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Introduction

Algebraic Geometry is the field of mathematics that studies the sets of so-
lutions of systems of algebraic equations, i.e. of equations given by polynomials.
The origins of Algebraic Geometry go back to the Ancient Babylonians and Greeks
and, since them, this fascinating subject has attracted mathematicians of every
times and countries. During the 19*” and the beginning of last century, important
progress has been made, mainly by the so-called Italian School of Algebraic Ge-
ometry. Then, starting from 1950, the subject was completely refounded, taking
into account the advent of Modern Algebra. This work was initiated by Oscar
Zariski (1899-1986), a mathematician of Russian origin, who studied in Italy and
then moved to the USA, and pushed on mainly by the French mathematician
Alexander Grothendieck (1928-2014). In the last fifty years, important results
and answers to classical problems have been given.

An asterisk * near an exercise denotes that it is quoted in the text.
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1. Affine and projective space.

Let K be a field. By definition, the affine space of dimension n over K is simply
the set K™ : on it, the additive group of K" acts naturally by translation. The
affine space will be denoted A" or simply A™. So the points of A, are n—tuples
(ay,...,a,), where a, € K fori=1,...,n.

The natural action of K™ on A7, is the map t defined by

£ K™ x A" — A"

((z1,..yxn), (a1, .. ya,)) — (1 +ay, ..., x, +a,).

Note that: ¢(0,P) = P, where 0 is the zero vector of K™ and P € A", and
t(w,t(v, P)) = t(v+w, P), for v,w € K™ and P € A”..

The action of a vector v on a point P is “by translation”. The point ¢(v, P)
will be denoted P + v. The action t is faithful and transitive: this means that,
for any choice of P,Q € A7, there exists one and only one v € V such that
Q = t(v, P): for this vector, the notation ) — P will be sometimes used.

Let Q € A7 be a point, and W C K™ be a vector subspace. We define the
affine subspace of A", passing through @ with orienting space W (or of direction
W) as follows:

S={PecA} |P=Q+w,weW}

S can be seen as “W translated in ()”. Note that affine subspaces of A”. do not
necessarily pass through the origin. Two affine subspaces of A" with a common
orienting space are called parallel. If dim W = m, we also define dim .S = m. The
subspaces of dimension 1 are called lines, those of dimension 2 planes, those of
dimension n — 1 (or of codimension 1) hyperplanes.

The points of an affine subspace of A™ can be characterised as solutions of a
system of equations. These are of two types:

a) Parametric equations of a subspace.

Let S be the subspace passing through Q(y,...,y,) with orienting space W, and
let w,,...,w, be a basis of W, with w, = (w,,...,w,,). Then P(x,,...,x,) € S
if and only if there exist t,,...,t, € K such that

(T1yee s x) = (Yiy oo s Yn) + twy + ...+ taw,,

or equivalently
T, =y +ttw, +...+tw,
Ty =Yy + LW + ... + T W,y

As (t,,...,t,) varies in K* we get in this way all points of S.
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For example, if S is the line through @ of direction W = (w), with w =
(by,...,bn), then

r, =y, +th
Ty = Yo + the
T, =Y, + thn

are parametric equations of S.

b) Cartesian equations of a subspace.
Let s = dimW, W C K", a vector subspace. Then W is the set of vectors
whose coordinates are solutions of a homogeneous linear system of rank n — s in
n indeterminates z;, ..., 2,:

{allzl+...+a1nzn =0
Cp_s1r+ .o+ a,_ o2, =0.

Hence P(z,,...,z,) belongs to S if and only if P = Q) + w, where w is a solution
of the previous system, i.e. if and only if the following equations are satisfied:

an(ry —y)+ ...+ an,(z, —y,) =0
a‘n—s,l(xl - yl) + e + a’n—s,n(xn - yn) - O
ie. (z,,...,2,)is a solution of the system:

a X, +...+a,x, +b, =0
=0
a/nfs,lxl + e + a’nfs,nxn + bn

where we have put b, = —(a;,y, + ...+ a;,y,.), for i =1,...,n — s. For example a
hyperplane is represented by a unique linear equation of the form:

ax,+...+a,x, +b=0.

Let V be a K—vector space, of dimension n + 1. Let V* = V' \ {0} be the
subset of non-zero vectors. The following relation in V* is an equivalence relation
(relation of proportionality):

v ~ v if and only if I\ #£ 0, A € K such that v' = Av.

The quotient set V*/~ is called the projective space associated to V and
denoted P(V'). The points of P(V') are the lines of V' (through the origin) deprived
of the origin. In particular, P(K"1) is denoted P (or simply P") and called the
numerical projective n-space. By definition, the dimension of P(V') is equal to
dimV — 1.
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There is a canonical surjection p : V* — P(V') which takes a vector v to its
equivalence class [v]. If (x4,...,2,) € (K™"1)*, then the corresponding point of
P™ is denoted [z, ..., z,]. So [z, ...,z |=[z],..., 2] if and only if I\ € K* such
that =) = Ax,,..., 2/ = A\z,,.

If a basis e,,...,e, of V is fixed, then a system of homogeneous coordinates
is introduced in V, in the following way: if v = z,e, + ...+ x,¢,, then z,,...,x,
are called homogeneous coordinates of the corresponding point P =[v]= p(v) in
P(V). We also write P[z,,...,z,]. Note that homogeneous coordinates of a point
P are not uniquely determined by P, but are defined only up to multiplication
by a non—zero constant. If dimV = n + 1, a system of homogeneous coordinates
allows to define a bijection

P(V) — P"
P = [v] — [xg,...,2,]

where v = x,eq + ... + T,.€,.

The points F,[1,0,...,0],...,E,[0,0,...,1] are called the fundamental points
and U[1,...,1] the unit point for the given system of coordinates.

A projective (or linear) subspace of P(V') is a subset of the form P(W), where
W C V is a subspace.

Assume that dim W = s + 1 and that W is represented by a linear homoge-

neous system
aoTo+...+a,,x, =0
(%) {

p_soTo+ ...+ 0, o2, =0.

Note that a (n 4+ 1)-tuple (Z,,...,Z,) is a solution of the system if and only
if (AZo,...,AZ,) is, with A # 0. So these solutions can also be interpreted as
representing the points of P(W) and the equations (*) as a system of Cartesian
equations of P(W). To write down parametric equations of P(W) it is enough to
fix a basis of W, formed by vectors w,,...,w,. Then a general point of P(W) is
parametrically represented by [Aw, + ...+ Aw.], as Ay, ..., A, vary in P*.

If W, U are vector subspaces of V', the following Grassmann relation holds:

dimU + dim W = dim(U N W) + dim(U + W).
From this relation, observing that P(U N W) = P(U) NP(W), we get in P(V):
dimP(U) + dim P(W) = dim(P(U) N P(W)) + dim P(U + W).

Note that P(U + W) is the minimal linear subspace of P(V') containing both P(U)
and P(W): it is denoted P(U) + P(W).

1.1. Example. Let V = K3, P(V) = P2, U,W C K? subspaces of dimension
2. Then P(U),P(V') are lines in the projective plane. There are two cases:
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HU=W=U+W=UnW;

(i) U#£W,dmUNW =1, U+ W = K3,
In case (i) the two lines in P2 coincide; in case (ii) P(U)NP(W) = P(UNW) = [v],
if v # 0 is a vector generating U N W. Observe that never P(U) NP(W) = (.

Let T C P(V') be a non—empty set. The linear span (T) of T is the intersection
of the projective subspaces of P(V) containing 7', i.e. the minimum subspace
containing 7. For example, if T = {P,,..., P,}, a finite set, then (P,,..., P,) =
P(W), where W is the vector subspace of V' generated by vectors v,...,v, such
that P, = [v,],..., P, = [v,]. So dim(P,,...,P,) <t —1 and equality holds if and
only if v,,...,v, are linearly independent; in this case, also the points P,,..., P,
are called linearly independent. In particular, for ¢t = 2, two points are linearly
independent if they generate a line, for ¢ = 3, three points are linearly independent
if they generate a plane, etc. It is clear that, if P,, ..., P, are linearly independent,
then ¢ < n + 1, and any subset of {P,,..., P,} is formed by linearly independent
points.

P,,..., P, are said to be in general position if either ¢t < n + 1 and they are
linearly independent or ¢ > n + 1 and any n 4 1 points among them are linearly
independent.

1.2. Proposition. The fundamental points Ey, ..., E, and the unit point
U of a system of homogeneous coordinates on P™ are n + 2 points in general
position. Conwversely, if Py, ..., P,, P,11 are n + 2 points in general position,
then there exists a system of homogeneous coordinates in which Py, ..., P, are the
fundamental points and P, 11 is the unit point.

Proof. If eg, ..., e, is a basis, then clearly the n + 1 vectors eq,...,€;,...,€n, €0+
...+ e, are linearly independent: this proves the first claim. To prove the second
claim, we fix vectors vy, ..., v,11 such that P; = [v;] for all i. So vg,...,v, is a
basis and there exist Ag,..., A, in K such that v,+1 = A\ovg + ... + A\pv,. The
assumption of general position easily implies that Ag, ..., A\, are all different from 0,
hence Agvo, . .., Apvy, is @ new basis such [A\;v;] = P; and P,,41 is the corresponding
unit point. 0

Let H, = (F\,...,E,),H, = (Ey,E,,...,E,),....H, = (E,,...,E,_;) be
n+1 hyperplanes in P". Note that the equation of H, is simply x; = 0. These hyper-
planes are called the fundamental hyperplanes. Let U; = P*"\ H, = {P[x,,...,x,] |
xz; # 0}. Note that P* = U, UU, U...UU,, because no point in P" has all
coordinates equal to zero. There is a map ¢, : U, — A"(= K") defined by
Go([o, - 2a]) = (5,..., 22). ¢o is bijective and the inverse map is j, : A" — U,
such that jo(yi, -, Yn) = [1, Y1y -+, Ynl-

So ¢, and j, establish a bijection between the affine space A™ and the subset U,
of the projective space P". There are other similar maps ¢, and j, fori =1,... n.

So P™ is covered by n + 1 subsets, each one in natural bijection with A”™.
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There is a natural way of thinking of P™ as a completion of A™; this is done
by identifying A™ with U, via ¢,, and by interpreting the points of H,(=P™ \ U,)
as points at infinity of A", or directions in A"™. We do this explicity for ¢ = 0. First
of all we identify A™ with U, via ¢, and j,. So if Pla,,...,a,] € P", either a, # 0
and P € A", or a, = 0 and P[0, a,...,a,] ¢ A™. Then we consider in A" the line
L, passing through O(0,...,0) and of direction given by the vector (a,...,a,).
Parametric equations for L are the following:

T, = a;t
Ty = Gt
x, = a,t

with ¢t € K. The points of L are identified with points of U, (via j,) with homoge-
neous coordinates o, ..., x, given by:

T, =1

T, = a;t

Ty = Ayt
or equivalently, if £ # 0, by:

£y =1

T = ay

Ty = Qg

Now, roughly speaking, if ¢ tends to infinity, this point goes to P[0,a,...,a,].
Clearly this is not a rigorous argument, but just a hint to the intuition.

In this way P™ can be interpreted as A™ with the points at infinity added,
each point at infinity corresponding to one direction in A™.

Exercise to §1.

1*. Let V be a vector space of finite dimension over a field K. Let V denote the
dual of V. Prove that lP’(V) can be put in bijection with the set of the hyperplanes
of P(V) (hint: the kernel of a non-zero linear form on V is a subvector space of V'

of codimension one).
2. Algebraic sets.

Roughly speaking, algebraic subsets of the affine or of the projective space are
sets of solutions of systems of algebraic equations, i.e. common roots of sets of
polynomials.

Examples of algebraic sets are: linear subspaces of both the affine and the pro-
jective space, plane algebraic curves, quadrics, graphics of polynomials functions,
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Algebraic geometry is the branch of mathematics which studies algebraic sets
(and their generalizations). Our first aim is to give a formal definition of algebraic
sets.

Let Klz,,...,x,] be the polynomial ring in n variables over the field K. If
P(ay,...,a,) € A" and F = F(x,,...,z,) € K[x,,...,x,], we can consider the
value of F' at P, ie. F(P)= F(a,,...,a,) € K. We say that P is a zero of F' if
F(P)=0.

For example the points P,(1,0), P,(—1,0), P;(0,1) are zeroes of F' = z? +
22 — 1 over any field. If G = 22 + 22 + 1 then G has no zeroes in A2, but it does
have zeroes in AZ.

2.1. Definition. A subset X of A% is an affine algebraic set if X is the set of
common zeroes of a family of polynomials of K[z,,...,z,].

This means that there exists a subset S C K[z,,...,x,] such that
X={PeA"|F(P)=0V F e S}.

In this case X is called the zero set of S and is denoted V(S) (or in some books
Z(S), e.g. this is the notation of Hartshorne’s book). In particular, if S = {F},
then V(S) will be simply denoted by V(F).

2.2. Examples and remarks.
1. S=Klz,,...,z,]: then V(S) = (), because S contains non-zero constants.
2. S ={0}: then V(S) = A".
3. S={xy— 1} : then V(xzy — 1) is the hyperbola.
4. It S C T, then V(S) D V(T).

Let S € Klz,,...,z,] be a set of polynomials, let a := (S) be the ideal generated
by S. Recall that o = {finite sums of products of the form HF where F € S, H €
Klz,,...,z,]}.

2.3. Proposition. V(S5) =V (a).

Proof. If P € V(a), then F(P) = 0 for any F' € «; in particular for any F' € S
because S C a.

Conversely, if P € V(S), let G =), H;F; be a polynomial of a (F; € SV 7).
Then G(P) = (3_ HiF;)(P) = >_ Hi(P)F;(P) = 0. o

The above Proposition is important in view of the following;:

Hilbert’ Basis Theorem. If R is a Noetherian ring, then the polynomial ring
R[z] is Noetherian.

Proof. Assume by contradiction that R[z| is not Noetherian. Let I C R[x] be a
not finitely generated ideal. Let f; € I be a non-zero polynomial of minimum
degree. We define by induction as follows a sequence {fx}ren of polynomials: if
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fx (k> 1) has already been chosen, let fir1 be a polynomial of minimum degree
in I\ (f1,-.., fx). Let ng be the degree of f; and ay be its leading coefficient. Note
that, by the very choice of fi, the chain of the degrees is increasing: n; < ng, < ..

We will prove now that (a;) C {(aj,az) C ... is a chain of ideals, that
does not become stationary: this will give the required contradiction. Indeed,
if (a1,...,a,) ={a1,...,ar,a,41), then a,41 =Y ._, bsa;, for suitable b; € R. In
this case, we consider the element g := f,41 — Y ;_, bijz"+17" f;: g belongs to
I, but g ¢ (f1,...,[r), and its degree is strictly lower than the degree of f,1:
contradiction. OJ

2.4. Corollary. Any affine algebraic set X C A" is the zero set of a finite
number of polynomials, i.e. there exist F,,..., F, € K[x,,...,z,] such that X =
V(F,...,F).

