INTRODUCTION TO ALGEBRAIC GEOMETRY 41
9. Regular and rational maps.
In the following K is an algebraically closed field.
a) Regular maps.

Let X,Y be quasi—projective varieties (or more generally locally closed sets). Let
¢: X — Y be a map.

9.1. Definition. ¢ is a reqular map or a morphism if
(i) ¢ is continuous;
(ii) ¢ preserves regular functions, i.e. for all U C Y (U open and non—empty) and

for all f € O(U), then fo¢p € O(¢p~1(U)):
x 5

s vy 2

Note that:
a) for all X the identity map 1x : X — X is regular;

b) for all X, Y, Z and regular maps X LA Y. Y LA Z, the composite map 1 o ¢ is
regular.

An isomorphism of varieties is a regular map which possesses regular inverse,
i.e. aregular ¢ : X — Y such that there exists a regular ¢ : Y — X verifying
the conditions ¢ o ¢ = 1x and ¢ o1 = 1y. In this case X and Y are said to be
isomorphic, and we write: X ~ Y.

If p : X — Y is regular, there is a natural K—homomorphism ¢* : O(Y) —
O(X), called the comorphism associated to ¢, defined by: f — ¢*(f) := f o ¢.

The construction of the comorphism is functorial, which means that:
a) 1;— = 1(’)(X);
b) (10 §)* = ¢ 0 *.

This implies that, if X ~ Y then O(X) ~ O(Y). In fact, if ¢ : X — Y is an
isomorphism and ) is its inverse, then ¢po1) = 1y, so (poh)* = *0p* = (1y)* =
locyy and similarly 1 o ¢ = 1x implies ¢* o ™ = 1p(x).

9.2. Examples.
1) The homeomorphism ¢; : U; — A™ of Proposition 3.2 is an isomorphism.

2) There exist homeomorphisms which are not isomorphisms. Let Y = V(23—
y?) C A?. We have seen (see Exercise 7.2) that K[X] % K[A'], hence Y is not
isomorphic to the affine line. Nevertheless, the following map is regular, bijective
and also a homeomorphism (see Exercise 7.1):
¢ : Al — Y such that t — (#2,#3);
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¢~ Y — A’ is defined by (z,y) — {O if (z,y) = (0,0).

Note that ¢! is not regular at the point (0, 0).

9.3. Proposition. Let ¢ : X =Y C A" be a map. Then ¢ is reqular if and only
if ¢; :=1t; 0 ¢ is a reqular function on X, for allt=1,...,n, wherety,...,t, are
the coordinate functions on'Y .

Proof. If ¢ is regular, then ¢; = ¢*(;) is regular by definition.
Conversely, assume that ¢; is a regular function on X for all i. Let Z C Y
be a closed subset and we have to prove that ¢=1(Z) is closed in X. Since any

closed subset of A™ is an intersection of hypersurfaces, it is enough to consider
o~ (Y NV (F) with F € K[x,,...,z,]:

o~ (V(F)NY) = {P € X|F($(P)) = F(¢1,...,60)(P) = 0} = V(F(41,....dn)).

But note that F(¢1,...,¢,) € O(X): it is the composition of F' with the regular
functions ¢1,...,¢,. Hence ¢ H(V(F)NY) is closed, so we can conclude that ¢
is continuous. If U C Y and f € O(U), for any point P of U choose an open
neighbourhood Up such that f = Fp/Gp on Up.
So fop=Fp(d1,...,0,)/Gp(d1,...,¢,) on ¢~ (Up), hence it is regular on
each ¢~} (Up) and by consequence on ¢~ 1(U).
0

If ¢ : X - Y is a regular map and Y C A", by Proposition 9.2. we can
represent ¢ in the form ¢ = (¢1,...,¢,), where ¢1,...,¢0, € O(X) and ¢; =
¢*(t;). é1,...,¢, are not arbitrary in O(X) but such that Im ¢ C Y. If Y is
closed in A", let us recall that ¢q,...,t, generate O(Y'), hence ¢1, ..., ¢, generate
¢*(O(Y)) as K-algebra. This observation is the key for the following important
result.

9.4. Theorem. Let X be a locally closed algebraic set and Y be an affine
algebraic set. Let Hom(X,Y) denote the set of regular maps from X to'Y and
Hom(O(Y),0(X)) denote the set of K~ homomorphisms from O(Y') to O(X).

Then the map Hom(X,Y) — Hom(O(Y),O(X)), such that ¢ : X — Y goes
to ¢* : O(Y) — O(X), is bijective.

