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1. Introduction

Many complex systems, from genetic networks and signal pathways in cells, to epidemic spreading, to telecommunica-
tion systems, can be formally described as Markovian stochastic processes of the class of Markov population models [1].
Stochastic Process Algebras (SPA) are a powerful framework for quantitative modelling and analysis of such population pro-
cesses [2]. They have been applied in a wide variety of contexts, including computer systems [2], biological systems [3-5],
ecological [6] and crowd [7] modelling.

However, their standard semantics, given in terms of Continuous Time Markov Chain (CTMC [8]), suffer from the problem
of state space explosion, which impedes the use of SPA to analyze models with a large state space. A recent technique
introduced to tackle this problem is fluid approximation [9], which describes the number of system components by means
of continuous variables and interprets rates as flows, thus providing a semantics in terms of Ordinary Differential Equations
(ODE).

The relationship between these two semantics is grounded on the law of large numbers for population processes [10],
first proved by Kurtz back in the seventies [11]. Applying this theoretical framework to SPA models, one obtains that the
fluid ODE is the limit of the sequence of CTMC models [12-14], obtained by the standard SPA semantics for increasing
system size, usually the total number of agents in the system. This also provides a link with a large body of mathematical
literature on fluid and mean field approximation (see e.g. [1] for a recent review).

These results provide the asymptotic correctness of the fluid semantics and justify the use of ODE to analyze large
collective SPA models. Fluid approximation is also entering into the analysis phase in a more refined way than just by
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numerical simulation. For instance, in [15], the authors use fluid approximation for the computation of passage-times, while
in [16,17] the fluid approximation scheme is used to model check properties of single agents in a large population against
CSL properties.

Despite the remarkable success of fluid approximation of SPA models, its applicability is restricted to situations in which
all components are present in large quantities, and all events depend continuously on the number of the different agent
types. This excludes many interesting situations, essentially all those in which some sub-populations have a fixed and small
size. This is the case in biological systems, when one considers gene networks, but also in computer systems when one
models some form of centralized controller. Furthermore, the description of control policies is often simplified by using
forced (or instantaneous) events, happening as soon as certain condition are met, and more generally guard predicates,
modulating the set of enabled actions as a function of the global state of the system.

These features of population models are not easily captured in a fluid flow scheme, as they lead naturally to hybrid
systems, in which discrete and continuous dynamics coexist. To deal with these situations, in [18,19] the authors proposed
a hybrid semantics for a specific SPA, namely stochastic Concurrent Constraint Programming (SCCP [4]), associating with
a sCCP model a hybrid system where continuous dynamics is interleaved with discrete Markovian jumps. In [20], also in-
stantaneous transitions are incorporated in the framework. Such a hybrid semantics has been also defined for other process
algebras, namely PEPA [21] and Bio-PEPA [22]. In this way, one can circumvent the limits of fluid-flow approximation, whilst
keeping discrete only the portions of the system that cannot be safely described as continuous. Roughly speaking, this hy-
brid semantics works by first identifying a subset of system variables to be approximated continuously, keeping discrete the
remaining ones. The latter set of variables identifies the discrete skeleton of the hybrid system, while the former defines
the continuous state space. Then, each activity of agents, corresponding to a transition that modifies the state of the system,
is classified as continuous, discrete/stochastic, or discrete/instantaneous. The first class of transitions is used to construct
a vector field giving the continuous dynamics of the hybrid system (in each mode), while the other two transition classes
define the discrete dynamics. It is worth stressing that such a hybrid approximation is generally applicable to population
models, SPA offering however a nice formal framework to automatically construct such hybrid limits.

The advantages of working with a hybrid semantics for SPA are mainly rooted in the speed-up that can be achieved in
the simulation, as discussed e.g. in [19] and [23]. Moreover, the hybrid semantics put at disposal of the modeller a broader
set of analysis tools, like transient computation [24] or moment closure techniques [25,26].

While the theory of deterministic approximation of CTMC is well developed, hybrid approximation has attracted much
less attention. To the author’s knowledge, the preliminary work [27] on which this paper is based was the first attempt to
prove hybrid convergence results in a formal method setting. There has been some previous work on hybrid limits in [28],
restricted however to a specific biological example, and in the context of large deviation theory [29], where deterministic
approximation of models with level variables has been considered (but in this case transitions between mODE are fast, so
that the discrete dynamics is always at equilibrium in the limit). More recent work is [30], which discusses hybrid limits for
genetic networks (essentially the class of models considered in [27] with some extensions).

The focus of this paper is to provide a general framework to infer consistence of hybrid semantics of SPA models in
the light of asymptotic correctness. In doing this, we aimed for generality, proving hybrid limit theorems for a framework
including instantaneous events, with guards possibly involving model time, random resets, and guards in continuous and
stochastic transitions. The goal was to identify a broad set of conditions under which convergence holds, potentially usable in
static analysis algorithmic procedures that check if a given model satisfies the conditions for convergence. We will comment
on this issue in several points in the paper. To author’s knowledge, this is the first attempt to discuss hybrid approximation
in such generality.

We will start our presentation recalling sCCP (Section 2.1) and the hybrid semantics (Section 2.3). We will formally
define it in terms of Piecewise Deterministic Markov Processes (Section 2.4, [31]), a class of Stochastic Hybrid Processes in
which the continuous dynamics is given in terms of Ordinary Differential Equations, while the discrete dynamics is given
by forced transitions (firing as soon as their guard becomes true) and by Markovian jumps, firing with state dependent rate.
The hybrid semantics is defined by introducing an intermediate layer in terms of an automata based description, by the
so-called Transition-Driven Stochastic Hybrid Automata (TDSHA, Sections 2.2 and 2.5, [18,19]).

After presenting the classic fluid approximation result, recast in our framework (Section 4), we turn our attention to
sCCP models that are converted to TDSHA containing only discrete/stochastic and continuous transitions, with no guards
and no instantaneous transitions, but allowing random resets (general for discrete/stochastic transitions and restricted for
continuous ones). In Section 5, we prove a limit theorem under mild consistency conditions on rates and resets, showing
that the sequence of CTMC associated with a sCCP program, for increasing system size, converges to the limit PDMP in the
sense of weak convergence. Technically speaking, the appearance of weak convergence instead of convergence in probability,
in which classic fluid limit theorems are usually stated, depends on the fact that the limit process is stochastic and can have
discontinuous trajectories.

We then turn our attention to the limit behaviour in the presence of sources of discontinuity, namely instantaneous
transitions (Section 6) or guards in continuous (Sections 7.2 and 7.1) or discrete/stochastic transitions (Section 7.4).

In all these cases, the situation is more delicate and the conditions for convergence are more complex. Guards in contin-
uous transitions introduce discontinuities in the limit vector fields, requiring us to define the continuous dynamics in terms
of the so-called piecewise-smooth dynamical systems [32] or, more generally, in terms of differential inclusions [33]. Here,
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however, we can exploit recent work in this direction [34-36], and the hybrid convergence theorem extends easily, provided
we can guarantee global existence and uniqueness of the solutions of the discontinuous differential equations.

The situation with guards for discrete/stochastic transitions and with instantaneous events is even more delicate: subtle
interactions between the continuous dynamics and the surfaces in which guards can change truth status (called discontinu-
ity or activation surfaces in the paper) can break convergence. We discuss this in detail first for instantaneous transitions
(Section 6) and then for guards in discrete/stochastic transitions (Section 7.4). In these sections, we identify regularity condi-
tions to control these subtle interactions, extending the convergence also to this setting. However, checking these conditions
is more complicated, because they essentially impose restrictions on the global interactions between the vector fields and
the discontinuity surfaces. A way out of this problem, hinted in the conclusions (Section 8) is to increase the randomness in
the system by adding noise on resets and initial conditions or on the continuous trajectories, i.e. considering hybrid limits
with continuous dynamics given by Stochastic Differential Equations or Gaussian Processes [37]. In the conclusions we will
also comment on the applicability of our results to the stationary behaviour of the CTMC. Throughout the paper, starred
remarks contain more advanced material that can be skipped at a first reading.

2. Preliminaries

In this section, we introduce preliminary concepts needed in the following. We will start in Section 2.1 by presenting
sCCP, the modelling language that will be used in the paper to provide a high level description of populations of interacting
agents. We will then introduce Transition-Driven Stochastic Hybrid Automata (TDSHA, Section 2.2), a high level formalism to
model the limit hybrid processes of interest, namely Piecewise Deterministic Markov Processes (PDMP, Section 2.4). Finally,
we will consider also how to define a hybrid semantics for sCCP by syntactically transforming a SCCP model into a TDSHA
(Section 2.3) and a TDSHA into a PDMP (Section 2.5).

2.1. Stochastic Concurrent Constraint Programming

We will start by introducing a modelling language suitable to formalize the class of models of interacting agents of in-
terest, and to offer a convenient formal setting to derive different underlying mathematical models, in terms of Continuous
Time Markov Chains (CTMC), Stochastic Hybrid Systems, and Ordinary Differential Equations. The class of systems we want
to describe falls within the domain of Markov population models [10], which include epidemic spreading, biochemical intra-
cellular processes, models of cell-to-cell interaction, computer and telecommunication systems, like queues and client/server
interactions, ecological models, just to cite a few.

The language of our choice is stochastic Concurrent Constraint Programming [4], SCCP, a stochastic extension of CCP [38].
sCCP belongs to the family of stochastic process algebras [39,40], and the variant presented essentially resembles the one
of [20]. In the following we just sketch the basic notions and the concepts needed in the rest of the paper. More details on
the language can be found in [41,4,19,20].

sCCP programs are defined by a set of agents interacting asynchronously and exchanging information through a shared
memory called the constraint store. More precisely, the store contains a set of global variables. Agents can (asynchronously)
update the value of such variables and test if the current state of the store satisfies a logical predicate. Agents actions are
thus guarded updates of store variables, and they take some (random) time to happen, specified by a rate, encoding the
average frequency of the update. In sCCP, rates are functions depending on the current state of the store. Furthermore,
the version of sCCP considered here allows random updates of store variables, updates firing instantaneously, and variables
describing the state of the environment, which can take values in an uncountable set.!

2.1.1. Syntax
We start the presentation of sCCP by giving the formal definition of the syntax.

Definition 2.1. A sCCP program is a tuple A = (X, D, Def, A, X¢), where

1. The initial network of agents A and the set of definitions Def are given by the following grammar:

Def = ¢ | Def U Def | {C % M}

A=0|C|A|A
M=m.A|M+M
7 =[gX) = uX, X, W)lix | [gX) = uX, X, W)]oo:px)

2. X is the set of stream variables of the store (with global scope). A variable X € X takes values in Dy. Variables are
divided into two classes: model or system variables whose domain Dyx has to be a countable subset of R (usually the

1 Readers familiar with CCP will find a more detailed discussion of how sCCP fits within the CCP family of languages in Remark 2.2. A quick comparison
with standard approaches to describe population models can instead be found in Remark 2.1.
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integers), and environment variables, whose domain can be the whole R. The state space of the model is therefore

D= l_[XeX Dx;
3. Xg € D is the initial value of store variables.

System variables usually describe the number of individuals of a given population, like the number of molecules in
a biochemical mixture or the number of jobs waiting in a queue. Environment variables, on the other hand, are useful
to describe properties of the “environment”, like the temperature of a biochemical system, or the value of a controllable
parameter that may change at run-time. Examples of the use of environment variables will be given in Section 5.

In the previous definition, C is a component name, which is used for recursive agent definition. Each component corre-
sponds to a summation M, i.e. to an agent that can perform one or more basic actions, then behaving like an agent network
A, itself a parallel composition of zero or more components. A basic action 7 (called throughout the paper also event or
transition) is a guarded update of (some of the) store variables. In particular:

e the guard g(X) is a quantifier-free first order formula whose atoms are inequality predicates on variables X;

e the update u(X, X', W) is a predicate on X, X/, a conjunction of atomic updates of the form A y.x X' =r(X, W), where X’
denotes variable X after the update. Here r is a function with values in Dy, and can depend on the store variables X
and on a random vector W in R" (for some h > 0), which can also depend on the current state of variables X. Updates
will be referred to also as resets.

e The rate function A : D — R is the (state dependent) rate of the exponential distribution associated with 7, which
specifies the stochastic duration of 7;

o if, instead of A, an action 7 is labelled by oo : p(X), it is an instantaneous action. In this case, p : D — R is the weight
function associated with the action.

Updates can be seen as (random) functions from D to itself, and they can be very general. However, in the following we
will need to restrict them in order to define the fluid semantics. An atomic reset is a constant increment update if it is of the
form X’ = X +k, with k € R such that X’ € Dx whenever X € Dx (usually X,k € Z) and it is a random increment update if it
is of the form X’ = X + u, with p a random number, such that || has finite expectation. An update is a constant/random
increment if all its atomic updates are so.

Example 2.1. We introduce now a simple example that will be used for illustrative purposes throughout the paper. We
will consider a simple client-server system, consisting of a population of clients which request a service and, after having
obtained an answer, process it for some time before asking for another service, in a loop. The servers, instead, reply to
clients’ request at a fixed rate. We ignore any internal behaviour of servers, for simplicity. However, servers can break down
and need some time to be repaired. We can model such system in sCCP by using 4 variables, two counting the number of
clients requesting a service (X;) and processing data (X;), and two modelling the number of idle servers ready to reply to a
request (X;) and the number of broken servers (X ). The initial network is then client | server, with initial conditions
Xr=Xp =0, Xy =Ny, and X; = N,. The client and server agents are defined as follows (x stands for true):

client € [x— X/ =X, — 1A X} = Xt + Uminfox, keX;) -Client +
[x—> X, =X, + 1A X=Xt — 1x, -client

server = [+ = X; = Xi — 1A X, = Xp + 1]y, x, - server
+ [>|<—>X£=Xi+1/\Xé:Xb—l]kbe.server

Note in the previous code how the rate at which information is processed by clients corresponds to the global rate of
observing an agent finishing its processing activity. The parameters ky, ks, k¢, kp, ks are the per-agent rates of the basic
actions, respectively of request, service, processing, breakdown, and repair. Observe also that we defined the service rate as
the minimum between the total request rate of clients and the total service rate of servers. This use of minimum is consis-
tent with the bounded capacity interpretation of queueing theory and of the stochastic process algebra PEPA [2]. This global
interaction-based modelling style is typical of sCCP, see [4] for a discussion in the context of systems biology. Furthermore,
although we want to keep all variables > 0, we are not using any guard in the transitions. However, non-negativity is
automatically ensured by rates, which, by being equal to zero, disallow transitions that would make one variable negative.

Remark® 2.1. Population models are often described by the formalism of chemical reaction networks or in terms of Markov
transition classes [1]. SCCP, as presented here, can be seen as a generalization of these simple languages, by allowing a wider
gamma of constructs allowing more complex models to be easily expressed. In particular, basic population formalisms allow
only constant increment updates, usually have no guards, have no instantaneous transitions and no environmental variables.
Furthermore, in contrast with chemical reaction networks and Markov transition classes, SCCP is an agent based formalism,
in which agents can have different internal states. This simplifies the model description as well as the definition of the
hybrid semantics.
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Remark* 2.2. Classically, CCP-like languages [38] consider a store whose state is given by a collection of constraints on
global and local variables. Each variable has an associated domain, which can be refined by the addition of new constraints.
This results in a monotonic evolution of the store which is very convenient to model information refinement and has nice
properties to formally reason about programs. In the context of population models, however, we usually need a simpler
notion of variable, allowing us to count how many instances of a certain agent type are in the system. These variables “a ld
Von Neumann” can be formally defined within a classic CCP scheme as stream variables, which are lists of values that can be
updated by appending new values at the end of the list, see [4] for further details. While the full version of the language
[4] consider a general constraint store and general update predicates, the restricted version of sCCP presented here (with
simple updates and no local variables) is sufficiently expressive, compact, and especially easy to manipulate for population
processes, in particular for what concerns the definition of the fluid [13] and the hybrid semantics [18,19]. Differently from
[13,19], in this paper we consider also instantaneous transitions, random resets, and environment variables, as done in [20].

2.1.2. Stochastic semantics of sCCP programs

In order to simplify the definition of the fluid and hybrid semantics, we will work with a restricted subclass of sCCP
programs, that we will call flat. A flat sCCP program satisfies the following two additional restrictions: (a) each component
C is of the form C =m1.C + ...+ m,.C, i.e. it always calls itself recursively, and (b) the initial network A is the parallel
composition of all components, i.e. A =||ccpef C. Note that the client-server model of Example 2.1 is flat.

The requirement of being flat is not a real restriction, as each sCCP program respecting Definition 2.1 can be turned
into an equivalent flat one, by adding fresh variables counting how many copies of each component C are in parallel in the
system. Guards, resets, rates and priorities have to be modified to update consistently these new variables (see Appendix B
for an example).

In the following definitions, we will always suppose to be working with flat sSCCP models, possibly obtained by applying
the flattening recipe. Given a (flat) sCCP model A = (X, D, Def, A, Xg), we will denote by actions(C) the set of stochastic
actions of a component C and by action;(C) the set of its instantaneous actions. We will use the following notation:

e For an action 7t € actions(C) U action; (C), we denote by guard[x ](X) or G5 (X) its guard.

e For an action 7 € actions(C) U action;(C), we denote by reset[s7](X, W) or r; (X, W) its update function (so that X' =
rr (X, W)).

e For an action m € actiong(C) U action;(C), if 7 has a constant increment update, we will denote the increment vector
by k; (so that X' = X + k), while if 7 has a random increment update, we will denote it by . We also let v, be
either k; or .

e For an action 7t € actions(C), we denote by rate[w] or A its rate function.

e For an action 7t € action;(C), we denote by weight[] or p, its weight function.

A sCCP program with all transitions stochastic can be given a standard semantics in terms of Continuous Time Markov
Chains, in the classical Structural Operational Semantics style, along the lines of [4]. For a flat SCCP model, the derivation
of the labelled transition system (LTS) is particularly simple. First, the state space of CTMC corresponds to the domain D of
the sCCP variables. Secondly, each stochastic action 7t € actiong(C) of a component C defines a set of edges in the LTS. In
particular, if in a point x it holds that G (x) is true and P{r; (X, W) =y} = py > 0, then we have a transition from x to y
with rate pyA; (X). As customary, the rates of the edges of the LTS connecting the same pair of nODE are summed up to get
the corresponding rate in the CTMC. Instantaneous transitions, on the other hand, can be dealt with in the standard way as
in [42], by partitioning states of D into vanishing (in which there is an active instantaneous transition) and non-vanishing
(in which there is no active instantaneous transition), and removing vanishing states in the LTS, solving probabilistically any
non-deterministic choice between instantaneous transitions with probability proportional to their weight. We will indicate
by X(t) the state at time t of the CTMC associated with a sCCP program A with variables X.

If all transitions of a SCCP program are stochastic and have constant increment updates, they can be interpreted as flows,
and a fluid semantics can be defined [13]. However, to properly deal with random resets and instantaneous transitions, it
is more convenient to consider a more general semantics for sCCP, in terms of Stochastic Hybrid Automata [18-20]. This
approach will also allow us to partition variables and transitions into discrete and continuous, so that only a portion of the
state space will be approximated as fluid.

2.2. Transition-driven Stochastic Hybrid Automata

Transition-Driven Stochastic Hybrid Automata (TDSHA [18,19]) describe stochastic hybrid systems in the style of hybrid au-
tomata. The emphasis of TDSHA is on transitions which, as always in hybrid automata, can be either discrete (corresponding
to jumps) or continuous (representing flows acting on system variables). Discrete transitions can be of two kinds: either
stochastic, happening at random jump times (exponentially distributed), or instantaneous, happening as soon as their guard
becomes true.

TDSHA will be used in this paper, as in previous works [18,19], as a convenient formalism “wrapping” the more
mathematical characterization of stochastic hybrid systems given by the class of stochastic processes known as Piecewise
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Deterministic Markov Process (PDMP). Thus, in order to define the hybrid semantics of a SCCP program, we will first convert
it to an intermediate TDSHA and then convert the latter to a PDMP.

Definition 2.2. A Transition-Driven Stochastic Hybrid Automaton (TDSHA) is a tuple 7 = (Z, Q,Y, ¥¢, T9, TG, init), where:

e Z={Zq,...,2Z;} is the set of discrete variables, taking values in the countable set Q C Rk. Each value qgeqQ, q=
(z1,...,z) is a control mode of the automaton.

e Y={Yq,...,Yy)} is a set of real valued system variables, taking values in R". We let X=ZUY be the vector of TDSHA
variables, of size m =k + n.2

e TC is the multi-set® of continuous transitions or flows, containing tuples n = (k, f), where Kk is a real vector of size m
(identically zero on components corresponding to Z), and f: Q x R" — R is a piecewise continuous function for each
fixed g € Q (usually, but not necessarily, Lipschitz continuous*). We will denote them by vy, and fy, respectively.

e TD is the multi-set of discrete or instantaneous transitions, whose elements are tuples n = (G, R, p), where: p: Q xR" —
Rso is a weight function used to resolve non-determinism between two or more active transitions, G is the guard,
a quantifier-free first-order formula with free variables among X, and R is the reset, a conjunction of atoms of the form
X' =r(X,W), where r: Q x R" x R" - R, is the reset function of X, depending on variables X as well as on a random
vector W in R". Note that the guard can depend on discrete variables, and the reset can change the value of discrete
variables Z. In the following, we will interpret the reset as a vector of k+n functions, R : Q x R" x R" > Q x R", equal
to X’ =r(X,W) in the component corresponding to X if X’ =r(X, W), and equal to the identity function for all those
variables X unchanged by the reset. The elements of a tuple 7 are indicated by G, r;, and py, respectively.

e TG is the multi-set of stochastic transitions, whose elements are tuples n = (G, R, 1), where G and R are as for transi-
tions in TO, while 1: Q x R" — R* is a function giving the state-dependent rate of the transition. Such a function is
indicated by Aj.

e init = (zp,yo) € Q x R" is the initial state of the system.

A TDSHA has three types of transitions. Continuous transitions represent flows. For each n € T€, f;, specifies the intensity
(absolute value) of the flow, while v, is a vector encoding the effect of the flow on each variable Y € Y or Z € Z. This effect
can be an increase, if the entry for a variable is positive, a decrease if it is negative, or null if it is zero. In particular, it is null
for all variables in Z (see also Section 2.5). Instantaneous transitions 7 € 9, instead, are executed as soon as their guard G,
becomes true. When they fire, they can reset both discrete and continuous variables, according to the reset policy ry, which
can be either deterministic or random. Weight p;, is used to resolve probabilistically the simultaneous activation of two or
more instantaneous transitions, by choosing one of them with probability proportional to p;. Finally, stochastic transitions
n € TG happen at a specific rate A,, given that their guard G, is true and they can change system variables according to
reset r;. Rates define a random race in continuous time, giving the delay for the next spontaneous jump.

The dynamics of TDSHA will be defined in terms of PDMP, see Section 2.5 or [18,19] for a more detailed discussion.

Remark® 2.3. In this paper, we consider a slight variant of TDSHA, in which discrete modes of the automaton are described
implicitly by a set of discrete variables (variables taking values in a discrete set), rather than as an explicit set. This syntactic
variant is similar to the one used in [21], and is introduced in order to simplify the mapping from flat sCCP models.

Composition of TDSHA We consider now an operation to combine two TDSHA with the same vectors of discrete and contin-
uous variables, by taking the union of their transition multi-sets. Given two TDSHA 771 = (Z, Q,Y, T¢1, D1, TS, init) and
T.=(Z,Q,Y,T¢,, TD,, TG, init), agreeing on discrete and continuous variables and on the initial state, their composition
T=T1WT,issimply T=(Z,Q,Y,TC€ UTC,, TD1 UTD,, TS1 UZTS,, init), where the union symbol U refers to union of
multi-sets.

2.3. From sCCP to TDSHA

In this section we recall the definition of the semantics for sCCP in terms of TDSHA [19]. We will assume to work with
flat sCCP models, so that we can ignore the structure of agents and focus our attention on system variables. In this respect,
this approach differs from the one of [19], but it provides a more homogeneous treatment.

The mapping proceeds in three steps. First we will partition variables into discrete and continuous. Then, we will convert
each component into a TDSHA, and finally we will combine these TDSHA by the composition construction defined in the
previous section.