0

Note that V(Fy,...,F.) =V (F,)N...NV(F,), so every algebraic set is a finite
intersection of algebraic sets of the form V(F), i.e. zeroes of a unique polynomial
F. If F =0, then V(0) = A™ if F = c € K\ {0}, then V(c) = 0; if deg F' > 0,
then V(F) is called a hypersurface.

2.5. Proposition. The affine algebraic sets of A" satisfy the axioms of the
closed sets of a topology, called the Zariski topology.

Proof. It is enough to check that finite unions and arbitrary intersections of alge-
braic sets are again algebraic sets.

Let V(«), V(B) be two algebraic sets, with «, 8 ideals of K|[z,,...,z,]. Then
V(a)uV(B) =V (anpB)=V(aB), where af is the product ideal, defined by:

af = {Zaibi | a; € a,b; € B}.
fin

In fact: af C anpfso V(anpB) C V(aB), and both aNp C aand anNp C B
so V() UV(B) C V(an B). Assume now that P € V(af) and P ¢ V(«a): hence
JF € « such that F(P) # 0; on the other hand, if G € 8 then FFG € af so
(FG)(P)=0= F(P)G(P), which implies G(P) = 0.

Let V(o,),i € I, be a family of algebraic sets, o, C Klz,,...,z,]. Then
NierV (o) = V(3,5 @,), where Y., a; is the sum ideal of os. In fact o, C
Y ier @ Vi, hence V(3 o) C V() Vi and V (3, a;) C NV (o). Conversely, if
PeV(a) Vi,and F € ), o, then F' = ) F,; therefore F(P) =) F,(P) =0.

U

2.6. Examples.
1. The Zariski topology of the affine line Al
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Let us recall that the polynomial ring K [x] in one variable is a PID (principal
ideal domain), so every ideal I C K[z] is of the form I = (F'). Hence every closed
subset of Al is of the form X = V(F), the set of zeroes of a unique polynomial
F(x). f F=0,then V(F)=A'if F =c€ K* then V(F) =0, ifdeg F = d > 0,
then F' can be decomposed in linear factors in polynomial ring over the algebraic
closure of K; it follows that V' (F') has at most d points.

We conclude that the closed sets in the Zariski topology of A! are: Al, () and
the finite sets.

2. If K =R or C, then the Zariski topology and the Euclidean topology on
A" can be compared, and it results that the Zariski topology is coarser. Indeed
every open set in the Zariski topology is open also in the usual topology. Let
X = V(F,,...,F,) be a closed set in the Zariski topology, and U := A™ \ X; if
P € U, then 3 F, such that F;(P) # 0, so there exists an open neighbourhood of
P in the usual topology in which F; does not vanish.

Conversely, there exist closed sets in the usual topology which are not Zariski
closed, for example the balls. The first case, of an interval in the real affine line,
follows from part 1.

We want to define now the projective algebraic sets in P™. Let K[z,, x4, ..., x,]
be the polynomial ring in n + 1 variables. Fix a polynomial G(z,,x,,...,z,) €
Klzo,x,,...,z,] and a point Pla,,a,,...,a,] € P": then, in general,

G(ag,...,a,) # G(Aag, ..., a,),
so the value of G at P is not defined.
2.7. Example. Let G = x, + z,x, + 22, P[0, 1,2

2] =
1+4 # G(0,2,4) = 2+ 16. But if Q = [1,0,0]
G(A,0,0) =0 for all A.

4] € P2. So G(0,1,2) =

0,2,
— [)\ 0,0], then G(1,0,0) =

2.8. Definition. Let G € K|z, z,,...,x,|: G is homogeneous of degree d, or G
is a form of degree d, if G is a linear combination of monomials of degree d.

2.9. Lemma. If G is homogeneous of degree d, G € K|z,,x,,...,x,], and t is a
new variable, then G(tz,,...,tz,) = tG(z,, ..., z,).

Proof. 1t is enough to prove the equality for monomials, i.e. for
G =azox™ .. .z' with i, +i, +...+i, =d:

G(tzy, ... tr,) = a(tz,) (tx,) ... (tz,)" = atto Tt Tinglogh - gin =
= th(xO,.. x,).
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2.10. Definition. Let G be a homogeneous polynomial of K|z, z,,...,2z,]. A
point Pla,,...,a,] € P" is a zero of G if G(aq,...,a,) = 0. In this case we write
G(P) =0.

Note that by Lemma 2.9 if G(a,,...,a,) =0, then

G(Aao, ..., \a,) = \®%G(a,,...,a,) =0
for every choice of A € K*.

2.11. Definition. A subset Z of P” is a projective algebraic set if Z is the set
of common zeroes of a set of homogeneous polynomials of K|z, z,,...,z,].

If T is such a subset of K[z,,x,,...,x,], then the corresponding algebraic set
will be denoted by Vp(T).

Let a = (T') be the ideal generated by the (homogeneous) polynomials of 7T'.
If F € a, then F =)  H;F;,, F, € T: if P € Vp(T), and Pla,,...,a,], then
F(ag,...,a,) =Y Hi(ay,...,a,)F;(ao,...,a,) =0, for any choice of coordinates
of P, regardless if F' is homogeneous or not. We say that P is a projective zero of
F.

If F' is a polynomial, then F' can be written in a unique way as a sum of
homogeneous polynomials, called the homogeneous components of F: F = F, +
F, 4+ ...+ F,. More in general, we give the following;:

2.12. Definition. Let A be a ring. A is called a graded ring over Z if there exists
a family of additive subgroups {A;}icz such that A = ®,czA; and A;A; C Ay
for all pair of indices.

The elements of A; are called homogeneous of degree i and A; is the homoge-
neous component of degree i. The standard example of graded ring is the polyno-
mial ring with coefficients in a ring R. In this case the homogeneous components
of negative degrees are all zero.

2.13 Proposition - Definition. Let I C A be an ideal of a graded ring. I is
called homogeneous if the following equivalent conditions are fulfilled:

(i) I is generated by homogeneous elements;

(ii)) I = Grez(INAg), ie. if F = XyezFy € I, then all homogeneous components
Fy. of ' belong to I.

Proof of the equivalence.

“(ii)=-(1)”: given a system of generators of I, write each of them as sum of its
homogeneous components: F; = Xz F;.. Then a set of homogeneous generators
of I is formed by all the elements F},.

“(i)=(ii)”: let I be generated by a family of homogeneous elements {G,},
with deg G, = d,. If F € I, then F is a combination of the elements G, with
suitable coefficients H,; write each H, as sum of its homogeneous components:
H, =Y H,i. Note that the product H,xG, is homogeneous of degree k + d,. By
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the unicity of the expression of F' as sum of homogeneous elements, it follows that

all of them are combinations of the generators {G,} and therefore they belong to
I. O

Let I C Klzy,x,,...,z,] be a homogeneous ideal. Note that, by the noethe-
rianity, I admits a finite set of homogeneous generators.

Let Plag,...,a,|]eP". f Fel, F=Fy+...+F, then F, €I,...,F, €.
We say that P is a zero of I if P is a projective zero of any polynomial of I or,
equivalently, of any homogeneous polynomial of /. This also means that P is a
zero of any homogeneous polynomial of a set generating I. The set of zeroes of
will be denoted Vp(I): all projective algebraic subsets of P™ are of this form.

As in the affine case, the projective algebraic subsets of P™ satisfy the axioms
of the closed sets of a topology called the Zariski topology of P™ (see also Exercise
3).

Note that also all subsets of A™ and P” have a structure of topological space,
with the induced topology, which is still called the Zariski topology.

Exercises to §2.

1. Let F' € K[z,,...,x,] be a non—constant polynomial. The set A"\ V(F)
will be denoted A%. Prove that {A%L|F € K|z,,...,z,] \ K} is a topology basis
for the Zariski topology.

2. Let B C R™ be a ball. Prove that B is not Zariski closed.

3*. Let I, J be homogeneous ideals of K|[z,,x,,...,z,]. Prove that I +J, I.J
and I N J are homogeneous ideals.

4*, Prove that the map ¢ : A! — A3 defined by t — (¢,¢2,¢3) is a homeomor-
phism between A! and its image, for the Zariski topology.

5. Let X C Aﬂi be the graph of the map R — R such that + — sinz. Is X
closed in the Zariski topology? (hint: intersect X with a line....)

3. Examples of algebraic sets.

a) In the Zariski topology both of A™ and of P™ all points are closed.
If P(ay,...,a,) € A™ P =V(z, —ay,...,x, —a,). If Plag,...,a,] € P™
P =Vp({aix; —a;z.)i j=0,.n)
Note that in the projective case the polynomials defining P as closed set are
homogeneous. They can be seen as minors of order 2 of the matrix

a, a, ... a,
Ty T, ... X,

with entries in K[z, z,,...,2,].

b) Hypersurfaces.
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Let us recall that the polynomial ring K{z,,...,z,] is a UFD (unique fac-
torization domain), i. e. every non-constant polynomial F' can be expressed in
a unique way (up to the order and up to units) as F' = F/ FJ2 ... F"s where
F,,..., F, are irreducible polynomials, two by two distinct, and r, > 1V ¢ =
1,...,s. Hence the hypersurface of A" defined by F' is

X:=V(F)=V(F"F?.. .F*)=V(FF,.. .F)=V(F)UV(E)U...UV(F).

The equation F,F,...F, = 0 is called the reduced equation of X. Note
that F,F,...F, generates the radical VFE. If s = 1, X is called an irreducible
hypersurface; by definition its degree is the degree of its reduced equation. Any
hypersurface is a finite union of irreducible hypersurfaces.

In a similar way one defines hypersurfaces of P, i. e. projective algebraic
sets of the form Z = Vp(G), with G € K|z, z,,...,2,], G homogeneous. Since
the irreducible factors of G are homogeneous (see Exercise 3.6), any projective
hypersurface Z has a reduced equation (whose degree is, by definition, the degree
of Z) and Z is a finite union of irreducible hypersurfaces. The degree of a projective
hypersurface has the following important geometrical meaning.

3.1. Proposition. Let K be an algebraically closed field. Let Z C P™ be a
projective hypersurface of degree d. Then a line of P", not contained in Z, meets
Z at exactly d points, counting multiplicities.

Proof. Let G be the reduced equation of Z and L C P™ be any line.
We fix two points on L: A = [ag,...,a,],B = [bg,...,bn]. So L admits
parametric equations of the form

To = Aao + by
T, = Aa, + pb,
x, = A\a, + ub,

The points of Z N L are obtained from the homogeneous pairs [\, u] which are
solutions of the equation G(\ag + ubo, ..., Aa, + pb,) = 0. If L C Z, then this
equation is identical. Otherwise, G(Aag + pbo, . - ., Aa, + pby,) is a non-zero homo-
geneous polynomial of degree d in two variables. Being K algebraically closed, it
can be factorized in linear factors:

G(Aag + ptbo, - - -, A + pby) = (A — A )™ (X — Aap)® - (e X — M)

with dy + ds 4 ... + d,, = d. Every factor corresponds to a point in Z N L, to be
counted with the same multiplicity as the factor. ([

If K is not algebraically closed, considering the algebraic closure of K and

using Proposition 3.1, we get that d is un upper bound on the number of points
of ZN L.
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c¢) Affine and projective subspaces.

The subspaces introduced in §1, both in the affine and in the projective case,
are examples of algebraic sets.

d) Product of affine spaces.
Let A™, A™ be two affine spaces over the field K. The cartesian product
A™ x A™ is the set of pairs (P,Q), P € A™, ) € A™: it is in natural bijection with
A™T™ via the map

¢ A" x A —s AT

such that ¢((ay,...,a,), (by,...,0,.)) = (ay, ... a,,b1,...,b,,).
From now on we will always identify A™ x A™ with A"™™. We get two
topologies on A™ x A™: the Zariski topology and the product topology.

3.1. Proposition. The Zariski topology is strictly finer than the product topol-
ogy.

Proof. If X = V(o) € A", a C K[zy,...,z,) and Y = V(5) € A™, g C
Ky, ,Yn], then X xY C A™ x A™ is Zariski closed, precisely X x Y =
V(o U B) where the union is made in the polynomial ring in n + m variables
Klzy, ..., Y1, Ym). Hence, if U = A"\ X, V =A™\ Y are open subsets of
A™ and A™ in the Zariski topology, then U x V' = A" x A™\ (A" xY)U (X x A™))
is open in A™ x A™ in the Zariski topology.

Conversely, we prove that A x A’ = A? contains some subsets which are
Zariski open but are not open in the product topology. The proper open subsets
in the product topology are of the form A! x A!\ { finite unions of “vertical” and
“horizontal” lines}.

- Fig. 1 -
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Let X = A2\ V(z—y): it is Zariski open but does not contain any non-empty
subset of the above form, so it is not open in the product topology. There are
similar examples in A™ x A™ for any n,m. 0

Note that there is no similar construction for P" x P™.

e) Embedding of A™ in P".

Let H, be the hyperplane of P™ of equation z; = 0, ¢ = 0,...,n; it is closed
in the Zariski topology, and the complementar set U, is open. So we have an open
covering of P™": P*" = U, UU, U...UU,. Let us recall that for all ¢ there is a
bijection ¢, : U, — A™ such that ¢,([zo, ...,z ..., 2,]) = (ﬁ—o, U ﬁ—”) The

inverse map is j; : A” — U, such that j,(ys,...,y.) = [y1,-- -, L, ..., U]

3.2. Proposition. The map ¢, is a homeomorphism, for : = 0,...,n.

Proof. Assume i = 0 (the other cases are similar).
We introduce two maps:
(i) dehomogeneization of polynomials with respect to x,.
It is a map @ : K[z, 1,...,2,] = K[y1,...,y,] such that

YF(xgyeeoym) ="F(Yrye s Yn) = F(Lys, ., ,)-

Note that ¢ is a ring homomorphism.
(ii) homogeneization of polynomials with respect to z,.
Itisamap " : K[y,,...,y.] = K[z, 21, ...,,] defined by
L,

Ty
h(G(yh e 7yn)) = hG('rm . '?',I"n) = xgegGG(—, ey —)

Lo Lo

"G is always a homogeneous polynomial of the same degree as G. The map »
is clearly not a ring homomorphism. Note that always ¢("G) = G but in general
h(aF) # F; what we can say is that, if F(z,,...,,) is homogeneous, then 3r > 0
such that F' = 27 ("(*F)).