Proof. Let Y C A™ and let t4,...,t, be the coordinate functions on Y, so O(Y) =
Klty,...,tp]. Let u: O(Y) — O(X) be a K-homomorphism: we want to define a
morphism u? : X — Y whose associated comorphism is u. By the remark above,
if u exists, its components have to be u(t1), ..., u(t,). So we define

W X - A"
P o= ((t)(P),...,ulta)(P)).
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This is a morphism by Proposition 9.3. We claim that u#(X) C Y. Let F € I(Y)
and P € X: then

= u(F((t1,...,ts))(P) because u is K-homomorphism =
=u(0)(P) =
=0(P)=0

So u? is a regular map from X to Y.
We consider now (uf)* : O(Y) — O(X): it takes a function f to f ouf =
flu(ty), ..., u(ty)) = u(f), so (u*)* = u. Conversely, if ¢ : X — Y is regular, then

(@) takes P 10 (6" ()P 07 () (P) = (@1(P), - n(P)) 30 (6 =

Note that, by definition, 1%()() = 1y, for all affine X ; moreover (vou)? = ufout
forallu: O(Z) — O(Y),v: O(Y) — O(X), K~homomorphisms of affine algebraic
sets: this means that also this construction is functorial.

The previous results can be rephrased using the language of categories. We
introduce a category C whose objects are the affine algebraic sets over a fixed
algebraically closed field K and the morphisms are the regular maps. We con-
sider also a second category C’ with objects the K-algebras and morphisms the
K-homomorphisms. Then there is a contravariant functor that operates on the
objects sending X to O(X) = K[X], and on the morphisms sending ¢ to the
associated comorphisms ¢*.

If we restrict the class of objects of C’ taking only the finitely generated
reduced K-algebras (a full subcategory of the previous one), then this functor be-
comes an equivalence of categories. Indeed the construction of the comorphism es-
tablishes a bijection between the Hom sets Home (X, Y') and Home (O(Y), O(X)).
Moreover, for any finitely generated K-algebra A, there exists an affine algebraic
set X such that A is K-isomorphic to O(X). To see this, we choose a finite set of
generators of A, such that A = K[, ...,&,]. Then we can consider the surjective
K-homomorphism ¥ from the polynomial ring K[x,,...,z,] to A sending z; to &;
for any 7. In view of the fundamental theorem of homomorphism, it follows that
A ~ Klz,,...,z,|/ker ¥. The assumption that A is reduced then implies that
X :=V(ker V) C A" is an affine algebraic set with I(X) = ker ¥ and A ~ O(X).

We note that changing system of generators for A changes the homomorphism
W, and by consequence also the algebraic set X, up to isomorphism. For instance
let A be a polynomial ring in one variable ¢: if we choose only ¢ as system of
generators, we get X = A!, but if we choose t,t2,t> we get the affine skew cubic
in A3.

As a consequence of the previous discussion we have the following:
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9.5. Corollary. Let X, Y be affine algebraic sets. Then X ~Y if and only if
O(X)~0O(). U

If X and Y are quasi—projective varieties and ¢ : X — Y is regular, it is not
always possible to define a comorphism K (Y) — K(X). If f is a rational function
on Y with domf = U, it can happen that ¢(X) Ndomf = ), in which case f o ¢
does not exist. Nevertheless, if we assume that ¢ is dominant, i.e. ¢(X) =Y,
then certainly ¢(X)NU # 0, hence (¢~ (U), fo¢) € K(X). We obtain a K-
homomorphism, which is necessarily injective, K(Y) — K(X), also denoted by ¢*.
Note that in this case, we have: dim X > dimY. As above, it is possible to check
that, if X ~ Y, then K(X) ~ K(Y), hence dim X = dimY. Moreover, if P € X
and Q = ¢(P), then ¢* induces amap Og y — Op x, such that ¢* Mgy C Mp x.
Also in this case, if ¢ is an isomorphism, then Ogy ~ Op x.

We will see now how to express in practice a regular map when the target is
contained in a projective space. Let X C P™ be a quasi—projective variety and
¢ : X — P be a map.

9.6. Proposition. ¢ is a morphism if and only if, for any P € X, there exist
an open neighbourhood Up of P and n + 1 homogeneous polynomials Fy, ..., F,,
of the same degree, in K|xy, x,,...,2,], such that, if Q € Up, then ¢(Q) =
[Fo(Q), ..., Fn(Q)]. In particular, for any Q € Up, there exists an index i such

that FAQ) 7& 0.

Proof. “=" Let P € X, Q = ¢(P) and assume that Q € Uy. Then U := ¢~ 1(Up)
is an open neighbourhood of P and we can consider the restriction ¢|y : U — Uy,
which is regular. Possibly after restricting U, using non—-homogeneous coordi-
nates on Uy, we can assume that ¢ly = (F1/Gh,..., Fn/Gn), where (F1,Gq),
.+, (Fm,Gp) are pairs of homogeneous polynomials of the same degree such
that Vp(G;) NU = 0 for all index i. We can reduce the fractions F;/G; to a
common denominator Fp, so that deg Fy = degFy = ... = degF,, and ¢|y =
(Fl/Fo,...,Fm/Fo) = [Fo,Fl,...,Fm], with Fo(Q) 75 0 for Q € U.

