
tional stiffness has been estimated from the supplier manual and
in order to determine the rotational stiffness of the bearing the
simulations for rigid supports (support beam length: 0 mm) are
performed with different bearing stiffnesses and compared with
the experimental results. In this way the support stiffness has
been eliminated and the bearing stiffness can be independently
examined. Then, appropriate rotational stiffness for the bearing
has been determined. After determining the bearing stiffness the
rotational and translational stiffness of the supports should be de-

4 Copyright c⃝ 2009 by ASME

Si studierà il sistema supponendo che  
rotore giri con una velocità angolare  Ω   
abbia un momento d’inerzia polare Ip  
abbia momento trasversale d’inerzia It 
il centro di massa non coincide con  
l’asse geometrico del sistema…

Ip >It    si parlerà di disco

Ip < It   si parlerà di rotore allungato

attenzione al caso Ip = It nei rotori veloci

Rotodinamica - flessionale / rotore di Jeffcott - momenti giroscopici 

squilibrio statico / squilibrio di coppia
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z

x

y

O

Ricordiamo che gli effetti giroscopici derivano 
..dalla conservazione del momento angolare del sistema.. 
..e sono perpendicolari all’asse di rotazione del rotore! 
(vale la regola della mano destra!!)

3.1 Generalized coordinates and equations of motion 95

FIGURE 3.1. Rotor with four degrees of freedom. (a) Rigid body on a massless
compliant shaft, (b) rigid rotor on compliant bearings, and (c) rotor in which
both the bearings and the shaft are compliant. In (a) and (c), the disc is assumed
to be a rigid body.

• - Rotate the axes of C[ 0\ 0]0 frame about the [ 0-axis of an angle
![0 until the \ 0-axis enters the rotation plane of the rigid body
in its deformed configuration. Let the axes so obtained be the
|- and }�-axes. The rotation matrix allowing one to express the
components of a vector in C[ 0|}�-frame from those in C[ 0\ 0]0-
frame (or in the inertial frame, because the directions of the axes
coincide) is

R1 =

5

7
1 0 0
0 cos(![0) sin(![0)
0 � sin(![0) cos(![0)

6

8 = (3.1)

- Rotate the frame obtained after the mentioned rotation, about
the |-axis until [ 0-axis also enters the rotation plane of the rigid
body in its deformed configuration. Let the axis so obtained be
the {-axis and the rotation angle be !|. After the two mentioned
rotations, }-axis coincides, apart from the angular error ", with
the symmetry axis of the rigid body in its deformed configura-
tion. Frame C{|} is centered in the center of the shaft of the
rigid body and follows it in its whirling motion. However, it does
not rotate with the spin speed . It will then be referred to as
whirling frame. Let the matrix expressing this second rotation
be

R2 =

5

7
cos(!|) 0 � sin(!|)

0 1 0
sin(!|) 0 cos(!|)

6

8 = (3.2)

Rotodinamica - flessionale / rotore di Jeffcott - momenti giroscopici 

Per studiare tale sistema si possono ipotizzare tre diverse configurazioni:  
(man mano più complesse) 
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z

x

y

O

Mx

Ω

Φ

MxδtIpΩ

δΦ
z

x

y

O

My

Ω

θ

MyδtIpΩ

δθ

Quando il corpo ruota, il suo momento angolare del rotore sarà  IpΩ..

..supponiamo il disco ruoti in un δt 
attorno all’asse y con velocità   
Il momento angolare ruoterà di una 
quantità δφ generando un momento 
Mx

!φ = δφ
δ t

..supponiamo il disco ruoti in un δt 
attorno all’asse x con velocità   
Il momento angolare ruoterà di una 
quantità δθ generando un momento 
My

!θ = δθ
δ t

Mxδ t = I pΩδφ

Mx = I pΩ !φ

per δt che tende a zero… −Myδ t = I pΩδθ

My = I pΩ !θId !!θ + I pΩ !φ = Mx Id !!θ − I pΩ !θ = My

Rotodinamica - flessionale / momenti giroscopici 
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z

y

ky2ky1

a b

ky2

kx2

x

y

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Consideriamo un rotore rigido su supporti flessibili..  
questo sistema ha 4 gradi di libertà (due traslazioni e due rotazioni).. 

..supponiamo che i cuscinetti non abbiano rigidezza angolare (short bearings),  
e che si possano muovere in direzione orizzontale e verticale..  
e in queste direzioni hanno due rigidezze (possono essere uguali o diverse)

..possiamo usare le equazioni di Lagrange o scrivere le equazioni  
del moto grazie alla legge di Newton..
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Equilibrio forze in dir x
Equilibrio forze in dir y

Equilibrio momenti attorno θ

Equilibrio momenti attorno φ

Rotodinamica - flessionale / rotore rigido su supporti flessibili

z

y

ky2ky1

a b

θ

z

x

kx2kx1

a b

φ

traslazione / bounce 
rotazione / tilt

Rispetto al centro di massa,  
scriviamo le equazioni di equilibrio…

momenti giroscopici… segni in funzione della regola mano destra

m!!x + kx1 x − aφ( )+ kx2 x + bφ( ) = 0
m!!y + ky1 y + aθ( )+ ky2 y − bθ( ) = 0

Id !!θ + I pΩ !φ + aky1 y + aθ( )− bky2 y − bθ( ) = 0
Id !!φ − I pΩ !θ − akx1 x − aφ( )+ bkx2 x + bφ( ) = 0

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

m 0 0 0
0 m 0 0
0 0 Id 0
0 0 0 Id

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

!!x
!!y
!!θ
!!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

0 0 0 0
0 0 0 0
0 0 0 I pΩ

0 0 −I pΩ 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

!x
!y
!θ
!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

kxT 0 0 kxC
0 kyT −kyC 0

0 −kyC kyR 0

kxC 0 0 kxR

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

x
y
θ
φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

=

0
0
0
0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

m 0 0 0
0 m 0 0
0 0 Id 0
0 0 0 Id

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

!!x
!!y
!!θ
!!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

0 0 0 0
0 0 0 0
0 0 0 I pΩ

0 0 −I pΩ 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

!x
!y
!θ
!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

kx1 + kx2 0 0 −akx1 + bkx2
0 ky1 + ky2 aky1 − bky2 0

0 aky1 − bky2 a2ky1 + b
2ky2 0

−akx1 + bkx2 0 0 a2kx1 + b
2kx2

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

x
y
θ
φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

=

0
0
0
0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

..matrice momenti giroscopici

kxT = kx1 + kx2 kyT = ky1 + ky2
kxC = −akx1 + bkx2 kyC = −aky1 + bky2
kxR = a

2kx1 + b
2kx2 kyR = a

2ky1 + b
2ky2

⎧

⎨
⎪⎪

⎩
⎪
⎪

..semplificando ulteriormente..

..equazioni generali.. accoppiate (1-4 / 2-3) !