Let X C U, be closed in the topology induced by the Zariski topology of
the projective space, i.e. X = U, N Vp(I) where I is a homogeneous ideal of
Klzo,zy,...,z,]. Define *I = {*F | F € I}: it is an ideal of K[y,,...,¥.,]

(because * is a ring homomorphism). We prove that ¢,(X) = V(*I). For:
let Plz,,...,z,] be a point of U,; then ¢,(P) = (i;, m) € ¢o(X) —
Plzo, ...,z ] = [1,2,..., 2] € X = Vp(I) <= F(1,2,.. ,i—”) =0V “*F ¢

o] < ¢o(P) € V(41).
Conversely let Y = V(a), a ideal of Kly,,...,y,], be a Zariski closed set

of A”. Let "o be the homogeneous ideal of K{z,,x,,...,x,] generated by the set
{"G | G € a}. We prove that ¢;1(Y) = Vp("a) ﬂ Us. In fact: [1,z0,...,z,] €
¢p71(Y) <= (z,,...,2,) €Y <= G(x,,...,1,) = "G(1,z,,...,2,) =0V G €

a<=[1,2,,...,2,] € Vp("a). O



INTRODUCTION TO ALGEBRAIC GEOMETRY 15

From now on we will often identify A™ with U, via ¢, (and similarly with U,

via ¢;). So if Plz,,...,z,] € U,, we will refer to xz,,...,z, as the homogeneous
coordinates of P and to i—;, cee fﬁ—g as the non—-homogeneous or affine coordinates
of P.

Exercises to §3.

1*. Let n > 2. Prove that, if K is an algebraically closed field, then in A%
both any hypersurface and any complementar set of a hypersurface have infinitely
many points.

2. Prove that the Zariski topology on A™ is T7.

3*. Let F € K|xo,x,,...,2,] be a homogeneous polynomial. Check that its
irreducible factors are homogeneous. (hint: consider a product of two polynomials
not both homogeneous...)

4. The ideal of an algebraic set and the Hilbert Nullstellensatz.

Let X C A™ be an algebraic set, X = V(a), o C K[z,,...,x,]. The ideal «
defining X is not unique: for example, let X = {0} C A?; then 0 = V(z,,7,) =
V(a2 x,) = V(22 23) = V(2?,1,,2,,22) = ... Nevertheless, there is an ideal we

can canonically associate to X, i.e. the biggest one. Precisely:

4.1. Definition. Let Y C A" be any set.

The ideal of Y is I(Y) = {F € K|z,,...,z,] | F(P) =0forany P € Y} =
{F e Kl[x,,...,z,] | Y C V(F)}: it is formed by all polynomials vanishing on Y.
Note that I(Y) is in fact an ideal.

For instance, if P(aq,...,a,) is a point, then I(P) = (1 — a1,...,Zn — ay).
Indeed all its polynomials vanish on P, and, on the other side, it is maximal.

The following relations follow immediately by the definition:
(i) if Y C Y/, then I(Y) D I(Y');
i) (Y UY)=1(Y)nI(Y");
(i) (Y NY") D I(Y)+I(Y').

Similarly, if Z C P" is any set, the homogeneous ideal of Z is, by def-
inition, the homogeneous ideal of K|z, x,,...,z,] generated by the set {G €
Klz,,x1,...,2z,] | G is homogeneous and Vp(G) D Z}. It is denoted I, (Z2).

Relations similar to (i),(ii),(iii) are satisfied. I;(Z) is also the set of polyno-
mials F'(x,,...,z,) such that every point of Z is a projective zero of F.

Let a C K[xy,...,z,] be an ideal. Let \/a denote the radical of «a, i.e. the
ideal {F € Klz,,...,x,] | Ir > 1 s.t. F" € a}. Note that always a C /«; if
equality holds, then « is called a radical ideal.

4.2. Proposition.
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1) For any X C A", I1(X) is a radical ideal.
2) For any Z C P", I;,(Z) is a homogeneous radical ideal.

Proof. 1) If F € \/I(X), let r > 1 such that F" € I(X): hence if P € X, then
(F™)(P) =0= (F(P))" in the base field K. Therefore F(P) = 0.

2) is similar, taking into account that I,(Z) is a homogeneous ideal (see
Exercise 4.7.). O

We can interpret [ as a map from P(A"™), the set of subsets of the affine space,
to P(K|x,,...,x,]). On the other hand, V' can be seen as a map in the opposite
sense. We have:

4.3. Proposition. Let o C K[x,,...,x,] be an ideal, Y C A™ be any subset.
Then:

(i) a C I(V());

(i)Y CcV({I(Y));

(iii) V(I(Y)) = Y: the closure of Y in the Zariski topology of A™.

Proof. (1) If F € a and P € V(«), then F(P) =0, so F € I[(V(«)).

(i) If P €Y and F € I(Y), then F(P) =0, so P € V(I(Y)).

(iii) Taking closures in (ii), we get: ¥ C V(I(Y)) = V(I(Y)). Conversely,
let X = V(B) be any closed set containing Y: X = V(8) D Y. Then I(Y) D
I(V(B)) D B by (i); we apply V again: V(§) = X D V(I(Y)) so any closed set
containing Y contains V (I(Y)) so Y D V(I(Y)). O

Similar properties relate homogeneous ideals of K[z,,z,,...,z,] and subsets
of P™; in particular, if Z C P™, then Vp(I,(Z)) = Z, the closure of Z in the Zariski
topology of P™.

There does not exist any characterization of I(V(«)) in general. We can only
say that it is a radical ideal containing «, so it contains also y/a. To characterise
I(V(ar)) we need some extra assumption on the base field.

4.4. Hilbert Nullstellensatz (Theorem of zeroes). Let K be an algebraically
closed field. Let o C K|x,,...,x,] be an ideal. Then I(V(a)) = \/a.

Remark. The assumption on K is necessary. Let me recall that K is alge-
braically closed if any non—constant polynomial of K [z] has at least one root in K,
or, equivalently, if any irreducible polynomial of K[z] has degree 1. So if K is not
algebraically closed, there exists F' € K|[x], irreducible of degree d > 1. Therefore
F has no zero in K, hence V(F) C AL is empty. So I(V(F)) = I(})) = {G €
Klz] | 0 Cc V(G)} = K[z]. But (F) is a maximal ideal of K[z], and (F) C /(F).
If (F) # +/(F), by the maximality /(F) = (1), so 3r > 1 such that 1" =1 € (F),
which is false. Hence \/(F) = (F) # K[x] = I[(V(F)).
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We will deduce the proof of Hilbert Nullestellensatz, after several steps, from
another very important theorem, known as the “Emmy Noether normalization
Lemma”.

We start with some definitions.

Let K C F be fields, K a subfield of E. Let {z;};c; be a family of elements
of E.
4.5.Definition. The family {z;};c; is algebraically free over K or, equivalently,
the elements z;’s are algebraically independent over K if there does not exist
any non-zero polynomial F' € K|[z;];cr, the polynomial ring in a set of variables
indexed on I, such that F' vanishes in the elements of the family {z;}.

For example: if the family is formed by one element z, {z} is algebraically
free over K if and only if z is transcendental over K. The family {m,+/7} is not
algebraically free over Q: it satisfies the non-trivial relation z? — 2o = 0.

By convention, the empty family is free over any field K.

Let S be the set of the families of elements of E, which are algebraically free
over K. § is a non—empty set, partially ordered by inclusion and inductive. By
Zorn’s lemma, there exist in & maximal elements, i.e. algebraically free families
such that they do not remain free if any element of E is added. Any such maxi-
mal algebraically free family is called a transcendence basis of F over K. It can
be proved that, if B, B’ are two transcendence bases, then they have the same
cardinality, called the transcendence degree of E over K. It is denoted tr.d.E/K.

4.6. Definition. A K-algebra is a ring A containing (a subfield isomorphic to)
K.

Let yi,...,y, be elements of E: the K-algebra generated by vy,,...,y, Iis,
by definition, the minimum subring of E containing K,vy,,...,y,: it is denoted
Kly,,...,y,| and its elements are polynomials in the elements v, ...,y, with co-
efficients in K. Its quotient field K(y,,...,y,) is the minimum subfield of E
containing K, y,,...,Y,-

A finitely generated K —algebra A is a K—algebra such that there exist elements
of A y,,...,y, which verify the condition A = Kly,,...,y,].

4.7. Proposition. There exists a transcendence basis of K(y,,...,y,) over K
contained in the set {y,,...,y,}.

Proof. Let S be the set of the subfamilies of {y,,...,y,} formed by algebraically
independent elements: & is a finite set so it possesses maximal elements with
respect to the inclusion. We can assume that {y,,...,y,} is such a maximal family.
Then y,,,,...,y, are each one algebraic over K(y,,...,y,) so K(y,...,y,) is an
algebraic extension of K(y,,...,v,). If z € K(y,,...,y,) is any element, then z is
algebraic over K(y,,...,y,), so the family {y,,...,y,, 2} is not algebraically free.
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O

4.8. Corollary. tr.d.K(y,,...,y,)/K <n. O
Let now A C B be rings, A a subring of B. Let b € B: b is integral over A if

it is a root of a monic polynomial of A[z], i.e. there exist a,,...,a, € A such that

b+ a b a2+ ... +a, =0.

Such a relation is called an integral equation for b over A.

Note that, if A is a field, then b is integral over A if and only if b is algebraic
over A.

B is called integral over A, or an integral extension of A, if and only if b is
integral over A for every b € B.

We can state now the
4.9. Normalization Lemma. Let A be a finitely generated K-algebra and
an integral domain. Let r := tr.d.K(y,,...,y,)/K. Then there exist elements

Ziy...,2. € A, algebraically independent over K, such that A is integral over
Kz, ...,z
Proof. See, for instance, Lang [6]. O

We start now the proof of the Nullstellensatz.

15t Step.
Let K be an algebraically closed field, let M C Klz,,...,z,]| be a maximal
ideal. Then, there exist a,,...,a, € K such that M = (z, —a4,...,z, — a,).

Proof. Let K’ be the quotient ring W it is a field because M is maximal,
and a finitely generated K—algebra (by the residues in K’ of z,,...,x,). By the
Normalization Lemma, there exist z,...,z,. € K’, algebraically independent over
K’, such that K’ is integral over A := K[z,,...,2,]. We claim that A is a field:
let f € A, f#0; f € K’ so there exists f~! € K’, and f~! is integral over A; we
fix an integral equation for f~! over A:

F Y +a. () .. +a,=0
where a,,...,a._, € A. We multiply this equation by f*~1:
fldva,  +...Faft=0

hence f~! € A. So A is both a field and a polynomial ring over K, so r = 0

and A = K. Therefore K’ is an algebraic extension of K, which is algebraically
[z1,..., T

closed, so K’ ~ K. Let us fix an isomorphism 1 : KTL)K and let p :

Klz1,...,x0]
M

Klzy,...,z,] — be the canonical epimorphism.
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Let a; = ¥ (p(x,)), i =1,...,n. The kernel of Yop is M, and z, —a, € ker(¢op)
for any i. So (z;, —a,,...,z, —a,) C ker(¢pop) = M. Since (z; — a,,...,z, —a,)
is maximal (see Exercise 4.5.), we conclude the proof of the 15¢ Step.

2"d Step (Weak Nullstellensatz).
Let K be an algebraically closed field, let o C K[z, ..., z,]| be a proper ideal.
Then V(a) # (0 i.e. the polynomials of « have at least one common zero in A’..

Proof. Since « is proper, there exists a maximal ideal M containing «. Then
V(a) D V(M). By 1% Step, M = (x, — a,,...,2, —a,), so V(M) = {P} with
P(a,,...,a,), hence P € V(a).

374 Step (Rabinowitch method).

Let K be an algebraically closed field: we will prove that I(V(a)) C /o
Since the reverse inclusion always holds, this will conclude the proof.

Let F € I(V(w)), F # 0 and let « = (G,,...,G,). The assumption on
F means: if G,(P) = ... = G.(P) = 0, then F(P) = 0. Let us consider the
polynomial ring in n + 1 variables Klz,,...,z,,,| and let 5 be the ideal 8 =
(Gy,...,G, 2, F —1): B has no zeroes in A"™1 hence, by Step 1, 1 € f, i.e.
there exist H,,...,H,,, € K[z,,...,z,,,] such that

1=HG,+...+HG,+H, (x, ., F—1).

We introduce the K-homomorphism ¢ : Klz,,...,2z,.,] — K(z,,...,x,)
defined by H(z,,..., T, 11) = H(zy, ..., 2., 5).

The polynomials G, ..., G, do not contain z,1 so(G,) =G, Vi=1,...,r.
Moreover ¢(z,,,F —1) =0, ¢(1) = 1. Therefore

1=¢(H,G, + ...+ HG. + H, (2, . F — 1)) = (H.)G, + ...+ ¢¥(H,)G,

where 1 (H,) is a rational function with denominator a power of F. By multiplying
this relation by a common denominator, we get an expression of the form:

F"=HG +...+HG,,

so F € y/a. O

4.10. Corollaries. Let K be an algebraically closed field.
1. There is a bijection between algebraic subsets of A™ and radical ideals of
K[x,,...,z,]. The bijection is given by a — V(«) and X — I(X). In fact, if X
is closed in the Zariski topology, then V(I(X)) = X; if « is a radical ideal, then
I(V(a)) = a.
2. Let X, Y C A" be closed sets. Then

(1) I(XNY)=/I(X)+1(Y);

(i) (XUY)=I(X)NnI(Y)=+I(X)I(Y).
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Proof. 2. follows from next lemma, using the Nullstellensatz.

4.11. Lemma. Let o, 8 be ideals of K|[z,,...,x,]. Then

a) \/Va = a;

b) Va+ B8 =+/ya

c)Vanpg= \/_ \/_ﬂ VB

Proof.

a) if F € \/ﬁ, there exists 7 > 1 such that F" € \/«a, hence there exists s > 1

such that F"* € a.

b) a C a, B C /B imply a+ B8 C Ja+ /B hence va + B C v/v/a+ /B.
Conversely, « C a+ 3, 8 C a+ 8 imply a C va+ 5, v/B C va + 3, hence

Va++vBCvVatBsovat+BCvVVatpB=vVatp.

c) aB C anpPB C a (resp. C B) therefore vaf C vVanp C yan/B. If

F € Jan /B, then F" € o, F* € (3 for suitable r,s > 1, hence F"*% € af3, so

F e /ap. O
Part 2.(i) of 4.10. implies that, i/(X NY) # I(X) + I(Y), if and only if

I(X) + I(Y) is not radical.

We move now to projective space. There exist proper homogeneous ideals of
Klzy,x,,...,z,] without zeroes in P, also assuming K algebraically closed: for
example the maximal ideal (z,,z,,...,x,). The following characterization holds:

4.12. Proposition. Let K be an algebraically closed field and let I be a
homogeneous ideal of K[z, x,,...,x,].

The following are equivalent:
(i) V(D) = 0;
(ii) either I = K|z, x,,...,x,] or VI = (zg,1,...,1,);
(iii) 3d > 1 such that I D K[x,,2,,...,2,]|4, the subgroup of Klz,,x,,...,x,]
formed by the homogeneous polynomials of degree d.

Proof.

(i)=(ii) Let p : A"™t — {0} — P™ be the canonical surjection. We have:
Vp(I) = p(V(I)—{0}), where V(I) C A", Soif Vp(I) = (0, then either V(I) = ()
or V(I) ={0}. UV (I)=0then I(V(I)) =I(0) = K[zo, 24, ...,2,]; if V(I) = {0},
then I(V(I)) = (xy,2,,...,2,) = VI by the Nullstellensatz.