“«<" Possibly after restricting Up, we can assume F;(Q) # 0 for all Q € Up
and suitable ¢. Let ¢ = 0: then ¢|y, : Up — Uy operates as follows: ¢|y,(Q) =
(F1(Q)/Fo(Q), ..., Fn(Q)/Fy(Q)), so it is a morphism by Proposition 9.3. From
this remark, one deduces that also ¢ is a morphism. 0

9.7. Examples.
1. Let X C P?, X = Vp(x? + 23 — 22), the projective closure of the unitary
circle. We define ¢ : X — P! by

[Z’o — T2, xl] if (l‘o — .2132,331) (0, 0);
0,0).

+
[1‘0,1‘1,1'2] - { [ml’xo -|—x2] if (£U1,£U0 +«T2) 7é ( ) )
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¢ is well-defined because on X x3 = (z¢ — x2)(zg + 22). Moreover
(Il,x() - IEQ) 7& (070) g [xoaxlqu] €X \ {[1707 1]}7

(ZL‘Q —|—.T2,.T1) 7é (0,0) = [Io,ml,fﬂg] eX \ {[1,07 —1]}

The map ¢ is the natural extension of the rational function f : X'\ {[1,0,1]} —
K such that [zg, 1, x2] = x1/(x0 —x2) (Example 8.9, 2). Now the point P[1,0, 1],
the centre of the stereographic projection, goes to the point at infinity of the line
Vp (.CEQ)

By geometric reasons ¢ is invertible and ¢! : P! — X takes [\, u] to [\? +
p?, 221, A2 — 14?] (note the connection with the Pitagorean triples!).

Indeed: the line through P and [, u, 0] has equation: pxg — Azq — pxs = 0.
Its intersections with X are represented by the system:

prog — Axy — pxe =0
r3+23—22=0

Assuming p # 0 this system is equivalent to the following:

pxro — Axy — pxe =0
1203 = 12w} + a3) = (Aay + ).

(u? = Az — 2 \puxe =0

, which gives
pro = Ar1 + pao s

Therefore, either 1 = 0 and xy = x2, or {

the required expression.

2. Affine transformations.

Let A = (a;j) be a n x n—matrix with entries in K, let B = (by,...,b,) € A"
be a point. The map 74 : A" — A" defined by (z1,...,2,) = (Y1,--.,Yn), such
that

{yi= aya; +b,i=1,....n,
J

is a regular map called an affine transformation of A™. In matrix notation 74
isY = AX + B. If A is of rank n, then 74 is said non—degenerate and is an
isomorphism: the inverse map 7! is represented by X = A=Y — A~' B. More in
general, an affine transformation from A™ to A™ is a map represented in matrix
form by Y = AX + B, where A is a m x n matrix and B € A™. It is injective if
and only if rkA = n and surjective if and only if rkA = m.

The isomorphisms of an algebraic set X in itself are called automorphisms
of X: they form a group for the usual composition of maps, denoted Aut X. If
X = A", the non—degenerate affine transformations form a subgroup of Aut A™.

If n = 1 and the characteristic of K is 0, then Aut A' coincides with this
subgroup. In fact, let ¢ : A — A! be an automorphism: it is represented by a
polynomial F'(x) such that there exists G(x) satisfying the condition G(F(t)) =t



46 MEZZETTI

for all t € Al) i.e. G(F(z)) = x in the polynomial ring K[z]. Then, taking
derivatives, we get G'(F'(z))F’(x) = 1, which implies F’(t) # 0 for all t € K, so
F'(z) is a non—zero constant. Hence, F' is linear and G is linear too.

If n > 2, then Aut A" is not completely described. There exist non—linear
automorphisms of degree d, for all d. For example, for n = 2: let ¢ : A2 — A2
be given by (z,y) — (x,y + P(z), where P is any polynomial of K[z|. Then
o=t (2,y") — (2',y — P(2')). A very important open problem is the Jacobian
conjecture, stating that, in characteristic zero, a regular map ¢ : A" — A" is
an automorphism if and only if the Jacobian determinant | J(¢) | is a non-zero
constant.

3. Projective transformations.

Let A be a (n+1) x (n+1)-matrix with entries in K. Let P[xq,...,z,] € P™
then [agoxo+ ...+ GonTn, - .., AnoTo + - . . + Appxy] is a point of P™ if and only if it
is different from [0,...,0]. So A defines a regular map 7 : P* — P" if and only if
rkA =n+1. If rkA =r < n+1, then A defines a regular map whose domain is the
quasi—projective variety P \ P(kerA). If rkA = n + 1, then 7 is an isomorphism,
called a projective transformation. Note that the matrices AA, A € K*, all define
the same projective transformation. So PGL(n+ 1, K) := GL(n+ 1, K)/K* acts
on P™ as the group of projective transformations.

If X, Y C P", they are called projectively equivalent if there exists a projective
transformation 7 : P* — P" such that 7(X) =Y.