Rotodinamica - flessionale / rotore rigido su supporti flessibili

linearizzando e riordinando le equazioni in forma matriciale..
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Con supporti isotropi / no effetto giroscopico 

 1 senza accoppiamento elastico (es a=b) 
 2 con accoppiamento elastico 

 3 con effetto giroscopico

4 con supporti anisotropi / con effetto giroscopico

kxC = kyC = kC = 0

I pΩ = 0kxT = kyT = kT

kxC ≠ kyC ≠ 0

kxT ≠ kyT ≠ 0

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Bisogna risolvere il sistema di equazioni simultaneamente… 
in modo da trovare i modi di vibrazione traslazione (x,y) e rotazionale (θ,φ). 

si possono analizzare alcuni casi semplici:

I pΩ ≠ 0

I pΩ ≠ 0
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m!!x + kT x = 0
m!!y + kT y = 0

Id !!θ + kRθ = 0
Id !!φ + kRφ = 0

⎧

⎨

⎪
⎪

⎩

⎪
⎪

Caso 1 (supporti isotropi / non accoppiamento elastico, a uguale b / no momenti giroscopici) 

..si riduce semplifica il sistema di equazioni.. 

..le equazioni diventano disaccoppiate! 

..con l’usuale soluzione di primo tentativo

x = Xoe
st

y = Yoe
st

θ = θ0e
st

φ = φ0e
st

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

ω1 =ω 2 =
kT
m

ω 3 =ω 4 =
kR
Id

⎧

⎨

⎪
⎪

⎩

⎪
⎪

in realtà ci sono 4 soluzioni a due a due complesse coniugate  
per le traslazioni e per le rotazioni… se ne riportano solo due.. 

NB in funzione della rigidezza dei supporti (k) e delle 
caratteristiche del sistema (m, I) il modo di bounce può essere 
prima o dopo quello di tilt e viceversa! 

bounce mode

tilt mode

NB in realtà ci sono 4DOF 
=> 8 radici… a due a due 
complesse e coniugate

Rotodinamica - flessionale / rotore rigido su supporti flessibili
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Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Modo BOUNCE

Modo TILT

..in entrambi i piani..
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Caso 2 (supporti isotropi / accoppiamento elastico, a diverso b / no momenti giroscopici) 

..in questo caso c’e una dissimmetria del rotore..  

..con l’usuale soluzione di primo tentativo..

m!!x + kT x + kCφ = 0
m!!y + kT y − kCθ = 0

Id !!θ − kCy + kRθ = 0
Id !!φ + kCx + kRφ = 0

⎧

⎨

⎪
⎪

⎩

⎪
⎪

ms2 + kT( )X0 + kCφ0 = 0
ms2 + kT( )Y0 − kCθ0 = 0
Ids

2 + kR( )θ0 − kCY0 = 0
Ids

2 + kR( )φ0 + kCX0 = 0

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

isolando X0 da 1&4.. X0 = − kCφ0
ms2 + kT( ) = −

Ids
2 + kR( )φ0
kC

ms2 + kT( ) Ids2 + kR( )− kC2 = 0

Rotodinamica - flessionale / rotore rigido su supporti flessibili

le equazioni del moto 
sono ora accoppiate.. 
bisogna risolverle assieme
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

s4 + kR
Id

+ kT
m

⎛
⎝⎜

⎞
⎠⎟
s2 + kRkT − kC

2

mId
= 0

Rotodinamica - flessionale / rotore rigido su supporti flessibili

isolando Y0 da 2&3.. Y0 =
kCθ0

ms2 + kT( ) =
Ids

2 + kR( )θ0
kC

ms2 + kT( ) Ids2 + kR( )− kC2 = 0
sviluppando i termini tra parentesi si ottiene in entrambe i casi  
la seguente equazione..

s2 = − kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
± kR

2Id
+ kT
2m

⎛
⎝⎜

⎞
⎠⎟

2

+ kC
2

mId
= − kR

2Id
+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
± γ

..le cui radici in s2 sono..

..ed in s..

s1 = s2 == j kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
− γ

s3 = s4 == j kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
+ γ

s5 = s6 == − j kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
− γ

s7 = s8 == − j kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟
+ γ
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Le radici sono a 2 a 2 complesse coniugate.. 

ω1 =ω 2 =
kR
2Id

+ kT
2m

− γ

ω 3 =ω 4 =
kR
2Id

+ kT
2m

+ γ

⎧

⎨

⎪
⎪

⎩

⎪
⎪

c’è accoppiamento tra traslazione (bounce) e rotazione (tilt).. 

Y0
θ0

⎛
⎝⎜

⎞
⎠⎟ i=2,3

= Idsi
2 + kR
kC

= kC
msi

2 + kT

X0
φ0

⎛
⎝⎜

⎞
⎠⎟ i=1,4

= − Idsi
2 + kR
kC

= − kC
msi

2 + kT
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Caso 3.1 (supporti isotropi / no accoppiamento elastico, a uguale b / con momenti giroscopici)

m!!x + kT x = 0
m!!y + kT y = 0

Id !!θ + I pΩ !φ + kRθ = 0

Id !!φ − I pΩ !θ + kRφ = 0

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

dalle equazioni1 e 2 ω1 =ω 2 =
kT
m

dalle equazioni 3 e 4 (accoppiate)
Ids

2 + kR( )θ0 + I pΩsφ0 = 0
−I pΩsθ0 + Ids

2 + kR( )φ0 = 0
⎧
⎨
⎪

⎩⎪

NB in realtà ci sono 4DOF 
=> 8 radici… a due a due 
complesse e coniugate

Rotodinamica - flessionale / rotore rigido su supporti flessibili

..con l’usuale soluzione di primo tentativo si cercano 
le soluzioni per le frequenze naturali..

Le equazioni si semplificano ..
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Ids
2 + kR( )2 + I pΩs( )2 = 0

ω 3 = −
I pΩ
2Id

+
I pΩ
2Id

⎛
⎝⎜

⎞
⎠⎟

2

+ kR
Id

ω 4 =
I pΩ
2Id

+
I pΩ
2Id

⎛
⎝⎜

⎞
⎠⎟

2

+ kR
Id

Ids
2 + kR = ±I pΩs

Ids
2 ∓ I pΩs + kR = 0

..queste dipendono da Ω ! 
ed hanno una il segno - ed 
una il segno +..
..nel diagramma di Campbell,  
le freq. naturali non son  
più rette orizzontali, ma curve!!

Rotodinamica - flessionale / rotore rigido su supporti flessibili

eliminando θ0 e φ0 da queste due equazioni di ottiene:

facendone la radice quadrata

si ottengono le soluzioni in s.. e da qui le pulsazioni naturali
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Dalle equazioni 3 e 4 si ottiene anche il rapporto tra le rotazioni  
in funzione del modo di vibrazione:

θ0
φ0

⎛
⎝⎜

⎞
⎠⎟

i( )

= −
I pΩsi

Idsi
2 + kR( ) =

Idsi
2 + kR( )

I pΩsi

− A
B
= B
A

Il rapporto delle rotazioni è del tipo 

rapporto soddisfatto se A
B
= ± j il segno dipende dal segno di  Idsi2 + kR( )

da queste caratteristiche dipende se il modo sarà di tipo  forward whirl  
o backward whirl (concorde o discorde al verso di rotazione del rotore)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

m!!x + kT x + kCφ = 0
m!!y + kT y − kCθ = 0

Id !!θ + I pΩ !φ − kCy + kRθ = 0

Id !!φ − I pΩ !θ + kCx + kRφ = 0

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪

ms2 + kT( )X0 + kCφ0 = 0
ms2 + kT( )Y0 − kCθ0 = 0

−kCY0 + Ids
2 + kR( )θ0 + I pΩφ0 = 0

kCX0 − I pΩθ0 + Ids
2 + kR( )φ0 = 0

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

Caso 3.2 (supporti isotropi / accoppiamento elastico, a diverso b / con momenti giroscopici) 

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Le equazioni del moto di partenza si semplificano..