(ii)=(iii) Let VI = K[xo,2,,...,2,], then 1 € VIso 1" =1¢€ I(r > 1). If
VI = (o, Ty, ...,2,), then for any variable xj, there exists an index i > 1 such
that a:?j el. Ifd>i,+14 +...4+1,, then any monomial of degree d is in I, so
Klxg,z1,...,x,]q C 1.

(iii)=(i) because no point in P™ has all coordinates equal to 0. O

4.13. Theorem. Let K be an algebraically closed field and I be a homogeneous
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ideal of K|xy,,...,2,]. If F is a homogeneous non—constant polynomial such
that Vp(F) D Vp(I) (i.e. F vanishes on Vp(I), then F € \/I.

Proof. We have p(V(I) — {0}) = Vp(I) C Vp(F'). Since F' is non-constant, we
have also V(F) = p~}(Vp(F)) U {0}, so V(F) D V(I); by the Nullstellensatz
I(V(I)=VID>I(V(F))=+/(F)>F. O

4.14. Corollary (homogeneous Nullstellensatz). Let I be a homogeneous
ideal of K[xy,x,,...,x,) such that Vp(I) # 0, K algebraically closed. Then /T =
In(Ve(I)). O

4.15. Definition. A homogeneous ideal of K|[z,,x,,...,z,] such that vI =
(g, Ty, ..., x,) is called irrelevant.

4.16. Corollary. Let K be an algebraically closed field. There is a bijec-
tion between the set of projective algebraic subsets of P and the set of radical
homogeneous non—irrelevant ideals of K|z,, x,,...,x,]. O

Remark. Let X C P" be an algebraic set, X # (). The affine cone of
X, denoted C(X), is the following subset of A"™1: C(X) = p~}(X) U {0}. If
X = Vp(Fy,...,F.), with F,,..., F, homogeneous, then C(X) = V(Fy,...,F,).
By the Nullstellensatz, if K is algebraically closed, I(C(X)) = I(X).

Exercises to §4.
1. Give a non-trivial example of an ideal « of K[z,,...,x,] such that « # \/a.

2. Show that the following closed subsets of the affine plane Y = V (22 +y?—1)
and Y’ = V(y — 1) are such that equality does not hold in the following relation:
IYynyY)oI(Y)+ I(Y).

3. Let o« C K[xy,...,xz,] be an ideal. Prove that o = v/« if and only if the
quotient ring K[x,,...,x,]/a does not contain any non—zero nilpotent.

4. Consider Z C Q. Prove that if an element y € Q is integral over Z, then
y € 2.

5. Let aq,...a, € K ( K any field). Prove that the ideal
I=(x1—ay,...,xn — an)
is maximal. (Hint: every polynomial F' can be written in the form
F=F(ay,...,an) —i—ZFz-(al,...,an)(:ci —a;)+ ...,

where Fj is the i-th partial derivative of F. If ' ¢ I ...
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Remember that it makes sense to consider derivatives of polynomials over any
field.)

6. Let us recall that a prime ideal of a ring R is an ideal P such that a &€ P,
b & P implies ab ¢ P. Prove that any prime ideal is a radical ideal.

7*. Let I be a homogeneous ideal of K|z,,...,z,] satisfying the following
condition: if F' is a homogeneous polynomial such that F" € I for some positive
integer r, then F' € I. Prove that I is a radical ideal.

5. The projective closure of an affine algebraic set.

Let X C A" be Zariski closed. Fix an index ¢ € {0,...,n} and embed A™ into P"
as the open subset U;. So X C A" <¢—> P™.

5.1. Definition. The projective closure of X, X, is the closure of X in the
Zariski topology of P".

Since the map ¢; is a homeomorphism (see Proposition 3.2.), we have: X N
A" = X because X is closed in A”. The points of X N H;, where H; = Vp(x;),
are called the “points at infinity” of X in the fixed embedding.

Note that, if K is an infinite field, then the projective closure of A" is P":
indeed, let F' be a homogeneous polynomial vanishing along A" = U,. We can
write F' = Fyad -I—leg‘_l +...+ Fy. By assumption, for every P(a,,...,a,) € A",
P e Vp(F), ie. F(1,a,,...,a,) =0 = *F(a,,...,a,). So *F € I(A™). We
claim that I(A™) = (0): if n = 1, this follows from the principle of identity of
polynomials, because K is infinite. If n > 2, assume that F(aq,...,a,) = 0 for
all (ay,...,a,) € K™ and consider F(aq,...,a,_1,): either it has positive degree
in x for some choice of (ay,...,a,), but then it has finitely many zeroes against
the assumption; or it is always constant in x, so F' belongs to K|z, ..., z,_1] and
we can conclude by induction. So the claim is proved. We get therefore that
Fop=F=...=F;=0and F =0.

5.2. Proposition. Let X C A" be an affine algebraic set, X be the projective
closure of X. Then

I,(X) ="I(X) := ("F|F € I(X)).

Proof. Assume A" = U, C P".

Let F € I(X) be a homogeneous polynomial. If P(a,,...,a,) € X, then
[1,a,,...,a,] € X, so F(1,a,,...,a,) = 0 = “F(a,,...,a,). Hence °F € X.
There exists k > 0 such that F' = (z£)"(*F) (see Proposition 3.2), so F' € "I(X).

Hence I,(X) C "I(X).
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Conversely, if G € I(X) and P(ay,...,a,) € X, then G(a,,...,a,)
hG(1,a.,...,a,), so "G € I,(X) (here X is seen as a subset of P"). So "I(X) C

I,(X). Since I (X) = I(X) (see Exercise 5.1), we have the claim.

In particular, if X is a hypersurface and I(X) = (F), then I;,(X) = ("F).

Next example will show that, in general, it is not true that, if I(X) =
(F\,...,F,), then "I(X) = ("F,,...,"F.). Only in the last twenty years, thanks
to the development of symbolic algebra and in particular of the theory of Groeb-
ner bases, the problem of characterizing the systems of generators of I(X), whose
homogeneization generates "I(X), has been solved.

5.3. Example. The skew cubic.

Let K be an algebraically closed field. The affine skew cubic is the following
closed subset of A3: X = V(y — 22,2z — 2%) (we use variables z,y,z). X is the
image of the map ¢ : A — A3 such that ¢(t) = (¢,2,t3). Note that ¢ : Al — X
is a homeomorphism (see Exercise 2.4). The ideal a = (y — 2%,y — 23) defines X
and is prime: indeed the quotient ring K|x,y, z]/a is isomorphic to K|[z|, hence
an integral domain. Therefore « is radical so a = I(X).

Let X be the projective closure of X in P3. We are going to prove that X
is the image of the map 1 : P — P3 such that ¥([\, u]) = [A3, N2p, Au?, p]. We
identify A! with the open subset of P! defined by A\ # 0 i.e. Uy, and A3 with
the open subset of P? defined by zg # 0 (Up too). Note that 1|41 = ¢, because
¥([1,1]) = [1,t,t2,#3] = via the identification of A% with Uy = (¢,t2,3) = ¢(¢).
Moreover ([0, 1]) = [0,0,0, 1]. So ¥ (P!) = X U {[0,0,0,1]}.

If G is a homogeneous polynomial of K[xz,,z,,...,x;] such that X C Vp(G),
then G(1,t,t%,t3) = 0Vt € K, so G(N3, \2u,  \p?, 1) = 0 Vu € K, VA € K*.
Since K is infinite, then G(\3, A2, Au?, p?) is the zero polynomial in A and pu, so
G(0,0,0,1) = 0 and Vp(G) D (P!), therefore X D 1 (P1).

Conversely, it is easy to prove that ¢ (P!) is Zariski closed, in fact that 1(P1) =
Vp(2? — 20y, 1,05 — 2025, 22 — 2,25). So P(P!) = X.

The three polynomials Fy := z,z; — a:g, Fy =z, — 224, Fy == 202, — scf
are the 2 x 2 minors of the matrix

Mo [T T T
with entries in K|[z,,T,,...,2;]. Let F = y—122, G = z— 23 be the two generators
ofI(XLhF = zo1,— 22, "G = 223, — 23, hence Vp("F,"G) = Vp(z 2, — 22, 222, —
23) # X, because Vp("F,"G) contains the whole line Vp(zg, 7).

We shall prove now the non-trivial fact:

5.4. Proposition. I,(X) = (F,, F\, F,).
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Proof. For all integer number d > 0, let I;,(X)q := In(X) N K[xg, T, ..., Ts]q: it
is a K-vector space of dimension < (d'gg). We define a K-linear map pg having

I, (X)q as kernel:
Pd - K[IL’O,IEU s 7x3:|d — K[)‘a,u]?)d

such that pg(F) = F(A3, X2, \2u?, u3). Since pq is clearly surjective, we compute

d+3

dim 1, (X)g = ( !

> — (3d+1) = (d® 4+ 6d* — 7d) /6.

For d > 2, we define now a second K-linear map

§bd : K[x07m17 e 7x3]d—2 s> K[m07w17 .. '7x3]d—2 & K[l'mxly v 7m3]d—2 — Ih(X)d

such that ¢4(G,, G,,G,) = GoF, + G, F, + G,F,. Our aim is to prove that ¢g4 is
surjective. The elements of its kernel are called the syzygies of degree d among
the polynomials Fy, F', F,. Two obvious syzygies of degree 3 are constructed by
developing, according to the Laplace rule, the determinant of the matrix obtained
repeating one of the rows of M, for example

To Ty To
Ty T, T
Ty T2 I3

We put Hy = (2o, 2, 2,) and Hy = (z,,x,,x;), they both belong to ker ¢5. Note
that H; and Hy give raise to syzygies of all degrees > 3, in fact we can construct
a third linear map

(¥ K[x07x17 .- 7x3]d—3 @K[Qfmxla s 7x3]d—3 — ker ¢q

putting ¥4(A, B) = HHA+HoB = (20, 21, ,) A+ (2, 25, 25) B = (2 A42, B, 2, A+
z,B,x, A+ x3,B).

Claim. 1q is an isomorphism.
Assuming the claim, we are able to compute dim ker ¢4 = 2(;5), therefore

dim Im ¢4 = 3(d—§ 1) —2(3)

which coincides with the dimension of I;,(X)4 previously computed. This proves
that ¢4 is surjective for all d and concludes the proof of the Proposition.
Proof of the Claim. Let (G,,G,,G,) belong to ker ¢4. This means that the

following matrix N with entries in K{z,,z,,...,x;] is degenerate:
N=1[2 =z x

Ty Ty T3
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Therefore, the rows of N are linearly dependent over the quotient field of the
polynomial ring K(z,,...,x;). Since the last two rows are independent, there
exist reduced rational functions ¢1, Z—; € K(xzo,x,,T,,x;3), such that

a b a1boxo + apbix
G0:_1x0+_1x1: 1b0Zo 00171
ao bo agpbg
and similarly
ab b b b
Gy = 1box1 + ap 1332,(}2 _w 0T2 + agb1T3
aobo Cl()b()

The G;’s are polynomials, therefore the denominator agby divides the numerator
in each of the three expressions on the right hand side. Moreover, if p is a prime
factor of ag, then p divides the three products byxg, box1, bgxo, hence p divides bg.
We can repeat the reasoning for a prime divisor of by, so obtaining that ag = bg
(up to invertible constants). We get:

Go = a1l‘0;— 51901,(;1 _ ;— b1$2’G2 _ Cl196'2;- b1$3,
0 0 0

therefore by divides the numerators
Co = a1xg + b1x1,c1 = a1x1 + bixo, co i = ayxs + bix3.

Hence by divides also z1co — zgc; = by (22 — zow1) = —by F, and similarly xoco —
roco = b1 F1, xoc1 — x109 = —b1 Fy. But Fy, Fy, Iy are irreducible and coprime, so
we conclude that by | by. But by and by are coprime, so finally we get by = ag = 1.
O

As a by-product of the proof of Proposition 5.4 we have the minimal free

resolution of the R-module I;,(X), where R = K|z, 1, ..., zs):
0— R® Y5 g™ 2, 1(X) >0

where 1 is represented by the transposed of the matrix M and ¢ by the triple of
polynomials (Fy, Fi, F3).

Exercises to §5. o
1*. Let X C A" be a closed subset, X be its projective closure in P". Prove

that Ih(X) = Ih<X)

2. Find a system of generators of the ideal of the affine skew cubic X, such

that, if you homogeneize them, you get a system of generators for I (X).

6. Irreducible components.
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6.1. Definition. Let X # ) be a topological space. X is irreducible if the
following condition holds: if X7, X5 are closed subsets of X such that X = X;UX5,
then either X = X; or X = X5. Equivalently, X is irreducible if for all pair of non—
empty open subsets U, V we have U NV # (). By definition, () is not irreducible.

6.2. Proposition. X is irreducible if and only if any non-empty open subset U
of X is dense.

Proof. Let X be irreducible, let P be a point of X and Ip be an open neighbourhood
of Pin X. Ip and U are non—empty and open, so Ip N U # (), therefore P € U.
This proves that U = X.

Conversely, assume that open subsets are dense. Let U, V # () be open
subsets. Let P € U be a point. By assumption P € V = X, s0 VNU # 0 (U is
an open neighbourhood of P). O

Examples.

1. If X = {P} a unique point, then X is irreducible.

2. Let K be an infinite field. Then A! is irreducible, because proper closed
subsets are finite sets. The same holds for P*.

3. Let f : X — Y be a continuous map of topological spaces. If X is
irreducible and f is surjective, then Y is irreducible.

4. Let Y C X be a subset, give it the induced topology. Then Y is irreducible
if and only if the following holds: if Y C Z; U Z5, with Z; and Z5 closed in X,
then either Y C Z; or Y C Zy; equivalently: if Y NU # 0, Y NV £ 0, with U, V
open subsets of X, then Y NU NV # (.

6.3. Proposition. Let X be a topological space, Y a subset of X. Y Is
irreducible if and only if Y is irreducible.

Proof. Note first that if U € X is open and UNY = () then UNY = (. Otherwise,
if P € UNY, let A be an open neighbourhood of P: then ANY # (). In particular,
U is an open neighbourhood of P so UNY # ().

Let Y be irreducible. If U and V are open subsets of X such that UNY # 0,
VNY £, then UNY #Pand VNY # B so Y NUNV # 0 by irreducibility of
Y. Hence Y N(UNV) # 0. So Y is irreducible. If Y is irreducible, we get the
irreducibility of Y in a completely analogous way. 0

6.4. Corollary. Let X be an irreducible topological space and U be a non—empty
open subset of X. Then U is irreducible.

Proof. By Proposition 6.2 U = X which is irreducible. By Proposition 6.3 U is
irreducible. U

For algebraic sets (both affine and projective) irreducibility can be expressed
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in a purely algebraic way.

6.5. Proposition. Let X C A" (resp. P") be an algebraic set. X is irreducible
if and only if I(X) (resp. I,(X)) is prime.