The first step is to consider a flat sCCP model A = (X, D, Def, A, Xg), and partition its set of variables X. Recall that
variables X are divided into model variables X;; and environment variables X,. Model variables X;; are partitioned into two

2 Notation: the time derivative of Y; is denoted by Y;, while the value of Y; after a change of mode is indicated by Yj’-,
3 Multi-sets are needed to take into account the proper multiplicity of transitions.
4 A function f:R™ — R is Lipschitz continuous if and only if there is a constant L > 0, such that || f(X1) — f(X2)|| < L|X1 — X2||.
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subsets: Xg4, to be kept discrete, and X, to be approximated continuously. Hence X = Xy U X U X.. How to perform this
choice depends on the specificity of a given model: some guidelines will be discussed in Remarks 2.4 and 5.1. We stress
here the double nature of environment variables: they will be treated like discrete variables in terms of the way they can
be updated, but as continuous variables for what concerns their domain, i.e. they are part of the continuous state space of
the TDSHA.

Once variables have been partitioned, we will process each component C € Def separately, subdividing its stochastic
actions actions(C) into two subsets: disc(C), those to be maintained discrete, and cont(C), those to be treated continuously.
This choice confers an additional degree of freedom to the mapping, but has to satisfy the following constraint:

Assumption 1. Continuous transitions must have a constant increment update or a random increment update, i.e. r; =
X + v;. Furthermore, their reset cannot modify any discrete or environment variable, i.e. v;[X] =0, for each X € X3 U Xe.

We will now sketch the main ideas behind the definition of the TDSHA associated with a component C.

Continuous transition. With each 7 € cont(C), we associate n € T¢ with rate function f;(X) =Gz (X)} - Az (X), where I{-}
is the indicator function of the predicate G (X), equal to 1 if G5 (X) is true, and to zero if it is false. The update vector
is kz, if 7w has a constant increment update. If 7 has random increment w, we define the update vector as E[u],
the expected value of the random vector fiy.°

Stochastic transitions. Stochastic transitions are defined in a very simple way: guards, resets, and rates are copied from the
SCCP action 7 € disc(C).

Instantaneous transitions. Instantaneous transitions are generated from sCCP instantaneous actions 7 € action;(C), by copy-
ing guards, resets and priorities.

We can define formally the TDSHA of a sCCP component as follows:

Definition 2.3. Let A = (X, D, Def, A, Xg) be a flat sSCCP program and (Xgy, X¢, Xe) be a partition of the variables X. Let C
be a component, with stochastic actions actiong(C) partitioned into disc(C) U cont(C), in agreement with Assumption 1. The
TDSHA associated with C is 7 (C, disc(C), cont(C)) = (Z, Q,Y, €, TD, TG, init), where

e Z is equal to Xy, while Y=X. UX,. Q is the domain of Xy in A, and init = X.

e With each 7 € cont(C) with constant increment reset r; = X + K, we associate n = (kz, f;) € T, where f,(X) =
H{Gr X)} - Ax (X).

e With each 7 € cont(C) with random increment reset r; = X 4 (z, we associate n = (E[ur], f;) € TC, where f; is
defined as above.

e With each 7 € disc(C) we associate 1 = (G (X), rz (X), A7 (X)) € TG.

e With each 7 € action;(C) we associate 1 = (G (X), rr (X), pr (X)) € TO.

Finally, the TDSHA of the whole sCCP program is obtained by taking the composition of the TDSHA of each component,
as follows:

Definition 2.4. Let A = (X, D, Def, A, Xg) be a flat sCCP program and (Xg, Xc, Xe) be a partition of variables X. The TDSHA
T (A) associated with A is

T(A) = L—ﬂ T(C, disc(C), cont(C)).

CeDef

Example. Recall the sCCP program of Example 2.1. We consider a partition of variables such that all client variables are con-
tinuous, i.e. X; and X;, and all server variables are discrete, i.e. X; and X;. This describes a situation in which there are few
servers that have to satisfy the requests of many clients. Consequently, we consider all client transitions as continuous
and all server transitions as discrete. The client component will be mapped to a TDSHA with the following continuous
transitions: (—e; + e;, min{k.X;, ksX;}) and (e, — e, k; X;), where e; is the unit vector equal to one for component z, and
zero elsewhere, with z=r,t,i,b. The server component, instead, will be mapped to a TDSHA with only two stochastic
transitions: (true, X+ e, —e;,kpX;) and (true,X — e, + €, ks X}). These two TDSHA are visually represented in Fig. 1,
together with their composition.

5 Alternatively, we could have considered the support {p.}T ..... ;4’,‘,, ...} of wz, with probability density P(u},) ..... P(;Ll;[) ..... and generated a family
of continuous transitions with rate P(u’,‘r)fn (X) and update vector p.’,‘[. However, if we add up these transitions as required to construct the vector field
(see Section 2.5), we obtain E[u]fy;(X), i.e. the two approaches are equivalent.
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Xi==, Xpt+ @ kpX;

Xi=, Xpt+ @ kX
client system
Xr =k, X~ g(X"Xi) ):(r = k( X( - g(xr in )
W X=axx)-kx | =% =0XX)-k X
g(X, X, ) = min(kX,K.X) g(X.X) = min(k, X, K, X)
X+, X @ kX, X X @K

Fig. 1. TDSHA associated with client and server components of Example 2.1, together with their composition. Continuous transitions are rendered into
a set of ODE, as explained in Section 2.5.

Remark 2.4. Choosing how to partition variables into discrete and continuous is a complicated matter, and depends on
specific features of the model under study. We postpone a more detailed discussion on this issue to Remark 5.1 in Section 5,
as this choice can depend on the notion of system size, which has still to be introduced. Here we just note that a non-flat
sCCP model may naturally suggest a candidate subset of variables to be kept discrete, namely state variables of a sequential
sCCP component (i.e. an agent changing state but never forking or killing itself) present in a single copy in the network.
This is the approach followed e.g. in [18,20] to define the control modes of the TDSHA. However, the approach presented
here is more general: different partitions of model variables and stochastic transitions lead to different TDSHA, which can
be arranged in a lattice, as done in [19].

2.4. Piecewise Deterministic Markov Processes

The dynamical evolution of Transition Driven Stochastic Hybrid Automata is defined by mapping them to a class of
stochastic processes known as Piecewise Deterministic Markov Processes (PDMP [31]). They have a continuous dynamics
given by the solution of a set of ODE and a discrete and stochastic dynamics given by a Markov jump process.

Definition 2.5. A PDMP is a tuple (Z, Q,Y, E, ¢, A, R), such that:

e Z is a set of discrete variables, taking values in the countable set Q C Rk, the set of modes or discrete states,° hence
q € Q is of the form (z1,...,2z). Y is a vector of variables of dimension |Y| =n. For each q € Q, let E; C R" be an
open set, the continuous domain of mode q. E, the hybrid state space, is defined as the disjoint union of Eq sets, namely
E= quQ{q} x Eq. A point X € E is a pair Xx=(q,y), y € Eq.7 In the following, we will denote ZUY by X, so that
variables X range over E.

e With each mode q € Q we associate a vector field F; : E; — R". The ODE y = F4(y) is assumed to have a unique solution
starting from each yg € Eq, globally existing in E4 (i.e., defined until the time at which the trajectory leaves Eg). The
(semi)flow ¢ : Eq x RT — R" of such vector field is assumed to be continuous in both arguments. ¢ (t, yo) denotes the
point reached at time t starting from yp € Eq.8

e ):E — R* is the jump rate. A(X)dt gives the probability of executing a discrete transition between time t and t + dt,
conditional on being in state x at time t. It is assumed to be a (locally) integrable function.

e R:EUJE x B—[0,1] is the transition measure or reset kernel. It maps each y € E U JE on a probability measure on
(E, B), where B is the Borel o-algebra of E. R(x, A) is required to be measurable in the first argument and a probability
measure for each x.

The idea underlying the dynamics of PDMP is that, within each mode g, the process evolves along the flow ¢4. While in
a mode, the process can jump spontaneously with hazard given by the rate function A4. Moreover, a jump is immediately
performed whenever the boundary of the state space of the current mode is hit.

In order to formally capture the evolution, we need to define the sequence of jump times and target states of the PDMP,
given by random variables T1, x1, T2, X2, .... Let t.(X) = inf{t > 0 | ¢4(t,X) € dE4} (with inf@ = oo) be the hitting time of
the boundary 9E starting from X = (q,y) € E. We can define the survivor function of the first jump time Ty, given that the

process started at X =(q,y), by F(t,X) =P(T1 > t) = I, (x) €Xp (— fotk(q, ¢>q(s,x))ds).
This defines the probability distribution of the first jump time Ty, which can be simulated, as customary, by solving for
t the equation F(t,Xx) = U%, with U} uniform random variable in [0, 1]. Once the time of the first jump has been drawn,

6 The representation of modes as a tuple of values deviates slightly from the classical definition of a PDMP, but simplifies the following presentation.

7 See Appendix C for a brief discussion on metric and topological properties of hybrid state spaces.

8 Usually, Fq is locally Lipschitz continuous, hence the solution exists and is unique, provided trajectories do not explode in finite time. However, as in the
paper we will consider also situations in which the vector field con be discontinuous due to the presence of guards, we have chosen this more general
condition.
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we can sample the target point x; of the reset map from the distribution Rz, ), with X7, = ¢q(T1,%), using another

independent uniform random variable U%. From x1 = (q1,X1), the process follows the flow ¢g, (t — T1,Xq), until the next
jump, determined by the same mechanism presented above.

Using two independent sequences of uniform random variables U}V and U,zv. we are effectively constructing a realization
of the PDMP in the Hilbert cube [0, 1]%. A further requirement is that, letting N = >, I{t > Ty} be the random variable
counting the number of jumps up to time t, it holds that N; is finite with probability 1, i.e. Vt, EN; < oo, see [31] for further
details. If this holds, then the PDMP is called non-Zeno.

Remark* 2.5. In [27], we proved some limit results restricting the attention to the case in which no instantaneous jump can
occur. This amounts to requiring that each E; has no boundaries, i.e. E; =R", or, more precisely, that t*(x) = co for each
x € E. If, in addition to this description, we also require the vector field to be Lipschitz continuous and the stochastic jumps
to be described by a finite set of transitions 7 with rate A, and reset given by a constant increment v,, we obtain the so
called simple PDMP [27].

2.5. From TDSHA to PDMP

The mapping of TDSHA into PDMP is quite straightforward, with the exception of the definition of the reset kernel.
Essentially, the problem lies in the fact that each discrete transition of a PDMP has to jump in the interior of the state
space E, which will be defined as the set of points in which no guard of any instantaneous transition is active. However,
in a TDSHA we do not have any control over this fact, and we may define guards of transitions n € T© in such a way
that an infinite sequence of them can fire in the same time instant. For instance, the transitions (X >=1,X’ =0, 1) and
(X <=0,X"=1,1) will loop forever if one of them is triggered. In order to avoid such bad behaviours, we will forbid by
definition the possibility that two discrete transitions fire in the same time instant. We will call chain-free a TDSHA with
this property, which will be formally defined after introducing some notation.

Let 7T =(Z,Q,Y,%¢, TD, TG, init) be a TDSHA. Given a transition n € T, we let G, ={x € Q x R" | G,(X) true}, and
Ry={xeQ xR" | xe r,,((_;n,W)}. R; is the set of points that can be reached after the firing of 1, defined as the image
under r, of the closure G, of the activation set G, of the guard. Similarly, for n € &, we let Ry ={xe Q x R" | x €
ry({X1 | A, (x1) > 0}, W)}, the set of points that can be reached by a stochastic jump.

Definition 2.6. A TDSHA is chain-free if and only if, for each 71 € T UT& and each 1, € 6, Ry, NGy, = 0.

Consider now a chain-free TDSHA 7 = (Z, Q,Y, ¢, ¥9, ¥6, init). Then, its associated PDMP P = (Z, Q,Y,E, ¢, A, R) is
defined by:

e Discrete and continuous variables, and discrete modes Q, are the same both in 7 and in P.
e The state space of the PDMP, encoding the invariant region of continuous variables in each discrete mode, is defined as
the set of points in which no instantaneous transition is active:

E= () G,
neT®

Note that E; is open, because we are intersecting the complement of the closure of each set G;.
e The vector field is constructed from continuous transitions, by adding their effects on system variables:

FX)= Y vy fr(x). (1
nexc
e The rate function A is defined by adding point-wise the rates of all active stochastic transitions:
X =Y MG}y (X). (2)
nexs

e The reset kernel R for x € E is obtained by choosing the reset of one active stochastic transition in x with a probability
proportional to its rate. As all such resets jump to points in the interior of E by the chain-free property of the TDSHA,
we have

RX A= ) (I{G"(;MP{I'U(X,W)GAO, 3)
netTd X)

where A € B, the Borel o -algebra of E. If the reset of  is deterministic, then P{r;(x, W) € A} = e, (x, W), where 8y, (A)
is the Dirac measure on the point X; € E, assigning probability 1 to X; and O to the rest of the space.
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e The reset kernel R on the boundary 9E is defined from resets of instantaneous transitions. If more than one tran-
sition is active in a point x € dE, we choose one of them with probability proportional to their weight. Let p(x) =

Zne‘I’D | Gy(x) true Py (X)' then

Rx M= Y (p” X Bir, (x, W) € A}) : 4)
neT® | Gy(x) true p(x)

o The initial point is xo = init.

From now on, we implicitly assume that all the TDSHA obtained by the sCCP models we consider are chain-free. In
general this may not be true and has to be checked. However, the property will hold straightforwardly in all the examples
of this paper, and it will also be true in many practical examples.

Remark* 2.6. The chain-free condition is unnecessarily restrictive, and can be relaxed allowing the firing of a finite number
of finite sequences (loop-free TDSHA), as done in [19], but it allows a simpler definition of the reset kernel of the PDMP. The
interested reader is referred to [19] for the construction of the reset kernel for loop-free TDSHA. The good news here is that
all the results in this paper extend immediately to loop-free TDSHA. The bad news is that checking if a TDSHA is loop-free is
in general undecidable, as one can easily encode an Unlimited Register Machine in a TDSHA [19]. However, some sufficient
conditions in terms of acyclicity of a graph constructed from transitions in T have been discussed in [43]. Practically,
most models will satisfy the chain-free condition, as the discrete controller described by instantaneous transitions is usually
simple. More advanced controllers will perform some form of local computation, which can then result in a loop-free model.
Violation of the loop-free property, instead, usually indicates an error in the model. The method of [43], in particular, allows
us to check automatically sufficient conditions ensuring the loop-free property.

3. System size and normalization

In this paper we are concerned with the correctness of the hybrid semantics of sCCP in terms of approximation or limit
results. Essentially, we want to show that “taking the system to the limit”, the standard CTMC semantics of sCCP converges
(in a stochastic sense) to the PDMP defined by the hybrid semantics.

Clearly, this idea of convergence requires us to have a sequence of models. This sequence will depend on the size y of
the system. Hence, we will be concerned with the behaviour of a sSCCP program, when the system size goes to infinity.

The concrete notion of system size depends on the model under examination and the type of system being modelled.
In general, it is related to the size of the population, intended as the number of agents or entities in the system (which in
flat sCCP models are counted by the system variables). For instance, in the client/server example (Example 2.1), this can be
the total number of clients or the total number of clients and servers. In an epidemic model, this can be the size of the
total population, or of the initial population, if we allow also birth and death events. However, the notion of system size
can also be connected to the size of the population in an area or a volume. In this case, when the size increases, both the
number of agents and the area or volume increase, usually keeping constant the density (number to area or volume ratio).
The classical examples here are biochemical systems, in which we consider molecules in a given volume. Furthermore, in a
model of bacteria’s growth (like that of Example Appendix B.1), we may be interested in increasing the number of bacteria
together with the area of the Petri dish in which the culture is grown.

In order to make the notion of size explicit, we will decorate a SCCP model with the corresponding population size.

Definition 3.1. A population-sCCP program (A, y) consists of a sCCP program A together with the population size y € R™.

It is intended that rates of transitions, and even updates, of a population-sCCP program can depend on the population
size y. We further stress that, in a population-sCCP program, model variables usually take integer values.

Example 3.1. We go back to the client-server model of Example 2.1, and consider the population-sCCP model in which the
size y corresponds to the total population of clients and servers, namely y = N1+ N = X;(0) + X;(0) + X; (0) + X (0). In this
scenario, we are interested in what happens when the total population increases, maintaining constant the client-to-server
ratio.

A different notion of size can be envisaged, corresponding to a different scaling law. More specifically, we can consider
y = N1 =X;(0) +X;(0), the total number of clients in the system. Increasing this notion of size, we are effectively increasing
the number of clients requesting information to a fixed number of servers. Intuitively, these two different scalings for the
client-server system should correspond to two different limit behaviours (taking y to infinity).

In order to compare models for increasing values of the size y, we need to normalize models to the same scale. This is
done by the normalization operation. Essentially, we will divide system variables by the system size (in fact, only those that
will be approximated continuously), and express guards, rates, and resets in terms of such normalized variables.
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We formalize now the operation of normalization. Consider a population-sCCP program (A, y), with A = (X, D, Def,
A, Xo), let X(t) be the associated CTMC, and assume that variables X are partitioned into discrete X4, continuous X, and
environment variables X.. Then the normalized CTMC X(t) is constructed as follows:

o Normalized variables are X = (X4, XC, Xe), with )A(C =y~ 1X;
e Given a stochastic action 7 = (G (X), rr (X), A (X)), we define:

- Gr ()A() = G (X), the guard predicate with respect to normalized variables;

- Let X' =r;[XIX,W). If X € X4 UXe, then i',,[X]()A(,W) =r;[X](X, W). Otherwise, if X € X, then fﬂ[X](f(, W) =
¥ ~Ir;[X1(X, W) (hence, we replaced X, variables with their normalized counterpart in the reset function, but also
rescaled the reset of X, variables by dividing the reset function for y );

- A (X) = Az (X).?

o Instantaneous transitions are rescaled in the same way (expressing the weight function p in terms of normalized vari-
ables like the rate of stochastic transitions);
e Normalized initial conditions are Xo = (X4,0, y‘lxc,o, Xe.0)-

Applying this transformation to a sCCP program, we can construct the normalized CTMC X() along the lines of the construc-
tion of Section 2.1. Furthermore, we can construct the TDSHA associated with a sCCP program by considering normalized
transitions and variables, instead of non-normalized ones. As we will always compare normalized processes, we will always
assume that this construction has been carried out.

Given a population-sCCP program (A, y), our goal is to understand what will be the limit behaviour of a sequence of
normalized CTMC X (t), constructed from (A, y) and a sequence of system sizes yy — oo as N — oo. In order to properly
do this, we need to get a better grasp on some related questions, namely:

1. how to split variables into discrete and continuous;
2. how rates and updates scale with the system size.

These two questions are somehow dependent; the last one, in particular, is crucial, as the correct form of the limit depends
on the scaling of rates and updates. Investigating these issues, moreover, will give us some hints on how to choose discrete
and continuous variables and transitions to define the hybrid semantics of sCCP.

We will start by considering the fluid case, in which all variables are approximated as continuous. Rates and updates
will be required to scale in a consistent way, and we will refer to these conditions as the continuous scaling. Then, we will
turn our attention to hybrid scaling and hybrid limits.

Before doing this, we stress that the normalization operation extends naturally to the TDSHA associated with a
population-sCCP program and, consequently, to the PDMP associated with the so-obtained TDSHA. In particular, if we have
a sequence (A, yn) of population-sCCP models, we can construct its normalization for each N, and associate a TDSHA with
each element of the sequence. We call ’f‘(A, yn) such a TDSHA. However, in the rest of the paper we are interested in
the limit behaviour, i.e. in models independent of yy. The scaling conditions for each transition that we will introduce will
naturally lead to the construction of a limit TDSHA, independent of any notion of size, referred to as 7 (A) in the rest of
the paper.

4. Continuous scaling and fluid limit

We discuss now the standard fluid limit [11,10,37,44,45] in our context. We will consider a sequence of population-sCCP
programs (A, yn) with divergent population size yy — oo as N — oo.
In the rest of this section, we will require the following assumptions:

o All variables X are continuous and thus normalized according to the recipe of the previous section (hence there are no
discrete or environment variables).

e There is no instantaneous transition in A.

e All stochastic transitions are unguarded and have constant or random increment updates.

In order to define the continuous scaling, we consider the domain E C R™ of normalized variables (note that here
E is not a hybrid state space), which depends on possible values that non-normalized variables can take in R™ (usually
in Z™, see also Remark 4.2 below). In particular, we assume that E contains the domain of the normalized variables of a
population-sCCP program (A, yy) for any N > 0, so that also the limit process will be defined in E.

Now we state the continuous scaling assumptions:

9 The conditions for G; and A, state that the validity of a guard and the rate of a stochastic action depend only on the state of the system, but not on
the system size.
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Scaling 1 (Continuous scaling). A normalized sCCP transition 7 = (true, X =X+ f)J(TN ), i;,N) X)) of a population-sCCP program
(A, ynN), with E CR™ the domain of normalized variables X, has continuous scaling if and only if:
1. there is a locally Lipschitz continuous and locally bounded function g5 : E — R such that gj(TN):zi,(TN) X) /YN converges
uniformly to g5 (rates are O(yn));
2. There is a constant or random vector v; € R™ such that the non-normalized increments vf,N) converge weakly to vy,

vJ(TN) = v.10 Furthermore, vaN) and v, have bounded and convergent first order moments, i.e. IE[||v,(,N)||] < oo, E[|lvz]I] <

0, IEI[vf,N)] — E[vr], and ]E[||u7(TN)||] — E[|lvz I]. In particular, it follows that normalized increments are ®(V1\71)-

The intuition behind the previous conditions is that, as the system size increases, rates increase, leading to an increase
of the density of events on the temporal axis. Furthermore, the increments become smaller and smaller, suggesting that
the behaviour of the CTMC will become deterministic, with instantaneous variation equal to its mean increment. This will
produce a limit behaviour described by the solution of a differential equation.

Remark 4.1. Scaling 1 can be generalized in some way, see for instance [45,44]. However, the version stated here is
sufficiently general to deal with sCCP programs. If we further restrict the previous scaling condition, requiring that
gj(,N) ()A() =gz (5(), where g (X) is a locally Lipschitz function independent of yy, and v,(,N) = v, then we obtain the so-called
density dependent scaling. For instance, all transitions in the client/server model of Example 2.1 are density dependent, as

easily checked.

Remark* 4.2. The structure of the domain E of normalized variables depends mainly on conservation properties of the
system modelled. For instance, a closed population model (i.e. without birth and death events) will preserve the total
population (this is the case for the client/server model of Example 2.1), hence the domain of the normalized variables will
be contained in the unit simplex in R™, which is a compact set. For open systems, for instance a model of growth of
a population of bacteria (see Example Appendix B.1), in which the population can (in principle) become unbounded, the
domain can be the whole R™. However, it is unlikely that populations actually diverge (one may question the reliability of
the model itself, if this happens), hence one can usually find a compact set that contains the interesting part of the state
space (at least up to a finite time horizon). In particular, some of the hypotheses that we will state afterwards, like locally
Lipschitzness or local boundedness, rely on this implicit assumption (i.e., that we can restrict our attention to a compact set
in any finite time horizon). We will further discuss these issues while proving main theorems, once they emerge.

In order to state the fluid limit theorem, we need to construct the limit ODE. This is done according to the recipe of
equation (1). More specifically, for each N we construct the drift or mean increment in X as

FM& =Y BN & =Y Eve gl &), (5)
b T

where the sum ranges over all stochastic actions of the sCCP program .A. If all sCCP transitions satisfy the continuous
scaling assumption, F™) converges uniformly to

F®) =Y E[vrlga(®. (6)

The limit ODE is therefore % = F(X(t)), whose solution starting from Xq is denoted by X(t). Note that this limit ODE can
be obtained in terms of TDSHA with continuous transitions only, by the construction of Section 2.5. In particular, the limit
TDSHA corresponding to the fluid ODE has a continuous transition of the form (E[Vy], YNgr) = (ylv_]IE[vn], yngr) for each

normalized sCCP transition 7.

Theorem 4.1. (See Kurtz [11,44,45].) Let (A, yn) be a sequence of population-sCCP models for increasing system size yy — oo,
satisfying the conditions of this section, and with all SCCP-actions 1 satisfying the continuous scaling condition. Let X(N)(t) be the
sequence of normalized CTMC associated with the sCCP-program and X(t) be the solution of the fluid ODE.