Si usano la solito le equazioni di 
primo tentativo..

(accoppiate e con i termini giroscopici)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Analogamente a quanto fatto nei casi precedenti.. 

..da 1 e 2 si estraggono Φ0 e θ0.. 

..si sostituiscono in 3 e 4.. 

.. da 3 e 4 si eliminano X0 e Y0.. 

… 

s4 ∓ j
I p
Id

⎛
⎝⎜

⎞
⎠⎟
Ωs3 + kR

Id
+ kT
m

⎛
⎝⎜

⎞
⎠⎟
s2 ∓ j

kT I p
mId

⎛
⎝⎜

⎞
⎠⎟
Ωs + kRkT − kC

2

mId
= 0

Rotodinamica - flessionale / rotore rigido su supporti flessibili

ms2 + kT( )X0 + kCφ0 = 0
ms2 + kT( )Y0 − kCθ0 = 0

−kCY0 + Ids
2 + kR( )θ0 + I pΩφ0 = 0

kCX0 − I pΩθ0 + Ids
2 + kR( )φ0 = 0

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ms2 + kT( ) Ids2 + kR( )− kC2{ }2 + I pΩs ms
2 + kT( ){ }2 = 0

sviluppando i prodotti riordinando si ottiene l’equazione caratteristica, 
le cui soluzioni sono le frequenza naturali di vibrazione…
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore rigido su supporti flessibili

Caso 4 (supporti anisotropi / accoppiamento elastico, a diverso b / con momenti giroscopici)

m 0 0 0
0 m 0 0
0 0 Id 0
0 0 0 Id

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

!!x
!!y
!!θ
!!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

0 0 0 0
0 0 0 0
0 0 0 I pΩ

0 0 −I pΩ 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

!x
!y
!θ
!φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

+

kxT 0 0 kxC
0 kyT −kyC 0

0 −kyC kyR 0

kxC 0 0 kxR

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

x
y
θ
φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

=

0
0
0
0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

m!!x + kT x + kCφ = 0
m!!y + kT y − kCθ = 0

Id !!θ + I pΩ !φ − kyCy + kyRθ = 0

Id !!φ − I pΩ !θ + kxCx + kxRφ = 0

⎧

⎨

⎪
⎪

⎩

⎪
⎪
⎪ o in forma matriciale…

ΩG M
M 0

⎡

⎣
⎢

⎤

⎦
⎥
d
dt

q
!q

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
+ K 0

0 −M
⎡

⎣
⎢

⎤

⎦
⎥

q
!q

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= 0

0
⎧
⎨
⎩

⎫
⎬
⎭

q =

x
y
θ
φ

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

o in forma canonica…

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotore rigido su supporti flessibili

La soluzione che deve risolvere simultaneamente tutte le equazioni è del tipo:

A[ ] !x{ }+ B[ ] x{ } = 0{ } ..classico problema agli autovalori.. 
..4 gradi di libertà.. 
..8 radici a 2 a 2 complesse coniugate..

si=1..4 = + jω i=1..4

si=5..8 = − jω i=1..4

⎧
⎨
⎩

Un modo di bounce ed un modo di tilt per ogni piano.. 
ed il loro complesso coniugato!
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotore
lunghezza L=0.5m 
raggio r=0.2m 
ρ=7810kg/m3 
kx=ky=1MN/m

z

y

ky2ky1

Condizioni
Iniziali
X0=1mm 
Y0=0.5mm 
Vx0=30mm/s

Quali sono le Frequenze naturali ?  
Come si calcola la risposta del rotore?

m = ρπD2L
4

= 122.68kg

I p =
mD2

8
= 0.6134kgm2

Id =
I p
2
+ mL

2

12
= 2.8625kgm2

kR = a
2kx1 + b

2kx2 = 125kNm

kT = kx1 + kx2 = 2000kNm

kC = −akx1 + bkx2 = 0kNm

Rotodinamica - flessionale / Esempio 1

Calcolo proprietà inerziali: Calcolo proprietà elastiche:
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

ω1 =ω 2 =
kT
m

= 127.68rad / s

ω 3 =ω 4 =
kR
Id

= 208.97rad / s

⎧

⎨

⎪
⎪

⎩

⎪
⎪

Rotodinamica - flessionale / Esempio 1

Esempio 1 (supporti isotropi / non accoppiamento elastico, a uguale b / no momenti giroscopici)

Direttamente dalle formule viste:

f1 = f2 =
1
2π

ω1 = 20.32Hz

f3 = f4 =
1
2π

ω 3 = 33.26Hz

⎧

⎨
⎪⎪

⎩
⎪
⎪

con le condizioni iniziali assegnate

!x = A1ω1 cos ω1t( )− A2ω1 sin ω1t( )
!y = B1ω 2 cos ω 2t( )− B2ω 2 sin ω 2t( )

⎧
⎨
⎪

⎩⎪

x = A1 sin ω1t( )+ A2 cos ω1t( )
y = B1 sin ω 2t( )+ B2 cos ω 2t( )

⎧
⎨
⎪

⎩⎪
x = 30

ω1

⎛
⎝⎜

⎞
⎠⎟
sin ω1t( )+ cos ω1t( )

y = 1
2
cos ω 2t( )

⎧

⎨
⎪
⎪

⎩
⎪
⎪
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 1

Plottando i risultati degli spostamenti ottenuti in x e y si ottiene  
il diagramma orbitale e lo spostamento nelle direzioni coordinate del baricentro 

diagramma orbitale 
spostamento del baricentro  
visto lungo asse z

proiezioni degli spostamenti  
del baricentro sul piano 
XZ (blu) e YZ (rosso)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

kT = kx1 + kx2 = 2300kNm

kC = −akx1 + bkx2 = 75kNm

kR = a
2kx1 + b

2kx2 = 143.75kNm

γ = kR
2Id

+ kT
2m

⎛
⎝⎜

⎞
⎠⎟

2

+ kC
2

mId
16.236rad 2 / s2

Rotodinamica - flessionale / Esempio 2

Esempio 2 (supporti isotropi / con accoppiamento elastico / no momenti giroscopici)

Rotore
lunghezza L=0.5m 
raggio r=0.2m 
ρ=7810kg/m3 
k1=1MN/m 
k2=1.3MN/m

Quali sono le Frequenze naturali ?  
Come si calcola la risposta del rotore?

Calcolo proprietà elastiche

m = ρπD2L
4

= 122.68kg

I p =
mD2

8
= 0.6134kgm2

Id =
I p
2
+ mL

2

12
= 2.8625kgm2

Calcolo proprietà inerziali:
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

ω1 =ω 2 =
kR
2Id

+ kT
2m

− γ = 135.08rad / s

ω 3 =ω 4 =
kR
2Id

+ kT
2m

+ γ = 225.21rad / s

⎧

⎨

⎪
⎪

⎩

⎪
⎪

Rotodinamica - flessionale / Esempio 2

Direttamente dalle formule viste:

f1 = f2 =
1
2π

ω1 = 21.50Hz

f3 = f4 =
1
2π

ω 3 = 35.84Hz

⎧

⎨
⎪⎪

⎩
⎪
⎪

le frequenze si alzano leggermente..