9.8. Theorem. Fundamental theorem on projective transformations.

Let two (n+2)—tuples of points of P™ in general position be fixed: Py, ..., Pyi1
and Qo, ...,Qn+1. Then there exists one isomorphic projective transformation T
of P™ in itself, such that 7(P;) = Q; for all index i.

Proof. Put P; = [v;], Q; = [w;], i =0,...,n+1. So {vg,...,v,} and {wp, ..., w,}
are two bases of K™t! hence there exist scalars Ao, ..., A\, [0, - - - , fln Such that

Un+1 = )\01]0 4+ ...+ )\n'Un; Wp4+1 = UoWo + ... + UnWn,

where the coefficients are all different from 0, because of the general position
assumption. We replace v; with \;v; and w; with p;w; and get two new bases, so
there exists a unique automorphism of K™*! transforming the first basis in the
second one and, by consequence, also v, +1 in wy,41. This automorphism induces
the required projective transformation on P™. 0

An immediate consequence of the above theorem is that projective subspaces
of the same dimension are projectively equivalent. Also two subsets of P" formed
both by k points in general position are projectively equivalent if k£ < n + 2. If
k > n + 2, this is no longer true, already in the case of four points on a projective
line. The problem of describing the classes of projective equivalence of k—tuples
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of points of P”, for k > n + 2, is one the first problems of the classical invariant
theory. The solution in the case k = 4, n = 1 is given by the notion of cross—ratio.

4. Let X C A" be an affine variety, then Xp = X \ V(F) is isomorphic to
a closed subset of A"*! ie. toY = V(z, 1 F —1,Gy,...,G,), where I(X) =

(Gy,...,G,;). Indeed, the following regular maps are inverse each other:
¢ Xp — Y such that (z1,...,2,) = (x1,..., 20, 1/F(21,...,2,)),
¥ :Y — Xp such that (z1,..., 25, Tne1) = (T1,...,T5).

Hence, Xr is a quasi—projective variety contained in A™, not closed in A", but
isomorphic to a closed subset of another affine space.

From now on, the term affine variety will denote a quasi—projective variety
isomorphic to some affine closed set.

If X is an affine variety and precisely X ~ Y, with Y C A" closed, then
O(X) ~O) = K[t1,...,t,] is a finitely generated K—algebra. In particular,
if K is algebraically closed and « is an ideal strictly contained in O(X), then
V() € X is non—empty, by the relative form of the Nullstellensatz. From this
observation, we can deduce that the quasi—projective variety of next example is
not affine.

5. A%\ {(0,0)} is not affine.

Set X = A2\ {(0,0)}: first of all we will prove that O(X) ~ K|z, y] = O(A?),
i.e. any regular function on X can be extended to a regular function on the whole
plane.

Indeed: let f € O(X): if P # @ are points of X, then there exist polynomials
F,G,F’',G’ such that f = F/G on a neighbourhood Up of P and f = F'/G’ on
a neighbourhood Ug of Q. So F'G = FG' on Up NUg # 0, which is open also
in A% hence dense. Therefore F’'G = FG' in K|[z,y]. We can clearly assume that
F and G are coprime and similarly for F/ and G’. So by the unique factorization
property, it follows that F/ = F and G’ = G. In particular f admits a unique
representation as F'/G on X and G(P) # 0 for all P € X. Hence G has no zeroes
on A% so G=ce K* and f € O(X).

Now, the ideal (z,y) has no zeroes in X and is proper: this proves that X is
not affine.

We have exploited the fact that a polynomial in more than one variables has
infinitely many zeroes, a fact that allows to generalise the previous observation.

On the other hand, the following property holds:
9.9. Proposition. Let X C P" be quasi—projective. Then X admits an open
covering by affine varieties.

Proof. Let X = XoU...U X, be the open covering of X where X; = U; N X
= {P € X|PJao,...,an],a; # 0}. So, fixed P, there exists an index i such that
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P € X;. We can assume that P € Xj: X is open in some affine variety Y of A"
(identified with Up); set Xo = Y \ Y’, where Y, Y’ are both closed. Since P ¢ Y,
there exists F' such that F(P) #0and V(F)DY'. SoPe Y\ V(F)CY\Y’
and Y \ V(F) is an affine open neighbourhood of P in Y \ Y/ = X, C X.