Iff(gN) —> Xo almost surely, then for any T < oo, sup,<1 [IX™) (t) — X(t)|| — 0 as N — oo, almost surely. O

Example. Consider again the client/server model of Example 2.1, in which both the number of clients and of servers is
increased. Therefore, consider a sequence of models with size yy equal to the total number of clients and servers. It is easy
to see that its normalized models all live in the unit simplex E in R*, and that all its transitions are density dependent,
hence satisfy the continuous scaling. Assume that Xg = (c, 0, s, 0), with ¢ +s =1, so that X(()N) = (cN, 0,sN, 0), meaning that
we keep constant the client-to-server ratio. The fluid ODE associated with this model is

10 The concept of weak convergence is recalled in Appendix C.
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% = kexy — min{kyxy, ksX;}
éj—"t‘ = min{k:X;, ksxi} — kexe
o

dd—t’ = kbe — kpx;

X
d_tb = kai — kbe

Hence, we can apply Theorem 4.1 to infer convergence of the CTMC sequence XM to its solution.

Remark 4.3. The version of Kurtz theorem we presented here is similar to the one of [44], but with scaling taken from [45].
The point of the scaling is to prove that noise goes to zero, which is usually shown either by some martingale inequality or
by using the law of large number of Poisson random variables, using a Poisson representation of CTMC. In Appendix D, we
present a proof based on the Poisson representation.

Remark* 4.4. In continuous transitions with random increments, we assumed for simplicity that the distribution of the
increment is independent from the current state of the system. However, this restriction can be safely dropped, pro-
vided that we require uniform boundedness (in any compact K C E) of the limit first order moments of the increments,
ie. supycx E[V(X)] < 0o and supycx E[[v(X)|] < oo, and uniform convergence of the expectation of V™) (x) to v(x), i.e.
supyck IE[V™ (x)] — E[v(x)]|| = 0 and sup,.x |E[|[v™ x)[I] — E[|lv(X)||]| = 0. Given these conditions, it is easy to check
that the resulting sequence of CTMC still satisfy the conditions of [11] (restricted to a suitable compact K), hence Theo-
rem 4.1 continues to hold.

5. Hybrid scaling and hybrid fluid limits

In this section we will introduce a scaling for transitions that cannot be approximated continuously, roughly speaking
because their frequency remains constant as the population size grows. We will then prove that the sequence of normalized
CTMC converges to the PDMP associated with the normalized sCCP model. This proof will be first given under a suitable
set of restrictions (essentially, restricting to unguarded stochastic actions with generic random resets for transitions kept
discrete), in order to clarify the main ingredients that guarantee convergence. In the next sections, we will remove some of
these restrictions, considering more complex hybrid limits.

The first step in the construction of the hybrid limit, which coincides with the first step in constructing the sCCP hybrid
semantics, is the separation of model variables into discrete and continuous. This step is delicate and is model-dependent, as
the same model can be interpreted in different ways. For example, the client/server model of Example 2.1 can be interpreted
continuously, assuming that the number of both clients and servers is increased with yy, or in a hybrid way, assuming that
only the number of clients increases, while the number of servers remains constant. In this case, the service rate has also
to be increased in order to match the larger demand. This can be justified by thinking of an increased number of cores on
the same machine, in such a way that the breakdown of a server will affect all its cores. We will discuss the partitioning of
variables in Remark 5.1 below, after introducing the hybrid scaling conditions.

To this end, we need to modify the conditions of Scaling 1 for continuous transitions. In particular, we need to allow
the possibility of activating a transition only in a subset of discrete modes. This is enforced by guards depending only on
discrete (and environment) variables.

Scaling 2 (Hybrid continuous scaling). A normalized sCCP transition # = (G (X), X' =X + ﬁ,(TN), i;,N) X)) of a population-sCCP
program (A, yn), with discrete variables Xy, continuous variables X, and environment variables X,, and with X € E, has
hybrid continuous scaling if and only if:

1. the rate 5\,(,”) X) and the update X =X+ ﬁ,(,N) satisfy the conditions of Scaling 1;

2. The guard predicate G (X) depends only on discrete (X;) and environment (X, ) variables.

Additionally, we need to define the scaling for discrete stochastic transitions. Also in this case, we will assume that their
guard depends only on discrete or environment variables.

Scaling 3 (Discrete scaling for stochastic transitions). A normalized sCCP transition with random reset 7 = Gz X), X =
VX WM X)), AN (X)) of a population-sCCP program (A, yy) with discrete variables X4, continuous variables X, and
environment variables X, with X € E, has discrete scaling if and only if:

1. the guard predicate @N(X) depends only on discrete (Xg) and environment (X, ) variables;
2. XSTN) X)=0(), X%N) (X) converges uniformly in each compact K C E to the continuous function A (X):
3. Resets converge weakly (uniformly on compact (sub)sets), ie. for each ™ — % in E, £V &M, WM EM)) =

tr (X, W(X)), as random elements on E.
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Remark 5.1. The choice on how to partition variables into discrete and continuous is a crucial step. This choice is usually
model dependent, and relies heavily on the knowledge and intuition of the modeller. However, as a general guideline, we
can look at two aspects of the model:

Conservation Laws: Very often, the identification of discrete variables can be made by looking at conservation laws, i.e.
at subsets of variables whose total mass is conserved during the evolution of the system, as pursued in [46]. In fact,
conserved variables usually are related to internal states of an agent which is present in one or very few copies. The
identification of these sets can be carried out using algorithms like the Fourier-Motzkin elimination procedure [47], or
using a constraint based approach [48]. In sCCP, when describing non-flat models, these sets of variables, corresponding
to state variables, are usually evident (cf. Remark 2.4).

Scaling of Rates: in describing a population-sCCP model, a modeller is forced to make explicit the dependence of rates on
the system size yy. Given this knowledge, it is possible to identify some variables that cannot be continuous, otherwise
both Scalings 1 and 3 would be violated. For instance, if we have a rate like kX;X>, then at least one of X; and
X2 has to be discrete, otherwise the normalized rate would depend quadratically on yy. On the contrary, kyy 1X1X,
is not compatible with both X; and X, discrete, otherwise the rate would vanish. Clearly, not all rate functions are
informative; for instance, linear rates are compatible both with discrete and continuous scaling.

The two previous arguments can be used to set up an algorithmic procedure to suggest a possible partition of variables into
discrete and continuous, given a population-sCCP model. However, we leave this for future work.

We stress that, in general, if the modeller does not know how rates depend on the system size, she may choose a
partition of variables and a scaling for each transition and impose a dependence of rates on system size that is correct with
respect to the partition. This dependence has then to be validated a-posteriori, checking if it is meaningful in the context
of the model. For instance, in a practical modelling scenario for the client/server example of Section 2.1, one usually has a
fixed number of clients and servers and fixed parameters. To apply the convergence results of this paper, a specific scaling
has to be assumed, and the parameters of the limit model have to be computed consequently. If, for instance, the number of
servers is kept fixed, we obtain a meaningful limit if the service rate per client is constant. If this cannot be assumed, namely
if it is the global service rate of servers that remains constant, then the service rate per client depends on their number N,
and goes to zero as N increases. Hence, in the limit model the service rate is zero. However, for a fixed population size, we
can still obtain a hybrid process that approximates closely the CTMC, using the size-dependent rates. This phenomenology
(uninformative limit, but good size-dependent approximation) happens also in the fluid limit setting, see for instance [49].

Consider now a population-sCCP model (A, yn) with only stochastic actions, in which transitions satisfy either the
continuous Scaling 1 or the discrete Scaling 3. The limit TDSHA 7’(.,4) constructed from this model has continuous transi-
tions of the form (E[v;], g7), for each sCCP action 7 satisfying continuous scaling and stochastic transitions of the form
(true, ¥, Az), for each sCCP action 7 satisfying the discrete scaling. The limit PDMP is obtained from this TDSHA by the
construction of Section 2.5.

Example 5.1. We consider a new example with a biological flavour, namely a simple genetic network. Genes are the storage
units of biological information: they encode in a string of DNA the information to produce a protein. Each cell has a
biochemical machine that is capable of reading the information in a gene, first copying it into a mRNA molecule and then
translating this molecule into a protein. Genes are in fact more than simple storage units: they are also part of the software
that controls their own expression. In fact, expression is regulated by specific proteins, called transcription factors, which
physically bind to the DNA close to a gene and activate or repress transcription. There are genes encoding for transcription
factors that act as self-repressors. We model such a scenario here.

To construct a population-sCCP model, we need two integer-valued variables: M, counting the amount of mRNA, and P,
counting the amount of protein. Here the size of the system y is the volume times the Avogadro number, so that normalized
variables represent molar concentrations (see for instance [50,4]). We will consider a model with one agent for the gene
(which can be on or off), and agents for translation of mRNA into protein and degradation of both protein and mRNA.

gene_on def [*—> M =M+ 1], -gene_on

+  [x— P’:P—l]kbyqp.gene_off
gene_off def [*— P'=P +1]i, .gene_on
translate = [*— P =P+ 1]ykm - translate
degrade = [*—> M =M — 1], m.degrade

+ [k—=> P =P— 14, p - degrade

Inspecting the previous model, we can see that it is not flat. To convert it into a flat model, we need to add two
additional variables, Gon and G, with domain {0, 1}, encoding the state of the gene agent. The structure of the gene agent
itself reveals a conservation pattern in the system, namely that Gon + Goff = 1, as they are indicator variables of the state of
the gene. Inspecting transitions, we can notice how translation has a rate depending on y, suggesting that M has also to be
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treated as a discrete variable. On the other hand, repression scales as !, i.e. it depends on the concentration of P, rather

than on the number of molecules (repression depends only on the molecules close to the gene, the only ones that can bind
to it). With this partitioning of variables, we obtain the following normalized TDSHA:

e Discrete variables are Gy, Goff, M while P 1s the continuous variable. Q ={0, 1} x {0,1} x N and P has domain [0, co).

o Continuous transitions are (%, P’ = =P+ Y- yk[M) and (x, pr=p-— Y- ykdp P)

e Discrete transitions are (x, G/, =0, G/f_l P'=P—y~' kyPGon), (.G, =1,G/ o = 0- Pr=pP+y! kuGop), (x, M' =
M+1,kyGon), (¥, M'=M — 1, kgmM).

Remark® 5.2. Scaling 3 forbids discrete transitions to have a fast, O(y) rate. If this would be the case, the dynamics of
discrete transitions in the limit would be faster and faster, and one would expect that the discrete subsystem affected by
these transitions reaches immediately the equilibrium (in a stochastic sense). This is what actually happens, under some
regularity conditions on fast discrete dynamic, namely the possibility of isolating a discrete subsystem affected by fast
discrete transitions, which is ergodic (considering only fast discrete transitions), and with fast rates depending continuously
on continuous variables. In this case, one can compute the equilibrium distribution (as a function of other variables) of
the fast discrete subsystem, remove the fast discrete variables and average the rate functions depending on fast discrete
variables according to the equilibrium distribution. In case one has only fast discrete variables, the fluid limit is given in
terms of ODE [51]. This scaling can be integrated quite easily in our framework, using the limit theorem of [51] instead of
Theorem 4.1 and defining syntactically the averaging at the level of the TDSHA, given a method to compute the equilibrium
distribution.

We now turn to discuss the limit behaviour of a model showing hybrid scaling, i.e. with both discrete and continuous
transitions. We will stick to further simplifying assumptions for the moment: the sCCP program has no instantaneous
transitions, all stochastic actions are unguarded and have continuous rates, variables and transitions have been partitioned
into discrete and continuous, discrete transitions have deterministic resets and satisfy discrete Scaling 3, and continuous
transitions satisfy continuous Scaling 1.

We are now ready to state the main result of this section, namely that, under these restrictions, a normalized CTMC
constructed from a sCCP program converges weakly to the PDMP constructed from the normalized TDSHA associated with
the sCCP program.

Theorem 5.1. (See [27].) Let (A, yn) be a sequence of population-sCCP models for increasing system size yy — oo, satisfying the
conditions of this section, with variables partitioned into discrete Xq, continuous X., and environment ones X,. Assume that discrete
actions satisfy Scaling 3 and continuous actions satisfy Scaling 2. Let X )(t) be the sequence of normalized CTMC associated with the
sccp program and X(t) be the PDMP associated with the limit normalized TDSHA T(.A)

IfX x ) = Xo (weakly) and the PDMP is non-Zeno then X(t) converges weakly to X(t), X = %, as random elements in the space of
cadlag functzon with the Skorokhod metric.!!

Proof. We just sketch the proof here. A detailed proof can be found in Appendix D. The main idea is to exploit the fact
that we can restrict our attention to CTMC and PDMP that do at most m discrete jumps. This is sufficient to obtain the
weak convergence of the full processes, for two reasons. The first is related to the nature of the Skorokhod metrics, which
discounts the future (i.e. only 1/27 of the distance comes from time instants greater than T), while the second is the non-
Zeno nature of the limit PDMP, which implies that we can consider no more than m jumps up to time T, with probability
1—¢p, for e, — 0 as m — oo.

In order to prove weak convergence of )A(,(nN), the CTMC with at most m jumps of discrete transitions, to X,;, the PDMP
with at most m jumps, we can exploit the piecewise deterministic nature of PDMP, applying Theorem 4.1 inductively. At
the first step, we will prove that the time ‘L'(N) of the first stochastic jump for XN converges weakly to 71, the first

jump time of X (Lemma Appendix D.2 in Appendix D), and also the state )A((N)(‘r](N)) after time ‘L'l(N) converges weakly to

X(t1) (Corollary Appendix D.1). This shows convergence of the processes up to the first stochastic jump. Exploiting this
and the strong Markov property, we can restart X(t) at time t; from X(7;) and X(t) from )A((r N)) at time 1: ) and apply
Theorem 4.1 and its corollaries again (actually, a minor modification of Theorem 4.1, allowing to sample probablllstlcally the
initial conditions of the ODE), to prove weak convergence of the CTMC to the PDMP up to the m-th jump, for any m. Note
that this argument is based on the continuity of vector fields, rates and resets, which holds in our setting as their guards
depend only on discrete and environment variables, hence their values do not change in each deterministic phase of the
PDMP dynamics. 0O

Example. We consider again the simple client server network of Example 2.1, but with a different scaling compared to
Section 4. In particular, we consider as size yy the number of clients, assuming that the number of servers remains con-

11 See Appendix C for a brief introduction of these concepts.
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Fig. 2. Left: comparison of stochastic trajectories and fluid ODE for the client-server model of Example 2.1, with scaling discussed in Section 4. Parameters
are kr =2, ks = 0.8, kr = 1/50, k, = 1/2000, ky = 1/1000, and initial conditions are XﬁN)(O) = N7 = 100N, X;(0) = N = 2N. In the plot, the CTMC
trajectory for N = 100000 and M = 2000 fully overlap with the solution of the fluid ODE. Right: comparison of a trajectory of the limit PDMP and of
the CTMC for the gene network model of Example 5.1. Parameters are k, = 0.1, k; =1, ka, =1, kq,, =0.01, kp = 0.1, k, = 0.1, and initial conditions are
P(0) = M(0) = Gof(0) =0, Gon(0) = 1. Note that both the stochastic and the hybrid system show a multi-modal behaviour.

stant, but with service rate depending linearly on yy. In this way, the rate of the request transition of client agents is
YN min{kr)A(ﬁN), ksX;}, and it satisfies the continuous scaling. Breakdown and repair transitions, on the other hand, will be
kept discrete as they modify only the number of available servers. As their rate is independent of yy and their reset is
constant and also independent of N, they both clearly satisfy the discrete scaling. The limit TDSHA that we obtain in this
way is shown in Fig. 1. As the hypotheses of Theorem 5.1 are satisfied, the sequence of CTMC models obtained from sCCP
with the standard stochastic semantics converges (weakly) to the limit TDSHA.

This can be seen in Fig. 3, where we compare a trajectory of the CTMC with a trajectory of the PDMP, and the distribution
of the number of clients requesting service at time t = 10000.

Example. We reconsider now the genetic network model of Example 5.1. Also in this case, we can expect a bimodal be-
haviour for the CTMC semantics, due to the gene working as a discrete switch. If the binding strength of the repressor is
large, meaning that the protein will remain bound to the gene for a long time, then the gene will be switched off for long
periods, and we may expect to see a bursty behaviour. This is indeed the case, as can be seen in Fig. 2(b). Moreover, the
hybrid limit constructed in Example 5.1 matches perfectly this behaviour, as can be seen in Fig. 2(b). As the model satisfies
the (scaling) assumptions of Theorem 5.1, we can conclude that this is indeed the consequence of the (weak) convergence
of the sequence of CTMC models to the hybrid limit.

5.1. More on random resets

The scaling condition 3 requires us to check a convergence condition on resets that seems quite complicated at first
glance, as it involves checking weak convergence of reset kernels for any possible convergent sequence of states. We chose
this condition because it is very general and it interfaces smoothly with the inductive proof technique that we use in the
paper. However, in the following, we will briefly discuss several simpler conditions that can be checked more easily, and
that should cover most practical cases.

We first start by observing that we can split the convergence condition in two parts, i.e. we can check that fJ(TN ) X, W) >
£ (X, w) uniformly in X and w and that WS &™) = W, (X) (weakly), for any ™ — &,

We now focus attention on the weak convergence of random elements W) (%) to W(X). First, note that the weak
convergence condition is essentially equivalent to showing that

sup f gHPWS %) =9} df — / ZHPW, () =§} dy | — 0,
XeK v
for any compact set K C E and any uniformly continuous function g: E — R and that [ g(§P{Wy (X) =¥} dy is a contin-

uous function [52], which may be sometimes easier to check. Moreover, in practise we can expect Wj(TN) and Wy to have a
simple structure, which should facilitate the task of verifying the scaling condition.
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Fig. 3. Client server model of Example 2.1, compared with the hybrid limit scaling keeping the number of server fixed to 2. Parameters are k. = 2, ks = 0.01,
ke =1/50, ky =1/2000, ky =1/1000, and initial conditions are XﬁN) (0) =N, X;(0) =2. Figs. 3(a) and 3(b) show one trajectory of the PDMP and the CTMC
for N = 1000, respectively. Fig. 3(c), instead, compares the empirical cumulative distribution of the PDMP limit and the CTMC, for N = 1000 and N = 10000,
at time t = 10000, generated from 2500 sampled trajectories.

First of all, if W,(,N) and W, do not depend on X, then the condition reduces to W,(TN) = W, which can be checked by
showing one of the equivalent conditions of the Portmanteau theorem [53]. In particular, the condition is trivially true if
W;N) does not depend on N, i.e. if W,(TN) =W;.

We consider now two examples, to illustrate the use of random resets and the hybrid convergence in this case.

Example 5.2. We consider a small variation of the client server model of Example 2.1. The difference is that we will assume
different levels of severity of a breakdown, so that the repair time can be variable, depending on this level. For simplicity,
we assume a single server, but a generalization to more than one server is straightforward. In order to model this situation
in sCCP, we can either increase the number of internal states of the server (one for each level of damage) or use an
additional (discrete) variable. We chose this second approach, introducing D, the damage-level variable. We assume that D
takes values on the integers, and that each time a breakdown happens, its value is sampled from a geometric distribution
with parameter 0.5, W ~ Geom(0.5), so that we have a probability 1/2¥ to see a damage of level k. We further assume that
the repair time is proportional to the damage level, so that the rate of repair is ky/D. We therefore obtain the following
sCCP code, where variables X;, X;, X;j, X; are as in Example 2.1:

client & [x— X/ =X, — 1A X, = Xe + Uminfiy X, yukeX;) - Client +
[x— X, =Xy + 1A X[ =Xt — 1, x, - client

server = [+ = X{=Xi —1A X, =Xp+1,D' = W]y, . server
+ [*—>X{:Xi+l/\XI’J:Xb—l]kf/D.Xb.server

In this case, we clearly have that Xj, Xp, and D are discrete variables, while X, and X; can be approximated continuously.
D can also be seen as an environment variable, as it is used to modify a parameter of the model. Therefore, the transitions
of the client agent become continuous transitions in the associated TDSHA, while the transitions of the server agent remain
discrete and stochastic. Note that we made explicit the dependence on size in the rate functions. Clearly, all transitions
satisfy the scalings of Theorem 5.1. This is true also for the breakdown transition, as W does not depend on the current
state of the system. It follows that Theorem 5.1 applies also to this example, see also Figs. 4(a) and 4(b).
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Fig. 4. Empirical cumulative distribution of clients requesting service at time t = 10000 and average number of clients request service for the client server
models of Example 5.2. The top row shows the model with severity level of breakdowns samples according to a geometric distribution with probability
p =0.5. Parameters are as in caption of Fig. 3, a part from ky = 1/200. The bottom row shows the model with fix rate lognormally distributed with mean
—2.5 and standard deviation 1.0. Note that both histograms present a similar pattern. The bimodality of the distribution is captured for the geometric
breakdown. Moreover, the hybrid model has less variability in the distribution (it has a sharper cumulative distribution function). The averages are almost
indistinguishable.

A variation of this model is to replace the finite damage levels with a continuous level of damage, essentially sampling
the repair rate from a continuous distribution. This can be done in sCCP by using a real-valued environment variable,
call it K. For simplicity, here we assume that the fixing rate is sampled from a lognormal distribution with mean u and
standard deviation o. We can obtain this variant of the model by replacing the server agent with the following one,
where W ~ Lognormal(i, 02):

server = [+ = X/ =Xi —1AX, =Xp +1,K' = W]y, x, . server
+ [x—=> X{=Xi+1A X, =Xp — 1]k.x, . server

Also in this case, the hypotheses of Theorem 5.1 are satisfied, and convergence to the hybrid limit works (see Figs. 4(c)
and 4(d)).

We turn now to discuss convergence of W;,N) (X) to Wy (X) when they depend on X. The situation is more delicate, as
convergence has to be uniform. In the following, however, we list some sufficient conditions to guarantee convergence, that
are of practical relevance.

1. W;,N> (X) =W, (X) and W, (X) depends continuously on X;

2. Wﬁ,m (X) and W (X) are discrete distributions with mass concentrated on points {y1,..., ¥, ...}, and ]P’{W%N)
converges to P{W (X) =¥} uniformly in any compact K C E;

3. WM (®) and W(X) are unidimensional real random variables, with cumulative distribution functions F™)(y, %) and
F(y,%), such that, for each XM — &, FM(y, M) - F(y,X) pointwise for any continuity point y of F(y,X).

4. WM @) and W(X) have values in R", and they have continuous density functions g™ (y,%X), g(y,X), and
SUpycgk zei 18N (V. X) — g(¥. X)|| — 0, for each compact set K C E.

&) = i}
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Fig. 5. Comparison of the empirical cumulative distribution of clients requesting service at t = 10000 (left) and average (right) of the limit PDMP and
the CTMC at system size 1000, for the client-server model with worm infection of Example 5.3. There are 2 servers and yy = N clients. Parameters are
ks =0.01yn, kr =2, kr = 1/40, ky, =1/2000, wq = 0.1, and the infection probability is p =0.33.

5. WM (%) and W(X) can be decomposed into the product of marginal and conditional distributions that converge
in the sense of Scaling 3, ie. W(R) = Wi, ®Wi, & w;,) - Wi, R wi,. ... wi, ), WV & = WP QWY & w;,) -
Wi(ri\]) &, wi,,...,w;,_,), and ijl_v) &N wiy = Wi, (X, w), as *M 5 % and wV - w.

6. WM (X) and W(X) are mixtures of distributions W;N)()A() and W;(X) of one of the previous types, i.e. WM (&) =
¥, PV W &) and W) = X p; RW; (R).

It is straightforward to show that each of these conditions implies that W) (k™)) = W(X) as X™ — X, hence they can be
used whenever it is more appropriate.

Example 5.3. We consider again the client-server model of Example 2.1, but modify it by including the spread of a worm
epidemic. We consider a situation in which a worm has spread on the network and activates on a specific date, sending
all infected clients into a non-working state, called X, from which they need some time to recover. We abstract from the
epidemic spreading and model the effect of the epidemics as an event that affects synchronously all clients and infects each
of them with probability p. Let W;(X), i =1, 2, be binomial distributions with success probability p and size given by X.
For simplicity, we ignore the breakdown and repair of servers, so that we need four variables, X;, X;, X4, and X;j, and initial
network client || worm, where client is as in Example 2.1, while worm is given by the following code:

worm = [x— X = Xr — W1(Xp) A X[ = X¢ — Wa(Xp) A X = Xg + W1 (X) + Wa(Xp)lk,, - worm
+ [x—= X, =Xq—1AX =X+ 1]i,.x, - worm

In the limit TDSHA model, the infection action remains discrete and stochastic, while all others are approximated con-
tinuously (including the recovery). Here, the system size is clearly the number of clients (server dynamics are ignored, so
the number of servers can be seen as a parameter). When looking at the normalized model for system size yy = N, then
the reset of the infection transition, say for what concerns clients thinking, is X; — %W(LN}AQJ), which can be also written

as X — LNI\’;“J LNl)?tJ W ([NX;]), provided |NX;] > 0. By the law of large numbers, this expression converges to X; — pX¢, SO

this should be the reset of the limit PDMP. However, to apply the limit results of this section to this model, we have to
prove that %W(LN;?(N)J) — &p for any ™ — % and then apply point 3 of proposition above. To show this, observe that

if X > 0, then 8™ > %/2 ultimately, hence |[NX™)| — oo, so that LN]—MW(LN&J) — p. When % = 0, instead, observe that

%W(LN&(N)J) < % — 0, which shows the desired convergence (see also Fig. 5 for a numerical comparison).