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

kT = 2000kNm
kC = 0kNm
kR = 125kNm kR = 143.75kNm

kC = 75kNm
kT = 2300kNm

Ω = 4000 2π
60

= 418.88rad / s

Rotodinamica - flessionale / Esempio 3

Esempio 3 (supporti isotropi / senza - con accoppiamento elastico / momenti giroscopici) a 4000rpm

Rotore (supporti uguali ) 
lunghezza L=0.5m 
raggio r=0.2m 
ρ=7810kg/m3 
kx=ky=1MN/m

Rotore (supporti differenti)
lunghezza L=0.5m 
raggio r=0.2m 
ρ=7810kg/m3 
k1=1MN/m 
k2=1.3MN/m

Calcolo proprietà elastiche

Calcolo velocità in radianti
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

ω1 =ω 2 =
kT
m

= 127.68rad / s

ω 3 = −
I pΩ
2Id

+
I pΩ
2Id

⎛
⎝⎜

⎞
⎠⎟

2

+ kR
Id

= 168.85rad / s

ω 4 =
I pΩ
2Id

+
I pΩ
2Id

⎛
⎝⎜

⎞
⎠⎟

2

+ kR
Id

= 258.61rad / s

s4 ∓ j
I p
Id

⎛
⎝⎜

⎞
⎠⎟
Ωs3 + kR

Id
+ kT
m

⎛
⎝⎜

⎞
⎠⎟
s2 ∓ j

kT I p
mId

⎛
⎝⎜

⎞
⎠⎟
Ωs + kRkT − kC

2

mId
= 0

s4 ∓ j89.76s3 + 68966s2 ∓ j1682800s + 925.48 ×106 = 0

Rotodinamica - flessionale / Esempio 3

Direttamente dalle formule viste:

f1 =
1
2π

ω1 = 21.33Hz

f2 =
1
2π

ω 2 = 21.58Hz

f3 =
1
2π

ω 3 = 29.58Hz

f4 =
1
2π

ω 4 = 43.62Hz

⎧

⎨

⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪

f1 = f2 =
1
2π

ω1 = 20.32Hz

f3 =
1
2π

ω 3 = 26.87Hz

f4 =
1
2π

ω 4 = 41.16Hz

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

(senza accoppiamento) (con accoppiamento)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 3

Variazione di ω3 ω4  
tra 0 e 2000 rad/s

Forward Whirl

Backward Whirl

.. è quindi possibile plotter l’andamento delle frequenze naturali  
in funzione della velocità di rotazione dell’albero…

concorde con Ω

discorde con Ω
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 4

z

y

ky2ky1

Rotore
lunghezza L=0.5m 
raggio r=0.2m 
ρ=7810kg/m3

Esempio 4 (supporti isotropi - anisotropi / con accoppiamento elastico / momenti giroscopici)

Esempio 4.1 (supporti isotropi / con accoppiamento elastico / momenti giroscopici) stazionario
k1=1MN/m 
k2=1.3MN/m

Esempio 4.2 (supporti anisotropi / con accoppiamento elastico / momenti giroscopici) stazionario, 
a 4000 e 8000 rpm

kx1=1MN/m 
ky1=1.1MN/m

kx2=1.3MN/m 
ky2=1.4MN/m
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 4

4.1 Calcolo le matrici di massa, rigidezza e giroscopica:

M =

122.68 0 0 0
0 122.68 0 0
0 0 2.8625 0
0 0 0 2.8625

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

K = 103
2.30 0 0 75
0 2.30 −75 0
0 −75 143.75 0
75 0 0 143.75

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

G =

0 0 0 0
0 0 0 0
0 0 0 0.6134
0 0 0.6134 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

ai quali corrispondono le seguenti soluzioni nel caso 4.1 
… (e le loro complesse coniugate)

f1 = 21.33Hz f2 = 21.58Hz f3 = 29.58Hz f4 = 43.62Hz

ω1 = 134.0rad / s ω 2 = 135.6rad / s ω 3 = 185.9rad / s ω 4 = 274.0rad / s
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 4

4.2 stazionario:

4.2 @4000rpm:

4.2 @8000rpm:

ω1 = 135.08rad / s ω 2 = 141.13rad / s ω 3 = 225.21rad / s ω 4 = 234.62rad / s

similmente per il caso 4.2…:

f1 = 21.50Hz f2 = 22.46Hz f3 = 35.85Hz f4 = 37.34Hz

ω1 = 134.74rad / s ω 2 = 140.94rad / s ω 3 = 190.15rad / s ω 4 = 278.94rad / s
f1 = 21.44Hz f2 = 22.43Hz f3 = 30.26Hz f4 = 44.40Hz

ω1 = 137.87rad / s ω 2 = 140.16rad / s ω 3 = 161.05rad / s ω 4 = 336.07rad / s
f1 = 21.13Hz f2 = 22.30Hz f3 = 25.63Hz f4 = 53.49Hz

si osservi come cambiano i valori… NB in maniera NON lineare!!!
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / Esempio 4

Questa è la ragione per cui è necessario calcolare i valori delle frequenze naturali 
alle diverse velocità di rotazione Ω! (ed ai diversi valori di rigidezza dei supporti) 

Diagramma di Campbell

3.3 Free whirling of the coupled, undamped system 109

FIGURE 3.6. Campbell diagram of a system made by a rigid rotor on two iden-
tical elastic supports.

Remark 3.2 The gyroscopic terms couple the behavior in the planes pass-
ing through the rotation axis and make it impossible for the system to per-
form elliptical or rectilinear motions.

An equation of the type of Equation (3.41) can yield elliptical motions
only in the case in which two of the eigenfrequencies $n have the same
modulus and opposite sign, as was the case for the Je�cott rotor and for
the horizontal branches of a rotor with uncoupling between conical and
cylindrical whirling. The introduction of gyroscopic moments causes for-
ward whirl frequencies to be di�erent from backward whirl frequencies and
causes all whirl motions to be circular. Obviously the four circular modes
can add to each other, yielding Lissajous curves.
To avoid solving Equation (3.40) in $, the Campbell diagram can be

obtained solving the same equation in . The equation is linear in this
unknown, and a closed-form solution can be easily found
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / effetto dello smorzamento

Se in parallelo alle rigidezze si mettono anche degli smorzatori,  
nel diagrammo di corpo rigido, bisognerà aggiungere le forze dissipative..

fx1 = kx1 x − aφ( )+ cx1 !x − a !φ( )
fx2 = kx2 x − bφ( )+ cx2 !x − b !φ( )
fy1 = ky1 y − aθ( )+ cy1 !y − a !θ( )
fy2 = ky2 y − bθ( )+ cy2 !y − b !θ( )

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

cxT = cx1 + cx2 cyT = cy1 + cy2
cxC = −acx1 + bcx2 cyC = −acy1 + bcy2
cxR = a

2cx1 + b
2cx2 cyR = a

2cy1 + b
2cy2

⎧

⎨
⎪⎪

⎩
⎪
⎪

..con le similari convenzioni..

m!!x + cxT !x + cxC !φ + kxT x + kxCφ = 0

m!!y + cyT !y + cyC !θ + kyT y + kyCθ = 0

Id !!θ + I pΩ !φ − cyC !y + cyR !θ − cyCy + kyRθ = 0

Id !!φ − I pΩ !θ + cxC !x + cyR !φ + kxCx + kxRφ = 0

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

Si possono poi studiare i diversi casi 
come fatto precedentemente per i  
sistemi non smorzati… 
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale / rotori flessibili

3.1 Generalized coordinates and equations of motion 95

FIGURE 3.1. Rotor with four degrees of freedom. (a) Rigid body on a massless
compliant shaft, (b) rigid rotor on compliant bearings, and (c) rotor in which
both the bearings and the shaft are compliant. In (a) and (c), the disc is assumed
to be a rigid body.