[

6. The Veronese maps.

Let n,d be positive integers; put N(n,d) = (";d) — 1. Note that (";’d) is
equal to the number of (monic) monomials of degree d in the variables xg, ..., Z,,
that is equal to the number of n+ 1-tuples (ig, ..., i) such that ig+ ...+, = d,
i; > 0. Then in PN(md) we can use coordinates {viy. i, }» where ig, ..., i, > 0 and
io+ ...+ i, = d. For example: if n = 2, d = 2, then N(2,2) = (;l) —1=5. InP°

we can use coordinates V200, V110, V1015 V020, V011, V0o02-

For all n,d we define the map v, 4 : P* — PV("4) such that [z,...,7,] —
[Vd00...05 Vd—1,10...05 - - - s V0...00d) Where vy ;. = xx} ... Zi: vy g is clearly a mor-

phism, its image is denoted V,, 4 and called the Veronese variety of type (n,d). It
is in fact the projective variety of equations:

($){Vig...in Vjo...n = Vho...hn Vko...kn » V0 + Jo = ho + ko, i1 + J1 = hq + k1, . ..

We prove this statement in the particular case n = d = 2; the general case is
similar.

First of all, it is clear that the points of v, 4(P") satisfy the system ().
Conversely, assume that Plvagg, v110,...] € P° satisfies the equations (x), which

become:
.

2
V2000020 = V119

2
V200V002 = V11

2
V0020020 = VUp11

V200011 = V110?101

V020?101 = V1100011
\ V110V002 = V0117101

Then, at least one of the coordinates vaqg, Vo209, Vo2 is different from 0.

Therefore, if V200 7é 0, then P = ’U22([’U200,’U110,’U101]); if V020 % 0, then
P = v35([v110, V020, v011]); if voo2 # 0, then P = vy 2([v101, V011, Vo02]). Note that,
if two of these three coordinates are different from 0, then the points of P? found
in this way have proportional coordinates, so they coincide.

We have also proved in this way that vy 9 is an isomorphism between P? and
Va2, called the Veronese surface of P°. The same happens in the general case.

Ifn =1, v;4 : P' — P? takes [z, 21] to [zd,z3  2q,...,2%]: the image is
called the rational normal curve of degree d, it is isomorphic to P. If d = 3, we
find the skew cubic.

Let now X C P™ be a hypersurface of degree d: X = Vp(F'), with

_ o %
F= E Qig..i Lo o Ty
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Then v, 4(X) ~ X: it is the set of points

{vig..i,, € IP’N(n’d)| Z Qig...in Vig...i, = 0 and [vi,. 4. ] € Vi .a}-
o4 tin=d

It coincides with V,, 4 N H, where H is a hyperplane of PV (n.d). a hyperplane
section of the Veronese variety. This is called the linearisation process, allowing to
“transform” a hypersurface in a hyperplane, modulo the Veronese isomorphism.

The Veronese surface V' of P® enjoys a lot of interesting properties. Most of
them follow from its property of being covered by a 2-dimensional family of conics,
which are precisely the images via vz o of the lines of the plane.

To see this, we’ll use as coordinates in P? wqg, wo1, Wo2, W11, Wiz, Waz, so that
V9.9 sends [zg, 1, x2] to the point of coordinates w;; = z;x;. With this choice of
coordinates, the equations of V' are obtained by annihilating the 2 x 2 minors of
the symmetric matrix:

Wop Wo1 Wo2
M= | wy w, W
Woe Wiz Waa

Let ¢ be a line of P? of equation byoxg + b1z, + boxs = 0. Its image is the set of
points of P° with coordinates w;; = x;x;, such that there exists a non-zero triple
[0, X1, x2] with boxg + byx1 + baxe = 0. But this last equation is equivalent to the
system:

b()(l?(% + blxoxl + bQ.I‘().’L‘Q =0

borory + bll’% + box129 =0

boroxo + bix1T0 + bgﬂ?% =0

It represents the intersection of V' with the plane

bowoo + b1wo1 + bawez =0
(*) { bowo1 + biwiy + bawiz =0,
bowoz + biwiz + bawaee =0
so v2,2(¢) is a plane curve. Its degree is the number of points in its intersection
with a general hyperplane in P°: this corresponds to the intersection in P? of /
with a conic (a hypersurface of degree 2). Therefore vy 2(¢) is a conic.

So the isomorphism vy 9 transforms the geometry of the lines in the plane
in the geometry of the conics on the Veronese surface. In particular, given two
distinct points on V', there is exactly one conic contained in V' and passing through
them.

From this observation it is easy to deduce that the secant lines of V', i.e. the
lines meeting V' at two points, are precisely the lines of the planes generated by
the conics contained in V', so that the (closure of the) union of these secant lines
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coincides with the union of the planes of the conics of V. This union results to be
the cubic hypersurface defined by the equation

Wop Wo1  Wo2
det M =det | woy, w,, w,, | =0.
Woe Wiz Waa

Indeed a point of P°, of coordinates [w;;] belongs to the plane of a conic contained
in V' if and only if there exists a non-zero triple [bg, b1, bs] which is solution of the
homogeneous system (*).

b) Rational maps
Let X,Y be quasi—projective varieties.

9.10. Definition. The rational maps from X to Y are the germs of regular maps
from open subsets of X to Y, i.e. equivalence classes of pairs (U, ¢), where U # ()
isopen in X and ¢ : U — Y is regular, with respect to the relation: (U, ¢) ~ (V, )
if and only if ¢lyny = ¥|uny. The following Lemma guarantees that the above
defined relation satisfies the transitive property.