Remark* 5.3. The framework of population-sCCP programs forces the modeller to explicitly consider the notion of system
size and to incorporate it in the rate functions. This requirement greatly simplifies the manual verification of the scaling
conditions, at least for what concerns rate functions.

There are three kinds of conditions to check: convergence of rate functions, regularity of rate functions (local Lipschitz-
ness), and convergence of reset kernels (or of increments).

Most of the time, these checks are easy to carry out: rates are often density dependent and differentiable and resets are
constant increment updates. If rates depend on yy, usually this dependence is simple and verifying convergence poses no
challenges. For instance, in a biochemical system, the (normalized) mass action rate when two molecules of the same kind
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Fig. 6. Left: limit trajectory of &;(t) for Example 6.1. Right: P{Z™) (t) = 1} as a function of t, for different values of N. Bi-modality of the distribution around
t=1 and t =4 is manifest.

react together has the form kx(x — )}—N), which is easily seen to converge uniformly in any compact set (i.e., whenever X is
bounded). As for the regularity of rates, most of the time we will deal with functions constructed by algebraic operations,
plus some other function like the exponential or the logarithm. All these functions are analytic [54], hence locally Lipschitz.
Also the use of minimum or maximum preserves this property. What can be more challenging is the case in which resets
have a stochastic part depending on the current state of the model. However, the conditions discussed in this section
should cover most of the practical cases. Indeed, we can expect in most models the use within resets of simple discrete or
continuous distributions, like Gaussian or uniform ones.

What is undoubtedly more challenging is to make this check automatic. This is partly due to the generality of sCCP as a
modelling language, which allows a user to express very complex rates and updates. Hence, a malicious user can construct
models that are very complicated to check. However, in most practical cases it may be possible to set up automatic routines
that verify the scaling, by clever use of computer algebra systems.

Another alternative is to identify a library of functions (for both rates and resets) which are guaranteed to satisfy the
regularity and scaling conditions. This is what happens in the process algebra PEPA [12], where the syntactic-derived restric-
tions on the possible set of rate functions and updates guarantee that the conditions of the fluid approximation theorem
(Theorem 4.1) are always satisfied. Constructing a library of “good” functions restricts the expressive power of the language,
but should be enough to cover most practical modelling activity. Furthermore, libraries can be extended when needed, and
the user can also use additional functions, if she also provides a “certificate of correctness”. We will pursue this line of
investigation in the future, with the implementation of the framework in mind.

6. Dealing with instantaneous transitions

In this section we discuss convergence to the hybrid limit in presence of instantaneous events. These events remain
discrete also in the limit process and can introduce a discontinuity in the dynamics that is triggered as soon as their guard
becomes true. The class of limit PDMP obtained in this way is more difficult to deal with than PDMP with just stochastic
jumps. In fact, we cannot rely any more on the “smoothing” action in time of a continuous probability distribution like the
exponential, but we need to track precisely the times at which instantaneous events happen. In particular, there can be
time instants in which we can observe a jump in the limit process with probability greater than zero. This is particularly
the case when the hybrid limit is a deterministic process, i.e. a process without discrete stochastic transitions and random
resets.

From the point of view of weak convergence, dealing with instantaneous transitions requires us to prove that their
firing times in the sequence of CTMC models converge to the firing time in the hybrid limit model. Furthermore, we need
prove also convergence of the state after the reset. As we will see, both properties are not always guaranteed to hold. The
problem resides in the intrinsic discontinuous nature of the exit times and resets on the activation region of guards. Thus,
to prove convergence, we need to impose further regularity conditions on the PDMP, forcing its dynamics to avoid these
discontinuous regions (with probability 1). We will start by discussing the issues with the exit time, then turn to reset
kernels, and finally move to the limit theorem. After having discussed examples, we will consider a small extension of sCCP,
allowing guards to depend on (simulation) time, and discuss limit theorems for this extended class of models.

6.1. Convergence of exit times

Convergence of exit times does not hold in general. Focussing on a deterministic trait of the PDMP dynamics, the problem
is created by trajectories of the vector field that activate a guard by touching tangentially its boundary surface, as shown in
Fig. 6(a). In fact, for N large enough trajectories of the CTMC are contained in a small flow tube around this solution, hence
some of them can cross the surface, while others may miss it. Another class of trajectories that creates problems is that
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of trajectories remaining in the boundary of the activation region of the guard (i.e., the discontinuity surface of the guard
predicate) for a non-negligible amount of time, say for the time interval [t, t2], t1 < ty. Here, the problem is that a CTMC
trajectory can activate the guard in any time instant between t1 and t,.

However, convergence holds for trajectories of the vector field which transversally cross the discontinuity surface of a
guard predicate, meaning that they intersect the surface at time t and enter in the interior of the region in which the guard
is true just after t. Fortunately, this is the situation we are more likely to find in practise.

Now we prove a result about convergence of exit times that can be applied to the setting of Section 4. This result
requires that almost surely only transversal crossings occur. We will then extend the hybrid limit theorem imposing this
condition. We postpone discussion about how to check and/or enforce such a condition until later in the section.

We need some preliminary definitions. The first logical step that we need is to move from predicates to continuous
functions in the definition of a guard.

Definition 6.1. Let G(x) be a guard predicate with closed activation region. A function h: E — R is an activation function or
a guard function for G if it is a continuous function, and if the sets of points {X | h(X) > 0} defines the activation region of G:
G(X) is true if and only if h(X) > 0.

The function h is a robust activation function for G if and only if 3{X | h(X) < 0} = 3{X | h(X) > 0} = {X | h(X) = 0}.

The notion of robust activation function essentially guarantees that the interior of the set in which G is true is (X | h(X) >
0}, so that it makes sense to define a transversal crossing of the guard G as a change of sign of the function h. The
discontinuity surface of the guard is therefore H = {X | h(X) = 0}.

The notion of robust activation is a very reasonable assumption to make. In practical cases, the function h will be a
piecewise smooth function, usually piecewise linear, and the surface H will be a union of differentiable (or even analytic)
manifolds of dimension n— 1 or less. In particular, a function like h(X) = x; if x; <0 and h(X) =0 if x; > 0 is forbidden. This
function is a bad activation function as its discontinuity surface # is the whole half-space {x; > 0}, and furthermore the
sequence of functions h™ (%) = h(X) — % converges uniformly to h but their activation set is empty for all N. This justifies
the use of the term robust: we are forbidding functions which under any small perturbation induce a discontinuous change
in the activation set. From now on, we restrict our attention to robust activation functions.

Coming back to PDMP derived from TDSHA, it is easy to see how to construct a guard function for the class of guards
of instantaneous transitions. In fact, we are considering only positive boolean combinations of atoms of the form h;(X) > 0,
where h; is continuous. Then, we just need to combine the functions h; with maximum, minimum, and negation to take into
account the structure of boolean combinators. Furthermore, if in the TDSHA we have k instantaneous transitions 71, ..., 7,
with activation functions hy, ..., hg, we can combine them into a unique activation function h by taking their maximum:
h(X) = max{h;(X), ..., h(X)}. The function is a robust activation function which is greater than or equal to zero if and only
if at least one guard is true. We call h the activation function of the PDMP.

Consider now a continuous trajectory X :[0,00) — E and let h: E — R be a robust activation function, such that
h(x(0)) < 0.

Definition 6.2. The robust activation function h (or the corresponding activation surface #) is transversal for the trajectory
x(t) if and only if, letting ¢ = inf{t | h(X(t)) > 0}, there is a § > 0 such that h(t) > 0 for t € (¢, ¢ + ).

Suppose now X(¢) is a stochastic process with almost surely continuous trajectories, like the fluid limit X(t), with initial
conditions (drawn from a distribution) Xo.

Definition 6.3. An activation function h is robustly transversal to X(t) if and only if the set of trajectories for which it is
transversal has probability 1.

The notion of robustly transversal activation function can be lifted to PDMP, by requiring that all the guards of the
PDMP are robustly transversal in each continuous trait of the dynamics,'? i.e. that instantaneous transitions are activated
transversally:

Definition 6.4. A PDMP X(t) is robustly transversal if and only if with probability one its trajectories are robustly transversal
in each continuous trait.

Consider now a sequence XM (t) of normalized CTMC associated with a sequence (A, yn) of population-sCCP models,
and assume that XM (t) converges weakly to X(t) as N — oo, where X is a.s. continuous. Furthermore, let h, h\™ : E > R

12 This means that, if the i-th jump of a PDMP trajectory X(t), happening at time T;, corresponds to an instantaneous transition, then there is a § > 0
such that by extending the continuous trajectory starting at ﬁ(Titl) up to T; + &, the crossing is transversal, i.e. h(X(t)) > 0 for t € (Tj, T; + §).
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be the activation functions for X and XM (1), respectively. Assume that K™ converges to h uniformly for each compact set
K CE and call ¢™ =inf{t | A™M XM (t)) > 0}.
We can show the following lemma, whose proof is given in Appendix D.

Lemma 6.1. Let (A, yn) be a sequence of population-sCCP models for increasing population size yy — 00, as N — oo. Let XM )
be the associated normalized sequence of CTMC, and suppose XM = X, where X has a.s. continuous sample paths. Let h™, h be
activation functions for X and X, such that k™) — h uniformly, and suppose h is robustly transversal to X. Then ¢/ = ¢. O

Example 6.1. We discuss now a hand-crafted example to demonstrate the need for the request of transversal activation of a
guard. We consider a population-sCCP program (A, yn) with three continuous variables Xi, X, and X3 taking values in Z,
and one discrete variable Z.

agentl = [X2 >0 — X] =X; +1]x, .agent1l
+ [X2 <0— X|=X{—1]jx, .agentl

= [* = X} = X3 + 1]x, . agent?2

+ [x— X, =Xo — 112y . agent2

agent3 = [* = X} = X3+ 1]gy,, - agent3

doom = [X1=25y)Nn—>Z=1]0c1.0

The initial network is agentl | agent2 | agent3 | doom, with initial value of variables X;(0) = yn, X2(0) = 9yn,
X3(0)=Z(0)=0.

Normalizing the model, we observe that all non-instantaneous transitions satisfy the continuous scaling. If we compute
the drift, we obtain the following set of ODE (as the guards in the transitions of agent1 elicit with the modulus), with
initial conditions (1,9, 0):

dX] —
E—X2+9
dXz_ _
T_X:i 12
dxz _

o =6

These equations can be integrated directly, obtaining x;(t) = t3 — 6t 4+ 9t + 1, whose trajectory can be seen in Fig. 6(a).
Notice that, for t =1, the curve hits tangentially the line x; =5, which is the activation surface associated with the robust
activation function h(X) = x; — 5, while it transversally crosses such a line at t = 4. In Fig. 6(b), we show the hitting time
distribution for the sequence of CTMC for increasing size yy, by visualizing the passage-time distribution of the event Z =1,
i.e. P{Z(t) =1} as a function of t. As we can see, the bimodal nature of the distribution persists also for large N, supporting
the claim that tangential activation creates problems for convergence of exit times.

6.2. Convergence of reset kernels

There is a second source of discontinuity induced by instantaneous transitions, namely in the reset kernel of the PDMP
on the activation surface of the guards. The problem lies in the fact that, if we have more than one instantaneous transition,
a specific one will be active only in a subregion H, of the activation surface H, where H = {X | h(X) =0} and H; ={X €
H | hz (X) = 0}. In particular, the reset kernel is not robust in the boundary 9y H, of H; in H. In fact, if a trajectory of the
PDMP hits H in such a boundary, then a small perturbation can change the set of active guards (including or excluding ),
and the fate of the system may be different. The same problem can manifest itself on the intersection between the activation
surfaces of the guards of two instantaneous transitions 771 and 7r3: in any neighbourhood of (the boundary of) this region,
we can find points in which only one of 771 and 7, is active. This lack of robustness reflects itself in a loss of continuity of
the reset kernel. Hence we can no longer rely on this property to prove the convergence of the state after the reset (a fact
used in the proof of Theorem 5.1).

Intuitively, convergence cannot hold for trajectories X(t) of the PDMP that hit H in dxH. In fact, trajectories of the
CTMC that converge to X(t) can hit either H; or is complement in 7, implying that the CTMC can be reset to a different
state from the PDMP. Furthermore, the probability of hitting #, or its complement in A will depend on the geometry of
H around the boundary d4;H, rather than on the priority functions governing the choice for the PDMP. We illustrate this
point by the following simple example.

Example 6.2. We consider a model of a one-dimensional random walk in sCCP. More specifically, we consider a population-
sCCP program (A, yn) with two variables to be approximated continuously, X and Y, and one variable Z to be kept discrete.
In particular, X and Y will count how many times we go up and down, respectively. We have the following sCCP code:
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X time
(a) Example 6.2 (b) Example 6.3

Fig. 7. (Left) Exemplification of the random walk model of Example 6.2. The activation surface of instantaneous transition dooml is shown in red, while
the activation surface for doom2 is visualized in blue. Trajectories are coloured according to the surface they hit. The black trajectory is the solution of
the PDMP associated with the model. (Right) Exemplification of the random walk model of Example 6.3. The trajectories coloured in red fire the doom2
instantaneous transition, whose activation surface is also shown in red. The dotted blue line is the activation surface of doom1. Obviously, no trajectory is
coloured in blue, as no trajectory can hit that surface. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

up def [x—= X' =X+1])y .up
down = [*— Y =Y +1],, .down
dooml = [X> YN —> Z=1]x99.0

doom2 = [Y>yn— Z=—1ln1.0

The initial network is up || down || dooml | doom2, with initial value of variables X(0) = Y (0) = Z(0) = 0. This system
is easily seen a to be a one-dimensional random walk for the variable W = X — Y. When visualized in the plane X, Y, the
trajectories of the random walk are rotated by 45 degrees along the line defined by the equation Y = X (see Fig. 7(a)). In
the normalized system, such trajectories will eventually hit one of the discontinuity surfaces at X =1 or y = 1. The vector
field of the PDMP is given by F(x,y) = (1, 1), hence the solution from the point X(0) = y(0) = 0 is X(t) = y(t) =t, which
corresponds to the line X = y. This line hits the activation surface in its corner point (1, 1), where both transitions are active,
hence after the reset Z =1 with probability 0.99, and Z = —1 with probability 0.01. However, in the CTMC X and ¥ can
only increment by 1/N asynchronously, meaning that each trajectory has to hit one of the two segments of the activation
surface before the other. By a simple symmetry argument, we can see that for each N, the probability that Z =1 after the
reset is 0.5 (see again Fig. 7(a)), hence convergence cannot hold for this model.

To have some hope to obtain convergence after a reset, we need to exclude trajectories of the PDMP X(t) that are
troublesome. Consider a sSCCP model with m instantaneous transitions 71, ..., 7, and let hy,, ..., hy, be the corresponding
activation functions, and h = max{hy,, ..., hxz,} be the activation function of the PDMP. Define the activation surface H =
{X | h(x) =0} and Har; = (XeH | hz; %) =0}. Let D; = 33, Hx; be the boundary of Hy; in H and D = Uj D; be the union
of such boundaries, called the discontinuity region of .

Definition 6.5. A PDMP X(t) obtained from a TDSHA 7 has the robust activation property if and only if the set of trajectories
hitting the discontinuity region D of H has probability zero.

This property essentially tells us that we can ignore the situations in which the PDMP activates instantaneous transitions
in non-robust points.

However, this is not the only issue with reset kernels. There is another problem that can arise when we allow the acti-
vation functions h; of instantaneous transitions to depend on the size yy, i.e. when hS,N) # hy. The problem, in particular,
manifests itself if the activation surfaces of two or more guards with size-dependent activation functions overlap (robustly)
in the limit model.

Example 6.3. We consider a simple random walk model, with one variable X with values in Z, that will be approximated
continuously, and a variable Z that will remain discrete.
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rw = [x=> X =X+1]y,.1w
+ x> X' =X—-1]y, .1w
dooml = [Z=0AX>yvk—1—>Z=1]s0:1.0

doom2 = [Z=0AX>ynk—2—>Z=—1]0:1.0

The initial network is rw || dooml || doom2, with initial value of variables X(0) = Z(0) = 0. The activation surface for Z =0
of doom1 in the normalized model is the hyperplane X =k — y]—N while that of doom?2 is the hyperplane X =k — le As X

is increased and decreased by one unit only (hence X is modified by % units), for any N the system will always fire doom2
(notice that the additional condition on Z forbids firing dooml once doom2 has fired). Hence, Z = —1 eventually, for the
CTMC models at any population level N (see also Fig. 7(b), for k = 0.5). However, in the limit model both activation surfaces
converge to the limit hyperplane X =k, hence in the limit PDMP Z takes value —1 only with probability 0.5. Convergence
again fails.

This example suggest that, in order to avoid such problems, we should either forbid N-dependent guards in instantaneous
transitions of population-sCCP models, or try to forbid those situations in which more than one N-dependent guard can be
robustly activated at the same time in the limit model. We state this in the following definition.

Definition 6.6. A set of activation functions of guards th), e h,(nN) of a population-sCCP model is size-compatible if and
only if, for each j such that hE.N) is size-dependent (i.e. h;N) converges uniformly to h; in each compact set but h;N) #h;j),
then inty,(H;) N"H; =¥, for each i # j (i.e. in any point in which the limit activation function h; is robustly zero in H, no
other h; function is zero).

The limit PDMP X(t) obtained from a population-sCCP model is size-compatible if and only if the set of activation function
of guards of instantaneous transitions is size compatible.

Technically, Definitions 6.5 and 6.6 are the key properties that allow us to extend a lemma on the convergence of con-
tinuous reset kernels (Lemma Appendix C.1), into a more general result capable of dealing with discontinuous reset kernels
of the form induced by instantaneous transitions. This will be formally discussed in Lemma Appendix D.3 in Appendix D.

6.3. Hybrid convergence theorem

The previous lemmas and hypothesis are the core argument for extending Theorem 5.1 in the presence of instantaneous
transitions. Before proving it, we make explicit the scaling for instantaneous transitions.

Scaling 4 (Discrete scaling for instantaneous transitions). A normalized instantaneous sCCP transition with random reset
A =@gMX),X =i™X WM X)), pN (X)) of a population-sCCP program (A, yy) with variables partitioned into X =
(X4, Xc, Xe), with X € E, satisfies the discrete scaling if and only if:

1. The activation function h™) (X) of the guard g™ (X) converge uniformly in each compact K C E to a continuous function
h(X);

2. f);N)A()A() =0(1), f)f,N) X) is continuous and it converges uniformly in each compact K C E to the continuous function
P (X);

3. Resets converge weakly (uniformly on compacts), i.e. for each XM — % in E, tn &M, WM EM) = #&, W(X)), as
random elements on E.

If an instantaneous sCCP-transition of the form 7 = A% (X) > 0 — X' = £V (X, W™ ()A())]wﬁ(m(x) satisfies the previous
scaling, then the corresponding transition in the limit TDSHA is given by (h; (X)) > 0, 5 (X, W(X)), Pr (X)). Consider now the

limit PDMP X on E, associated with the normalized TDSHA 7A'(.A) constructed from a sequence (A, yy) of population-sCCP
models, in which all transitions satisfy Scalings 2, 3, or 4.

Theorem 6.1. Let (A, yn) be a sequence of population-sCCP models for increasing system size yy — 0o, as N — oo, with variables
partitioned into X = (Xq4, X¢, Xe), with discrete stochastic actions satisfying Scaling 3, instantaneous actions satisfying Scaling 4, and
continuous actions satisfying Scaling 2. Let XM (t) be the associated sequence of normalized CTMC and X(t) be the limit PDMP associ-
ated with the normalized limit TDSHA T (A).

If ﬁéN) = Xo (weakly) and the PDMP is non-Zeno, robustly transversal, has the robust activation property and it is size-
compatible, then XM (t) converges weakly to X(t), XM = % as random elements in the space of cadlag function with the Skorokhod
metric.

Proof. The proof is only sketched here, see Appendix D for further details. The idea is to reason as in Theorem 5.1, just
replacing the machinery about jump times by a more refined one taking into account also instantaneous jumps. Essentially,
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we have to take the minimum of the stochastic and instantaneous jump times, and choose which reset kernel to use
according to which kind of event (stochastic or instantaneous) fires first. The weak convergence of these new jump times
and reset kernels follows easily from the convergence of stochastic and instantaneous ones. O

Remark* 6.1. Theorem 6.1 relies on three global properties of the PDMP associated with the population-sCCP model, namely
the robust transversal, the robust activation, and the size-compatibility property.

The last requirement should be generally relatively easy to check, as it depends only on the activation functions of
guards, and not on their interaction with the vector field. In fact, in most practical cases, guards are boolean combinations
of linear predicates, hence if some of them depend on N, by computing the limit activation function (which should also be a
combination of linear functions h;j 1,..., h]-,kj ), one can discover if there is a robust overlapping of guards by solving a linear
system of equations for each pair i, j of size-dependent guards (say h;1(X) =0, ..., hj,, X =0,h; 1% =0,..., hjk; x)=0)
and checking if the solution has dimension n — 2 or less in each mode. Here we are implicitly assuming that the PDMP
and the sequence of CTMC can evolve in an open subset of E of dimension n in each mode (if this is not the case, due to
conservation laws, we can just use these laws to reduce the dimensionality of the system). If the activation functions are
non-linear, then the previous approach can be still carried out, though checking the intrinsic dimensionality of a non-linear
manifold is obviously more complicated.

On the other hand, the robustness conditions on the PDMP are more complex to check. The robust transversal property
requires that the PDMP transversally crosses an activation surface with probability one. If the PDMP is deterministic (i.e.,
there is no discrete and stochastic transition), then this check can be carried out along the single trajectory starting from the
given initial state. In case the number of firings of instantaneous transitions is finite, or these events are ultimately periodic,
then it may be possible to set up a semi-decision procedure for this task. The problem, also in this simple case, is that
checking if a trajectory has a tangential crossing is the same as looking for a non-simple zero'? of the activation function.
However, no root finding algorithm is able to properly deal with non-simple zeros, even for analytic functions, see e.g. [55].
In fact, we can only hope to compute a non-deterministic approximation of the trajectory, namely a flow tube around it,
which for a tangential activation would intersect the surface but not cross it completely. This still does not prove that there
is a tangential zero, just that we cannot ignore this possibility. Note that if a trajectory does not intersect the activation
surface but a flow tube of small radius around it does, then the behaviour of the sequence of CTMC can diverge from that of
the PDMP due to small fluctuations around the limit trajectory, which can lead to completely different behaviours. In those
cases, even if convergence will hold in the limit, the speed of convergence can be very slow.

If the PDMP is a proper stochastic process, then checking the robust transversal property can be even more challeng-
ing. In fact, the condition requires us to show that non-transversal activations happen with probability zero. One way to
approach the problem is to exploit randomness to our advantage. Suppose that, in a given mode g, the continuous state
space E4 has topological dimension n and that we can show that the activation surfaces have (topological) dimension n — 1
and set of points B in the activation manifold corresponding to non-transversal crossing has (topological) dimension n — 2
or less. Then, the set of points E; of E; such that X(t) € B if Xo € E; has dimension n — 2 (it is the continuous image of B
under the flow of the vector field for —t units of time) so that the subset Eg C Eq of initial points for which X(t) hits B
has dimension n — 1. If we can further prove that the distribution at each time ¢ of the PDMP is absolutely continuous with
respect to the Lebesgue measure (i.e. P(A) = 0 for each Borel set A of Lebesgue measure 0), it necessarily follows that the
probability that X(t) € B is zero (as Ep has Lebesgue measure zero). This last property can be enforced by requiring that the
initial conditions and the reset kernels are absolutely continuous probability distributions (e.g. n-dimensional multivariate
Gaussian distributions). If the system satisfies some conservation law, so that we are interested in its dynamics in a mani-
fold of dimension less than n, then we can reduce its dimensionality and analyze the reduced system in the way sketched
above.