Proof. Assume first that X is irreducible, X C A™. Let F,G polynomials of
Klz,,...,x,] such that FG € I(X): then

V(F)UV(G) = V(FG) > V(I(X)) = X

hence either X C V(F')or X C V(G). In the former case, if P € X then F'(P) = 0,
so F' € I(X), in the second case G € I(X); hence I(X) is prime.

Assume now that 7(X) is prime. Let X = X; U X3 be the union of two closed
subsets. Then I(X) = I(X;7) N I1(X3) (see §4). Assume that X7 # X, then I(X;)
strictly contains I(X) (otherwise V(I(X1)) = V(I(X)). So there exists F' € 1(X)
such that F' ¢ I(X). But for every G € I(X3), FG € I(X1)NI(X3) = I(X) prime:
since F' € I(X), then G € I(X). So I(X3) C I(X) hence I(X2) = I(X).

If X C P, the proof is similar, taking into account the following:

6.6. Lemma Let P C Klz,,x,,...,x,] be a homogeneous ideal. Then P is prime
if and only if, for every pair of homogeneous polynomials F, G such that FG € P,
either F € P or G € P.

Proof of the Lemma. Let H, K be any polynomials such that HK € P. Let
H=Hy+H +...+Hy, K=Ko+ K;+...+ K. (with H; # 0 # K.) be their
expressions as sums of homogeneous polynomials. Then HK = HqKy + (HoK; +
HiKp) + ...+ HyK,.: the last product is the homogeneous component of degree
d+ e of HK. P being homogeneous, H; K. € P; by assumption either H; € P or
K. € P. In the former case, HK — HyK = (H — Hy)K belongs to P while in the
second one H(K — K.) € P. So in both cases we can proceed by induction. [

We list now some consequences of the previous Proposition.

1. Let K be an infinite field. Then A" and P" are irreducible, because
I(A") = I(P") = (0).

2. Let Y C P™ be closed. Y is irreducible if and only if its affine cone C(Y)
is irreducible.

3. Let Y = V(F) C A™, be a hypersurface over an algebraically closed field
K. If F is irreducible, then Y is irreducible.

4. Let K be algebraically closed. There is a bijection between prime ideals of
Klz,,...,x,] and irreducible algebraic subsets of A™. In particular, the maximal
ideals correspond to the points. Similarly, there is a bijection between homo-
geneous non—irrelevant prime ideals of K{[z,,x,,...,x,] and irreducible algebraic
subsets of P".
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6.7. Definition. A topological space X is called noetherian if it satisfies the
following equivalent conditions:

(i) the ascending chain condition for open subsets;

(i) the descending chain condition for closed subsets;

(iii) any non—empty set of open subsets of X has maximal elements;

(iv) any non—-empty set of closed subsets of X has minimal elements.
The proof of the equivalence is standard.

Example. A" is noetherian: if the following is a descending chain of closed
subsets

YiDY,D...DY.D...,

then
IVi)cI(Ya)C...CcI(Yy) C...

is an ascending chain of ideals of K[z,,...,z,| hence stationary from a suitable m
on; therefore V(I(Y,,)) =Y = V(I (Yin)) = Yins1 = - - .

6.8. Proposition. Let X be a noetherian topological space and Y be a non—
empty closed subset of X. Then Y can be written as a finite union ¥ = Y; U
... UY, of irreducible closed subsets. The maximal Y;’s in the union are uniquely
determined by Y and called the “irreducible components” of Y. They are the
maximal irreducible subsets of Y.

Proof. By contradiction. Let S be the set of the non—empty closed subsets of X
which are not a finite union of irreducible closed subsets: assume S # (). By
noetherianity S has minimal elements, fix one of them Z. Z is not irreducible, so
Z =71UZy, Ziy # Z for i = 1,2. So Z1,Z5 ¢ S, hence Z1,Z, are both finite
unions of irreducible closed subsets, so such is Z: a contradiction.

Now assume that Y =Y, U...UY,, with Y; €Y} if i # j and Y; irreducible
closed for all 7. If there is another similar expression Y = Y{U...UY/, Y/ € Y]
fori # j, then Y/ C Y1 U...Y,, 50 Y] = U,_,(Y{ UY;), hence Y/ C Y; for some
i, and we can assume ¢ = 1. Similarly, Y7 C Yj’ , for some j, so Y{ C Y] C Yj’ ,
soj=landY; =Y/. Nowlet Z=Y —-Y; =Y, U...UY, =YJU...UY/ and
proceed by induction.

O

6.9. Corollary. Any algebraic subset of A™ (resp. of P") is in a unique way the
finite union of its irreducible components. O

Note that the irreducible components of X are its maximal algebraic subsets.
They correspond to the minimal prime ideals over I(X). Since I(X) is radical,
these minimal prime ideals coincide with the primary ideals appearing in the pri-
mary decomposition of 1(X).
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6.10. Definition. An irreducible closed subset of A™ is called an affine variety.
Similarly, an irreducible closed subset of P" is a projective variety. A locally closed
subset in P™ is the intersection of an open and a closed subset. An irreducible
locally closed subset of P" is a quasi—projective variety.

6.11. Proposition. Let X C A™ and Y C A™ be affine varieties. Then X XY
is irreducible, i.e. a subvariety of A"t™,

Proof. Let X xY = Wi U Ws,, with Wy, W5 closed. For all P € X the map
{P} xY — Y which takes (P,Q) to @ is a homeomorphism, so {P} X Y is
irreducible. {P} xY = (WiN{P}xY))UWen({P} xY)),so Fi € {1,2} such
that {P} xY C W;. Let X; = {P € X | {P} xY C W;}, i = 1,2. Note that
X =X UXs.

Claim. X; is closed in X.

Let X(Q) ={P € X | (PQ) € W;}, Q€Y. We have: (X x {Q}))NW; =
X1Q) x {Q} ~ X¥(Q); X x {Q} and W; are closed in X x Y, so X*(Q) x {Q}
is closed in X x Y and also in X x {Q}, so X%(Q) is closed in X. Note that
X, = ﬂQeY X%(Q), hence X; is closed, which proves the Claim.

Since X is irreducible, X = X; U X, implies that either X = X; or X = X5,
so either X xY =W or X xY = Ws. O

Exercises to §6.

1. Let X # ) be a topological space. Prove that X is irreducible if and only
if all non—empty open subsets of X are connected.

2*. Prove that the cuspidal cubicY C A(% of equation 23 —y? = 0 is irreducible.
(Hint: express Y as image of Al in a continuous map...)

3. Give an example of two irreducible subvarieties of P2 whose intersection is
reducible.

4. Find the irreducible components of the following algebraic sets over the
complex field:

a) V(y' —a?y' — 2%y® + 2y — %) C A%
b) V(y* — xz,2% — y?) C A3,
5*. Let Z be a topological space and {U, }oer be an open covering of Z such

that U, NUs # 0 for aw #  and that all U,’s are irreducible. Prove that Z is
irreducible.
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7. Dimension.

Let X be a topological space.

7.1. Definition. The topological dimension of X is the supremum of the lengths
of the chains of distinct irreducible closed subsets of X, where by definiton the
following chain has length n:

XoCXiCXoC...CX,.

The topological dimension of X is denoted by dim X. It is also called combi-
natorial or Krull dimension.

Example.
1. dim A' = 1: the maximal length chains have the form {P} C Al.
2. dim A" = n: a chain of length n is

{0} =V(xy,...,x,) CV(xy,...,%1) C...CV(x,) CA™

note that V(z,,...,x,) is irreducible for any i < n, because the ideal (x,,...,z;)
is prime. Indeed the quotient ring K|[z,,...,z,]/(z,,...,2,;) is isomorphic to
Klz,,1,...,x,]. Therefore dimA™ > n. On the other hand, from every chain
of irreducible closed subsets of A", passing to their ideals, we get a chain of the
same length of prime ideals in K[x,,...,z,].

We define the Krull dimension of a ring A, and denote it by dim A, to be the
supremum of the lengths of the chains of distinct prime ideals of A. Therefore, we
can reformulate the previous fact by saying that dim A" < dim K[x,,...,z,]. We
will see in a next chapter that dim K[z,,...,z,] = n. More in general, if A is a
noetherian ring, then dim A[x] = dim A + 1.

3. Let X be irreducible. Then dim X = 0 if and only if X is the closure of
every point of it.

We prove now some useful relations between the dimension of X and the
dimensions of its subspaces.

7.2. Proposition.

1. It Y C X, then dimY < dim X. In particular, if dim X is finite, then also
dimY is (in this case, the number dim X — dim Y is called the codimension of Y
in X).

2. If X = J,;c; Us is an open covering, then dim X = sup{dim U, }.

3. If X is noetherian and X1,..., X are its irreducible components, then
dim X = sup, dim X;.

4. If Y C X is closed, X is irreducible, dim X is finite and dim X = dimY’,
then Y = X.

Proof.



INTRODUCTION TO ALGEBRAIC GEOMETRY 31

1. Let Yy C Y7 C ... CY, be a chain of irreducible closed subsets of Y. Then
their closures are irreducible and form the following chain: YoCY,C...CY,.
Note that for all i Y; N Y =Y, because Y; is closed into Y, so if ¥; = Tﬂ, then
Y; = Yi11. Therefore the two chains have the same length and we can conclude
that dimY < dim X.

2. Let Xg C X7 C ... C X, be a chain of irreducible closed subsets of X. Let
P € X be a point: there exists an index ¢ € I such that P € U;. SoVk =0,...,n
X NU; # 0: it is an irreducible closed subset of U;, irreducible because open in
X}, which is irreducible. Consider XqoNU; C X:NU; C ... C X,,NU;; it is a chain
of length n, because Xy NU; = Xj: in fact X NU; is open in X hence dense.
Therefore, for all chain of irreducible closed subsets of X, there exists a chain of
the same length of irreducible closed subsets of some U;. So dim X < supdim Uj;.
By 1., equality holds.

3. Any chain of irreducible closed subsets of X is completely contained in an
irreducible component of X. The conclusion follows as in 2.

4. If Yy C Y7 C ... C Y, is a chain of maximal length in Y, then it is a
maximal chain in X, because dim X =dimY. Hence X =Y,, C Y. O

7.3. Corollary. dimP" = dim A™.
Proof. Because P" = Uy U ...UU,, and U; is homeomorphic to A" for all 1. O

If X is noetherian and all its irreducible components have the same dimension
r, then X is said to have pure dimension r.

Note that the topological dimension is invariant by homeomorphism. By
definition, a curve is an algebraic set of pure dimension 1; a surface is an algebraic
set of pure dimension 2.

We want to study the dimensions of affine algebraic sets. The following defi-
nition results to be very important.

7.4. Definition. Let X C A" be an algebraic set. The coordinate ring of X is
K[X]:=Klz,,...,z,]/I1(X).

It is a finitely generated K—algebra that has no non—zero nilpotents, because I(X)
is radical. This can be expressed by saying that K[X] is a reduced ring. There
is the canonical epimorphism Klz,,...,z,] — K[X] such that F — [F]. The
elements of K[X]| can be interpreted as polynomial functions on X: to a poly-
nomial F'; we can associate the function f : X — K such that P(a,,...,a,) —
F(a,...,a,).

Two polynomials F', G define the same function on X if, and only if, F'(P) =
G(P) for every point P € X, i.e. if F'— G € I(X), which means exactly that F
and G have the same image in K[X].

K[X] is generated as K—algebra by [x,],...,[z,]: these can be interpreted as
the functions on X called coordinate functions, and generally denoted t,,...,t,.
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In fact ¢, : X — K is the function which associates to P(a,...,a,) the constant
a;. Note that the function f can be interpreted as F(t,,...,t,): the polynomial
F evalued at the n— tuple of the coordinate functions.

In the projective space we can do an analogous construction. If Y C P™ is
closed, then the homogeneous coordinate ring of Y is

S(Y):=Klxg,x1,...,2,]/I5(Y).

It is also a finitely generated K—algebra, but its elements have no interpretation
as functions on Y. They are functions on the cone C'(Y).

7.5. Definition. Let R be a ring. The Krull dimension of R is the supremum
of the lengths of the chains of prime ideals of R

PoCPrC...CP,.

Similarly, the heigth of a prime ideal P is the sup of the lengths of the chains of
prime ideals contained in P: it is denoted htP.

7.6. Proposition. Let K be an algebraically closed field. Let X be an affine
algebraic set contained in A™. Then dim X = dim K[X].

Proof.

By the Nullstellensatz and by 6.5 the chains of irreducible closed subsets of
X correspond bijectively to the chains of prime ideals of K[z,,...,z,] containing
I(X), hence to the chains of prime ideals of the quotient ring K[X]. O

The dimension theory for commutative rings contains some important theo-
rems about dimension of K—algebras. The following two results are very useful.

7.7. Theorem. Let K be any field.

1. Let B be a finitely generated K—algebra and an integral domain. Then
dim B = tr.d.Q(B)/K, where Q(B) is the quotient field of B. In particular dim B
is finite.

2. Let B be as above and P C B be any prime ideal. Then dim B =
htP + dim B/P.

Proof. For 1. see Portelli’s notes. For a proof of 2., see for instance [4], Ch. II,

Proposition 3.4. It relies on the normalization lemma and the lying over theorem.
0

7.8. Corollary. Let K be an algebraically closed field.

1. dim A" = dimP" = n.

2. If X is an affine variety, then dim X = tr.d. K (X)/K, where K (X) denotes
the quotient field of K[X].
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2. If X C A" is closed and irreducible, then dim X = n — htI(X). O

The following is an important characterization of the algebraic subsets of A"
of codimension 1.

7.9. Proposition. Let X C A™ be closed. Then X is a hypersurface if and only
if X is of pure dimension n — 1.

Proof. We give here an elementary direct proof. It can be proved more quickly
using the Krull principal ideal theorem.

Let X C A" be a hypersurface, with I(X) = (F) = (Fy...Fs), where
Fy,..., Fs are the irreducible factors of F' all of multiplicity one. Then V(F}),.. .,
V(F) are the irreducible components of X, whose ideals are (F}), ..., (Fs). So it
is enough to prove that ht(F;) =1, fori=1,...,s.

If P C (F;) is a prime ideal, then either P = (0) or there exists G € P, G # 0.
In the second case, let A be an irreducible factor of G belonging to P: A € (F})
so A = HF;. Since A is irreducible, either H or F; is invertible; F; is irreducible,
so H is invertible, hence (A) = (F;) C P. Therefore either P = (0) or P = (F;),
and ht(Fz) = 1.

Conversely, assume that X is irreducible of dimension n — 1. Since X # A",
there exists F = Fy ... Fy € I(X), FF # 0. Hence X C V(F) = V(F1)U.. .UV (Fj).
By the irreducibility of X, some irreducible factor of F', call it F;, also vanishes
along X. Therefore X C V(F;), which is irreducible of dimension n — 1, by the
first part. So X = V(F;) (by Proposition 7.2, 3). O

This proposition does not generalise to higher codimension. There exist codi-
mension 2 algebraic subsets of A™ whose ideal is not generated by two polynomials.
An example in A® is the curve X parametrised by (¢3,t*,¢°). A system of gen-
erators of I(X) is (z3 — yz,y? — xz,2? — 2%y). One can easily show that I(X)
cannot be generated by two polynomials. For a discussion of this and other similar
examples, see [4], Chapter V.