• - Rotate the axes of C[ 0\ 0]0 frame about the [ 0-axis of an angle
![0 until the \ 0-axis enters the rotation plane of the rigid body
in its deformed configuration. Let the axes so obtained be the
|- and }�-axes. The rotation matrix allowing one to express the
components of a vector in C[ 0|}�-frame from those in C[ 0\ 0]0-
frame (or in the inertial frame, because the directions of the axes
coincide) is

R1 =

5

7
1 0 0
0 cos(![0) sin(![0)
0 � sin(![0) cos(![0)

6

8 = (3.1)

- Rotate the frame obtained after the mentioned rotation, about
the |-axis until [ 0-axis also enters the rotation plane of the rigid
body in its deformed configuration. Let the axis so obtained be
the {-axis and the rotation angle be !|. After the two mentioned
rotations, }-axis coincides, apart from the angular error ", with
the symmetry axis of the rigid body in its deformed configura-
tion. Frame C{|} is centered in the center of the shaft of the
rigid body and follows it in its whirling motion. However, it does
not rotate with the spin speed . It will then be referred to as
whirling frame. Let the matrix expressing this second rotation
be

R2 =

5

7
cos(!|) 0 � sin(!|)

0 1 0
sin(!|) 0 cos(!|)

6

8 = (3.2)

..ci siamo concentrati su rotori rigidi e supporti flessibili       … 
ma esiste la possibilità di considerare rotori flessibili e supporti rigidi       …   

.. si procede similmente.. le frequenze naturali saranno associate a  
“modi” flessionali del rotore

2  Critical Speeds of Offset Jeffcott Rotor

The critical speeds were computed for various models assuming that the bearings are stiff.  The case
of finite stiffness bearings will be considered later.  The object of the current analysis is to
demonstrate the use of English and metric units and to review the accuracy of the various methods
of calculation.  Regardless of the system of units, it is very easy to have errors in the specification
of such properties as the mass density, external masses and disk inertia properties.
Also later, to be examined, will be the generation of a critical speed map, and review of the potential
and kinetic energy distributions in the various modes.  The evaluation of the energy distribution
provides information on the effectiveness of the bearing design, rotor design, and balancing
requirements.

2.1  Rotor 1st Critical Speed
Fig. 2.1 represents the first critical speed mode of the offset Jeffcott rotor.  A very high bearing
stiffness was assumed in order that the bearings are node points.  An example of this would be high
stiffness rolling element bearings.  The synchronous 1st critical speed is shown to be at 2477 RPM.
show At this speed, high amplitudes of motion would be encountered since the stiff bearings will

provide little effective damping.  In an actual rotor system, the main damping would be provided
by windage losses on the disk. The effect of windage losses may be simulated by the specification
of a third bearing acting at station 3. 
It should be of interest to note that a smooth curve is obtained with only 9 node points.  This is
because the curve is generated by a cubic spline curve fit.  The cubic spline curve exactly matches
beam theory and the curvature provides information on the shaft relative stresses.
                                                               2.1
Critical Speeds of Offset Jeffcott Rotor                                                                                  2.2 Rotor 2nd Critical Speed

Figure 2.1  1st Critical Speed With At 2,477 RPM

2.2  Rotor 2nd  Critical Speed
Fig 2.2 represents the 2nd critical speed of the offset Jeffcott rotor at Ncr2=16,526 RPM.  As can be
seen from the mode shape, the bearings have zero amplitude.  This represents a rigid bearing critical
speed.  After the rotor passes through the first critical speed, the disk mass center becomes a node
point.  This implied that radial unbalance at the disk center will have little influence on exciting this
mode.  Balancing applied at the disc will have little influence in controlling this mode.  This mode

could be excited by skew in the disk.
2nd Kinetic Mode Energy Distribution
Fig. 2.3 represents the kinetic energy distribution for
the 2nd mode.  The kinetic energy of translation of the
shaft is 83% and only 4% in the disk.  The other
components of kinetic energy represent the kinetic
energy of rotary inertia and gyroscopic energy. 
The total energy of translation is 82.86% for the shaft
and only 4.02% for the disk for a total translation
energy of 86.88%.  The net gyroscopic energy in the
shaft is 0.27 %R and-0.54%G for a net gyroscopic
energy of -.27%.  A negative gyroscopic energy
implies that this effect will raise the critical speed. In
this case there is little to no difference between
Bernoulli-Euler beam assumptions and the more
complex Timoshenko beam.

2.2
Critical Speeds of Offset Jeffcott Rotor                                                                                 2.3 Rotor 3rd Critical Speed

Figure 2.2  2nd Critical Speed At 16,526 RPM

Fig 2.3  2nd Mode Energy Distribution

The disk net gyroscopic energy for the second mode is 4.14% R and -8.17% G for a net total of -
4.03%.  The negative value implies that the disc 2nd critical speed will be slightly elevated by the
effective gyroscopic moment.  It should be noted that during a backward whirling motion, the
gyroscopic energy G=-8.17 will be reversed in sign.  In this case the total net gyroscopic energy will
be a positive 12.31%.  The higher the positive value of net gyroscopic energy implies the greater the
backward whirl mode will be reduced from the synchronous critical speed value.
2.3  Rotor 3rd  Critical Speed
Fig 2.3 represents the offset rotor 3rd critical speed at 53,982 RPM.  Note that the third mode shows
3 node points of zero amplitude. The disk center mass also remains a nodal point.
Kinetic Energy Distribution For 3rd Mode
Fig 2.4 represents the kinetic energy of the 3rd critical speed mode shape as seen in Fig. 2.4.  The

shaft has 93.5 % of the total system energy and the translation energy of the disk is only 1%. The
net gyroscopic energy of the disk is only -0.76%.  Hence we would expect to see little separation
between the forward and backward modes for this system.
Balancing Considerations For The 3rd Mode
From a balancing standpoint, the third mode can not be balanced either by the placement of a
balance weight on the disk at station 3.  Since the translational energy of the disk is so low for this
mode, then correction weights on the disk or impeller will be ineffectual.  A couple set of weights
would also have a minor effect on correction of this mode since the gyroscopic energy is also
insignificant. 
For proper balancing of this mode, balancing collars would need to be placed at locations 5 and 8.
The placement of these collars would cause a reduction in frequency of the 3rd mode, and also to
some extent in the first two modes as well.  A single correct weight could be placed at the balancing
collar at station 5, but this would cause a strong  excitation at the first mode as well.  Two balancing
weights placed out of phase at stations 5 and 8 could be used in balancing this mode.  The use of
balancing collars has been employed on long LP gas turbine engine rotors and also on drive shafts
of helicopter engines. 
 