Proving that the set B has dimension n — 1 or less, instead, is more challenging in general. If the activation function of
guards are linear (or analytic), and the vector field is analytic, then one may exploit properties of analytic manifolds for
this task, studying the set of zeros of the scalar product of the normal vector to the activation surface with the vector field
(B, in fact, is contained in this zero set). We do not pursue this direction any further in this paper, leaving its investigation
for future work, with the goal of providing (semi-)automatic static analysis procedures to check for the applicability of the
hybrid approximation method, at least for a practically relevant subclass of population-sCCP models.

The property of robust activation can be dealt with along the lines sketched above, looking at the dimension of the
intersection of activation surfaces. In this case, the task should be considerably simplified if all guards are linear.

Example 6.4. We consider now a different scenario, in which we model the spreading of a worm epidemic in a computer
network. The class of models used for this circumstance is usually drawn from the well developed field of epidemiology, and
we make no exception to this rule. We will consider a simple SIR model [56], in which each node of the network has three
states: susceptible X, infected X; and recovered X,. Here the size of the system yy coincides with the total population N
of nodes, which is assumed to be constant, i.e. X; + Xs + X; = N. We assume that infection happens by the malicious action
of the worm in infected nodes, which try to send infected messages around the network. There is also a small chance that

13 A zero of a real valued differentiable function is non-simple if also the derivatives of the function up to order k > 1 are zero in the same point.
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Fig. 8. Comparison of hybrid and stochastic trajectories of the epidemics model of Example 6.4, for parameters k; = 100, k. = 0.001, ks = 0.1, kg =0.1,

k; =2.0 (left) or k; = 1.0 (right). Control thresholds are ag = 0.3 and « = 0.1 (left) or oy = 0.088 (right). Initial conditions are %;(0) = 0.1 and Xs(0) = 0.9.
Note that for N large the stochastic trajectory is indistinguishable from the hybrid limit one. In the figure on the right, the threshold ¢/ is slightly smaller
than the steady state of the ODE when U = 1. However, the stochastic system can hit the threshold and change mode, even for yy large. In any fixed time
horizon, this event becomes less and less likely as N goes to infinity: here, we observe a spike for N = 100000, but not for N equal to one million.

infection comes externally from the network. Recovery from an infection is obtained by patching an infected computer node.
However, after some time new generations of worms appear, and we describe this by the loss of immunity of recovered
nodes, that return to be susceptible. We assume that only infected nodes are patched. The sCCP code for this model is as
follows:

infection = [*—= X[ =Xi+1AX;=Xs — 1ix,x;/p - infection +
[+ — X{=X; +1 A X; = X5 — 1]}k, - infection

loss_immunity = [x— X, =Xy — 1A X;=Xs + 1lk,x, - Loss_immunity

patching = k=X =Xi—1AX. =X, + 1k, x; -patching
The patching rate kp is the only controllable activity in the system, and we will use instantaneous transitions to model
control policies. In particular, we consider here the following policy: if the fraction of infected computers is above a thresh-
old o1, we increase the patch rate from kg to k:,. If the fraction of infected fall below the threshold g < a1, we switch
back to the normal patching rate. We model this in sCCP by introducing a new variable U, taking values 0 or 1, modifying
the agent patching as

patching £ [U=0- X{=X;—1AX/=X; +1]gy .patching
+ [U=1=X/=X; —l/\X;:Xr—i—l]k}JXi .patching

and introducing the control agent

control = [Xi/yN > a1 = U’ =1]x:1 . control
+  [Xi/ynNn <ap— U =0]x:1.control

First, note that this model satisfies the scaling assumptions of Theorem 6.1, when all variables except U and all stochastic
sCCP-transitions are considered as continuous. As there is no stochastic transition, the limit model is deterministic. Hence,
if we start from a given initial state, we need to check that the single trajectory of the limit model satisfies the assumptions.
For a given set of parameters, shown in Fig. 8, we can choose o such that the steady state of the limit model with low
patching rate is above 7 and «g such that the steady state of the limit ODE model with high patching rate is below «p,
inducing oscillations in the limit hybrid model. This is confirmed in Fig. 8(a), where we can also check visually that the
crossing of the guard surfaces is always transversal. A formal proof can be given as well, by verifying that the projection of
the vector field on the orthogonal direction to f(,- =qq or 5(,- =g is null in a single point, namely (kg/ki, a1, 1 —kg Jki —aq)
or (k}, /ki, g, 1 — k}, /ki — ap), respectively, and observing that the trajectory in Fig. 8 never passes from these points. As the
conditions of Theorem 6.1 are satisfied, we can conclude that the sequence of CTMC models obtained by the sCCP-program
for increasing yn converges to the hybrid system.

In Fig. 8(b), we show the same model for a different high patching rate and a different threshold o, such that the limit
model in state U =1 converges to a steady state slightly greater than «1, thus never activating the instantaneous transition.
We can see that the stochastic model behaves in the same way, but for N very large, because the proximity of «; induces
an activation of the transition in stochastic trajectories with small (but non-null) probability for any N. In particular, this
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implies that if we leave enough time, almost surely a stochastic trajectory will eventually cross the surface X; = «q, changing
discrete mode. This shows how the notion of weak convergence is restricted to the transient behaviour, but does not bring
in general information about the steady state.

6.4. Time-dependent guards

Guards of instantaneous transitions depending on time can be a valuable addition to the modelling language, as they
allow us to describe global events that have a duration, which can be either deterministic or stochastic.

More precisely, we consider the extension of sCCP [20] with a reserved keyword time, referring to simulation time,
whose usage is confined to guards and update functions of instantaneous transition, and to update functions of stochastic
transitions, which have to be kept discrete. Moreover, the special variable time can never be updated. Specifically, we allow
instantaneous transitions of the form [G (X, time) — X =r; (X, W, time)]so:w. In particular, G, (X, time) is required to be of
the form time > ho(X) A Gz 1(X), for some function hg and some standard guard predicate G 1(X) (with activation function
hﬂf()). We call a population-sCCP model (A, y) with timed-guards a time-guarded population-sCCP model.

Translation of these transitions to TDSHA is straightforward and follows the same scheme as Section 2.3. The only
difference is that in the TDSHA/PDMP setting it is more convenient to internalize the notion of time, by adding a dedicated
clock variable keeping track of the global simulation time. This is done by adding a new continuous variable, Time, and a
new automata, called time-monitor, in the parallel composition of TDSHA, with a single continuous transition of the form
(17ime, 1), where 17jme is the vector equal to one in the position of the variable Time, and zero elsewhere.

In the following, we restrict our attention to time-guarded transitions that satisfy the following scaling assumption with
respect to the population size yy.

Scaling 5 (Discrete scaling for time-guarded instantaneous transitions). A normalized time-guarded instantaneous sCCP transi-
tion with random reset # = (g™ (X, time), X' = #™ (X, W™ (Y), time), p (X)) of a population-sCCP program (A, yy) with
variables partitioned into (Xq, Xc, Xe), X € E, has discrete scaling if and only if:

1. The activation function of the guard g“‘”(f(), which is min{time — héN)()A(),th)()A()}, is such that hl{N)()A() converges
uniformly in each compact K C E to a continuous function h,-()A(). i =0, 1. Furthermore, h(()N) and hg do not depend on

the variables )A(C of X that are modified continuously;
2. pV satisfies the same conditions as in Scaling 4;
3. Resets converge weakly (uniformly on compacts), ie. for each XM t™M) - (%,t) in E x Rsg, fvy &N, WM &),

tN)) = #(X, W(X), t), as random elements on E.

Under the previous scaling, if we consider initial conditions (or the state after one jump) such that XEJN) = Xo, given the

independence of the activation function from variables modified continuously, we easily obtain héN) (5((()N)) = hg(f(o) (reason
as in Lemma 6.1). Recalling that in the limit PDMP, Time is treated like a regular continuous variable, we can combine
this observation with the discussion about exit times and reset kernels in the previous section to obtain convergence.
Note, in particular, that the activation condition on time has always a robustly transversal activation function (as Time
is monotonically increasing). Hence, the only problems for convergence of a timed-transition can come from the other
component of the guard (i.e. from the activation function hy ). Therefore, we obtain that the time T™ in which g™ becomes
true converges weakly to the time T in which g becomes true. Then, a minor adaptation of the proof of Theorem 6.1 gives
the following

Proposition 6.1. Let (A, yn) be a sequence of time guarded population-sCCP models for increasing systems size, yy — 00, as N — oo,
with variables partitioned into X = (X4, Xc, Xe), with discrete stochastic actions satisfying Scaling 3, instantaneous actions satisfying
Scaling 4, time guarded actions satisfying Scaling 5, and continuous actions satisfying Scaling 2. Let f(fN) (t) be the associated sequence
of normalized CTMC and X(t) be the limit PDMP associated with the sequence of normalized TDSHA T (A, yn).

If )A(SN) = Xo (weakly) and the PDMP is non-Zeno, robustly transversal, has the robust activation property and it is size-

compatible, then XM (t) converges weakly to X(t), XM = %, as random elements in the space of cadlag function with the Skorokhod
metric. 0O

Example 6.5. As an example of time-dependent guards, we consider again the client-server model with breakdown, as in
Example 5.2. In that example, we used random resets to model a variable level of damage, reflecting in the time needed to
repair the system. Here, instead, we consider a single damage level, but with a generally distributed repair time. In terms
of sCCP model, we need an environment variable, say K, representing the time in which the server repair will finish. It will
be re-sampled from a given distribution each time a breakdown occurs. More specifically, let W be a random variable on
the positive reals, with cumulative distribution function F(t), independent of the current state. Each time the server breaks,
we set K to time + W. The server agent now becomes
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Fig. 9. Empirical cumulative distribution of clients requesting service at time ¢t = 10000 and average number of clients request service for the client-server
model of Example 6.5. The model has a fixing time sampled from a Weibull distribution with shape 1.5 and rate 1/1000. Other parameters are as in the
caption of Fig. 3. The bimodality of the distribution is captured, with less variability in the hybrid model. The average is almost indistinguishable.

server = [+ = X{=Xi —1A X, =Xp + 1 AK' =time + W]y, . server
+ [time=K — X{ = Xi+ 1A X = Xp — 1]ec:1 . S€TVEr

It is easy to see that this modified model satisfies the scaling conditions of Proposition 6.1, as the guard of the times
transition is independent of yy. It follows that convergence holds, as can be seen in Fig. 9, where we consider a fixing time
sampled according to a Weibull distribution.

7. Dealing with guards depending on continuous variables

In this section, we look at what happens if we allow guards depending on continuous variables in sCCP transitions,
which in the limit can either be approximated as continuous or be kept discrete and stochastic. This additional feature,
which is straightforward from the point of view of the modelling language and which poses no problems in the definition
of the CTMC semantics, has more complex consequences for what concerns the hybrid limits.

We will first focus on guards on continuous transitions, as these are somehow more delicate to deal with. Guards on
discrete stochastic transitions, which create problems that are, in a certain sense, analogous to those with instantaneous
transitions, will be discussed later on in Section 7.4.

7.1. Guards on continuous transitions

Guards on continuous transitions introduce discontinuities in the vector field. In fact, the rate function i (X) of a con-
tinuous transition 77 has to be multiplied by the indicator function of the guard predicate, which we assume to be of the
form h(X) > 0, obtaining the discontinuous function fr (X) = Ax (%) - I{h(X) > 0}. In doing this operation, we leave the world
of differential equations, entering into the more intricate realm of discontinuous or piecewise-smooth dynamical systems
(PWSS) [32,57] or, more generally, of differential inclusions [33].

The problem, roughly speaking, is that existence and uniqueness of the solution of an ODE with discontinuous right-
hand-side is not guaranteed even if all rate functions are regular (say Lipschitz continuous) and if guards are also described
by smooth functions (say differentiable functions). Furthermore, solutions can exhibit strange behaviours, like sliding motion
(sliding on a discontinuity surface) or chattering (Zeno behaviour in crossing discontinuity surfaces).

The lack of uniqueness, in particular, is problematic in our context, as it is a fundamental condition in the definition of
the class of PDMP we consider here. Indeed, more general frameworks can be considered, like PDMP based on differential
inclusions, but we leave the investigation of this direction for future work.

In this paper, we will follow the treatment of [34], in which the author discusses mean field limits in presence of guards,
when the limit is a PWSS. A more general approach is that of [35], but we stick to the first one as we believe it is more
intuitive. In the next subsection, we will briefly give an introduction to PWSS, in which we will discuss conditions for
existence and uniqueness of solutions. Then, we will turn our attention to fluid approximation of those systems and plug
these results into our framework.

7.1.1. Piecewise-smooth dynamical systems )
Consider an ordinary differential equation ‘fj—’t‘ = F(X). A solution in the classical sense is a (continuously) differentiable
function X(t) such that %ﬁ(t) = F(X(t)), and X(0) = Xo. A classical result is the Picard Lindelof theorem [58]: if F is (locally)
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Fig. 10. Schematic representations of transversal motion across #, of sliding motion along #, and of the geometric construction of the sliding vector
field G(X).

Lipschitz on a set E C R" and X is in the interior of E, then there exists a unique global solution of the differential equation
within E.

However, here we are interested in dynamical systems in which the right hand side of the ODE can be a discontinuous
function, possibly undefined, on a set of points of measure zero. This is the setting studied in the theory of ordinary
differential equations with discontinuous right-hand side [57]. In particular, we will consider the so-called switching systems
or piecewise smooth (PWS) dynamical systems [32,59]. Let F : E — R", with E C R", and suppose there exist a finite set of
domains R;, i=1,...,s, such that F is smooth (or at least Lipschitz) on R;, the closure of R;, and Uf{i D E. Notice that
F can be discontinuous only on the boundaries aR; of the regions R;, so that the discontinuous set is X = JdR; and it
has measure zero.

In the following, we will briefly sketch some basic notions of these systems, which we will need in the following, starting
from the concept of a solution. In fact, given that the vector field is discontinuous, we cannot look anymore for solutions
which are continuously differentiable functions. Therefore, we will look for solutions among absolutely continuous functions,
i.e. continuous functions which are equal to the integral of another function [60] and are henceforth differentiable almost
everywhere.

In order to define such solutions, we will lift the function F to a set valued function F, F(X) € R", known as the
Filippov extension of F. Then we define a Filippov solution as an absolutely continuous function X(t) such that X(0) = Xg
and %f((t) € F(X(t)) almost everywhere. That is to say, we replace the discontinuous differential equation by a differential
inclusion [32,33]. More specifically, we define F(X) as co{limy_,oc F(X¢) | Xk — X, Ry ¢ H}, where co denotes the convex
closure of a set. Notice that for each continuity point X of F, F(X) = {F(X)}, so that we have a proper differential inclusion
only in the discontinuity region #.

For simplicity, consider a PWS system constituted by only two regions R1 and R;, and let X € H be a point of discon-
tinuity of the vector field. Furthermore, suppose that F equals the function F; on R and the function F, on R, and that
F1,j(X) < F2,j(%). In this setting, F;(X) =[F1,; (&), F2,j(®)].

The existence of a solution, starting from a point X, is guaranteed under mild conditions on the Filippov extension F
of F [57]: F must be (locally) bounded'* and upper semicontinuous.'> Consider again a PWS system with two regions R
and Ry, as above. Then, existence is guaranteed if functions F; and F, are continuous on R and R.

In order to understand the behaviour of a PWS dynamical system on a discontinuity point of the vector field, we restrict
our attention to the two regions system (which is a good local model, unless a discontinuity point belongs to the boundary
of more than two regions), further assuming that R; and R, are separated by a smooth surface #. In particular, H is
defined as H = {X | h(X) = 0}, where h is a function with continuous second order derivatives, while R = {X | h(X) >
0} and Ry = {X | h(X) < 0}. We further require that Vh(X) # 0 for each point X € H, so that the normal vector n(X) =
Vh(X)/||Vh(X)|| is always defined for the surface H, and always points into R1, see Fig. 10.

To understand the behaviour of a trajectory when it hits the surface #, consider a situation in which the solution is in
the interior of R and hits A in X at some time t. Then, two things can happen, depending on the relative orientation of the
vectors F1(X) and Fo(X) with respect to . In particular, as X(t) hits # from R, the vector F,(X) must point towards R .
If also the vector Fq(X) points towards i, then the trajectory X(t) crosses the surface #, possibly with a discontinuity
in its derivative. This phenomenon is called transversal motion, see Fig. 10(a). Alternatively, the vector Fi(X) may point
towards RR;. In this case, the trajectory cannot enter R, as it will be pushed immediately back to #, but, symmetrically,
it cannot also remain in R;. Therefore, the motion is confined in the discontinuity surface . This kind of behaviour is
known as sliding motion, see Fig. 10(b). In particular, the trajectory X(t) follows the solution of the vector field tangential
to H obtained by selecting the unique vector in F(X) tangential to 7, see Fig. 10(c). More precisely, the sliding motion is
defined by the differential equation %f( = G(X), where G is the vector field (X) = «(X) f1(X) + (1 — (X)) f2(X). The value of
the weight coefficient «(X) is obtained by requiring that nT (X)G(X) =0 (i.e., that G(X) is tangential to #{), obtaining

14 A set function F is locally bounded at X € R" if there exist £ > 0 and Mg > 0 such that ||Z|| < Mg for each Z € F(§) and § € B(X, ¢).
15 A set function F is upper semicontinuous at X € R" is for each & > 0 there exists § > 0 such that F(§) C F(X) + B(0, &) for each § € B(X, 8).
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where n” (X)F;(X) is the projection of F;(X) along the normal vector n(X) of 7{ in X. Sliding motion continues until one (and
only one) of the two vectors fields, say Fi, becomes tangential to 7. In this case, the motion continues in the region R;.
The condition that only one vector out of F1(X) and F,(X) becomes tangential to A is known as the first order exit condition
of the sliding motion [59]. If both F; and F, become tangential, then the motion continues on a submanifold of #, but we
do not consider these situations in this paper, which can, however, be treated similarly to the motion in the intersection of
the boundary between three or more regions [59]. Hence, from now on we tacitly assume that sliding motion terminates
with first order exit conditions.

In general, if we are in a point X of 7{, the behaviour of a solution starting in X depends on the values of n’ (X)F; (%) and
nTR)F2(X):

e If both nT (X)F1(X) and nT (X)F»(X) are non-zero and have the same sign, then there is a transversal crossing of the
surface.

o If n"T(X)F1(X) <0 and nT (X)F2(X) > 0, we have a stable sliding motion along .

o If n”T(X)F1(X) > 0 and n” (X)F2(X) < 0, we have an unstable sliding motion along .

e If only nT (X)F1(X) = 0, then the trajectory continues in the region pointed by F»(X), and similarly for nT (X)F2(X) =0
(tangential crossing).

For the scope of this paper, the uniqueness result for PSW systems plays a relevant role. More precisely, Filippov [57]
proved that there is a unique solution starting in X € #, provided that at least one of nT (X)F1(X) <0 and nT X)F2(X) > 0
holds. Notice that this condition rules out unstable sliding motion. There is also a condition for existence and uniqueness
expressed in terms of differential inclusions, which requires the set-valued function F to be one-sided Lipschitz continu-
ous.'® We remark that the global existence and uniqueness of a solution allows us to define a semiflow ¢(t,%) for the
discontinuous vector field F, which is the condition required in the definition of a PDMP adopted here.

7.2. Deterministic approximation for PWS limits

We will now present the limit result of [34] in the framework of this paper, and then plug it in the proof of Theorem 5.1
in order to extend the hybrid convergence limit to this discontinuous setting. We start by expanding Scaling 1 to deal with
guards.

Scaling 6 (Continuous scaling with guards). A normalized guarded sCCP transition J'A[A= (CJ(TN) (ﬁ), X =X+ f),(TN), X;,N)()A()) of
a population-sCCP program (A, yy), with E the domain of normalized variables X, assumed to be all continuous, has
continuous scaling if and only if:

1. The rate and update satisfy the conditions of Scaling 1;
2. CJ(TN) (X) is of the form hz 1(X) > 0A... Ahy (X) >0, where each hy ; is independent of N and has continuous second
order derivatives, with Vhy ;(X) # 0 for all X € {X | h(X) = 0}.

Consider now a population-sCCP program (A, yn), with no discrete variables and no instantaneous transitions, and with
stochastic actions satisfying either Scalings 1 or 6 (hence, all actions will be approximated continuously). Then, we can
compute its drift according to equation (5), which defines a piecewise-smooth system:

FV &) =3 EIF MG X} X)

Notice, in particular that, as the guards are independent of N, it holds that FN) — F uniformly, where F is defined by
FX) =Y " ElDr 11{Gr (X)} fr (X).
T
d

Let us take a closer look to the PWS systems Ef(: F(X). Each transition of the model having a non-trivial guard,

partitions the state space in several regions. In fact, if the predicate Gy is a conjunction of inequalities defined by smooth
functions hy j, then each such function partitions the state space in two regions: R;] where hy j is positive, and Rﬂ’j,
where hy j is negative. Therefore, in order to define the PWS system, we have to consider all possible intersections of
regions Rj+ and Rj’, for all distinct function h; appearing in guards of transitions. If there are mg such functions, then we

16 A set valued function F is one-sided Lipschitz if and only if for each X1, X, € E and y; € F(X;), y2 € F(Xp), it holds that (X; —X) - (y1 —¥2) < L||X; —X2]|,
for some L > 0.
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have 2™M0 distinct regions. In practise, however, many transitions usually have trivial guards, and there may be transitions
sharing the same functions hj, so that this number should be reasonably small. In the following, we indicate by H; the
manifold defined by h;: H; ={X€R" | h;j(X) =0}.

In the rest of the paper, we require that the PWSS defined by F is globally regular, in the following sense:

1. solutions exist globally in E, and are unique, so that the PWSS admits a semi-flow on E;

2. sliding motion never happens on the intersection of more than one surface, and has first order exit condition;

3. the PWSS has no Zeno trajectories, i.e. the number of transversal crossings and traits of sliding motion is finite in each
compact time interval [0, T], for each trajectory of the PWSS.

These conditions are essentially those introduced in [34], just extended to the whole domain E.!” If the PWSS is regular,
then each of its trajectories is regular and therefore the following theorem holds:

Theorem 7.1. Let (A, yn) be a sequence of SCCP models for increasing systems size, satisfying the conditions of Theorem 4.1, with all
actions v satisfying either Scaling 1 or Scaling 6. Let X (t) be the associated sequence of normalized CTMC, and assume X (0) — %o
(in probability/almost surely).

Let X(t) be the solution of the regular PWSS system %f( = F(X) starting in point X(0) = Xg € E. Fix a finite time horizon T < oo.
Then

lim sup Hde) (t) — X(t) H — 0 inprobability. O

N—>oo t<T

As an immediate corollary, we get that if f((()N) = Ko, then X = % as random elements in the space of cadlag functions.

The intuition behind the proof of the theorem is that each regular trajectory in [0, T] of the PWSS can be sliced into a
finite number of pieces, such that each piece is either the solution of a standard ODE within a continuity region of the vector
field, or it is a sliding motion along a discontinuity surface. The idea is to prove the convergence of the sequence XM (1) to
X(t) in each piece separately, either using standard deterministic approximation (Theorem 4.1), or using a specialized version
of such a result for sliding motion (Theorem IV.2 in [34]). Then, one simply proves convergence in [0, T] by combining the
convergence in each piece, exploiting convergence of exit times. Sliding motion is the difficult case, because the trajectory
of the PWSS evolves according to the sliding vector field, which is different from the drift F™) of the sequence of CTMC.

Differently from [34], we are not requiring that rate functions are globally bounded and Lipschitz on E, but they just
satisfy these properties locally. However, the validity of the previous theorem depends only on a compact neighbourhood
of the trajectory up to time T, and on the assumption of global existence of solutions. Furthermore, we are also allowing
random increments, which can be dealt with exactly as in Theorem 4.1.

We also note that we could have relaxed the scaling condition on guards by making guard functions h; depend on N,
and assuming that they converge uniformly to a limit function, with the same properties. The previous theorem would still
hold, but with some modification with respect to the proof of [34].!®

7.3. Hybrid limit with guarded continuous transitions

The previous theorem can be easily plugged in the framework of Section 5, replacing Kurtz theorem in the proof device
of Theorem 5.1. This can be done under the regularity assumption of the limit PWSS in each mode of the PDMP, i.e. for
each possible combination of values of discrete variables. We call PWS-regular such a PDMP. The reason is that the proof
of Theorem 5.1 relies only on the weak convergence implied by Kurtz theorem and on the continuity of limit trajectories,
which are also satisfied by the subset of PWSS considered here. Furthermore, as the treatment of instantaneous transitions
or time-dependent guards in Section 6 is also independent of the fine-grained details of the continuous dynamics, we can
also include those kinds of transitions. Notice that the notion of non-Zeno PDMP and those of robustly transversal PDMP,
robust activation property and size-compatible PDMP, extend automatically to this PWS setting, as they only depend on
the existence of the semi-flow of the continuous dynamics of the PDMP. Before stating the theorem, we need to extend
Scaling 6 to the hybrid setting, as done for Scaling 1.

