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ũ

ë°E9- ¤*¦Tì
d4v

dz4
= −f

2

ν2
v

4@:�>nP�27>�>niT:�Rj;=<.6*0?<3P56*0�6@��6*47WMRjH.W\>=0325>�<.89>"0325<SI]¿�>*¢j>bP5<�8�<.PL25<.0�a*:?6*0�6APL6TH_6@f�>"4�H_>�89<.U*>"47P5>IK6T0?89<.;=<.6*0�<�R*H�IK6T0T276*470�6@P5:
ũ
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ṽ = − ν
f

∂2ũ
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ũ
>
ṽ
PL698�8�<.PL�%Rj0�6&H_>�IK6*0�89<_;"<_6T0�<Aë$E9- ¤*`3ìû¢�>ÉR&f�476j��6*0�89<x2]��<.09�?0�<_27RP56�8?89<.PL�%Rj0?6QH.>BIK6T0?89<.;=<.6*0�<
ũ(x, y,−∞) = 0

>
ṽ(x, y,−∞) = 0

-ZJR\P56*H.:�;=<.6*0?>C89>"H_H.>B>"i3:?R*;=<.6*0�<gë°E9- ¤3zjì�47<.P5:�H_27RQ>"P7P5>=47>n=VÌ

u = uG +
ez/δ

ρ0

√
νf

[

τx sin
(z

δ
+
π

4

)

+ τy cos
(z

δ
+
π

4

)] ë°E9- ¤*p3ì

v = vG +
ez/δ

ρ0

√
νf

[

−τx cos
(z

δ
+
π

4

)

+ τy sin
(z

δ
+
π

4

)]
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u, v

ìd0�>=H.H.6ÉPL254]RV256É89<�£sm�W\R*0³P5:�f�>=45��IK<SRjH.>�¿?R?¢O89:�0?i3:�>T¢OH.R�WQ>n89>"P5<.W\R89<.f�>"0?89>"0�;"R³8�R
x, y

8�>=H.H.R³IK6*4747>=0325>�aT>=63P�27456*��I=R?¢�RjH.HSR&i3:?RjH.>�P5<�R*a*aT<_:�0?a*>�:�0�R&IK6T4Lk47>=;=<.6*0?>\I]¿?>\8�<_f�>=0?8�>�PL6TH_6�8�R*H_HSR�f�476j��6*0�89<x2]��-�²�6*W\>MçMW\6TPL254]RV276É<.0´�?a*:?47R�E9-.,nq�¢(HSRIK6T4547>=0327>*¢?P5f�<.47R*H_>"a*a*<SRj0�896�UT>=4]PL6M<.HJ��R*P7PL6�¢925>"0?89>�R�45<.f�6T4L2]Rj4]PL<(R*H_HSRMIK6T4547>=0327>Ba*>=63P�27456*k��I"R�ë
uG, vG

ìû-/��0?I]¿?>@<.0Éi3:�>nP�276�I=RTPL6�¢
δ
ç@HSRtf�476j��6T0?89<_27��I=Rj4]RV2525>"45<SP�27<.I"Rt89>"H_H.6�PL254]RV276P5:�f�>"4L��IK<SRjH.>�89<�£sm�WMRj0J-��dH_HSRAiT:?6j27R

z = 0
H_6AP7IK6TPL27R*W\>=03256d��47R@H.RCIK6T4547>=0327>s>Kw!>K2525<.U^RC>i3:�>=H.HSRAa*>=63P�27456*��I=R@ç�WMR*P7PL<.W\6?¢T>"8Q<_H�U*>=2L256T45>bUT>=H.6�I=<x2]�B89>=U�<SRB89<