7.10. Proposition. Let X C A", Y C A™ be irreducible closed subsets. Then
dimX xY =dim X +dimY.

Proof. Let r = dim X, s = dimY; let ¢,,...,t, (resp. u,,...,u,,) be coordinate
functions on A™ (resp. A™). We can assume that ¢,, ..., ¢, be a transcendence ba-
sis of Q(K[X]) and u,, ..., u, be a transcendence basis of Q(K[Y]). By definition,
K[X x Y] is generated as K-algebra by t,,...,t,,uy,...,u,,: we want to show
that ¢,,...,t., uy,...,u, is a transcendence basis of Q(K[X x Y]) over K. Assume
that F(z,,...,2,,Y1,...,y.) is a polynomial which vanisheson ¢,,... ¢, u,..., u,,
i.e. I defines the zero function on X x Y. Then, V P € X, F(P;y,,...,9.)
is zero on Y, i.e. F(P;uy,...,u,) = 0. Since u,,...,u, are algebraically in-
dependent, every coefficient a;(P) of F(P;y,,...,y.) is zero, V P € X. Since
ti,...,t,. are algebraically independent, the polynomials a;(x, ..., x,) are zero, so
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F(xy,...,z,Y1,-..,y.) =0. Soty, ..., t,.,uy,...,u, are algebraically independent.
Since this is certainly a maximal algebraically free set, it is a transcendence basis.
O

Exercises to §7.
1*. Prove that a proper closed subset of an irreducible curve is a finite set.
Deduce that any bijection between irreducible curves is a homeomorphism.

2%, Let X C A? be the cuspidal cubic of equation: 23 — 3% = 0, let K[X] be
its coordinate ring. Prove that all elements of K[X] can be written in a unique
way in the form f(z)+yg(z), where f, g are polynomial in the variable z. Deduce
that K[X] is not isomorphic to a polynomial ring.

8. Regular and rational functions.
a) Regular functions

Let X C P™ be a locally closed subset and P be a point of X. Let ¢ : X — K be
a function.

8.1. Definition. ¢ is regular at P if there exists a suitable neighbourhood of
P in which ¢ can be expressed as a quotient of homogeneous polynomials of the
same degree; more precisely, if there exist an open neighbourhood U of P in X and
homogeneous polynomials F, G € K|[z,, x4, ...,x,| with deg F' = deg G, such that
UNVp(G) =0 and ¢(Q) = F(Q)/G(Q), for all Q € U. Note that the quotient
F(Q)/G(Q) is well defined.

¢ is regular on X if ¢ is regular at every point P of X.

The set of regular functions on X is denoted O(X): it contains K (identified with
the set of constant functions), and can be given the structure of a K—algebra, by
the definitions:

(¢ +¥)(P) = o(P) +(P)
(¢)(P) = ¢(P)v(P),
for P € X. (Check that ¢ + ¢ and ¢ are indeed regular on X.)

8.2. Proposition. Let ¢ : X — K be a regular function. Let K be identified
with A' with Zariski topology. Then ¢ is continuous.

Proof. Tt is enough to prove that ¢~!(c) is closed in X,V c € K. For all P € X,
choose an open neighbourhood Up and homogeneous polynomials Fp, Gp such
that ¢]p = FP/GP. Then

(}5_1(6) NUp ={Q € Up|Fp(Q) —cGp(Q) =0} =UpNVp(Fp — cGp)
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is closed in Up. The proposition then follows from:

8.3. Lemma. Let T be a topological space, T = U;c;U; be an open covering of
T, 7 C T be a subset. Then Z is closed if and only if Z NUj; is closed in U; for all
i.

Proof. Assume that U; = X \ C; and ZNU; = Z; N U;, with C; and Z; closed in
X.

Claim: Z = (;c;(Z; U C;), hence it is closed.
In fact: if P € Z, then P € Z N U; for a suitable i. Therefore P € Z; N U;, so
PeZuC;. If P¢ Z;NU; for some j, then P ¢ U; so P € C; and therefore
P e Zj U Cj.

Conversely, if P € (,.;(Z; UC;), then V i, either P € Z; or P € C;. Since Jj
such that P € U;, hence P ¢ Cj,s0 P € Z;,s0 P Z;NU; = ZNU,;.

O

8.4. Corollary.

1. Let ¢ € O(X): then ¢—1(0) is closed. It is denoted V(¢) and called the
set of zeroes of ¢.

2. Let X be a quasi—projective variety and ¢, ¥ € O(X). Assume that there
exists U, open non —empty subset such that ¢|y = ¢|y. Then ¢ = 1.

Proof. ¢ —1p € O(X) so V(¢ — 1) is closed. By assumption V(¢ — 1) D U, which
is dense, because X is irreducible. So V(¢ — ) = X.
0

If X C A™ is locally closed, we can use on X both homogeneous and non—
homogeneous coordinates. In the second case, a regular function is locally rep-
resented as a quotient F/G, with F and G € K|[z,,...,z,]. In particular all
polynomial functions are regular, so, if X is closed, K[X]| C O(X).

If o C K[X] is an ideal, we can consider V(a) 1= [;c,, V(9): it is closed into
X. Note that « is of the form o = @/I(X), where @ is the inverse image of « in
the canonical epimorphism, it is an ideal of K[x,,...,z,] containing I(X), hence
V(ia) =V(@)nX =V(a).

If K is algebraically closed, from the Nullstellensatz it follows that, if « is
proper, then V() # (). Moreover the following relative form of the Nullstellensatz
holds: if f € K[X] and f vanishes at all points P € X such that ¢;(P) = ... =
gm(P) =0 (91,-..,9m € K[X]), then f" € (g1,...,9m) C K[X], for some r > 1.

8.5. Theorem. Let K be an algebraically closed field. Let X C A’ be closed
in the Zariski topology. Then O(X) ~ K|[X]. It is an integral domain if and only
if X is irreducible.

Proof. Let f € O(X).
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(i) Assume first that X is irreducible. For all P € X fix an open neigh-
bourhood Up of P and polynomials Fp, Gp such that Vp(Gp) NUp = @ and
flup, = Fp/Gp. Let fp, gp be the functions in K[X]| defined by Fp and Gp.
Then gpf = fp holds on Up, so it holds on X (by Corollary 8.3, because X is
irreducible). Let a C K[X] be the ideal a« = (gp)pex; « has no zeroes on X,
because gp(P) # 0, so a = K[X]. Therefore there exists hp € K|[X] such that
1 =73 pecx hpgp (sum with finite support). Hence in O(X) we have the relation:
f=F>Xhpgp =3 hp(gpf) =2 hpfp € K[X].

(ii) Let X be reducible: for any P € X, there exists R € K[x,,...,z,] such
that R(P) # 0and R € I(X\Up), sor € O(X) is zero outside Up. Sorgpf = fpr
on X and we conclude as above by replacing gp with gpr and fp with fpr.

0

The characterization of regular functions on projective varieties is completely dif-
ferent: we will see in §12 that, if X is a projective variety, then O(X) ~ K, i.e.
the unique regular functions are constant.

This gives the motivation for introducing the following weaker concept.

b) Rational functions

8.6. Definition. Let X be a quasi—projective variety. A rational function on X
is a germ of regular functions on some open non—empty subset of X.
Precisely, let K be the set {(U, f)|U # 0, open subset of X, f € O(U)}. The

following relation on X is an equivalence relation:

(U, f) ~ (U’, f/) if and only if f|UﬂU’ = f/’UﬂU’-

Reflexive and symmetric properties are quite obvious. Transitive property: let
(U, f) ~ U, f') and (U, ) ~ (U", f"). Then flurv: = f'luvnv and f'|ynur =
f"\vaur, hence fluaunur = f|lvnunur. UNU NU"” is a non—empty open
subset of U N U"” (which is irreducible and quasi—projective), so by Corollary 8.4
flonor = ' lvnur.

Let K(X) := K/ ~: its elements are by definition rational functions on X.
K(X) can be given the structure of a field in the following natural way.
Let (U, f) denote the class of (U, f) in K(X). We define:

{UNH+ U f)y=UnU, f+ 1),

(U, Ny ={UnU', ff)

(check that the definitions are well posed!).

There is a natural inclusion: K — K(X) such that ¢ — (X, ¢). Moreover, if
(U, f) # 0, then there exists (U, f)~t = (U \ V(f), f~1): the axioms of a field are
all satisfied.
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There is also an injective map: O(X) — K(X) such that ¢ — (X, ¢).

8.7. Proposition. If X C A" is affine, then K(X) ~ Q(O(X)) = K(t1,...,tn),
where tq,...,t, are the coordinate functions on X.

Proof. The isomorphism is as follows:
(i) ¥ : K(X) = Q(O(X))
If (U, ¢) € K(X), then there exists V C U, open and non—empty, such that ¢ |y =
F/G, where F,G € K|z,,...,z,] and V(G) NV = (. We set ¥((U, ¢)) = f/g.
(i) ¥ : Q(O(X)) = K(X)
If f/g9 € QO(X)), we set ¢'(f/g) = (X \V(9), f/9)-
It is easy to check that ¢ and 1)’ are well defined and inverse each other. [

8.8. Corollary. If X is an affine variety, then dim X is equal to the transcendence
degree over K of its field of rational functions..

8.9. Proposition. If X is quasi—projective and U # () is an open subset, then
K(X)~ K(U).

Proof. We have the maps: K(U) — K(X) such that (V,¢) — (V,¢), and K(X) —
K(U) such that (A,¢) — (ANU,¢ |anvu): they are K—homomorphisms inverse
each other. ]

8.10. Corollary. If X is a projective variety contained in P", if i is an index
such that X NU; # ) (where U; is the open subset where x; # 0), then dim X =
dim X NU; = tr.d.K(X)/K.

Proof. By Proposition 7.2 dim X = supdim(X NU;). By 8.8 and 8.9, if X NU; is
non—empty, dim(X NU;) = trd. K(X NU;)/K = tr.d.K(X)/K is independent of
i. OJ

If (U,¢) € K(X), we can consider all possible representatives of it, i.e. all
pairs (U;, ¢;) such that (U, ¢) = (U;, ¢;). Then U = |J, U; is the maximum open
subset of X on which ¢ can be seen as a function: it is called the domain of
definition (or of regularity) of (U, ¢), or simply of ¢. It is sometimes denoted
dome. If P € U, we say that ¢ is reqular at P.

We can consider the set of rational functions on X which are regular at P: it
is denoted by Op x. It is a subring of K (X) containing O(X), called the local ring
of X at P. In fact, Op x is a local ring, whose maximal ideal, denoted Mp x, is
the set of rational functions ¢ such that ¢(P) is defined and ¢(P) = 0. To see
this, observe that an element of Op x can be represented as (U, F'//G): its inverse
in K(X) is (U \ Vp(G),G/F), which belongs to Op x if and only if F(P) # 0.
We'll see in 8.12 that Op x is the localization K[X]; (p).
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As in Proposition 8.9 for the fields of rational functions, also for the local rings
of points it can easily be proved that, if U # () is an open subset of X containing
P, then Op x ~ Opy. So the ring Op x only depends on the local behaviour of
X in the neighbourhood of P.

The residue field of Op x is the quotient Op x /M p x: it is a field which results
to be naturally isomorphic to the base field K. In fact consider the evaluation
map Op x — K such that ¢ goes to ¢(P): it is surjective with kernel Mp x, so
OP,X/MP,X ~ K.

8.11. Examples.

1. Let Y C A? be the curve V(2§ — 22). Then F = x5, G = x define the
function ¢ = xo/x1 which is regular at the points P(aj,as) such that a; # 0.
Another representation of the same function is: ¢ = x?/z5, which shows that
¢ is regular at P if ay # 0. If ¢ admits another representation F’/G’, then
G'ro — F'x1 vanishes on an open subset of X, which is irreducible (see Exercise
6.2), hence G'xo — F'z1 vanishes on X, and therefore G’z — F'xy € (a3 — 23).
This shows that there are essentially only the above two representations of ¢. So
¢ € K(X) and its domain of regularity is Y \ {0, 0}.

2. The stereographic projection.

Let X C P? be the curve Vp(a?+x3—23). Let f := x1/(xo—m2) denote the germ of
the regular function defined by x1/(z¢g —x2) on X \ Vp(zo —x2) = X\ {[1,0,1]} =
X\ {P}. On X we have 23 = (w9 — x2)(xo + 22) so f is represented also as
(xo +x2)/z1 on X \ Vp(z1) = X \ {P,Q}, where Q = [1,0, —1]. If we identify K
with the affine line Vp(z2) \ Vp(xo) (the points of the x;—axis lying in the affine
plane Uy), then f can be interpreted as the stereographic projection of X centered
at P, which takes Alag, a1, as] to the intersection of the line AP with the line
Vp(x2). To see this, observe that AP has equation ajzg + (as — ag)x1 — ajxs = 0;
and AP N Vp(x2) is the point [ag — as, a1, 0].

8.12. The algebraic characterization of the local ring Op x.

Let us recall the construction of the ring of fractions of a ring A with respect
to a multiplicative subset S.

Let A be a ring and S C A be a multiplicative subset. The following relation
in A x S is an equivalence relation:

(a,s) ~ (b,t) if and only if Ju € S such that u(at — bs) = 0.

Then the quotient A x S/~ is denoted S~'A4 or Ag and [(a, s)] is denoted %. Ag
becomes a commutative ring with unit with operations ¢ + % = at+bs and ¢ b = “b
(check that they are well-defined). With these operatlons Ag is called the rmg of
fractions of A with respect to S, or the localization of A in S.

There is a natural homomorphism j : A — S~'A such that j(a) = %, which
makes S™!A an A-algebra. Note that j is the zero map if and only if 0 € S. More
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precisely if 0 € S then S~!A is the zero ring: this case will always be excluded in
what follows. Moreover j is injective if and only if every element in S is not a zero
divisor. In this case j(A) will be identified with A.

Examples.

1. Let A be an integral domain and set S = A\ {0}. Then Ag = Q(A): the
quotient field of A.

2. If P C A is a prime ideal, then S = A\ P is a multiplicative set and Ag is
denoted Ap and called the localization of A at P.

3. If f € A, then the multiplicative set generated by f is

S={1,f 2. .. f" ..}

Ag is denoted Ay.
4. If S = {z € A | x is regular}, then Ag is called the total ring of fractions
of A: it is the maximum ring in which A can be canonically embedded.

It is easy to verify that the ring Ag enjoys the following universal property:

(i) if s € S, then j(s) is invertible;

(ii) if B is a ring with a given homomorphism f : A — B such that if s € S,
then f(s) is invertible, then f factorizes through Ag, i.e. there exists a unique
homomorphism f such that foj = f.

We will see now the relations between ideals of Ag and ideals of A.