17" This regularity condition can be simplified, if the problem is restated in terms of differential inclusions and we require that the set-values extension F
of F is one-sided Lipschitz. Under this milder assumptions, the following theorem still holds. However, we stick here to the formulation in terms of PWSS,
which is more natural in the context of PDMP.

18 The proof becomes more involved because if guards are varying with N, F®") does not converge uniformly to F any more. Essentially, one proves
that the trajectories of the PWSS defined by the discontinuous vector field F™) converge uniformly in each [0, T] to the trajectories of F, and that X™
converges in probability, uniformly in [0, T], to X", the solution of d/dt XM (t) = FM (XM (¢)). To show that X™ is regular, one relies on the regularity
of the limit trajectory X, and on the uniform convergence of activation functions of guards and of the components ]‘,(,N) of the vector field. To show
convergence of XM to ™), one either invokes an obvious modification of Theorem 4.1, or modifies the proof for sliding motion in [34] using again the
uniform convergence of guard’s functions and of rates. Alternatively, one could work with differential inclusions, as in [35].
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Fig. 11. Comparison of single trajectories of the limit PDMP and the CTMC model for system size 1000, for the control policies of the network epidemic
models of Example 7.1 (left) and Example 7.3 (right). The behaviour is essentially the same (modulo randomness of switch times in the figure on the right).
Parameters are as in the caption of Fig. 8. Additionally, in the model of Example 7.1, we have k}, =0.05, kfj =4.0, kf, =0.5, « =0.1,  =0.3, and the
duration of the emergency policy is 10 units of time. The rate of switch from emergency to normal patching policy in the model of Example 7.3 is 0.1.

Scaling 7 (Hybrid continuous scaling with guards). A normalized guarded sCCP transition T= (C;N) X), X' =X+ ﬁ,(TN), )AL;N) X))
of a population-sCCP program (A, yn), with variables X € E partitioned into (Xg, Xc, Xe), has hybrid continuous scaling if and
only if:

1. The rate and update satisfy the conditions of Scaling 6;
2. GJ(TN) X) = G;N;(Xd, Xe) A @N'C(XC), where E;,,,C(xc) satisfies the condition of Scaling 6.

Therefore, we have the following;:

Proposition 7.1. Let (A, yn) be a sequence of time-guarded population-sCCP models for increasing systems size yy — 0o, as N — oo,
with variables partitioned into X = (X4, Xc, Xe), with discrete stochastic actions satisfying Scaling 3, instantaneous actions satisfying
Scaling 4, time guarded actions satisfying Scaling 5, and continuous actions satisfying either Scaling 2 or Scaling 7. Let XM (t) be the
associated sequence of normalized CTMC and X(t) be the limit PDMP associated with the limit normalized TDSHA T (A).

If ﬁE)N) = Xo (weakly) and the PDMP is non-Zeno, robustly transversal, has the robust activation property, is size-compatible
and PWS-regular, then XM (t) converges weakly to X(t), XN = % as random elements in the space of cadlag function with the
Skorokhod metric. O

Example 7.1. We consider a variant of the computer network epidemic model of Example 6.4. In particular, we consider the
following normal and emergency patching policies. Under the normal policy, patches are applied at constant rate k;. Under
the emergency policy, instead, computers in the network are patched with a rate kf, > k}, if the fraction X; of infected nodes
is above a threshold «, and at rate k?[; < k%, kg > k}J, if the fraction of infected nodes is below «. The emergency policy is
initiated as soon as the fraction of infected nodes becomes greater than a threshold g8 > «, and is executed for w € R* units
of time. We will use an environmental variable K to remember the next firing time of such a delayed transition. When the
emergency policy is aborted, the normal policy is restored. We can model this policy in sCCP by suitably modifying the code
of Example 6.4, with particular regard to the patching and the control agents. The variable U is the discrete variable
modelling the patching policy: U =1 indicates the normal policy, while U = 2 indicates the emergency one.

patching = [U=1-X/=X;—1AX, =X, + 11 %, -patching

+ [U=2AXi=a— X[ =Xi— 1A X/ =X +1]3y .patching

+ [U=2/\)A(,-<a—>Xi’=Xi—1/\X;=Xr+1]kgxi.patching
control = [U=1a Xi>B— U =2AK =time+ W]x:1 .control

+ [U=2Atime>K — U =1]s:1.control

The limit model is a PWSS when U = 2. In Fig. 11(a), we show a trajectory of the PWSS exhibiting sliding motion on the
plane X; = c. It is easy to check that the PWSS has a unique solution from any initial state. In fact, taking the scalar product
of the two vector fields Fy, F, with the normal to X; =« on the two sides of the plane X; = «, we obtain kjo X; —k%,ot and

kioe Xs —lk3 . Now, kioe Xs —k3a > 0 for X > k> /ki. But as k5 > k3, for X < k3 /ki, we have that kioe Xs —ka < aky —kyar <0,
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which shows that the uniqueness condition is verified. Also in this case, the hybrid limit model is deterministic, and we can
see its trajectory from a fixed set of initial conditions in Fig. 11. Inspecting this trajectory, we can easily convince ourselves
that the crossing of activation surfaces is always transversal, so that we can apply Proposition 7.1.

7.4. Guards on discrete stochastic transitions

In this section, we consider a relaxation of Scaling 3, in which we allow guards on discrete stochastic transitions to
depend on continuous variables. Similarly to continuous transitions, this extension introduces discontinuities in the rate
functions of the PDMP. Intuitively, as the jump time distribution is obtained by the cumulative rate, i.e. by integrating the
rate function, these discontinuities should not create problems, as far as the trajectories of the PDMP do not remain in a
discontinuity surface of a rate for too long. Essentially, problems emerge if a continuous trajectory of the PDMP slides on
the discontinuity surface of a guard for some time interval [ty, t2], t1 < t. Suppose that on the surface the guard is false,
hence the transition of the PDMP cannot fire. In this case, even if trajectories of the CTMC converge to the one of the
PDMP, they may remain on the “wrong” side of the discontinuity surface, i.e. on the side in which the guard is true and the
transition active, so that the event can fire in the sequence of CTMC. If this transition determines the fate of the system,
than convergence to the PDMP can fail quite dramatically.

To explain better the problem, we consider the following example.

Example 7.2. Consider a simple sCCP model of a random walk in 1 dimension, for variable X, initially set to zero. Variable
Z instead, can take values 0 and 1, and it is the fate variable. Initially it is set to zero, and it may become 1 by the firing
of a stochastic transition with rate 1, but active only if X > 0. The sCCP program has initial configuration random_walk ||
doom, where

random walk = [+— X' =X+ 1],y - random_walk
+ [*— X'=X-1]),,.random_walk
doom = [X>0—->Z=1];.0
Notice that the rate of the transitions of the random_walk agent grow with yy, hence they can be approximated
continuously, and, once normalized, induce the drift F™)(X) = F(X) = 0. Hence, the limit PDMP model has quite boring
continuous dynamics, in fact a constant one on the discontinuity surface X = 0. It follows that the discrete stochastic tran-
sition will never fire in the PDMP model, and Z will remain 0. However, for any N, the CTMC model will spend half of its
time on the subspace X>o, meaning that the doom agent will eventually fire its transition, on average in 2 time units.
Hence Z will be equal to 1 with probability going to 1 as T increases. Hence convergence does not hold for this model.
Notice, however, that if we set the initial value of X to —¢, for € > 0, then convergence will hold. In particular, by the Kurtz
theorem, for any time T < oo, the CTMC X™)(t) will be smaller than —&/2, in [0, T], for N large enough, hence the doom
transition will not fire in [0, T]. However, it will eventually fire for any N, as with probability one, XM (t) will get eventually
above zero and remain there for a long enough time. In addition, the time when this event will happen is pushed further
and further into the future as N grows. This does not create problems for weak convergence, as the Skorokhod metric
on which weak convergence is based discounts the future and will give a smaller and smaller weight to the difference of
Z-values as N grows (see Appendix C for details on the Skorokhod metric).

From the previous discussion, it should be clear that the problems in introducing guards for discrete stochastic transitions
are somehow related to the way the flow of the vector field interacts with the discontinuity surface of the guards. This
suggests the following definition:

Definition 7.1. A cadlag function X(t) taking values in E is robustly compatible with the activation function h(X) of a guard
predicate G(X) if and only if the set {t > 0 | h(X(t)) = 0} has Lebesgue measure zero.

A PDMP is robustly compatible with a guard G (®) if almost surely its trajectories are robustly compatible with the
activation function of Gy (X).

A PDMP derived from a TDSHA T is robustly compatible if and only if it is robustly compatible with all guards of discrete
stochastic transitions of 7.

We can now introduce the scaling condition for guarded discrete stochastic transitions.

Scaling 8 (Discrete scaling for guarded stochastic transitions). A guarded normalized sCCP transition with random reset, 7 =
Cawm X), X =itM (X, WM X)), AN (X)) of a population-sCCP program (A, yy) with variables X e E partitioned into
Xq, 5(C, Xe), has discrete scaling if and only if:

1. CJ(TN) ()A()A has activation function h®™ (X), converging uniformly in every compact subset K of E to the continuous func-
tion h(X);
2. ):7(TN) and f;,N) satisfy the same conditions as Scaling 3.
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Technically, the condition of robust compatibility of a PDMP is needed to prove the convergence of the stochastic jump
times and of the states after the reset. The problem here lies in the fact that, on the surface {h(X) = 0}, the reset kernel R
of the PDMP is discontinuous, and a sequence X) of points approaching % € {h(X) = 0} may activate a different subset of
guards for each R™. This may lead to radically different behaviours and compromise convergence. This problem is essen-
tially the same as we had with the discontinuity of the reset kernel for instantaneous transitions. The robust compatibility
condition permits us to ignore such points, as there is probability zero of jumping from them. With these assumptions in
force, we get the following proposition, whose proof can be found in Appendix D.

Proposition 7.2. Let (A, yn) be a sequence of population-sCCP models for increasing systems size yy — 0o, as N — oo, with variables
partitioned into X = (Xg, X, Xe), with discrete §tochastic actions satisfying either Scaling 3 or Scaling 8, no instantaneous actions,
and continuous actions satisfying Scaling 2. Let XN (t) be the associated sequence of normalized CTMC and X(t) be the limit PDMP
associated with the normalized limit TDSHA ’Af(.A),

If f((()N ) = %o (weakly) and the PDMP is non-Zeno and robustly compatible, then XV (t) converges weakly to x(t), XM = &, as
random elements in the space of cadlag function with the Skorokhod metric. O

Example 7.3. We consider again the computer network epidemics model of Examples 6.4 and 7.1. In particular, we modify
the control policy with respect to Example 7.1 by assuming that the emergency policy is dropped in favour of the normal
one in an exponentially distributed time, with rate kq4, provided X; is below B, < 8. The control agent then becomes
control % [U=1AX;> B — U =2]x:1.control
+ [U=2AX;<pr— U =1],.control

Furthermore, we assume that there is a single emergency patch rate kf, > k1, so that the patch agent is

patching = [U=1->X/=Xi—1AX/ =X +1]yy,-patching
+ [U=2->X/=X; —1AX§=Xr+1]kgx,. .patching

If we take the scalar product between the vector field and the normal 1; to the plane X; — Bo =0 and set it to zero in
the plane, we get the equation k; X — kf, =0, which has only one solution (klz,/k,-, B2,1— kf,/k,- — ) if k?,/ki +8,<1,and
no solution otherwise. In particular, it follows that the trajectories of the vector field do not slide on Xi = B2, hence the
PDMP is robustly compatible. Thus, the model satisfies the hypothesis of Proposition 7.2, and convergence to the hybrid
limit holds.

Remark® 7.1. In order to check the robust compatibility of a PDMP with respect to a guard of a stochastic transition, we can
proceed similarly to Remark 6.1, by applying the randomization trick. In particular, the property holds if we can show that
the set of trajectories of the vector field sliding on the discontinuous surface has dimension n — 1 or less,'? where n is the
number of continuous variables, and if initial conditions and resets are absolutely continuous with respect to the Lebesgue
measure. If guards are linear, this check should be relatively easy to carry out, see Example 7.3.

7.5. Collecting all results together

In this subsection, we collect in a unique statement all the approximation results spread throughout the paper.

Theorem 7.2. Let (A, yn) be a sequence of time-guarded population-sCCP models for increasing system size yN — 00, as N — 00,
with variables partitioned into X = (X4, X¢, Xe), satisfying the following scaling conditions:

. discrete stochastic actions with guards not depending on continuous variables satisfy Scaling 3;
. discrete stochastic actions with guards depending on continuous variables satisfy Scaling 8;

. instantaneous actions satisfy Scaling 4;

. time-guarded actions satisfy Scaling 5;

. continuous actions with guards not depending on continuous variables satisfy Scaling 2;

. continuous actions with guards depending on continuous variables satisfy Scaling 7.

DU WN

_ Let XM (t) be the associated sequence of normalized CTMC and X(t) be the limit PDMP associated with the limit normalized TDSHA
T(A).If

19 This holds, for instance, if the set of zeros of the scalar product of the normal to the discontinuity surface of the guard with the vector field has
dimension n — 2 or less.
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. the PDMP is non-Zeno;

. the PDMP is robustly transversal, has the robust activation property, and is size-compatible (for instantaneous transitions);
. the PDMP is robustly compatible with all guards of discrete stochastic actions;

. the PDMP is PWS-regular (if continuous transitions guarded by continuous variables are present);

)A(E)N ) = Ro (weakly)

U WwN =

then XM (1) converges weakly to X(t), X = %, as random elements in the space of cadlag function with the Skorokhod metric. O
8. Conclusions

In this paper, we discussed hybrid limits of Markov population processes, described as stochastic concurrent constraint
programs. We considered the limit behaviour when only a subset of system variables, corresponding to populations of
growing size, is approximated continuously, while the other variables remain discrete. We proved that the sequence of
CTMC for increasing population size converges to a stochastic hybrid system, described as a Piecewise-Deterministic Markov
Process.

We first considered the simplest case, in which continuous transitions, i.e. those becoming fluxes of the limit vector field,
satisfy the standard scaling a la Kurtz, while discrete transitions are stochastic and have continuous rates and reset kernels.

We then extended these results by including several sources of discontinuity in the evolution of the system: instan-
taneous transitions in the sCCP program, which induce forced transitions at the PDMP level, and guards depending on
continuous variables in continuous and stochastic transitions. In all these cases, discontinuities create potential problems
in the interactions between the deterministic vector field in each mode of the PDMP and the discontinuity surfaces of the
involved functions. Essentially, the reset kernels become non-Feller (i.e. non-continuous), and one has to impose additional
conditions to enforce convergence of the times at which transitions fire and the states of the system after a jump. In general,
the conditions required can be quite difficult to check. However, in practical cases the geometry of discontinuous surfaces
should be reasonably simple (mainly linear hyperplanes), hence checking the required conditions should not be too hard.

Nevertheless, it is unlikely that one can find general algorithmic procedures to check automatically if a sequence of
models is amenable of hybrid approximation, unless there is no source of discontinuity and rate functions and resets satisfy
further constraints, see Remark 5.3.

The moral is that one should avoid introducing too many discontinuities in a model, if approximation results are needed
to perform more efficient analysis.

In this direction, we are investigating some relaxation techniques. In most of the cases, boolean conditions may be
replaced by smooth counterparts without altering significantly the model behaviour. For instance, instantaneous events may
be replaced by stochastic ones with a rate that changes continuously from zero to a very large value in the proximity of the
activation surface, as done in [61]. Moreover, guards in discrete and stochastic transitions may be replaced by sharp sigmoid
functions modulating the rates. However, this operation is not always possible without introducing spurious behaviours. In
this case, one has to verify additional regularity conditions before using hybrid approximation.

Another strategy to simplify the conditions required for the hybrid limits, similar in spirit to the previous one, is to in-
troduce randomness in the continuous evolution. In particular, we could replace the vector field of the PDMP by a stochastic
differential equation, obtaining a Stochastic Hybrid System in the sense of [62]. The simplest possibility is to perturb the
trajectories of the vector field with Gaussian noise, obtaining the so-called central-limit approximation, for which a limit re-
sult analogous to Theorem 4.1 exists (see [37], Chapter 11). This fact guarantees that convergence proofs presented in this
paper extend straightforwardly to this new setting. Furthermore, in doing this, we get the advantage of removing the bad
behaviours happening at the discontinuity boundary. Intuitively, in the central-limit regime, the probability of a trajectory
to slide on a surface of dimension n — 1 is zero. Similarly, the probability that a trajectory tangentially hits a surface is zero.
It follows that in this setting, most of the additional conditions on PDMP required for convergence hold almost automati-
cally. On the downside, simulating a SDE is more expensive from a computational point of view, although the regularity of
Gaussian Processes may be exploited to improve efficiency. We are currently investigating this direction.

We also plan to investigate the definition of algorithms to check the conditions for convergence and to suggest a partition
of variables into discrete and continuous (also for models in which the dependency on system size is not explicit).

An important question related to approximation theorems is if the weak convergence result, which are limited to the
transient dynamics, can be extended to steady state. In the deterministic case, this can be done only in a limited number of
cases. Essentially, convergence of steady state depends on the phase space properties of the limit ODE, and it is guaranteed
only in presence of a unique globally attracting steady state, see e.g. [51,63]. In the future, we would like to investigate if
similar results can be found for the hybrid limit case. The situation in this case is more complex. On the one hand, if the
limit process is deterministic, then we can exploit recent results [64], provided we can characterize invariant measures for
deterministic hybrid systems. On the other hand, if the limit process is stochastic, one has to prove that it does indeed have
a steady state, and extend the result on invariant measures from the deterministic case to the stochastic one. In this setting,
computing the invariant measure of the PDMP can be quite challenging in itself [65].

Finally, we want to understand what happens if we include non-determinism in the framework, especially in terms of
uncertainty on parameters. This would require consideration of stochastic hybrid systems combining differential inclusions
[33] with imprecise probabilities [66].
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Appendix A. Notation

Here are some notational conventions followed throughout the paper.

e We denote the closure of a set A by A and its boundary by 9A.
e We denote with R the reals, Z the integers, N the natural numbers, and R the non-negative reals.
e Q indicates a countable subset of R, the set of modes. E is the state space of the fluid limit (in this case E € R") or

of the hybrid limit, and in this case E € Q x R".

n is the dimension of continuous variables, k is the dimension of discrete variables, m is the dimension of the full vector
of variables.

X denotes the non-normalized vector of variables. We assume an ordering of variables, so that the terms sets of vari-
ables and vectors of variables can be used equivalently. Y or X, are vectors of non-normalized continuous variables,
while Z or X, are vectors of discrete variables.

X, y, z denote points in the non-normalized space R™.

X denotes the normalized vector of variables, taking values in E. Y or X, are vectors of normalized continuous variables.
X, ¥, Z denote points in the normalized space E.

Given a vector function f : R" — R", with f(X) we indicate the variables it depends to, while with f[X](X) we indicate
the function corresponding to variable X.

e y and yy denote the system size.

(A, yn) is a population-sCCP program. 7 (A) is the TDSHA associated with sCCP program .A. T (A, yN) is the TDSHA
associated with the normalized population-sCCP program (A, yn) and 7 (A) is the limit normalized TDSHA.

e 7 denotes a SCCP action, while 7 denotes a TDSHA transition. R
e XM (t) denotes a CTMC associated with a population sCCP model with system size yy, while X (t) denotes the

corresponding normalized CTMC.

e X(t) denotes either the (normalized) limit PDMP or the fluid limit.
e With B, (X) we indicate the ball of radius & centred in X, while B, (X([0, T]) = Ureo.11 B (X(1)).
e 7; is the jump time of the i-th stochastic event in the PDMP. ¢; is the jump time of the i-th instantaneous event. T; is

the jump time of the i-th event.

Appendix B. Additional material on sCCP

ag

In this appendix, we provide a few additional details about sCCP. We start by formalizing the construction transforming
eneric SCCP program 4 into a flat sSCCPmodel flat(.A).

Definition Appendix B.1. Let A = (X, D, Def, A, Xg) be a sCCP program. Its flattened version flat(A4) = (A*, Def™, X+, D+,
Xo 1) is constructed as follows:

e We add a new variable for each component C € Def: X* =X UP, with P={Pc | C € Def} taking values in N.
e Each component C is replaced by a component C*. If C = w.A+ M, with 7 = [g(X), u(X, X/, £)]rx, then CT =7 T.CT +

M+, with 7 =[gt(X), ut(X. X, Wi+ x)-

o The guard of w* is g™ (X) = g(X) A Pc > 0.
e The update of 7 is u™ (X, X', W) = u(X, X', u) A P = Pc = 14+#(C, A) A \¢, ¢ P¢, = Pc, +#(Cq, A), where #(C, A)

is the number of occurrences of component C in the parallel composition A.

The rate of w+ is AT (X) = P¢ - A(X).

If 7 is an instantaneous action, then oo : p(X) becomes co: Pc - p(x) in 7w+,

The initial value of variables Xo* equals Xo for variables in X and #(C, A) for each variable Pc.
The initial network of flat(A) is A* =||¢c+cper+ CT.

The notion of flattening has been previously defined in [13], but was called the extended version of a sCCP program.

In [19] we also showed that a sCCP program and its flattened version have isomorphic labelled transitions systems, hence

the

y are stochastically equivalent.

Example Appendix B.1. We illustrate this transformation with a simple example. Consider a simple model of a population
of bacteria, in which each bacterium can consume a source of food and reproduce, or die. Both actions happen after some
exponentially delayed time. We can model this in sCCP by using a single integer variable F, representing the available food,
initially set to fo, and by describing each bacterium as an agent as follows:
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bacterium = [F>0— F =F—1]J, . (bacterium || bacterium) + [*x— *]iy - 0

The initial network bacterium | ...| bacterium consists of m copies of the agent. This model can be flattened by
introducing a new variable, B, counting the number of bacteria in the system, initially set to m, and replacing the agent
bacterium by
bacterium_flat et [F>0AB>0—F =F—1AB=B+1];.5.bacterium_flat
+ [B>0— B'=B—1J,p.bacterium_flat

The new initial network will contain only the agent bacterium_flat. Notice how the rates are updated to take into
account the shift of perspective from the single agent to the population view.

Appendix C. Background material
In this section we briefly recall some notions that are needed in the proofs.

Hybrid state space Let Q be a countable subset of R¥, and consider Q x R, the hybrid space. A point x€ Q x R" is a pair
x=(q.y), yeR" B}

In Q x R", we define a metric d for which Q x R" is a complete and separable metric space. This metric is derived from
the euclidean metric d in R" by

d(y1,y2)/(1+d(y1,y2)) ifx;=(q;,y;) and g1 =q2,
1

a1, Xz) = { ifx; = (i, yi) and g1 # 42

In particular, d(x1,%) < 1 if and only if x; and x; have the same Q -coordinate. Hence, a sequence converges with respect
to d, Xy — X, if and only if x=(q, y), Xy = (q,yn) for N > Ng, and yy — y in R".

Each subset A of Q x R" is of the form A = quQ{q} x Ag, Ag CR". A sub-base for the topology of Q x R" is given by
the open balls of the form {q} x B¢ (y). The boundary of a set A is denoted by A and the closure by A. Borel sets B for
Q x R" are defined from the Borel sets B; of R" as B= quQ{q} x Bg. See [31] for further details.

Skorokhod metric Continuous Time Markov Chains and Piecewise Deterministic Markov Processes considered in this paper
can be seen as random variables on the space of cadlag functions D ([0, co), E) with values in E € Q x R". A cadlag function
f:10,00) — E is right continuous and has left limits for any t € [0, c0).

The space D([0, 00), E) is given the structure of a metric space by the Skorokhod metric. The Skorokhod metric is first
defined on compact time intervals [0, T] and then extended over the whole positive time axis [0, 00).