                                                                        2.3 

  Fig 2.4  3rd Mode Kinetic Fig 2.3 3rd Critical Speed At 53,982 RPM

.. anche in questo caso ci sarà 
l’effetto dei momenti giroscopici e 
la divisione dei modi (concordi e 
discordi a Ω)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

Riassumendo:

I rotori hanno modi naturali di vibrazione..

I modi di vibrazione dipendono dalle  
• caratteristiche del rotore 
• caratteristiche dei supporti 
• velocità di rotazione del rotore..

I modi di vibrazione devono essere lontani dalla velocità 
di utilizzo del rotore..  
altrimenti si amplificano le deformazioni del rotore stesso 
> contatti,stress, rotture..

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

I rotori però solitamente sono più complessi e la rappresentazione  
finora utilizzata non basta…  
bisogna estendere l’analisi a sistemi contenenti più elementi..  
questi sono  
collegati tra loro con elementi rigidi.. 
supportati da cuscinetti.. 
soggetti a forzanti esterne e meccanismi dissipativi.. 
..

Rotodinamica - flessionale

Bisogna trovare il modo di calcolare i modi di vibrare anche  
in queste condizioni.. tracciare il diagramma di Campbell e verificare 
che il regime di funzionamento sia lontano dai modi trovati!!

Diventa necessaria una formulazione  
MDOF.. o FEM..
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

I rotori complessi possono essere considerati come l’unione di  
elementi diversi, opportunamente combinati. 

In prima battuta si può immaginare che i rotori subiscano  
solamente delle vibrazioni trasversali (o laterali), per cui ogni 
nodo del sistema può avere 4 coordinate (due traslazioni e  due rotazioni)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

Gli elementi costitutivi sistema rotante da tenere in considerazione saranno:

a. I Volani (dischi) caratterizzati da momenti d’inerzia polare Ip e diametrale Id   

(sono rotori assialsimmetrici.. Id è unico..), Ciascun volano sarà caratterizzato 
da un opportuna matrice inerziale e una per gli effetti inerziali:

M =

m 0 0 0
0 m 0 0
0 0 Id 0
0 0 0 Id

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

G =

0 0 0 0
0 0 0 0
0 0 0 I p
0 0 I p 0

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

Per geometrie complesse utilizzare 
il tensore d’inerzia calcolati dai programmi CAE

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

b. le sezioni di Alberi intermedie ai volani caratterizzati da masse (inerzie)  
e rigidezze (flessionali)e dalle rispettive matrici

In funzione della tipologia di analisi si possono utilizzare diverse teorie per  
studiare la deformazione di questi elementi (Eulero-Bernulli, Timoshencko..), 
includendo effetti relativi a: 
Taglio 
Coppia esterna 
Momenti giroscopici 
Sollecitazioni assiali 
Variazioni di sezione 
.. 
caratterizzando così le matrici di massa e rigidezza. 

mailto:bregant@units.it


Luigi BREGANT 
bregant@units.it

E’
 v

ie
ta

to
 o

gn
i u

til
iz

zo
 d

iv
er

so
 d

a 
qu

el
lo

 in
er

en
te

 la
 p

re
pa

ra
zi

on
e 

de
ll’e

sa
m

e 
de

l c
or

so
 d

i M
ec

ca
ni

ca
 d

el
le

 V
ib

ra
zi

on
i @

U
ni

ts
 

E’
 e

sp
re

ss
am

en
te

 v
ie

ta
to

 l’
ut

iliz
zo

 p
er

 q
ua

ls
ia

si
 s

co
po

 c
om

m
er

ci
al

e 
e/

o 
di

 lu
cr

o

Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

c. I cuscinetti, le tenute, ed in generale le iterazioni tra rotore e statore
Questi elementi sono in generale non lineari e dissipativi  
(non essendo infinitamente rigidi) e complicano la formulazione delle  
equazioni di moto.

fx
fy

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= −

kxx kxy
kyx kyy

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

x
y

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
−

cxx cxy
cyx cyy

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
!x
!y

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

Linearizzando attorno al punto di funzionamento le forze saranno espresse 
dalla seguente relazione.. ricordando che le rigidezze e gli smorzamenti  
possono dipendere da Ω..

Qs = − K Ω( )⎡⎣ ⎤⎦ q{ }− C Ω( )⎡⎣ ⎤⎦ !q{ }

I cuscinetti idrodinamici verranno modellati in funzione delle caratteristiche 
geometriche (dimensioni) e del fluido (tipo, portata, temperatura..)
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Rotodinamica - flessionale

Ogni tipo di supporto avrà una modellazione diversa!
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Dip. Ingegneria e Architettura

Rotodinamica - flessionale

d.le forze generati da elementi particolari quali ad esempio la forza  
di Alford (instabilità delle turbine a gas), degli smorzatori a filo d’olio,  
dei campi magnetici sbilanciati, delle reazioni vincolati dei supporti di banco  
e delle fondazioni…
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

Una volta noti tutte tutte le matrici dei diversi elementi,  
queste possono essere assemblate a formare il sistema completo..

M[ ] !!q{ }+ C[ ] !q{ }+Ω G[ ] !q{ }+ K[ ] q{ } = 0{ }

Nodo1 Nodo2 Nodo3 Nodo4

Volano

Albero1 Albero2 Albero3

Vincolo1 Vincolo2

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

+

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

Albero1 Albero2 Albero3 Volano Vincoli
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - flessionale

M[ ] !!q{ }+ C[ ] !q{ }+Ω G[ ] !q{ }+ K[ ] q{ } = 0{ }

Dall’equazione del sistema completo si cercheranno 
gli autovalori (frequenze naturali) e gli autovalori (deformate modali)

C +ΩG M
M 0

⎡

⎣
⎢

⎤

⎦
⎥
d
dt

q
!q

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
+ K 0

0 M
⎡

⎣
⎢

⎤

⎦
⎥

q
!q

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
= 0

0
⎧
⎨
⎩

⎫
⎬
⎭

A[ ] d
dt

X{ }+ B[ ] X{ } = 0{ }

Ricordarsi che le matrici dipendono da Ω !!! e cosi gli autovalori trovati! 
Verificare che  questi siano lontani dalle frequenze di funzionamento del rotore!!
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

Rotodinamica - torsionale

Non sempre i rotori subiscono deformazioni laterali, esiste la possibilità che 
l’asse del rotore resti rettilineo, ma i volani che lo formano ruotino relativamente 
tra loro.. si parla in questo caso di vibrazioni torsionali. 

Sono altrettanto importanti, perché stressano gli elementi del rotore a torsione 
(alterna) causando problemi di fatica e di rotture. 

Diventano particolarmente importanti quanto si connettono macchine differenti 
(mishatch tra inerzie, rigidezze, torcenti..)
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Meccanica delle VibrazioniUniversità degli studi di Trieste 
Dip. Ingegneria e Architettura

I rotori possono essere classificati in due grandi famiglie per lo 
studio delle vibrazioni torsionali..

..”in linea”..

kj

Jpj

..”ramificati”..