If « C Ais an ideal, then adgs = {2 | a € a} is called the extension of a in
Ag and denoted also a®. It is an ideal, precisely the ideal generated by the set
{$laca}.

If 3 C Ag is an ideal, then j71(8) =: 8¢ is called the contraction of 8 and is
clearly an ideal.

We have:

8.13. Proposition.
1. Va CA:a D a;
2.8 C Ag : B = B
3. af is proper if and only if a N S = (;
4. a°¢ ={x € A | 3Is € S such that sz € a}.

Proof.

1. and 2. are straightforward.

3. if 1 = ¢ € af then there exists u € S such that u(s —a) = 0, ie.
us = ua € SNa. Conversely, if s € SNa then 1= 2 € a®.

4.
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z{xeAlEI(LEa,teSsuchthat%:%}:

={zx € A|3Ja€ a,t,uc S such that u(xt —a) = 0}.

Hence, if x € a°®, then: (ut)r = ua € a. Conversely: if there exists s € S such
that sz = a € a, then 7 = ¢, ie. j(x) € a®. d

If a is an ideal of A such that a = a®“, « is called saturated with S. For
example, if P is a prime ideal and SNP = (), then P is saturated and P¢ is prime.
Conversely, if Q C Ag is a prime ideal, then Q¢ is prime in A.

Therefore: there is a bijection between the set of prime ideals of As and the
set of prime ideals of A not intersecting S. In particular, if S = A\ P, P prime,
the prime ideals of Ap correspond bijectively to the prime ideals of A contained

in P, hence Ap is a local ring with maximal ideal P¢, denoted PAp, and residue
field Ap/PAp. Moreover dim Ap = htP.

In particular we get the characterization of Op x. Let X C A" be an affine
variety, let P be a point of X and I(P) C K[x,,...,z,]| be the ideal of P. Let
Ix(P) := I(P)/I(X) be the ideal of K[X] formed by regular functions on X
vanishing at P. Then we can construct the localization

OX) 1y (p) = {gwf,g € O(X),g(P) # 0} C K(X) :

it is canonically identified with Op x. In particular: dimOpx = ht Ix(P) =
dim O(X) = dim X.

There is a bijection between prime ideals of Op x and prime ideals of O(X)
contained in I'x (P); they also correspond to prime ideals of K[z, ..., x,] contained
in I(P) and containing I(X).

If X is affine, it is possible to define the local ring Op x also if X is reducible,
simply as localization of K[X] at the maximal ideal Ix(P). The natural map j
from K[X] to Op x is injective if and only if K[X]\ Ix(P) does not contain any
zero divisor. A non-zero function f is a zero divisor in K[X] if there exists a
non-zero g such that fg =0,1i.e. X = V(f)UV(g) is an expression of X as union
of proper closed subsets. For j to be injective it is required that every zero divisor
f belongs to Ix(P), which means that all the irreducible components of X pass
through P.

Exercises to §8.
1. Prove that the affine varieties and the open subsets of affine varieties are
quasi—projective.

2. Let X = {P,Q} be the union of two points in an affine space over K.
Prove that O(X) is isomorphic to K x K.
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9. Regular and rational maps.
In the following K is an algebraically closed field.
a) Regular maps.

Let X,Y be quasi—projective varieties (or more generally locally closed sets). Let
¢: X — Y be a map.

9.1. Definition. ¢ is a reqular map or a morphism if
(i) ¢ is continuous;
(ii) ¢ preserves regular functions, i.e. for all U C Y (U open and non—-empty) and

for all f € O(U), then fo¢p € O(¢p~1(U)):
x 5

s vy 2

Note that:
a) for all X the identity map 1x : X — X is regular;

b) for all X, Y, Z and regular maps X LA Y. Y LA Z, the composite map 1 o ¢ is
regular.

An isomorphism of varieties is a regular map which possesses regular inverse,
i.e. aregular ¢ : X — Y such that there exists a regular ¢ : Y — X verifying
the conditions ¢ o ¢ = 1x and ¢ o1 = 1y. In this case X and Y are said to be
isomorphic, and we write: X ~ Y.

If ¢ : X — Y is regular, there is a natural K—homomorphism ¢* : O(Y) —
O(X), called the comorphism associated to ¢, defined by: f — ¢*(f) := f o ¢.

The construction of the comorphism is functorial, which means that:
a) 1;— = 1(’)(X);
b) (10 §)* = ¢ 0 *.

This implies that, if X ~ Y then O(X) ~ O(Y). In fact, if ¢ : X — Y is an
isomorphism and ) is its inverse, then ¢po) = 1y, so (poh)* = *0p* = (1y)* =
locyy and similarly ¢ o ¢ = 1x implies ¢* o ™ = 1p(x).

9.2. Examples.
1) The homeomorphism ¢; : U; — A™ of Proposition 3.2 is an isomorphism.

2) There exist homeomorphisms which are not isomorphisms. Let Y = V(23—
y?) C A?. We have seen (see Exercise 7.2) that K[X] % K[A!], hence Y is not
isomorphic to the affine line. Nevertheless, the following map is regular, bijective
and also a homeomorphism (see Exercise 7.1):
¢ : Al — Y such that t — (#2,#3);



42 MEZZETTI

v
~1. 1 170
¢~ Y — A’ is defined by (z,y) — {O if (z,y) = (0,0).

Note that ¢! is not regular at the point (0, 0).

9.3. Proposition. Let ¢ : X —Y C A" be a map. Then ¢ is reqular if and only
if ¢; :=1t; 0 ¢ is a reqular function on X, for allt=1,...,n, wherety,...,t, are
the coordinate functions on'Y .

Proof. If ¢ is regular, then ¢; = ¢*(t;) is regular by definition.
Conversely, assume that ¢; is a regular function on X for all i. Let Z C Y
be a closed subset and we have to prove that ¢=1(Z) is closed in X. Since any

closed subset of A™ is an intersection of hypersurfaces, it is enough to consider
o~ (Y NV (F) with F € K[x,,...,z,]:

o~ (V(F)NY) = {P € X|F($(P)) = F(¢1,...,60)(P) = 0} = V(F(d1,....dn)).

But note that F(¢1,...,¢,) € O(X): it is the composition of F' with the regular
functions ¢1,...,¢,. Hence ¢ H(V(F)NY) is closed, so we can conclude that ¢
is continuous. If U C Y and f € O(U), for any point P of U choose an open
neighbourhood Up such that f = Fp/Gp on Up.
So fop=Fp(d1,...,0,)/Gp(d1,...,¢,) on ¢~ (Up), hence it is regular on
each ¢~} (Up) and by consequence on ¢~ 1(U).
([l

If ¢ : X - Y is a regular map and Y C A", by Proposition 9.2. we can
represent ¢ in the form ¢ = (¢1,...,¢,), where ¢1,...,¢0, € O(X) and ¢; =
¢*(t;). é1,...,¢, are not arbitrary in O(X) but such that Im ¢ C Y. If Y is
closed in A", let us recall that ¢q,...,t, generate O(Y'), hence ¢1, ..., ¢, generate
¢*(O(Y)) as K-algebra. This observation is the key for the following important
result.

9.4. Theorem. Let X be a locally closed algebraic set and Y be an affine
algebraic set. Let Hom(X,Y) denote the set of regular maps from X to'Y and
Hom(O(Y),0(X)) denote the set of K~ homomorphisms from O(Y') to O(X).

Then the map Hom(X,Y) — Hom(O(Y),O(X)), such that ¢ : X — Y goes
to ¢* : O(Y) — O(X), is bijective.

Proof. Let Y C A™ and let t4,...,t, be the coordinate functions on Y, so O(Y) =
Klty,...,tp]). Let u: O(Y) — O(X) be a K-homomorphism: we want to define a
morphism u? : X — Y whose associated comorphism is u. By the remark above,
if u? exists, its components have to be u(t1), ..., u(t,). So we define

w: X - A"
P o= ((t)(P),...,ulta)(P)).
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This is a morphism by Proposition 9.3. We claim that u#(X) C Y. Let F € I(Y)
and P € X: then

= u(F((t1,...,ts))(P) because u is K-homomorphism =
=u(0)(P) =
=0(P)=0

So uf is a regular map from X to Y.
We consider now (uf)* : O(Y) — O(X): it takes a function f to f ouf =
flu(ty),. .., u(ty)) = u(f), so (u*)* = u. Conversely, if ¢ : X — Y is regular, then

(@) takes P 10 (6" () (P 07 () (P) = (@1(P), - 0n(P)) 30 (67 = .

Note that, by definition, 1%()() = 1y, for all affine X ; moreover (vou)? = ufout
forallu: O(Z) - O(Y),v: O(Y) — O(X), K~homomorphisms of affine algebraic
sets: this means that also this construction is functorial.

The previous results can be rephrased using the language of categories. We
introduce a category C whose objects are the affine algebraic sets over a fixed
algebraically closed field K and the morphisms are the regular maps. We con-
sider also a second category C’ with objects the K-algebras and morphisms the
K-homomorphisms. Then there is a contravariant functor that operates on the
objects sending X to O(X) = K[X], and on the morphisms sending ¢ to the
associated comorphisms ¢*.

If we restrict the class of objects of C’ taking only the finitely generated
reduced K-algebras (a full subcategory of the previous one), then this functor be-
comes an equivalence of categories. Indeed the construction of the comorphism es-
tablishes a bijection between the Hom sets Home (X, Y') and Home (O(Y), O(X)).
Moreover, for any finitely generated K-algebra A, there exists an affine algebraic
set X such that A is K-isomorphic to O(X). To see this, we choose a finite set of
generators of A, such that A = K[, ...,&,]. Then we can consider the surjective
K-homomorphism ¥ from the polynomial ring K[x,,...,z,] to A sending z; to &;
for any 7. In view of the fundamental theorem of homomorphism, it follows that
A ~ Klz,,...,z,|/ker ¥. The assumption that A is reduced then implies that
X :=V(ker V) C A" is an affine algebraic set with I(X) = ker ¥ and A ~ O(X).

We note that changing system of generators for A changes the homomorphism
W, and by consequence also the algebraic set X, up to isomorphism. For instance
let A be a polynomial ring in one variable ¢: if we choose only ¢ as system of
generators, we get X = A!, but if we choose t,t2,t> we get the affine skew cubic
in A3

As a consequence of the previous discussion we have the following:
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9.5. Corollary. Let X, Y be affine algebraic sets. Then X ~Y if and only if
O(X)~0(). U

If X and Y are quasi—projective varieties and ¢ : X — Y is regular, it is not
always possible to define a comorphism K (Y) — K(X). If f is a rational function
on Y with domf = U, it can happen that ¢(X) Ndomf = (), in which case f o ¢
does not exist. Nevertheless, if we assume that ¢ is dominant, i.e. ¢(X) =Y,
then certainly ¢(X)NU # 0, hence (¢p~1(U), fo¢) € K(X). We obtain a K-
homomorphism, which is necessarily injective, K(Y) — K(X), also denoted by ¢*.
Note that in this case, we have: dim X > dimY. As above, it is possible to check
that, if X ~ Y, then K(X) ~ K(Y), hence dim X = dimY. Moreover, if P € X
and Q = ¢(P), then ¢* induces a map Og y — Op x, such that ¢* Mgy C Mp x.
Also in this case, if ¢ is an isomorphism, then Ogy ~ Op x.

We will see now how to express in practice a regular map when the target is
contained in a projective space. Let X C P™ be a quasi—projective variety and
¢ : X — P be a map.

9.6. Proposition. ¢ is a morphism if and only if, for any P € X, there exist
an open neighbourhood Up of P and n + 1 homogeneous polynomials Fy, ..., F,,
of the same degree, in K|xy, z,,...,2,], such that, if Q € Up, then ¢(Q) =
[Fo(Q), ..., Fn(Q)]. In particular, for any Q € Up, there exists an index i such

that FAQ) 7& 0.

Proof. “=" Let P € X, Q = ¢(P) and assume that Q € Uy. Then U := ¢~ 1(Up)
is an open neighbourhood of P and we can consider the restriction ¢|y : U — Uy,
which is regular. Possibly after restricting U, using non—-homogeneous coordi-
nates on Uy, we can assume that ¢ly = (F1/Ga,..., Fn/Gn), where (F1,Gq),
.+, (Fm,Gy) are pairs of homogeneous polynomials of the same degree such
that Vp(G;) N U = ( for all index i. We can reduce the fractions F;/G; to a
common denominator Fp, so that deg Fy = degFy = ... = degF,, and ¢|y =
(Fl/Fo,...,Fm/Fo) = [Fo,Fl,...,Fm], with Fo(Q) 75 0 for Q € U.

“«<" Possibly after restricting Up, we can assume F;(Q) # 0 for all Q € Up
and suitable ¢. Let ¢ = 0: then ¢|y, : Up — Uy operates as follows: ¢|y,(Q) =
(F1(Q)/Fo(Q), ..., Fn(Q)/Fy(Q)), so it is a morphism by Proposition 9.3. From
this remark, one deduces that also ¢ is a morphism. O

9.7. Examples.
1. Let X C P?, X = Vp(x? + 23 — 22), the projective closure of the unitary
circle. We define ¢ : X — P! by

[Z’o — T2, xl] if (l‘o — .2132,331) (0, 0);
0,0).

+
[1‘0,1‘1,1'2] - { [ml’xo -|—x2] if (£U1,£U0 +«T2) 7é ( ) )
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¢ is well-defined because on X x3 = (z¢ — x2)(zg + 22). Moreover
(Il,x() - IEQ) 7& (070) g [x(),l’l,l’g] €X \ {[1707 1]}7

(ZL‘Q —|—.T2,.T1) 7é (0,0) = [Io,ml,fﬂg] e X \ {[1,07 —1]}

The map ¢ is the natural extension of the rational function f : X'\{[1,0,1]} —
K such that [zg, 1, 22] = x1/(x0 —x2) (Example 8.9, 2). Now the point P[1,0, 1],
the centre of the stereographic projection, goes to the point at infinity of the line
Vp (.CEQ)

By geometric reasons ¢ is invertible and ¢! : P! — X takes [\, u] to [\? +
p?, 221, A2 — 14?] (note the connection with the Pitagorean triples!).

Indeed: the line through P and [, u, 0] has equation: pxg — Azq — pas = 0.
Its intersections with X are represented by the system:

pro — Axy — pare =0
r3+23—22=0

Assuming p # 0 this system is equivalent to the following:

pxrog — Axy — pxe =0
1203 = 12w} + 13) = (Aay + ).

(u? = Az — 2 \puxe =0

, which gives
pro = Ar1 + pao s

Therefore, either 1 = 0 and xy = x2, or {

the required expression.