Consider the uniform metric on the space D([0, T1, E), i.e. supg<,<7 X" (t) —x(t)||. If we have a sequence x) of cadlag
functions, then they will converge to x in the uniform norm if and only if the discontinuous jumps of xX™™) happen precisely
at the same times as those of x (for N > Np). The idea behind the Skorokhod metric is to allow a small difference in
these jump times by re-synchronizing them. That is to say, if the uniform metric allows one to wiggle space a bit, the
Skorokhod metric allows us also to wiggle time. To formalize this statement, let w(t) : [0, T] — [0, T] be a time-wiggle
function, i.e. a strictly increasing continuous function. Call Zy the set of such functions. Then, the Skorokhod distance
between x,y € D([0, T], E) is

dr(x,y) = inf max{ sup [lw(t) —t|, sup [x()—y(w(®)]}.
welr te[0,T] te[0,T]
The metric dr is extended to a metric on D([0, c0), E) by discounting large times as follows:

dx,y) = Z 27X min{1,dg X, y)}.
KeN

The Skorokhod metric defines a topology for which D([0, c0), E) is complete and separable, i.e. it is a Polish space. See
[67,53] for a detailed introduction to the metric and its properties.

We note here that a sequence of functions xX™) € D([0, c0), E) converges to X € D([0, co), E) if and only if for each
T > 0 there is a sequence of time-wiggle functions @) € Zr satisfying sup;c(o 11 lo™ (t) —t|| — 0 and sup,o 1) IXN (t) —
x(@M )| — 0.

Weak convergence The notion of weak convergence of a sequence of random variables X on a Polish space E to a
random variable X is essentially the convergence of the induced probability measures on E. Weak convergence of probability
measures is defined as convergence in the weak* topology [60]. More specifically, denote by C,(E) the set of bounded
continuous functions f : E — R (note that we can have E = D ([0, 00), Ep); in this case f is usually called a functional), and
let P, P®N) be probability measures on E. We refer the reader to [67,53] for an introduction to the subject.
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Definition Appendix C.1. P") converges weakly to P, PN) = P, if and only if, for each f € C(E),

Nlim / Fx)PM x)dx = / f(X)P(X)dx.
E E

In case we have random variables X, XV, then the previous condition can be written as

Jim E[f X" =E[f(X)].

In this case, we write X") = X.
The Portmanteau theorem provides a set of equivalent conditions for weak convergence of XV to X:

1. XM = x;

2. imy_ 00 E[f (X)) = E[ f(X)] for all bounded, uniformly continuous functions f : E — R;
3. limsupy_, o, P{XN) € F} <P{X € F} for all closed sets F;

4. liminfy_ oo P{X™) € G} > P{X € G} for all open sets G;

5. limpy_ 00 P{XM) € A} = P{X € A} for all X-continuity sets A (i.e., such that P{X € A} = 0).

Recall that there are other modes of convergence of random variables, among which almost sure convergence and conver-
gence in probability. These two notions, differently from weak convergence, require to have fixed the sample space in which
random variables are defined. More precisely, let X, X!) be random variables on E, defined on the sample space 2, with
o -algebra A and probability measure P (i.e. X: Q — E is a .A, B measurable function). Then X!") converges to X almost
surely if and only if P{w | limy— .o X™ (@) = X(w)} = 1, while it converges in probability if and only if, for each § > 0,
limy— 0o Pl | [IX™ (@) — X(@)|| > 8} =0

These three notions are linked in several ways. Almost sure convergence implies convergence in probability, which in
turn implies weak convergence. Furthermore, the Skorokhod representation theorem states that, if XM = X, then there is
a sample space (2, A, P), and realizations X, X™ of X, X™ on Q (i.e. X: Q2 — E induces the same probability on E as X)
such that X™ converges to X almost surely. Furthermore Q can be taken as the unit interval with the Lebesgue measure.
In particular, for real-valued random variables X, X on E C R, the Skorokhod representation can be constructed using the
quantile function F<, ie. the pseudo-inverse of the cumulative distribution function F(t) = P{X <t}: XN = (FN)y<(U)
and X = F< (U), with U uniform in [0, 1] [67].

Finally, weak convergence to a deterministic limit, i.e. a random variable concentrating all the probability mass to a point
of E, implies convergence in probability.

In the following, we also need the notion of tight probability measure.

Definition Appendix C.2. A probability measure P on E is tight if and only if, for each & > 0, there is a compact set K, C E
such that P(K¢) > 1 —e.

A sequence P™N) of probability measure s on E is uniformly tight if and only if for each & > 0, there is a compact set
K¢ C E such that PN (K.) > 1 — ¢ for each N > 0.

If the space E is Polish, i.e. a complete and separable metric space, then each probability measure on E is tight. Further-
more, if PN = P, then P is uniformly tight.

Tightness is the right notion to characterize weak convergence in the space D([0, co), E) equipped with the Skorokhod
topology. Let ¢, .. ¢, : D([0,00), E) — E¥ be the projection at fixed times tq,...,t; € [0,00). If X is a random variable in
D([0, 00), E), then 7Tt1.,...,tk (X) is called a finite dimensional distribution. Now, if X, X™) are random variables in D([0, 00), E),
XM is uniformly tight and 7, ¢ X™) = 71,1, (X), for ¢; taken from a subset I' C [0, co) whose complement is at most
countable (convergence of finite dimensional distributions), then X™) = X. Uniform tightness of X can be checked using
some criteria based on the modulus of continuity, see [67,53] for further details.

Finally, we need the continuous mapping theorem: Let X X be random variables on E and let h : E — Eq. If h is X-almost
surely continuous (i.e., P{X € C,} = 1, where C, C E is the set of continuity points of h), and X = X, then h(X™) = h(X).

,,,,,

Markov kernels A Markov kernel or Markov transition kernel on E, with o -algebra B, is a function R: E x B — [0, 1] such
that

1. R(-, A) is a measurable function of for each A € B.
2. R(y, ) is a probability measure for each y € E.

We now prove a lemma that will be used in many proofs in next section, that allows us to propagate weak convergence
by Markov kernels, under a suitable notion of continuity of the kernel.
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Lemma Appendix C1. Let RN (§) = RN (y ) and R(y) = R(, ) be Markov transition kernels on some Polish space E such
that RM ™)) = R(§), whenever §™) — §. If Y™ = Y, where Y™), Y are random elements in E, then R™ (Y™) = R(Y) and
(YN, RM M) = (¥, R(V)).

Proof. The proof is essentially the same as that of the core argument of Theorem 1 in [52]. We reproduce it here just
for completeness. Fix a bounded and uniformly continuous function g: E — R. We need to show that |E[g(R(N)(Y(’\?))] —
E[g(R(Y))]| — 0. For simplicity, call RV g(§) = [; g&RM ¥, %) dk and similarly Rg(y), and further let PN (§) = P(YN =
y}, and similarly for P(y). Then

IE[g(RM (YN))] — E[g(R(Y))]| = / RM g PN (y) dy — / Rg(H)P(y) dy
E E

< f RN g@) — Rg@IPM @) dy

(@)

+ / Rg@P™ ) df — f Re@)P@) df] .
E E
(b)

The term (b) in the previous inequality goes to zero as the hypothesis imply that Rg(y) is a continuous function (see [52])
and P™) = P, hence we just need to focus on (a). As E is a Polish space, i.e. a separable complete metric space, it follows
from PN) = P and P tight that P™) is uniformly tight. Then, we find a compact set E. such that PN (E.) > 1 —£/2]|glco»
and so

/ IRMg (@) — Rg@) PN (9) dy < f IRMg () — Rg®IPN(§) dy + ¢
E Ee

< sup RN g(@) — Rg@)| +¢ — e.
yeEe

Therefore

limsup / IRMg @) — Rg®IPN (@) dy <e,

N—o0

as the hypothesis of the lemma imply that R(Nj g converges to Rg uniformly on compact sets [52]. As the previous inequality
holds for each ¢ > 0, then R™ (Y™)) = R(Y). To prove the second part of the theorem, observe that in the previous
computation we can always restrict the expectation to a closed set Fq C E, showing that E[g(R™ (YM))1f (YV)] —
E[g(R(f())hl (f()]. Now, if we fix another closed set F, C E, and choose bounded uniformly continuous functions g, | 1f,,
approximating from above the indicator function of F, we then have

P(YN, RM¥M)) € Fy x Fa} <Elg, (RN ¥ M) 16, ¥ M)],

from which, fixing p,

limsup P{Y™, RN ¥ ™)) € F1 x Fa) < Elg, (RY))1E, (D],
N—o0
by letting p — 0 and invoking the bounded convergence theorem, as g, converges to 1f,, we have

limsup P{(YN, RM (YN € Fy x Fa} <P{(Y, R(Y)) € F1 x F3},

N—oo

which by the Portmanteau theorem [53], implies that (YW, R ¥®™)) = (¥, R(Y)). O

Functional analysis In the following, we will also need the famous Gronwall inequality, which we recall here for conve-
nience.
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Proposition Appendix C.1. For any real valued integrable function f on the interval [0, T}, if

t
f)<C+D f f(s) ds,

then

f(T) < cePT.
Appendix D. Proof of main lemmas and theorems

We will start by providing a quick proof of Theorem 4.1, the classic fluid theorem. This will be helpful in proving
subsequent lemmas and theorems.

Theorem (4.1). Let (A, yn) be a sequence of population-sCCP models for increasing system size yny — oo, satisfying the conditions
of Section 4, and with all SCCP-actions m satisfying the continuous scaling condition. Let XN )(t) be the sequence of normalized CTMC
associated with the sCCP-program and X(t) be the solution of the fluid ODE.

IfA( ) —> %o almost surely, then for any T < oo, sup;<7 IX™(t) = (6)|| — 0.as N — oo, almost surely.

Proof. Intuitively, the result of the theorem is a limit result, hence it depends only on what happens in a neighbourhood
B (X([0, T]) of the solution of the ODE. Thus, by restricting our attention to a compact set K C E containing B (X([0, T]) N E
for some &, we can assume that all functions g, defining the rate of normalized transitions are bounded, say by B;, and
Lipschitz, say with Lipschitz constant L,. This assumption is not restrictive, as we can always extend the functions g; on the
whole E so that they are globally bounded and Lipschitz continuous. Clearly, X(t) will remain unchanged by this operation,
as it depends only on the value of g, in K.

We consider now the representation of the CTMC X (¢) in terms of Poisson processes, which can be obtained applying
a random time change argument [37]. We will use one Poisson process for each transition n and each possible value
of v, (which is a random element with bounded first and second moments). In the following, we indicate with p,(w) the
probability that v, =w.

XN () = x(”)+22 —N, an(w)f DV EXN(s)) ds (D.1)

neTweZ"

Furthermore, X(t) in integral form is:

t

X(t)=%o+ [ Y ElvylgyX(s))ds (D2)
0 NeET

In the following, we need the notion of centred Poisson process [37], defined by N (xt) = N (At) — At, for which the
following law of large numbers holds: sup, %N (NAt) — 0 almost surely.
Now, we define

t
Mty =XM ) = XM ) — [ Y Elvylg" &s)) ds

o NeT
llwl] «
=y 3 —N,7 an(w)/g(N)(X(N)(s)) ds
neT weZh
so that
le™@n <y Z =Ny (Npy(w)Byt).
neTweZ”

By the finiteness of second order moments for vy, the previous equation is summable and we can further exchange limit and
summation over w [37], to conclude that sup;t le™ ()| - 0 by the law of large numbers for centred Poisson processes.
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Therefore, we have that

sup XN (6) — k()| < I1XS" — Kol + sup 6™ ©) ]| + sup [FNV XM () — FXNM (1))
t<T t<T t<T

=8§N)(T)—0a.s.
t
+ f IFXM () — F&(t))| ds.
0

Calling 8™ (T) = sup, 1 [IX™(¢) — X(t)|| and applying Lipschitz condition to the last term, we have that

T

BM(T) <s™M(T) 41 / BN () de.

0

By applying Gronwall’s inequality (see Proposition Appendix C.1), we finally obtain

BN (M) <sM(T)e!T — 0 almost surely. O

We will turn now to prove Theorem 5.1. We will need some auxiliary lemmas. The first one is a straightforward gener-
alization of the Kurtz theorem, to the case in which the initial condition of the limit process is sampled from a distribution
on the space E.

Lemma Appendix D.1. Let X(t) and X(t) be as in Theorem 4.1. Furthermore, assume that ||5(0 — Xo|| converges to zero almost surely.
Then, for any T < oo, sup,<r [IX™(¢) —X(t)|| — 0 as N — oo almost surely.

Proof. To begin with, suppose Xq is supported on a compact set Ko. Then the proof proceeds as in Theorem 4.1, with the
only caveat that we need to consider a compact set K containing an e-neighbourhood of all trajectories starting in Ko up
to time T (which is a compact set, by continuity of the ODE flow). In fact, the argument of Theorem 4.1 does not require
that the initial condition of ODE is deterministic, but just the convergence in probability of Xy to Xg.

Now, as Xg is tight, for each & > 0 there is a compact set K, such that P{Xo ¢ K¢} < &. Conditional on Xg € K¢, the
convergence of XM (t) to X(t) is then almost sure. Hence, fix a sequence & | 0, such that the corresponding K¢, 1 E, and
with ), & < oo. By discarding a set of measure 0, we can assume that convergence in each K, is sure. Then, any other
point u of the probability space (€2, .4, P) on which processes are defined that makes convergence fail has to belong to the
complement of K, infinitely often. By the Borel-Cantelli lemma [68], the set of all such u has probability zero. O

We will now turn to consider convergence of stochastic jump times, focussing attention on a single jump time, given
convergent initial conditions of the stochastic and the piecewise-deterministic system. As we consider the first stochastic
jump time, we can focus our attention on deterministic systems (with random initial conditions). In order to do this, we
combine simple properties of the space of cadlag functions with the Skorokhod representation theorem (see Appendix C).

Proposition Appendix D.1. Let ™), x be elements of D ([0, c0), E), such that xXN) — x (with respect to the Skorokhod metrics). Then,
foreach T > 0, fOT xM(s) ds — fOT x(s) ds.

Proof. By the definition of the Skorokhod metrics, let o™ (t) be a sequence of time-wiggle functions such that
sup<r lo™ () — t| = 0, and sup,~r [IX™ () — x(@™ (1)) — 0. Now,

T T T
/ XN (s) —x(s)|| ds < / IxX™(s) — x(@™(5))|| ds + / Ix(@™(s)) —x(s)]| ds.
0 0 0

(@) (b)

The term (a) goes to zero by the uniform convergence of X (t) to x(w™ (t)), while for (b), observe that the function
gM(t) = |x(@™)(t)) — x(t)|| goes to zero in every continuity point of X, thus almost everywhere. Furthermore, in [0, T] the
function x is bounded by a compactness argument (see [53]), and so is g™, so that we can apply the bounded convergence
theorem [68] to conclude that (b) converges to zero. O
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Jump times In order to show convergence of jump times of discrete stochastic transitions, we need the notion of cumulative
rate for the PDMP A(t) and for the CTMCs. A

Consider discrete stochastic actions 7 € disc(A), and the rate of firing of discrete actions in the PDMP, A(X) =
> cdise(A) Ax (%), and in the CTMC at level N, A (%) = > redise(A) M (®). Then, the cumulative rate for the PDMP X is

t

A(t) = / A(X(s)) ds, (D.3)

0
while for the CTMC X™ (¢) is

t
AN () :/%N)()‘((’V)(s)) ds. (D.4)
0

These are the cumulative rates of non-homogeneous Poisson processes. We are interested in the first firing time, whose
cumulative distribution function is given by 1 —e~2®. By a standard inversion method [68,69], the first firing time for the
PDMP is given by T =inf{t >0 | 1 —e 2® > U} =inf{t > 0 | A(t) > &}, where U is a uniform random variable and & is an
exponentially distributed random variable with rate 1 (it holds that & = —logU). We assume inf# = oco. Similarly, we can
define ™ =inf{t > 0 | AM(t) > &}, the first firing time of a discrete transition 7 € disc(4) in XM (t). By the Skorokhod
representation theorem for unidimensional random variables (see Appendix C or, for instance, [67]), if the pointwise con-
vergence of AN (t) to A(t) holds, then T™ — 7 almost surely. We can combine these facts with Proposition Appendix D.1,
to prove the following lemma.

Lemma Appendix D.2. Let XV (t) = k(¢t), and t™), T be defined as above. If & is continuous and AN) — X uniformly in each
compact set K C E, then t™ = 1, as N — oo.

Proof. The first step of the proof is to use the Skorokhod representation theorem to construct realizations XM of XM and
X of X on some probability space P such that X™ _ X almost surely, as random elements in the space of cadlag functions.

It then follows that A (X™) — % (X) almost surely. In fact, consider the time-wiggle functions @™ (depending also
on the sample space (2, A, P), i.e. o™ = w®™ (u, t), for u € Q) such that o™ — id and YV = XM 6 ™ — X uniformly
in [0, T]. Then

sup [|A™M XM (@™ (£))) — 2 XE) < sup AN YN (©) — 2 XN ()
t<T t<T

(a)
+sup I2Y™N () — A X)) -

(b)

Term (a) goes to zero by uniform convergence of A™ to i (as in [0, T] X™ and X are contained in a compact set), while
term (b) goes to zero due to uniform convergence of Y™ to X in [0, T] and uniform continuity of X in [0, T].

Now, we can apply Proposition Appendix D.1 to A™M XMy — % (X), to conclude that AN (T) — A(T) almost surely for
each T > 0. Combining this with the Skorokhod representation theorem for real random variables,2’ we get #(") — ¥ almost
surely, where £(™) and ™™ are the jump times obtained from the realizations of the original processes. It then follows that
AU A

We finally consider the convergence of states at times T™ and .

Proposition Appendix D.2. Let XM = gandlet t™, T be stopping times satisfy conditions of the previous lemma. Then, conditional
on 7 < oo, XM (™) = x(1).

Proof. In fact, let t") — t < 00 (here we use implicitly the fact that T < 0o). Then, use Skorokhod representation theorem
and take representations X™ and X of X™ and X such that X™ — X almost surely. By continuity of X and uniform
convergence of XM and X in [0, T] (the Skorokhod metrics and the uniform metrics on compact sets are the same when

20 We are effectively coupling X™, &, 7™ and t on the probability space € x [0, 1]. Note in particular that we allow 7 and t™ to take the value oo.
This can happen with non-null probability if and only if A(T) does not diverge as T — oo.
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the limit function is continuous), it follows that XM (N 5 X(¢) almost surely, hence XM (t(™) = X(t). Hence, by seeing
X™) and X as Markov kernels, we can apply Lemma Appendix C.1 to conclude. O

In order to prove Theorem 5.1, we will use an inductive argument whose core is the following corollary, which combines
the previous results in the light of weak convergence.

Corollary Appendix D.1. Let (A, yn) be a sequence of SCCP models for increasing systems size, satisfying the conditions of this section,

and with all actions 7t satisfying the continuous scaling condition. Let XM (t) be the associated sequence of normalized CTMC and X(t)
be the solution of the fluid ODE.
IfX(()N) = Xo, then

. X™N) = %, as random elements in the space of cadlag function on E, with the Skorokhod metrics.

Ift™), 7, are the jump times of a stochastic event with rate AN and 1, respectively, then ™) = t;

XM (W) = x(7);

. IFRM () and R(¥) are reset kernels satisfying R™ §™) = R(§) whenever §V) — ¥, then R™M XM (M) = R&(1));
. Under the previous conditions, (X(N) XM M) XN (z Ny RN (XN (1 (MN)y)) = (%o, X, T, X(T), RK(T))).

Proof. The proof works simply by constructing an a.s. convergent realization of the initial conditions. Then, by Lemma
Appendix D.1, we obtain point 1. Point 2 follows from Lemma Appendix D.2 and point 1, while point 3 from Proposition
Appendix D.2 and point 2. Point 4 follows from Lemma Appendix C.1 and point 3. Point 5, instead, follows again from Lemma
Appendix C.1, observing that each element on the vector is defined conditionally on the previous one (e.g. XN depends
conditionally on X, 7™ depends conditionally on XV), and so on), and this dependence satisfies the assumptions of
the lemma. For instance, if §™ — g, then (XM [X{") = §(™)) = (k| = §), and the dependency is measurable (in fact,
continuous) on §™), §. Similar observations hold for the other elements of the vector. Then an iterated application of
Lemma Appendix C.1 is enough to conclude. O

We can now prove Theorem 5.1.

Theorem (5.1). Let (A, yn) be a sequence of population-sCCP models for increasing system size yy — 0o, satisfying the conditions of
this section, with variables partitioned into discrete Xq, continuous X., and environment ones X,. Assume that discrete actions satisfy
Scaling 3 and continuous actions satisfy Scaling 2. Let XM (t) be the sequence of normalized CTMC associated with the sCCP program
and X(t) be the PDMP associated with the limit normalized TDSHA T (A).

If f(f)N) = Xo (weakly) and the PDMP is non-Zeno, then X(t) converges weakly to X(t), X = X, as random elements in the space of
cadlag function with the Skorokhod metric.

Proof. The basic idea of the proof to show weak convergence is to apply inductively the previous corollary, to show weak
convergence of f(,(,lN) t) = XM (tA ‘L'rg\i)l) to X (t) = X(t A Tmy1), ie. to processes stopped after m + 1 jumps, and then lift
this to the full weak convergence.

Step 1: weak convergence conditional on m jumps or less. Consider the sequence 71, 72, ... of jump times of discrete stochastic
transitions in the PDMP X(t) and the sequence rl(N) 2(N>, .. of jump times of discrete transitions 7 € disc(A) in XM (¢). In
the following, we need to take care also of the fact that 7,; may be infinite with probability greater than zero. Note that,

conditional on 7, being infinite, all 7;;4.; will be infinite, too.
In order to be more concise, let us introduce some additional local notation. First, denote Z(N) )A((N>(‘L'rle)+) and z, =
X(t;h) the states of the CTMC at level N and of the PDMP after the m-th discrete jump. If T, or 7, ( ) are infinite, we assume

Zmy Or Z,(n ) be equal to a special value (ga, 0), where ga is a special state of Q where nothing happens: the vector field and
the jump rate are null (i.e. it is a cemetery point). Note that (qa,0) has distance 1 from any point (q,x) in E.

Let also iéN) X(N) Zo =Xo, ré - =19 =0. We define Y(N> (t) to be the CTMC starting from Z ) with no discrete jumps,
and y,(t) the PDMP starting in Z,, with no discrete jumps (in fact, an ODE with random initial conditions). Notice that, if
‘L',%N) (resp. Tj) is finite, then Y(N) (t) (resp. ym(t)) coincides with X(N)( Ny t) (resp. X(ty +t)) for ‘L'(N) <t< Trfﬁ)l (resp.
Tm <t < Tm+1), by the strong Markov property of CTMC [8] and of PDMP [31].