45◦
÷ ü îKøûô$ù5÷�47<.P5f�>=2L276RjHOUT>K25256*47>Më

τx, τy ìû¢�I]¿�>A¿?RQH.R\W\>"8�>"P5<_WMR\89<.45>";=<.6*0�>C>BU*>"47P56Q8�>=H(UT>=03256�-
]HT
d�_g\%QD_+UO[*]�P�spd�P�MWP�sD[`_�[`MWspTvXJT5\%QDXR[+sDP U�ª*T�]gd�_HT
sDQDoiUWT*T�X UOQpeDepTv]HT�XRXJT5MWd�NwQDoiy�spPRQ�]�QDXZY9T�oiQ
f�sDQp_%UO[
Y*Q:UWoiPbxwT�]gQpMOQDY*N�PR[+l:j¨��_)c+d�QDMOUWT9MOQD]�Q/UWoOT�MWsDd�oiQDoOQDY*[|sp[`Y*N�XRQDUWT�Y*QD_+UOQ/PRXZN�oi[`®�XRQDY9T�xHQ�sDPZXRPRY*P UOQpoiQDY*[
T
MOd�N�Nw[`oOoiQ�_�[�UWTvXJT8oiQpXJT�eDPR[`_�Q/��d�_�eDPR[`_HT�XRQ�s�t�Q/XRQDS%T
XR[8MOUOoOQDMOM�T�XRXJT5\%QDXR[+sDP U�ªv]�QDX>\%Qp_%UO[�j
z Í °�[`Y*Q(]�Q:UOUO[v_�QDX�NHT�oWT�S`oOTV��[*N�oOQDsDQD]�QD_+UOQ`x>XJT5MO[`XRd�eDPR[`_�Q/S`QD_�QDoWT�XRQ/NwQDo

ṽ ~ q ṽ = Aez/δ sin(z/δ) +
Bez/δ cos(z/δ) + Ce−z/δ sin(z/δ) + De−z/δ cos(z/δ)

j È^T�MO[`XRd�eDPR[`_�Q1S`QD_�QDoWT�XRQ�NwQDo
ũ
MWP5[�UiÞ

UOPRQp_�Q�d�M�T�_�]�[!XJT�MWQDsD[`_�]HT!QDc+dHT�eDPR[`_�Q1PR_ÀfbÎ�j I
~`l�jùÈ�a d�_�PRsD[�Y*[+]�[�NwQpoÅMO[n]�]�PRMO��T�oOQ�XRQ�sD[`_�]�PReDPR[`_�P
ũ(x, y,−∞) = 0

Q
ṽ(x, y,−∞) = 0 ~ Nw[`oioOQ C = D = 0

j ² d�PR_�]�P�MOP�tHT ṽ = Aez/δ sin(z/δ) +
Bez/δ cos(z/δ)

Q
ũ = Aez/δ cos(z/δ)−Bez/δ sin(z/δ)

j � QDoOP \�T�_�]�[
ṽ
Q

ũ
oOPRMONwQDUiUO[�T

z
Qp]/PRY*Nw[`_�QD_�Þ

]�[5NwQpo
z = 0

XRQ"sD[`_�]�PReDPR[`_�P�T�Xwsp[`_%UO[`oO_�[gfbÎ�j I`ß%l�x�MOP>[�UiUOPRQp_�Q
A+B = δτy/ρ0ν

Q
A−B = δτx/ρ0ν

j
��_�cnd�QDMiUW[�Y*[+]�[}MWPryHMWMWT�_�[�XRQ�sD[`MiU�T�_%UWP�]�P(PR_%UOQpS`oOT�eDPR[`_�Q

A
Q

B
xrMW[`MiUWP UOd�QD_�]�[1P"sDd�P(\�T�XR[`oOP(_�QDXRXRQQDMWN�oiQDMWMOPR[`_�P�NwQDo

ṽ
Q

ũ
x+PR_�MWPRQDY*Q"T�XRXRQ�oiQDXJT�epPR[`_�P>UOoOPRS`[`_�[`Y*QDUOoiPRs�t�Q

cos(α) + sin(α) =
√

2 sin(α +π/4)Q
cos(α) − sin(α) =

√
2 cos(α + π/4)

x�MWP�oiP UOoO[p\`T�_�[9XRQ/MW[`XRd�epPR[`_�P�f�Î�j I�v%l:j
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u, v