Rotodinamica - torsionale

Jpj

kj

Anche per lo studio delle vibrazioni torsionali si procede  
• scrivendo le equazioni di equilibrio dei elementi.. 
• ricercando gli autovalori e gli autovettori del sistema di equazioni.. 
considerando le opportune matrici di inerzia e rigidezza..
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kj

Jpj

Rotodinamica - torsionale

Anche per lo studio delle vibrazioni torsionali si procede  
• scrivendo le equazioni di equilibrio dei elementi.. 
• ricercando gli autovalori e gli autovettori del sistema di equazioni.. 
considerando le opportune matrici di inerzia e rigidezza..

M =

m1 0 0 0
0 m2 0 0
0 0 m3 0
0 0 0 m4

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

K =

k0 + k1 −k1 0 0
−k1 k1 + k2 −k2 0
0 −k2 k2 + k3 −k3
0 0 −k3 k3

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

M =

I p1 0 0 0

0 I p2 0 0

0 0 I p3 0

0 0 0 I p4

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

K =

kθ 0 + kθ1 −kθ1 0 0
−kθ1 kθ1 + kθ 2 −kθ 2 0
0 −kθ 2 kθ 2 + kθ 3 −kθ 3
0 0 −kθ 3 kθ 3

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

kθj

mj

torsionale
traslazionale

kθ j =
T
θ
= GJ
L

kj =
F
x
= EA
L ..formule approssimate… 

“Blevins 1979”
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Rotodinamica - torsionale

In entrambi i casi si tratta di ricercare gli autovalori del sistema di equazioni: 
già visto..

M[ ] !!q{ }+ K[ ] q{ } = 0{ }

λ M[ ] ϕ{ } = K[ ] ϕ{ }

traslazionale torsionale

Non ci sono forzanti, smorzamento e effetti giroscopici…  
Le matrici possono tener conto di anisotropie..
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I modo (rigido)

II modo (1 nodo)

III modo (2 nodi)

IV modo (3nodi)

V modo (4 nodi)

Esistono diversi metodi  
iterativi per il calcolo delle 
vibrazioni torsionali.. 

Holzer.. 
Myklestadt.. 
Prohl… 

e con codici FEM..

Rotodinamica - torsionale

Esempio.. forme modali torsionali rotore con 5 volani

..N volani..2N autovalori..N autovettori distinti
..se il rotore non è vincolato al mondo esterno.. 
modo di corpo rigido!

..se N è il modo che si considera,  
ci sono (N-1) nodi nella deformata!
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..”in linea”equivalente....”ramificati”..

Rotodinamica - torsionale

Nello studio dei sistemi rotanti è possibile trovare sistemi ramificati 
(in presenza di riduttori, divisori di coppia, derive di utenze)…  

Bisogna trasformare tali sistemi in sistemi lineari equivalenti, 
tenendo conto del rapporto d trasmissione delle ruote dentate 
ingranate

Ri
Ni

=
Rj

N j

Rjω j = −Riω i γ = Ni

N j

i entrante 
j uscente
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I1 I2

I3 I4

k1

k2

R2 ed R3 sono raggi delle ruote 2 e 3.. 
N2 ed N3 sono i rispettivi numeri dei denti.. 

Sia γ il rapporto di trasmissione N2/N3  
oppure R2/R3  

I quattro volani non sono più indipendenti! 
Le velocità tangenziali di I2 e I3 sono uguali! 

Vale la relazione: !θ3 = −γ !θ2

(NB c’è il segno - perché cambia il verso di rotazione!)

Rotodinamica - torsionale

Esempio..trovare il sistema in linea equivalente al sistema ramificato di figura: 
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θ3 = −γθ2

I1!!θ1 + k1 θ1 −θ2( ) = T1
I2 + γ

2I3( ) !!θ2 + k1 θ2 −θ1( )+ γ 2k2 θ2 −θ3
'( ) = T2 − γ T3

γ 2I4 !!θ3
' + γ 2k2 θ3

' −θ2( ) = −γ T4

⎧

⎨
⎪
⎪

⎩
⎪
⎪

θ4 = −γθ3
1

ricordando che  

e sottraendo γ[3]-[2] 

I1!!θ1 + k1 θ1 −θ2( ) = T1
I2 !!θ2 + k1 θ2 −θ1( ) = T2 + R2F23
I3!!θ3 + k2 θ3 −θ4( ) = T3 + R3F23

I4 !!θ4 + k2 θ4 −θ3( ) = T4

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

Rotodinamica - torsionale

Le equazioni del moto dei 4 volani sono le seguenti..

Ricordando che 
facendo l’equilibrio dei momenti (sottraendo γ[3]-[2]) si ottine.. 
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I1
I2+γ2I3

γ2I4

k1 k1+γ2k2

I1 0 0

0 I2 + γ
2I3 0

0 0 γ 2I4

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

!!θ1
!!θ2
!!θ3
'

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

+

k1 −k1 0

−k1 k1 + γ
2k2 −γ 2k2

0 −γ 2k2 γ 2k2

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

θ1
θ2
θ3
'

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

=
T1

T2 − γ T3
−γ T4

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

..ottenendo il modello “in linea” 
equivalente..

..esiste una formulazione matriciale per i sistemi ramificati più complessi 
che porta alla scrittura equazioni per di sistemi “in linea” equivalenti.. 
(matrice forze interne, vincoli e rapporti di trasmissione) 

..analogamente ai sistemi lineari… si calcolano anche le risposte forzate!!

Rotodinamica - torsionale
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Le macchine rotanti hanno generalmente due modalità di funzionamento: 
a regime costante (es. alternatore / turbina produzione elettricità) 
a regime variabile (es. motore autoveicolo)..

..in entrambi i casi è interessante tracciare l’andamento nel tempo il livello (RMS)  
delle componenti armoniche delle forze che agiscono su queste..  
(le vibrazioni che si generano e che bisogna controllare dipendono da queste forze!)

..effettuando l’analisi agli ordini!  
(ricordiamo il legame tra il regime di funzionamento e le risonanze del sistema)

Rotodinamica - torsionale
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Macchinario rotante - analisi agli ordini

Un ordine è un fenomeno che si presenta un certo numero di volte  
all’interno di un giro completo del rotore..

ad esempio..  
lo squilibrio avrà un periodicità 1x 
l’eccitazione delle palette una periodicità 7x 
l’eccitazione elettrica una periodicità 4x 

…indipendentemente dalla velocità 
di rotazione del ventilatore! 

indipendentemente dalle risonanze  
del sistema! 

NB gli ordini possono non essere numeri interi! 
rapporto di trasmissione 1:2.3 
ci saranno gli ordini x2.3 x4.6 x6.9…
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Macchinario rotante - analisi agli ordini

Solitamente il segnale vibrazione misurato su una macchina, viene campionato  
a brevi intervalli di tempo equispaziati per fare l’analisi di Fourier  
e trovarne lo spettro in frequenza..(..more on this later on..)