9.11. Lemma. Let ¢,¢ : X — Y C P" be regular maps between quasi-projective
varieties. If o|y = Y|y for U C X open and non—empty, then ¢ = 1.

Proof. Let P € X and consider ¢(P), ¢)(P) € Y. There exists a hyperplane H such
that ¢(P) ¢ H and o)(P) ¢ H (otherwise the dual projective space P" would be the
union of its two hyperplanes consisting of hyperplanes of P passing through ¢(P)
and 1 (P)). Up to a projective transformation, we can assume that H = Vp(xg),
so ¢(P),(P) € Ug. Set V = ¢~ (Ug) Np~1(Up): an open neighbourhood of P.
Consider the restrictions of ¢ and ¢ from V to Y N Uy: they are regular maps
which coincide on V N U, hence their coordinates ¢;, ¥;, i = 1,...,n, coincide on
V NU, hence on V. So ¢;|y = 9;|v. In particular ¢(P) = ¢(P). O

A rational map from X to Y will be denoted ¢ : X --+ Y. As for rational
functions, the domain of definition of ¢, dom ¢, is the maximum open subset of
X such that ¢ is regular at the points of dom ¢.

The following proposition follows from the characterization of rational func-
tions on affine varieties.

9.12. Proposition. Let X, Y be affine algebraic sets, with Y closed in A™. Then

¢ X --»Y is a rational map if and only if ¢ = (Pp1,...,0n), where ¢1,..., ¢, €
K(X). O

If X cP*", Y C P™, then a rational map X --+Y is assigned by giving m+ 1
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homogeneous polynomials of K[z,,x, ..., x,] of the same degree, Fy, ..., F,, such
that at least one of them is not identically zero on X.

A rational map ¢ : X --» Y is called dominant if the image of X via ¢ is
dense in X, ie. if ¢(U) = X, where U = dom ¢. If ¢ : X --» Y is dominant
and ¢ : Y --» Z is any rational map, then dom ¢ N Im¢ # (), so we can define
pog¢: X --» Z: it is the germ of the map 1) o ¢, regular on ¢~ (dom v N Img).

9.13. Definition. A birational map from X to Y is a rational map ¢ : X --» Y
such that ¢ is dominant and there exists ¥ : Y --+ X, a dominant rational map,
such that 1o = 1x and ¢ oy = 1y as rational maps. In this case, X and Y are
called birationally equivalent or simply birational.

If ¢ : X --» Y is a dominant rational map, then we can define the comorphism
¢* : K(Y) — K(X) in the usual way: it is an injective K—homomorphism.

9.14. Proposition. Let X, Y be quasi—projective varieties, u : K(Y) — K(X)
be a K—-homomorphism. Then there exists a rational map ¢ : X --+ Y such that
P" = u.

Proof. Y is covered by open affine varieties Y,,, a € I (by Proposition 9.9): for all
index o, K(Y) ~ K(Y,) (Prop. 8.8) and K(Y,) ~ K(t1,...,t,), where t1,...,t,
can be interpreted as coordinate functions on Y,. Then u(ty),...,u(t,) € K(X)
and there exists U C X, non—empty open subset such that u(t1), ..., u(t,) are all
regular on U. So u(K|[t,,...,t,]) C O(U) and we can consider the regular map
ut : U — Y, — Y. The germ of u! gives a rational map X --» Y. It is possible
to check that this rational map does not depend on the choice of Y, and U. [

9.15. Theorem. Let X, Y be quasi—projective varieties. The following are equiv-
alent:

(i) X is birational to Y;

(ii) K(X)~ K(Y);

(iii) there exist non—empty open subsets U C X and V C Y such that U ~ V.

Proof.

(i) < (ii) via the construction of the comorphism ¢* associated to ¢ and of
uf, associated to v : K(Y) — K(X). One checks that both constructions are
functorial.

(i) = (iii) Let ¢ : X --» Y, ¢ : Y --» X be inverse each other. Put
U' = dom ¢ and V' = dom . By assumption, ¢ o ¢ is defined on ¢~ (V")
and coincides with 1x there. Similarly, ¥ o ¢ is defined on ¥~!(U’) and equal
to 1y. Then ¢ and v establish an isomorphism between the corresponding sets
U:=¢ (¢~ (U') and V := ¢~ (¢~ H(V")).

(ifi) = (ii) U ~ V implies K(U) ~ K(V); but K(U) ~ K(X) and K (V)
K(Y) (Prop.8.8), so K(X) ~ K(Y) by transitivity.