We will now prove that, for each m > 0, conditional on t; < oo, ?,(ﬂN) = ¥ and 7! +1 = Tpt1. Moreover, if 7,41 < 00,

then also 2m+1 = Zmy1. Finally, we will also show that, conditional on Tp11 < 0o, (ZE)N),Y(()N), l(N),ZgN) Y(N) M

m > Tyt
Z,(nl]) = (Z0,Y0. 71,21, .- -» Ym, Tm+1, Zm+1). The argument is a simple induction. In particular, the induction hypothesis is
that (Z(()N),Y(()N), ‘L'](N), ZEN), 2Ny = (20,90, 71,21, ..., Z) conditional on T, < 00.2! From this, Y = §, is immediate

21 In particular, this implies that 2, # (qa.0), and as ZﬁnN) = 2, ultimately also 2,(,,N> #(qa,0).
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from Lemma Appendix D.1, and T, 1 = Tm41 follows from Lemma Appendix D.2. Now, conditional on tp41 < 0o, we can

apply Proposition Appendix D.2 to conclude that Zer] = Zmy1. AS Tmy1 < oo implies T, < oo, reasoning as in Corollary
Appendix D.1 (using the same argument there to extend inductively its length), we obtain the weak convergence of vectors
of the random elements.
Consider now X\ (t) = X™ (¢t A r(nN+)1) and X (¢) = R( A Tms1). We can write X5 (6) = Yo YV ¢ — t™iir™ <t <
l(ff} +1z ,f.,'\jr)l < t}Z(N)1 and X (t) = > 1o §i(t — T <t < Tip1} + {Tme1 < t}Zmy1. Now, the functional that associates
with T the cadlag element I{t < T} is continuous with respect to Skorokhod metrics, and if we consider the previous
definitions of )A(,(ﬂN) and X, as a function of (iéN),\A(((]N), O Z(N) Z(N) 1) and (Z0,¥0. 71,21, . . ., Zm+1), respectively, then
this function is continuous. Hence, conditional on tp41 < 0o, X,(n) = X by the continuous mapping theorem. The same
property holds also when ;11 = oo. In fact, conditioning on 7; < 0o and 7j;1 = oo, for j <m, we observe that the process
wj(t) = Zl’ gﬁl(t — {1 <t < Tip1} + 1t > 7j}y;(t — 7j) coincides with Xp(t), and by the same argument above, applied
to vectors (ZE,N),Y(()N), rl(N),igN),.. (N)) and (2, Yo, 71, 21, ..., Tjy1), the processes W;N)(t) Z Y(N)(t .(N))l{ri(N) <

t< tfi?} + I{t > t;N)}f{;.N) (t — r;N)) converge weakly to w;j. Now, the processes WE.N) (t) and X,(nN)(t) are the same up to

: (N)
time 7;.,
to W(N) (in fact, their Skorokhod distance converges weakly to zero, in fact a.s. under any a.s. realization of rﬂ% — 00), and
hence, by uniqueness of the limit, to W; = X. Now, as the events {t; < 00, Tj;1 = o0}, for j=0,...,m and {Tp41 < oo}

are disjoint and their union has probability one, we can remove the conditioning and conclude )A(,(nN) = X2

which is a divergent sequence under the event {7; < 00, Tj11 = 00}.22 This implies that )A(,(nN) converges weakly

Step 2: weak convergence. We now lift the weak convergence 5(,(11N) = Xy to weak convergence of the full processes XM = g,
Consider a bounded uniformly continuous function f from the space D = D ([0, c0), E) of cadlag functions with values in E
to R. By the definition of the Skorokhod metric d in D, for each p > 0, there is a T > 0 such that d(x, y) <dr(x,y) + p,
where dr is the metric restricted to the compact time interval [0, T] (see Appendix C). By the uniform continuity of f,
given ¢ > 0, we fix a p > 0 such that | f(x) — f(y)| < £€/4 whenever d(x, y) < p.

Now, fix T > 0 according to the previous condition on p, and choose m such that P{t;,+1 > T} > 1—¢/(16] f||), which
can be found since the expected number of discrete transitions fired by the PDMP at time T is finite. As T ( +)1 = Tm+1, WE

can also find an Ny such that, for all N > Ny, P{rm“ >T}>1—¢/@|f|) (using the liminf condition in the Portmanteau
theorem).
Now, conditioning on Tp1 > T, we have that X(t A T) = X (t A T), and so d(X,Xp,) < p. Similarly, conditioning on

‘L'(N)l > T, we have XM (¢ A T) = XMt A T) and dX™, X)) < p. Now

E[f XM)] - E[f(fo]] <ElIfXM) = FRO+ELfR) — fGm)l]
(a) (b)

+ |BLF RG] - ELF )|

()

Now, term (c) goes to zero as )A(ﬁnN) = Xm. To bound (b), instead, using properties of conditional expectation, we have

E[lf &) — f &)1 =E[E[ f %) — f&En)| | {Tmt1 > TH]
<Elf® — fEn)| | Htm1 > T} =11-P{tmsr > T} + 2| fIP{Tm1 < T}
<E[f& — fEn)| | Htms1 > T}=11+e/4<¢/2,

22 In fact, r(+} = Tj41 conditional on 7 < oo. Moreover if Tj41 = oo, it also holds that rj(ﬁll = Tj4 for any k >0, as 7j4; = oo and rj(ﬁll > Tjp1 — oo,

This means that by induction we can conclude rj )= 7; for any j.

23 To see this more precisely, couple all processes W(.N>, wj, X, and 5(,<,1N), and the exit times t; on a common space €, and let ; the subset correspond-
ing to the event {t; =00, Tj_1 <oo}, for j=1,..., m, and o be the subset corresponding to the event {t;; < oo}. Clearly Qj, for j=0,..., m, form a
partition of . Let P> be the probability measure on €, let 1 ; the push-forward measure on the space of cadlag functions on E of wj, i.e. of X, conditioned
on Qj, and let /LE-N) be the push-forward measure of anN) conditioned on €j, for j such that pj =P(22;) > 0 (call J such a set of indices). We know

,LLEN) = j. Then p, the push-forward measure of X, coincides with ngj pjmj, and similarly w™ | the push-forward measure of anN), is ng] pijE-N).

Now, let F be a closed set of the cadlag space D([0, c0), E. Then

lim sup px (F) <> pjlimsup ™ (F) < 3" pjuj(F) = p(F),
jej jej

which implies ©™ = u, and hence )A(,(T,N) = Xm, by the Portmanteau theorem.
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where the last inequality follows from the choice of p and the fact that d(X, X,) < . A similar argument can be used for
term (a), allowing us to conclude that

limsupE[| fXM) — FXM1 < /2,

N—oo

from which we have

limsup |E[f(X™)] - E[f&)]| <.
N—oo
By the arbitrariness of & > 0, we can finally conclude that |E[f(X™)] —E[f®)]| > 0. O

D.1. Instantaneous transitions

In this subsection, we give the proofs of results contained in Section 6 of the paper.

Lemma (6.1). Let (A, yn) be a sequence of population-sCCP models for increasing population size. Let XM (t) be the associated
sequence of normalized CTMC, and suppose X'N) = X, where X has a.s. continuous sample paths. Let K™, h be activation functions
for X™N) and X, such that h™) — h uniformly, and suppose h is transversal to X. Then ¢N) = ¢.

Proof. First of all, use the Skorokhod representation theorem to construct representations X of X™ and X of X such that
X®™ _ X almost surely. Now fix sample trajectories X — % in the Skorokhod metrics. As X is almost surely continuous,
we can assume X continuous. In this case, the Skorokhod metric is the same as the uniform metric on compact sets [0, T].
In particular, we can take T larger than Z + 4, for any § > 0, where  is the exit time for X. Now, since h is transversal for X,
there is a § > 0 such that h(x(t)) >0forte (Z,7+38]. Let h= mm{max{ h(x(t)) | telz—36,c1), max{h(X(t)) | t €[z, +81}).
Fix € >0, &€ <h, and let ;“s =sup{t < | h(X(t)) < 8} and ;8 =inf{t > ¢ | h(X(t)) > €}. By continuity of X, it follows that
Ih&X(t)) — h(X(Z))|| <& for any t € ({g ,{j), and that ;“8 ,ge —~Zase—0.

Now, choose a compact set K in E that contains the &-neighbourhood of X in [0, T], for T > g:j . As h is uniformly
continuous in K, pick a p > 0 such that |h(X;) —h(X2)| < &/4 whenever |X; — Xz|| < p, and fix Ng > 0 such that XM (t) is
p-close to X(t) for N > No, uniformly in [0, T]. Furthermore, find Ny such that, for N > Ny, supgci [N (%) —h(X)|| < £/4. Let
N = max({No, N1}. It follows that, for N > N, [A®™ &M (£)) — h(x(t)) | < TRM &M () — k&N ()| + [hEMN (£)) — h&(t) || <
e/2, and so k™M &M (¢t)) < 0 for t € [0, Z; ], hence ¢™ > ¢, Furthermore, h™ (x™ (¢})) > 0, and so ¢ < Z;F. It follows
tM™ 5 £ as., and therefore tM) = ¢, O

We now turn the attention to resets of instantaneous guards, proving a version of Lemma Appendix C.1 dealing with
the discontinuities in the reset kernels under some regularity assumptions. We first recall some notation. Let fJEN), p; be
the weight functions, with p; continuous and f)fN) uniformly convergent to p; on each compact set K C E. Furthermore, let
p&) =Y piX), and similarly p™V (%) = Zif)i(N)(f(). Let RfN) and R; be the reset kernels associated with the instantaneous
transitions satisfying R}N) &MYy = R;(X) whenever XM — R. Finally, let hlfN), h; be the activation functions of guards, with

h; continuous and th) converging uniformly to h;. The further properties that are required for the activation functions are
the following:

Each h; is a robust activation function, according to Definition 6.1.

The PDMP is robustly transversal, see Definition 6.3.

The set of activation functions h; enjoys the size-compatibility property, see Definition 6.6.
The PDMP has the robust activation property, as stated in Definition 6.5.

Consider now the activation function for the PDMP, defined by h(X) = max{h{(X), ..., hn(X)}, and let H = {X | h(X) = 0}
be the activation surface of instantaneous transitions. #) is defined similarly. Furthermore, let H; = H N {X | h;(X) = 0}
be the portion of A in which transition i is active. Call D; = dyH; the boundary of H; in A and D = Uf":] D;. The
robust activation property implies that the probability of jumping from D is zero. Furthermore, let Ig., be the index of
size-dependent activation functions, i.e. such that h™ = h, and I;,4 the index set of size-independent activation functions.
The size-compatibility condition states that, for each i € Iep and X € int;(#;), hj(X) # 0 for j #1i, i.e. only h; is zero.
Finally, recall the definition of the reset kernels on %™ and #:

RV& =Y 1" &) = 0b@™ &) /BN GNRV &, ).
i=1
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and

R®, ) =Y 1{hi(®) = 0}(pi R)/PR)IR; (X, -).

i=1

Under the previous hypothesis, we can prove the following lemma.

Lemma Appendix D.3. Let R™)(§) and R(§) defined as before and let Y™) = Y, where Y™, Y are random elements with support in
HWN and H, respectively, such that P{Y € D} = 0. Then RN (YM)) = R(Y) and (YM), RN (YM))) = (Y, R(Y)).

Proof. Fix a bounded and uniformly continuous function g: E — R. We need to prove that |E[g(R™) Y™y —
E[g(R(Y))]l| = 0 as N — oco. We use the same notation as in Lemma Appendix C.1. The idea is to split the integrals
[ RN g PN (§) dy and [, Rg(¥)P(§) dy into several regions, surrounding the discontinuity points by a small probability
region in such a way that the probability mass is concentrated on a continuity region, in which we can apply Lemma
Appendix C.1. There are some technical details that we have to work out, as Y™ and Y are concentrated on a manifold
of E.

Let § > O (to be fixed afterwards) and K C E be a compact set. Call Ds =z, Bs(X) the §-neighbourhood of D. Clearly,
Ds | D as 8 | 0, and therefore P(Ds) | 0. The same holds for the closure Ds: P(Dj) | O.

Consider now a size-dependent activation function, i € Igep, and let H; s = #H; N D§. By the size-compatibility condition,
it follows that |h;(X)| > O for each X € H; s and each j #1i. In particular, d(X, ;) > 0 for each X € H; s, where the distance
between a point and a set is defined in the usual way as d(X, A) = infgeq d(X,¥). Now, notice that H;; is closed and
so H;s N K is compact. Therefore, by continuity of the distance d, there is a p; j > 0 such that d(X, ;) > p; j for each
X e His NK.2* Let now §; = minj; p;,j/2, and notice that, for each X € H; s N K and § € Bs;(X), we have d(y, H;) > §; > 0.
Let Aj 5 = [Uie?—timk Bs, (ﬁ)] N DS, then d(y, H;) > &; for each § € A; 5. It follows that hj(§) > 0 in A; 5, which is compact,
so that we find a p; > 0 such that ||h;(§)|l > p; for § € A;s and each j#i.

By possibly invoking uniform convergence of hj.N) to hj, for j € Igep, the property of A; s allows us to conclude that, for
N large enough, hEN) (¥) #0 in A; 5. Furthermore, by the robust activation of h;, hi(N) ultimately changes sign within A; s. In
particular, combining this with the fact that Y™ is supported in ) and Y is supported in #, we get that in A; 5, RV
coincides with RI(N) and R with R;, hence they satisfy the continuity property R™M &X™) — R(X) as V) — %.

We can deal similarly with size-independent activation functions hj, j € Ijpq. In this case, however, we may have more

than one guard robustly active in #, so we really need to consider each possible activation profile. Let & be a boolean
vector, a € {0, 1}, such that «; =0 for i € Igep. Call Jing the set of such vectors. Then we can define Hy =H N ﬂj:a;:] Hj.
In inty (Hq), hi(X) # 0 if and only if @; = 0, hence we can reason as for the size-dependent case to construct an open
neighbourhood Ag s of He N DS in which h{™ (%) # 0 for N large enough and all X € Ag 5. Since h{") =h; for aj =1,
and since P™) and P are supported in H,, when restricted to Ay s, we can conclude that RN xM) — R(X) as xM — %
in Ags-

Recall the definition of Jinq, and let Jg4e, be the set of boolean vectors o € {0, 1} equal to one only for a single i € I4ep,
and zero elsewhere, and | = Jing U Jgep. For each compact K and 8, we have constructed an open set A; = Uae] Ay s such
that R™ and R behave nicely in it.

Now, fix & > 0, and, invoking the uniform tightness of P™) and P, choose K. compact such that PN (K;) > 1—&/4| gl co-
Furthermore, pick § > 0 such that P(Ds) < ¢/4|/gllc- Then we have

IE[g(RN ¥ M) — E[g(RY))]| < f RM g PM () dy — f Rg(§)P(y) dy
As As

(@)

+ / RMg§PM§) dy — / Re@)P@) df
K¢\ (AsUDs) K¢\ (AsUDs)

(b)

24 Let f:K — R be a continuous function on a compact set K such that |f(X)| > 0 for each X € K. Then there is & > 0 such that |f(X)| > & for each
X € K. Suppose not, and choosing & = 1/n, construct a sequence X, such that f(X,) <1/n and so f(X,) — 0. By compactness of K, extract a convergent
subsequence X, — § € K. Then 0 =limy f(Xy,) = f(¥), a contradiction.
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+| [R0g@ P06 0y [ ReGrP@) 03
Ds Ds

(©

+| [Rg@ Y6 65— [ Re@rP@) a5
K¢ K

(d)

Now, term (a) goes to zero invoking Lemma Appendix C.1, given the continuity of resets in As. To deal with term (b), notice
that K, \ (As U Ds) is closed and P(K, \ (As UDs)) =0, so that limsupy P™) (K, \ (As U Ds)) = 0. Term (c) is dealt with by
observing that limsupy P®™")(Ds) < P(Ds) < £/4gllc0. and so limsupy PN (D;) < £/4||g]| . Therefore (c) is less than &/2.
Finally, (d) is less than ¢/2 by the choice of K. It follows that

limsup |[E[g(RN ¥ ™)) — E[g(RY))]| <,

N—oo

which implies [E[g(R™ ¥™))] — E[g(R(Y))]| — 0. Proof of the second statement of the theorem can be copied verbatim
from Lemma Appendix C.1. O

We now give the proof of Theorem 6.1.

Theorem (6.1). Let (A, yn) be a sequence of population-sCCP models for increasing system size yy — oo, as N — oo, with vari-
ables partitioned into X = (Xy, X, Xe), with discrete stochastic actions satisfying Scaling 3, instantaneous actions satisfying Scaling 4,
and continuous actions satisfying Scaling 2. Let XM (t) be the associated sequence of normalized CTMC and X(t) be the limit PDMP
associated with the normalized limit TDSHA T (A).

If f(ém = Xo (weakly) and the PDMP is non-Zeno, robustly transversal, has the robust activation property and it is size-
compatible, then XM (t) converges weakly to X(t), XM = & as random elements in the space of cadlag function with the Skorokhod
metric.

Proof. The argument closely follows the proof of Theorem 5.1. The only difference is the definition of jump times Tl.(N)

(N)

and T;. In this case, in fact, these are defined as the minimum of stochastic jump times 7;" and 7; (conditional on having

observed i — 1 jumps) and instantaneous jump times ;‘,.(N) and ¢; (conditional on having observed i — 1 jumps). Now,

as ri(N) = 7; by Lemma Appendix D.2 and {i(N) = ¢; by Lemma 6.1, by the continuous mapping theorem it follows that

TfN) = min{th), ;i(N)} = min{t;, §;} =T;.

This allows us to extend Corollary Appendix D.1, by replacing T™ = v with T™ = T in point 2, and then showing
XM (7N = X(T) (use Proposition Appendix D.2 conditional on T < o). As for convergence of the state after the reset,
notice that YN = XM (T™M)) and § = X(T) satisfy the conditions of Lemma Appendix D.3. Moreover, we have R (Y)) =
RV AN <ty 4 RV AN ™ > (™), and R@) = Re@UTi < &3} + Ri@UTi < &3}, where I (¥™) and Re(§)
are the resets kernels for stochastic jumps (constructed from instantaneous transitions) and Ri(N) (\A((N)) and R;(y) are the
resets kernels for the instantaneous jumps.

Both satisfy R{™ (Y™)) = R(§) and R}N) (Y™ = R;(¥), as YN — §. Now, as P{¢; = 7} =0, we can apply the continuous

mapping theorem first to the indicator functions I{t < ¢} and I{t > ¢}, to show that [{‘L',-(N) < g“,-(N)} =I{7; < ¢} and l{‘ri(N) >

g“i(N)} = I{1; > ¢;}, and then to the definition of R™ and R, to show that R™ (¥™) = R(¥).
Reasoning similarly to Lemma Appendix C.1, we have then proved the equivalent of point 4 and 5 of Corollary Ap-
pendix D.1. Then, the proof of the theorem works as in Theorem 5.1. O

D.2. Guards in discrete stochastic transitions

We turn now to prove convergence in the presence of guarded discrete stochastic transitions. As discussed in the paper,
there are two main issues to deal in this case, caused by the introduction of discontinuities in the rate functions. The first
is the convergence of jump times, the second is the convergence of states after the resets. Both points require an additional
regularity property of the PDMP, namely the robust compatibility with respect to guards of discrete stochastic transitions.

We start by showing convergence of exit times. Recall that we have m, say, discrete stochastic transitions, with rate
functions XfN), i, and activation functions h}N) and h; associated with guards, such that A; and h; are continuous, and

)A»lfN), hlfN) converge uniformly on compact sets to i; and h;, respectively. Let AV (&) = 37", l{hlfN)(f() > O}XEN)()A() and



84 L. Bortolussi / Information and Computation 247 (2016) 37-86

AX) = S Khi(X) > 0}A;(X). Furthermore, we consider the following discontinuity surfaces: H(N) {h<N)(x) =0} and

=& =0}, HV =", H™, and # =P, Hi.
We then can prove the followmg

Lemma Appendix D.4. Let XM = X as random variables in the space of cadlag functions, with X a.s. continuous and such that, with
probability 1, {t € R | X(t) € H)} has Lebesgue measure 0. Let T, T be the jump times associated with rates AN) and A defined
above. Then T™) = 1, as N — oo.

Proof. We first prove that, if XV — X as elements in the space of cadlag functions, X is continuous, and A(X(1)) is almost
everywhere continuous, then AMN(T) = fOT AN EMN () dt — jg A(X(t)) dt = A(T) for every T > 0. In fact, for each conti-
nuity point § of A we have that A®™ FM™) - % @) as ™ — . It follows that, for each t > 0 such that i (X(t)) is continuous,
then AM &M (t)) = A (&), as k™M (t) — X(¢) by continuity of X. Therefore, A™M &™) — X (%) pointwise almost every-
where in [0, T]. Furthermore, by continuity of 1;, we have XfN) &My - (%), hence {)ALI(N) &MY, 3;(®)} is relatively compact
in the space of cadlag functions, and so bounded uniformly. It means that there is M; > 0 such that ||):§N) EMN ()| < M;
and |4 &®)] < M;. But as AM &M () < 3 AN GN (1)) and A &) < Y M), it follows that N &M), % (%) are
bounded by }"; M;. Hence, by the bounded convergence theorem, fT AN EMN (1)) dt — fOT A(X(t)) dt for every T > 0.

Now, the statement follows by applying the Skorokhod representation theorem, as in Lemma Appendix D.2. Let XM,
X be representations of XM X on a probability space (£2,.A,P) such that X(N) — X almost surely. Hence, due to the
hypothesis, for w in a subset of probability 1 of €2, we have that XM (w) > X(w), X(a)) is continuous, and A (X(w)) is
almost everywhere continuous. Then we can apply the previous argument to X™ (w), X(w), and conclude that AN (@, T)
converges pointwise to A(w, T) for each T, from which we get a.s. convergence of the representation of jump times )
and 7. Hence T™ = 1, as desired. O

We turn now our attention to reset kernels. We will extend Lemma Appendix C.1 to deal with the discontinuities in
the limit kernel using the hypothesis that there is zero probability of being in a discontinuous state when we jump. Re-
call the definition of A™, X, K™ and h;, and further let ™, R; be the reset kernels, satisfying R\ &™) = R;(%),
for each ™ — R. Then the full reset kernels are RV &, ) =31, l{h}N) ®) > 0}():51\]) &) /2N (ﬁ))RgN) (X, -), and R, -) =
Y i) > 04 (R) /A R)Ri (X, ).

Equipped with these definitions, we can prove the following lemma.

Lemma Appendix D.5. Let R™)(§) and R(y) defined as before and let f(“:’ ) = Y, where Y™, Y are random elements in E such that
P{Y € H} = 0. Then RM¥™) = R(Y) and YNV, RM (YM))) = (Y, R(Y)).

Proof. The proof is based on Lemma Appendix C.1, with additional arguments taking care of the discontinuities in R
and R. Fix ¢ > 0 and a bounded and uniformly continuous function g: E — R. By the same argument of Lemma Ap-
pendix C.1, (Y™, ¥} is uniformly tight, and so there is a compact set K such that P (K,) > 1 — &/4| g||so for each N, and
P(K¢) > 1—¢/4]glloo. Furthermore, for § > 0, let #; s be the closed §-neighbourhood of 7{;, defined by ;s = Uﬁeﬂi Bs(X),
where Bs(X) is the ball of radius § centred in X. Let also Hs = | J; Hi.s. Clearly Hs | H for § | 0, and so P(#;) | 0. Choose
8 such that P(Hs) < €/4]|gllco. We have that

IE[g(RN ¥ M))] - E[g(R(Y)]| < / RN g P™ @) dy — / Rg($)P(y) dy
KeNH§ KenH§

(@)

I /R(N>g(§,)p(N>(9) dy—/Rg(ﬁ)P(i/) dy
s Hs

()

+| [R0g@ PG 0y - [ ReGrP@) 03

Kg Kg

©
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Now, the reset kernels R™™ and R in K, N4 satisfy the continuity property R™ &™) = R(X) as ™ — &, for XM, x e
K¢ N5 This follows because, by uniform convergence of th ) to h; on the compact set K, and the fact that K, NHS does

not contain any discontinuity surface, if X — %, then X will ultimately satisfy the same guards as X, i.e. I{hl(N) &My >
0} — I{h;(X) > 0}. Then convergence of the reset kernels follows as in the unguarded case. This means that we can apply
Lemma Appendix C.1 and conclude that term (a) goes to zero.

As for term (b), notice that s is closed, hence limsupy_, .. PN (Hs) < P(Hs) < £/4|/glloo by the Portmanteau theorem.
Finally, term (c) is less than &/2 by the choice of K, and the fact that Rg and RMg are both bounded by |/g|l«. Hence we
have that lim supy_, o, |E[g(R™ (YV))] —E[g(R(Y))]| < &, which implies convergence to zero by the arbitrariness of €. This
proves R (Y™ = R(Y). The second part of the statement, instead, follows as in Lemma Appendix C.1. O

We are finally ready to prove Proposition 7.2.

Proposition (7.2). Let (A, yn) be a sequence of population-sCCP models for increasing systems size yy — 00, as N — oo, with
variables partitioned into X = (Xg, Xc, Xe), with discrete stochastic actions satisfying either Scaling 3 or Scaling 8, no instantaneous
actions, and continuous actions satisfying Scaling 2. Let XM (t) be the associated sequence of normalized CTMC and X(t) be the limit
PDMP associated with the normalized limit TDSHA T (A).

If f(gN) = Xo (weakly) and the PDMP is non-Zeno and robustly compatible, then XM (t) converges weakly to X(t), XM = & as
random elements in the space of cadlag function with the Skorokhod metric.

Proof. The proof proceeds essentially as that of Theorem 5.1. The only difference is that we have to replace Lemma Ap-
pendix D.2 with Lemma Appendix D.4 and Lemma Appendix C.1 with Lemma Appendix D.5 in Corollary Appendix D.1 and
in the proof of Theorem 5.1. To do this, we just need to show that the robust compatibility of the PDMP guarantees the
satisfaction of the hypothesis of the two lemmas. This is trivial for Lemma Appendix D.4, as robust compatibility is an ex-
plicit hypothesis. The condition of Lemma Appendix D.5, instead, holds because robust compatibility of the PDMP X and the
absolute continuity of the exponential distribution with respect to the Lebesgue measure imply that the event {X(7) € H}
has probability zero. O
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