Se la velocità della macchina è variabile il contenuto in frequenza  
del segnale cambia..(cambia lo spettro) 
e contemporaneamente cambia anche il numero di campioni  
per rotazione del rotore..(cambia la risoluzione)  

Si vuole misurare la velocità istantanea del rotore 
(tachimetrica) 
e si vuole eliminare l’influenza delle 
variazioni di velocità  
(ricampionamento nel dominio dell’angolo)
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Macchinario rotante - analisi agli ordini

Tachimetrica: si misura l’intervallo di tempo tra due impulsi  
successivi di un trasduttore

vr (t) =
60

Np t2 − t1( )

Sensori Induttivi, Capacitivi, Ottici, 
Counter…

Np numero di impulsi per giro 
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Macchinario rotante - analisi agli ordini

Ricampionamento nel dominio dell’angolo: si fa in modo che in un giro,  
indipendentemente dalla sua durata di questo ci siano N campioni Δt→Δθ

 

algorithms which are implemented in the various hardware and software on the market are typically considered 
proprietary and therefore not commonly published. 
 
The process of adaptive resampling original data in which the frequencies of rotating components or in the case 
of pass-by data, moving components, have frequencies which vary as a function of a time and are therefore time 
varying in frequency will be made to appear as though they are time invariant or stationary.  Advantages of this 
process are that time varying frequency components require specialized digital signal processing, DSP, 
algorithms such as tracking filters for analysis whereas time invariant frequency components do not require any 
specialized DSP algorithms.  This means that the Fourier transform, standard non-tracking digital filters, wavelets, 
statistics, …etc. can be used with no errors beyond that present in stationary data which has not been adaptively 
resampled. 
 
The first published material using adaptive resampling for rotating machinery based analysis was Potter, et al 
from Hewlett Packard [ref. 1-7] in the presentation of a digital order tracking.  Hewlett Packard considers the exact 
implementation of the technique to be proprietary and as such has not published many of the details but did hold 
a U.S. patent for their implementation.  Both the small and large channel count dynamic signal analyzers that HP 
manufactures have this type of order tracking available either as a standard feature or as an option.  Recently 
many other dynamic signal analyzer manufacturers have begun to offer a type of resampling based order 
tracking.  Again, these manufacturers consider their exact implementation to be proprietary and have not 
published their methods of implementation. 
 
This paper presents several different adaptive resampling procedures which may be used in anywhere adaptive 
resampling is required.  For simplicity’s sake many of the examples are presented from a rotating machinery 
perspective but it should be realized that simply changing the reference tachometer signal to the reference signal 
of choice is the only change which must be made to use the procedures elsewhere.  
 
JUSTIFICATION FOR ADAPTIVE RESAMPLING: 
 
A stationary time invariant system is shown in Figure 1, in this case the frequency of the data depicted in the top 
of this figure does not vary as a function of time.  The second plot in this figure represents the spacing relative to 
time of the samples of the sampled waveform, in this case this spacing is constant and would normally be referred 
to as ∆t.  The third plot from the top in this figure shows the spacing of the data samples relative to a shaft angle, 
each instance of the shaft shows 8 samples/revolution indicated by ‘x’s, this rate does not change as time 
increases moving from left to right in this plot.  The bottom plot shows the sampled waveform plotted relative to 
the time domain sampling that it has undergone.  In this case, sampling relative to ∆t or ∆θ results in the same 
apparent waveform.  This is exactly the case for all stationary signals and allows DSP methods which are 
developed relative to constant ∆t’s to work well because the kernel of the Fourier transform, or any other 
transform looks like the signal of interest. 
 

Fr
eq

ue
nc

y

Time

Sample Time Axis

Sample Angle Axis

Sampled Waveform

Note: Constant ∆t Î Constant ∆θ!  
Figure 1: Graphical representation of sampled constant frequency sine wave, indicating constant time 

and constant angular sampling yield same waveform. 

 

 
Figure 2 shows the sampling situation when the frequency of the signal of interest can vary as a function of time, 

in this increasing with time, and a constant ∆t is used to acquire the data.  In this case it can be seen that the 
samples relative to angular position vary as a function of time.  Obviously, this sampled waveform does not 
resemble the form of the kernel of the Fourier transform.  Frequency components which are varying in this 
manner will not be stationary on one spectral line of a Fourier transform.  This problems manifests itself as 
leakage an smearing in the frequency domain.  For this reason a Hanning window is normally applied to reduce 
leakage and in turn compromises the frequency resolution of the FFT. 
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Note: Constant ∆t ≠ Constant ∆θ!

 
Figure 2: Varying frequency sine wave sampled with a constant ∆t. 

 
To overcome the limitations of using standard DSP on frequency varying signals the concept of adaptive 
resampling is introduced.  Figure 3 shows the result of sampling the same varying frequency sine wave of Figure 

2 with a constant angular sampling interval, ∆θ.  Notice how the sampled waveform in the bottom portion of Figure 
3 once again looks like the sampled waveform in the bottom portion of Figure 1.  This waveform, though now 
sampled relative to angle as opposed to time may now be treated as though it is actually sampled relative to time 
with the understanding that the results of various DSP algorithms will not be frequency dependent but instead 
dependent on multiples of the varying frequency component.  In rotating machinery applications we define the 
reference frequency to be 1

st
 order and the multiples to be 2

nd
, 3

rd
, or 4

th
 orders if they are 2, 3, or 4 times the 

reference frequency respectively.  If this data were acquired during a pass-by type of event than the source 
frequencies which did appear as though they were changing, and were due to the Doppler shift, now appear as 
they would if the pass-by microphone had been mounted on the moving vehicle and there had been no Doppler 
shift. 
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Note: Variable ∆t Î Constant ∆θ!
 

Figure 3: Varying frequency sine wave sampled with a constant angular interval, ∆θ. 

 

 
Figure 2 shows the sampling situation when the frequency of the signal of interest can vary as a function of time, 

in this increasing with time, and a constant ∆t is used to acquire the data.  In this case it can be seen that the 
samples relative to angular position vary as a function of time.  Obviously, this sampled waveform does not 
resemble the form of the kernel of the Fourier transform.  Frequency components which are varying in this 
manner will not be stationary on one spectral line of a Fourier transform.  This problems manifests itself as 
leakage an smearing in the frequency domain.  For this reason a Hanning window is normally applied to reduce 
leakage and in turn compromises the frequency resolution of the FFT. 
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Figure 2: Varying frequency sine wave sampled with a constant ∆t. 

 
To overcome the limitations of using standard DSP on frequency varying signals the concept of adaptive 
resampling is introduced.  Figure 3 shows the result of sampling the same varying frequency sine wave of Figure 

2 with a constant angular sampling interval, ∆θ.  Notice how the sampled waveform in the bottom portion of Figure 
3 once again looks like the sampled waveform in the bottom portion of Figure 1.  This waveform, though now 
sampled relative to angle as opposed to time may now be treated as though it is actually sampled relative to time 
with the understanding that the results of various DSP algorithms will not be frequency dependent but instead 
dependent on multiples of the varying frequency component.  In rotating machinery applications we define the 
reference frequency to be 1

st
 order and the multiples to be 2

nd
, 3

rd
, or 4

th
 orders if they are 2, 3, or 4 times the 

reference frequency respectively.  If this data were acquired during a pass-by type of event than the source 
frequencies which did appear as though they were changing, and were due to the Doppler shift, now appear as 
they would if the pass-by microphone had been mounted on the moving vehicle and there had been no Doppler 
shift. 
 

Fr
eq

ue
nc

y

Time

Sample Time Axis

Sample Angle Axis

Sampled Waveform

Note: Variable ∆t Î Constant ∆θ!
 

Figure 3: Varying frequency sine wave sampled with a constant angular interval, ∆θ. 
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