ìK-øá 4]Rjf?f�45>nPL>"0327RV2]R�HSR³P56*H.:�;=<.6*0?>³ë$E�- ¤TpTìt0�>=H�I"R*P56f?R*4L27<.I=6*HSRj47>
uG = 0

¢
vG = 0

¢
τx = 1

¢
τy = 0
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U =
∫ 0

−∞ (u− uG) dz =
1

ρ0f
τy ë°E9- ¤*¤3ì

V =
∫ 0

−∞ (v − vG) dz = − 1

ρ0f
τx

4@:�>nP�276t45<SP5:�Hx2]RV276�ç@8�>=H�25:925256\Rj0325<_k°<.0325:�<_25<.U*6�h�:?0�U*>"03256�I]¿�>CPL6*ê�RB<_0�89<.45>";=<.6*0�>dcd6*4]8I=R*:?P7R�:�0?R§IK6T4547>=0327>³IK6TW\f�H_>nP5P5<.U^R«89<.45>=2L27R«U*>"47P56�£�PL2"¢C>"8 :�0ÀU*>=03276«I]¿�>©PL6*ê�R�<.089<.45>";=<.6*0�>B£�P�2@I"Rj:?P7RQ:�0?RMI=6*4745>"0T27>BIK6*W\f�H.>"P7P5<_UVRM89<.45>=2L2]R\U*>=4]P56 l :�8�
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f < 0
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ν
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z/δ →
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− [w(0) − w(−∞)] =

∫ 0

−∞

[
∂u

∂x
+
∂v

∂y

]

dz =

∫ 0

−∞

[
∂u

∂x
+
∂v

∂y

]

−
[
∂uG

∂x
+
∂vG

∂y

]

dz .ë°E9-.,"¦*¦3ìc�>"H_H°� <_0325>"a*4]RjH.>CR\89>nP�2747R\R*����<SRjW\6�f�6j27:9256�P56j25254]Rj4745>@H.R\89<.U*>"45aT>=0�;nRt6T45<.;=;"6*0327R*H_>A89>=H.HSRIK6T4547>=0327>ta*>"6TPL25476j��I"R�f�6*<SI]¿�»�>"P7P5RMçQ0�:�H.H.R�ë$Iû��4n-@>ni�-Që°E9- `3zjì5ìû-@/10³i3:�>"PL27R�PL>n89>�I=6*0?P5<xk89>"45<SRjW\6\254]R*P7IK:?47R*��<_H.>BHSR\U*>=H.69IK<_27�MUT>=4525<SI=R*H_>tR*H_HSRMPL:?f�>"4L��I=<_>
w(0) ≈ 0
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w(−∞) =
1

ρ0f

(
∂τy

∂x
− ∂τx

∂y

)

.
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∂τy/∂x−∂τx/∂y
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z
]�P

ũ = u−uG

MOPHN�d�É8[`MWMWQDo�\`T�oiQ�s�t�Q
ũ ~ NHT�oiP�T�XRXJTMWd�T
]�QDoOP \�TVU�T*c+dHT�o�U�T�xwY*[`X UOPRN�XRPRspTVU�T8N>QDorXJT
sD[`MOUWT�_%UWQ

−4/δ4
j���QDo�U�T�_%UO[|Xba PR_%UOQpS`oOT�XRQ�]�Q:\%Q�QpMOMWQDoiQ5N�T�oOP

T�XRXJT8]�QpoiP \`TVUWTvUWQDoiepT�xwY*[`X UWPRN�XRPRspTVUWT8NwQDorXJT
Y*QD]�QDMWPRY9T/sD[`MOUWT�_+UOQ`j�ÈZ[
MiUWQDMOMW[
\�T�XRQ5NwQDo
ṽ = v − vG
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