I 1R
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9.16. Corollary. If X is birational to Y, then dim X = dimY . 0

9.17. Examples.

a) The cuspidal cubic Y = V(2% — y?) C A%

We have seen that Y is not isomorphic to Al, but in fact Y and A! are
birational. Indeed, the regular map ¢ : A! — Y, t — (¢2,¢%), admits a rational
inverse ¢ : Y --» Al (z,y) — £. 4 is regular on Y\ {(0,0)}, ¢ is dominant and
op = 11, porp = 1y asrational maps. In particular, ¢* : K(Y) — K(X) is a field
isomorphism. Recall that K[Y] = K|[t1,ts], with t3 =3, so K(Y) = K(t1,t2) =
K(ta2/t1), because t; = (to/t1)? = t3/t2 =3/t and to = (t2/t1)3 = t3 /13 = t3 /12,
so K(Y) is generated by a unique transcendental element. Notice that ¢ and 1
establish isomorphisms between A!\ {0} and Y \ {(0,0)}.

b) Rational maps from P! to P™.
Let ¢ : P! ——s P™ be rational: on some open U C P!,

gb([flfo,l‘l]) = [Fo(xo,l‘l), .. .,Fn(l'o,l'l)],

with Fp,..., F,, homogeneous of the same degree, without non—trivial common
factors. Assume that F;(P) = 0 for a certain index i, with P = [ag,a1]. Then
F; € I,(P) = (a1x9 — apxy), i.e. ajxo— agzy is a factor of F;. This remark implies
that V Q € P! there exists i € {0,...,n} such that F;(Q) # 0, because otherwise
Foy, ..., F, would have a common factor of degree 1. Hence we conclude that ¢ is
regular.

We have obtained that any rational map from P! is in fact regular.

c) Projections.
Let ¢ : P™ --» P™ be given in matrix form by ¥ = AX, where A is a
(m+1) x (n+ 1)-matrix, with entries in K. Then ¢ is a rational map, regular on

P\ P(KerA). Put A := P(KerA). If A = (a;;), this means that A has cartesian

equations
apoxo + ... +apnxr, =0
ajoro+...+apnxr, =0

Amoo + - -« T GmnTn = 0

The map ¢ has a geometric interpretation: it can be seen as the projection
of centre A to a complementar linear space. First of all, we can assume that rk
A =m+ 1, otherwise we replace P with P(Im A); hence dimA =n — (m + 1).

Consider first the case A : zg = ... = z,, = 0; we identify P with the
subspace of P™ of equations z,,11 = ... =z, = 0, so A and P™ are complementar
subspaces, i.e. ANP™ = () and the linear span of A and P™ is P". Then, for
Q € P\ A, ¢(Q) = [zo,...,%m,0,...,0]: it is the intersection of P™ with the
linear span of A and Q. In fact, if Q[ao,...,a,] then AQ has equations

{a;zj —ajz; =0,1,7=0,...,m (check!)
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so AQ NP has coordinates [ag, ..., am,0,...,0].

In the general case, if A = Vp(Lo,...,Ly,), with Lg,..., Ly, linearly inde-
pendent forms, we can identify P with Vp(Lyy41,...,Ly), where Lg,..., Ly,
L1, .-, Ly is a basis of (K™t1)*. Then Ly, ..., L,, can be interpreted as coor-
dinate functions on P™.

If m =n —1, then A is a point P and ¢, often denoted 7p, is the projection
from P to a hyperplane not containing P.

d) Rational and unirational varieties.

A quasi—projective variety X is called rational if it is birational to a projective
space P, or equivalently to A™. Indeed, in view of Thereom 9.15 (7ii), P and A™
are birationally equivalent.

By Theorem 9.15, X is rational if and only if K(X) ~ K(P") = K(z1,...,zy)
for some n, i.e. K(X) is an extension of K generated by a transcendence basis
(a purely transcendental extension of K). In an equivalent way, X is rational if
there exists a rational map ¢ : P --+ X which is dominant and is an isomorphism
if restricted to a suitable open subset U C P™. Hence X admits a birational
parametrization by polynomials in n parameters.

A weaker notion is that of unirational variety: X is unirational if there exists
a dominant rational map P" --» X ie. if K(X) is contained in the quotient
field of a polynomial ring. Hence X can be parametrised by polynomials, but not
necessarily generically one-to—one.

It is clear that, if X is rational, then it is unirational. The converse implication
has been an important open problem, up to 1971, when it has been solved in the
negative, for varieties of dimension > 3 (Clemens-Griffiths and Iskovskih-Manin).
Nevertheless rationality and unirationality are equivalent for curves (Theorem of
Liiroth, 1880) and for surfaces if charK = 0 (Theorem of Castelnuovo, 1894).

As an example of rational variety with an explicit rational parametrization
constructed geometrically, let us consider the following quadric of maximal rank
in P3: X = Vp(zox3 — 2172), an irreducible hypersurface of degree 2. Let 7p :
P3 --» P? be the projection of centre P[1,0,0,0], such that 7p([yo,y1,¥y2,y3]) =
[y1, Y2, y3]. The restriction of 7p to X is a rational map 7p : X --» P2, regular on
X\ {P}. 7p has a rational inverse: indeed consider the rational map ¢ : P? --» X,
[y1, Y2, y3] = [y1y2, Y193, y2v3, y5]. The equation of X is satisfied by the points of

P(P?): (y192)y3 = (y1y3)(y2y3). ¥ is regular on P2\ Vp(y192,y3). Let us compose
v and Tp:

TR

"
[Wos -+ y3] € X ™5 [y1, v, y3] = [V1Y2, Y1Y3, Y23, Y3 ;

Y1Y2 = yoys implies Y o mp = 1x. In the opposite order:

"
1, Y2, y3] = (Y192, Y1Y3: Y2v3, Y3 = (Y193, Y2¥3. V3] = (Y1, Y2, Y3)-

So X is birational to P2 hence it is a rational surface.
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Note that if we consider a projection mp whose centre P is not on the quadric,
we get a regular 2 : 1 map to the plane, certainly not birational.

e) A birational non-regular map from P? to P2.
The following rational map is called the standard quadratic map:

Q :P? -5 P2, [x0, X1, x2] = (X122, ToT2, Tox1].

Q is regular on U := P2\ {4, B,C}, where A[1,0,0], B[0,1,0], C[0,0,1] are the
fundamental points (see Fig. 2)

Let a be the line through B and C: a = Vp(xg), and similarly b = Vp(z1),
¢ = Vp(z2). Then Q(a) = A, Q(b) = B, Q(c) = C. Outside these three lines @ is
an isomorphism. Precisely, put U’ = P?\ {a UbU c}; then Q : U’ — P? is regular,
the image is U’ and Q! : U’ — U’ coincides with Q. Indeed,

Q Q
(20,21, T2] = [2122, ToTa, ToT1] —> [TAT122, To, T3 X9, TT1T5].

So Q o Q = 1p2 as rational map, hence Q is birational and Q = Q.

- Fig.2 -

The set of the birational maps P? --» P2 is a group, called the Cremona
group. At the end of XIX century, Max Noether proved that the Cremona group
is generated by PGL(3, K) and by the single standard quadratic map above. The
analogous groups for P”, n > 3, are much more complicated and a complete
description is still unknown.

We conclude this section with a theorem illustrating an application of the
linearisation procedure. We shall use the following notation: given a homogeneous
polynomial F' € K[z,,xy,...,x,], D(F) :=P"\ Vp(F).
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9.16. Theorem. Let W C P™ be a closed projective variety. Let F' be a homo-

geneous polynomial of degree d in Klx,,x,,...,x,] such that W € Vp(F). Then
W N D(F) is an affine variety.

Proof. The assumption W ¢ Vp(F) is equivalent to WND(F) # 0. Let us consider
the d-tuple Veronese embedding vy, 4 : P* — PN with N(n,d) = (”j;d) -1,
that gives the isomorphism P" ~ V,, 4. In this isomorphism the hypersurface
Vp(F) corresponds to a hyperplane section V;, 4 N H, for a suitable hyperplane H
in PN(d4) " Therefore we have W N D(F) =~ v, o(W N D(F)) = v, o(W)\ H =
V. a(W) N (PNA \ H). There exists a projective isomorphism 7 : PN(d)
PN(d) guch that 7(H) = Hy, the fundamental hyperplane of equation zq = 0.
Therefore, denoting X := v, (W), we get X N (PN \ [) ~ 7(X) N (PNd)\
Hy) = 7(X) NUp, which proves the theorem. O

As a consequence of Theorem 9.16, we get that the open subsets of the form
W N D(F) form a topology basis of affine varieties for W.

Exercises to §9.

1. Let ¢ : Al — A™ be the map defined by t — (t,2,...,t").
a) Prove that ¢ is regular and describe ¢(Al);

b) prove that ¢ : Al — ¢(A!) is an isomorphism;

c) give a description of ¢* and ¢~1".

2. Let f: A2 — A? be defined by: (z,y) — (z,zy).
a) Describe f(A?) and prove that it is not locally closed in AZ?.

b) Prove that f(A?) is a constructible set in the Zariski topology of A? (i.e.
a finite union of locally closed sets).

3. Prove that the Veronese variety V,, 4 is not contained in any hyperplane of
PN (n.d)

4. Let GL,(K) be the set of invertible n X n matrices with entries in K.
Prove that GL,,(K) can be given the structure of an affine variety.

5. Show the unicity of the projective transformation 7 of Theorem 9.8.
6. Let ¢ : X = Y be a regular map and ¢* its comorphism. Prove that the
kernel of ¢* is the ideal of ¢(X) in O(Y). In the affine case, deduce that ¢ is

dominant if and only if ¢* is injective.

7. Prove that O(Xp) is isomorphic to O(X)¢, where X is an affine algebraic
variety, F' a polynomial and f the function on X defined by F'.