2. Affine transformations.

Let A = (a;j) be a n x n—matrix with entries in K, let B = (by,...,b,) € A"
be a point. The map 74 : A" — A" defined by (z1,...,2,) = (Y1,...,Yn), such
that

{yi= aya; +b,i=1,....n,
J

is a regular map called an affine transformation of A™. In matrix notation 74
isY = AX + B. If A is of rank n, then 74 is said non—degenerate and is an
isomorphism: the inverse map 7! is represented by X = A~'Y — A~' B. More in
general, an affine transformation from A™ to A™ is a map represented in matrix
form by Y = AX + B, where A is a m x n matrix and B € A™. It is injective if
and only if rkA = n and surjective if and only if rkA = m.

The isomorphisms of an algebraic set X in itself are called automorphisms
of X: they form a group for the usual composition of maps, denoted Aut X. If
X = A", the non—degenerate affine transformations form a subgroup of Aut A™.

If n = 1 and the characteristic of K is 0, then Aut A' coincides with this
subgroup. In fact, let ¢ : A — A! be an automorphism: it is represented by a
polynomial F'(x) such that there exists G(x) satisfying the condition G(F(t)) =t
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for all t € Al) i.e. G(F(z)) = x in the polynomial ring K[z]. Then, taking
derivatives, we get G'(F'(z))F’(x) = 1, which implies F'(t) # 0 for all t € K, so
F'(z) is a non—zero constant. Hence, F' is linear and G is linear too.

If n > 2, then Aut A" is not completely described. There exist non—linear
automorphisms of degree d, for all d. For example, for n = 2: let ¢ : A2 — A2
be given by (z,y) — (x,y + P(z), where P is any polynomial of K[z|. Then
o=t (2,y") — (2',y — P(2')). A very important open problem is the Jacobian
conjecture, stating that, in characteristic zero, a regular map ¢ : A" — A" is
an automorphism if and only if the Jacobian determinant | J(¢) | is a non-zero
constant.

3. Projective transformations.

Let Abea (n+1)x (n+1)-matrix with entries in K. Let Pz, ..., x,]| € P™
then [agoxo+ ...+ GonTn, - .., AnoTo + . . . + Appxy] is a point of P™ if and only if it
is different from [0,...,0]. So A defines a regular map 7 : P* — P" if and only if
rkA =n+1. If rkA =r < n+1, then A defines a regular map whose domain is the
quasi—projective variety P \ P(kerA). If rkA = n + 1, then 7 is an isomorphism,
called a projective transformation. Note that the matrices AA, A € K*, all define
the same projective transformation. So PGL(n+ 1, K) := GL(n+ 1, K)/K* acts
on P™ as the group of projective transformations.

If X, Y C P", they are called projectively equivalent if there exists a projective
transformation 7 : P* — P" such that 7(X) =Y.

9.8. Theorem. Fundamental theorem on projective transformations.

Let two (n+2)—tuples of points of P™ in general position be fized: Py, ..., Pyi1
and Qo, ...,Qn+1. Then there exists one isomorphic projective transformation T
of P™ in itself, such that 7(P;) = Q; for all index i.

Proof. Put P; = [v;], Q; = [w;], i =0,...,n+1. So {vg,...,v,} and {wp, ..., w,}
are two bases of K™t! hence there exist scalars Ao, ..., A\, [0, - - - , fln such that

Un+1 = )\01]0 4+ ...+ )\n'Un; Wp4+1 = UoWo + . .. + UnWn,

where the coefficients are all different from 0, because of the general position
assumption. We replace v; with \;v; and w; with p;w; and get two new bases, so
there exists a unique automorphism of K™*! transforming the first basis in the
second one and, by consequence, also v,,+1 in w,41. This automorphism induces
the required projective transformation on P™. 0

An immediate consequence of the above theorem is that projective subspaces
of the same dimension are projectively equivalent. Also two subsets of P" formed
both by k points in general position are projectively equivalent if £k < n + 2. If
k > n+ 2, this is no longer true, already in the case of four points on a projective
line. The problem of describing the classes of projective equivalence of k—tuples
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of points of P”, for k > n + 2, is one the first problems of the classical invariant
theory. The solution in the case k = 4, n = 1 is given by the notion of cross—ratio.

4. Let X C A™ be an affine variety, then Xp = X \ V(F) is isomorphic to
a closed subset of A"*! ie. toY = V(z, 1 F —1,Gy,...,G,), where I(X) =

(Gy,...,G,.). Indeed, the following regular maps are inverse each other:
¢ Xp — Y such that (z1,...,2,) = (x1,..., 20, 1/F(21,...,2,)),
¥ :Y — Xp such that (z1,...,2,, Tne1) = (T1,...,T5).

Hence, X is a quasi—projective variety contained in A™, not closed in A", but
isomorphic to a closed subset of another affine space.

From now on, the term affine variety will denote a quasi—projective variety
isomorphic to some affine closed set.

If X is an affine variety and precisely X ~ Y, with Y C A" closed, then
O(X) ~O) = K[t1,...,t,] is a finitely generated K—algebra. In particular,
if K is algebraically closed and « is an ideal strictly contained in O(X), then
V(a) C X is non—empty, by the relative form of the Nullstellensatz. From this
observation, we can deduce that the quasi—projective variety of next example is
not affine.

5. A%\ {(0,0)} is not affine.

Set X = A2\ {(0,0)}: first of all we will prove that O(X) ~ K|z, y] = O(A?),
i.e. any regular function on X can be extended to a regular function on the whole
plane.

Indeed: let f € O(X): if P # @ are points of X, then there exist polynomials
F,G,F’',G’ such that f = F/G on a neighbourhood Up of P and f = F'/G’ on
a neighbourhood Ug of Q. So F'G = FG' on Up NUg # 0, which is open also
in A% hence dense. Therefore F’'G = FG' in K|[z,y]. We can clearly assume that
F and G are coprime and similarly for F/ and G’. So by the unique factorization
property, it follows that F/ = F and G’ = G. In particular f admits a unique
representation as F'/G on X and G(P) # 0 for all P € X. Hence G has no zeroes
on A% so G=ce K* and f € O(X).

Now, the ideal (z,y) has no zeroes in X and is proper: this proves that X is
not affine.

We have exploited the fact that a polynomial in more than one variables has
infinitely many zeroes, a fact that allows to generalise the previous observation.

On the other hand, the following property holds:
9.9. Proposition. Let X C P" be quasi—projective. Then X admits an open
covering by affine varieties.

Proof. Let X = Xy U...U X,, be the open covering of X where X; = U; N X
= {P € X|PJao,...,an],a; # 0}. So, fixed P, there exists an index i such that
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P € X;. We can assume that P € Xj: Xg is open in some affine variety Y of A"
(identified with Up); set Xo = Y \ Y’, where Y, Y’ are both closed. Since P ¢ Y,
there exists F' such that F(P) #0and V(F)DY'. SoPe Y\ V(F)CY\Y’
and Y \ V(F) is an affine open neighbourhood of P in Y \ Y/ = X, C X.

[

6. The Veronese maps.

Let n,d be positive integers; put N(n,d) = (";d) — 1. Note that (";’d) is
equal to the number of (monic) monomials of degree d in the variables xg, ..., Z,,
that is equal to the number of n+ 1-tuples (ig, ..., i,) such that ig+ ...+, = d,
i; > 0. Then in PN(md) we can use coordinates {viy. i, }» where ig, ..., i, > 0 and
io+ ...+ i, = d. For example: if n = 2, d = 2, then N(2,2) = (;l) —1=5. InP°

we can use coordinates V200, V110, V1015 V020, V011, V002-

For all n,d we define the map v, 4 : P* — PV("4) such that [z,...,7,] —
[Vd00...05 Vd—1,10...05 - - - » V0...00d) Where vy ;. = xx} ... xi: vy, g is clearly a mor-

phism, its image is denoted V,, 4 and called the Veronese variety of type (n,d). It
is in fact the projective variety of equations:

($){Vig...in V0.0 = Vho...hn Vko...kn » V0o + Jo = ho + ko, i1 + J1 = hq + k1, . ..

We prove this statement in the particular case n = d = 2; the general case is
similar.

First of all, it is clear that the points of v, 4(P™) satisfy the system ().
Conversely, assume that Plvagg, v110,...] € P° satisfies the equations (x), which

become:
.

2
V200V020 = V119

2
V200V002 = V11

2
V0020020 = Vp11

V200011 = V110?101

V020?101 = V1100011
\ V110V002 = V0117101

Then, at least one of the coordinates vaqg, V20, Vo2 is different from 0.

Therefore, if V200 7é 0, then P = ’U22([’U200,’U110,’U101]); if V020 % 0, then
P = v32([v110, V020, v011]); if voo2 # 0, then P = vy 2([v101, V011, V002]). Note that,
if two of these three coordinates are different from 0, then the points of P? found
in this way have proportional coordinates, so they coincide.

We have also proved in this way that vy 9 is an isomorphism between P? and
Va2, called the Veronese surface of P°. The same happens in the general case.

Ifn =1, v14 : P! — P? takes [z, 21] to [zd,z3  2q,..., 2¢]: the image is
called the rational normal curve of degree d, it is isomorphic to P. If d = 3, we
find the skew cubic.

Let now X C P" be a hypersurface of degree d: X = Vp(F'), with

_ o %
F= E Qig..i Lo oo Ty
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Then v, 4(X) ~ X: it is the set of points

{vig..i,, € IP’N(n’d)| Z Qig...in Vig...i, = 0 and [vi,. 4. ] € Vi.a}-
o4 tin=d

It coincides with V;, 4 N H, where H is a hyperplane of P (n.d). & hyperplane
section of the Veronese variety. This is called the linearisation process, allowing to
“transform” a hypersurface in a hyperplane, modulo the Veronese isomorphism.

The Veronese surface V' of P° enjoys a lot of interesting properties. Most of
them follow from its property of being covered by a 2-dimensional family of conics,
which are precisely the images via vz o of the lines of the plane.

To see this, we’ll use as coordinates in P? wqg, wo1, Wo2, W11, Wiz, Waz, so that
V9.9 sends [zg, 1, x2] to the point of coordinates w;; = z;x;. With this choice of
coordinates, the equations of V' are obtained by annihilating the 2 x 2 minors of
the symmetric matrix:

Wop Wo1 Wo2
M= | wy w, Wi
Woe Wiz Waa

Let ¢ be a line of P? of equation byxg + b1z, + boxs = 0. Its image is the set of
points of P° with coordinates w;; = x;x;, such that there exists a non-zero triple
[0, X1, x2] with boxg + byx1 + baze = 0. But this last equation is equivalent to the
system:

b()(l?(% + blxoxl + bQ.I‘().’L‘Q =0

borory + bll’% + box129 =0

boroxo + bix1T0 + bgﬂ?% =0

It represents the intersection of V' with the plane

bowoo + b1wo1 + bawoez =0
(*) { bowo1 + biwiy + bawia =0,
bowoz + biwiz + bawee =0
so v22(f) is a plane curve. Its degree is the number of points in its intersection
with a general hyperplane in P°: this corresponds to the intersection in P? of /
with a conic (a hypersurface of degree 2). Therefore vy 2(¢) is a conic.

So the isomorphism vy o transforms the geometry of the lines in the plane
in the geometry of the conics on the Veronese surface. In particular, given two
distinct points on V', there is exactly one conic contained in V' and passing through
them.

From this observation it is easy to deduce that the secant lines of V', i.e. the
lines meeting V' at two points, are precisely the lines of the planes generated by
the conics contained in V', so that the (closure of the) union of these secant lines
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coincides with the union of the planes of the conics of V. This union results to be
the cubic hypersurface defined by the equation

Wop Wo1 Wo2
det M =det | wo, w,, w,, | =0.
Woe Wiz Waa

Indeed a point of P°, of coordinates [w;;] belongs to the plane of a conic contained
in V' if and only if there exists a non-zero triple [bg, b1, bs] which is solution of the
homogeneous system (*).

b) Rational maps
Let X,Y be quasi—projective varieties.

9.10. Definition. The rational maps from X to Y are the germs of regular maps
from open subsets of X to Y, i.e. equivalence classes of pairs (U, ¢), where U # ()
isopen in X and ¢ : U — Y is regular, with respect to the relation: (U, ¢) ~ (V, )
if and only if ¢lyny = ¥|uny. The following Lemma guarantees that the above
defined relation satisfies the transitive property.

9.11. Lemma. Let ¢,¢ : X — Y C P" be regular maps between quasi-projective
varieties. If p|y = Y|y for U C X open and non—empty, then ¢ = 1.

Proof. Let P € X and consider ¢(P), ¢)(P) € Y. There exists a hyperplane H such
that ¢(P) ¢ H and o)(P) ¢ H (otherwise the dual projective space P" would be the
union of its two hyperplanes consisting of hyperplanes of P passing through ¢(P)
and 1 (P)). Up to a projective transformation, we can assume that H = Vp(xg),
so ¢(P),(P) € Ug. Set V = ¢~ (Ug) Np~1(Up): an open neighbourhood of P.
Consider the restrictions of ¢ and ¢ from V to Y N Uy: they are regular maps
which coincide on V N U, hence their coordinates ¢;, ¥;, i = 1,...,n, coincide on
V NU, hence on V. So ¢;|y = 9;|v. In particular ¢(P) = ¢(P). O

A rational map from X to Y will be denoted ¢ : X --+ Y. As for rational
functions, the domain of definition of ¢, dom ¢, is the maximum open subset of
X such that ¢ is regular at the points of dom ¢.

The following proposition follows from the characterization of rational func-
tions on affine varieties.

9.12. Proposition. Let X, Y be affine algebraic sets, with Y closed in A™. Then

¢ X --»Y is a rational map if and only if ¢ = (Pp1,...,¢n), where ¢1,..., ¢, €
K(X). O

If X cP*", Y C P, then a rational map X --+Y is assigned by giving m+1
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homogeneous polynomials of K[z,,x,...,x,] of the same degree, Fy, ..., F,, such
that at least one of them is not identically zero on X.

A rational map ¢ : X --» Y is called dominant if the image of X via ¢ is
dense in X, ie. if ¢(U) = X, where U = dom ¢. If ¢ : X --» Y is dominant
and ¢ : Y --» Z is any rational map, then dom ¢ N Im¢ # ), so we can define
pog¢: X --» Z: it is the germ of the map 1) o ¢, regular on ¢~ (dom v N Img).

9.13. Definition. A birational map from X to Y is a rational map ¢ : X --» Y
such that ¢ is dominant and there exists ¥ : Y --+ X, a dominant rational map,
such that 1o = 1x and ¢ oy = 1y as rational maps. In this case, X and Y are
called birationally equivalent or simply birational.

If ¢ : X --» Y is a dominant rational map, then we can define the comorphism
¢* : K(Y) — K(X) in the usual way: it is an injective K—homomorphism.

9.14. Proposition. Let X, Y be quasi—projective varieties, u : K(Y) — K(X)
be a K—-homomorphism. Then there exists a rational map ¢ : X --+ Y such that
P* = u.

Proof. Y is covered by open affine varieties Y,,, a € I (by Proposition 9.9): for all
index o, K(Y) ~ K(Y,) (Prop. 8.8) and K(Y,) ~ K(t1,...,t,), where t1,...,t,
can be interpreted as coordinate functions on Y,. Then u(ty),...,u(t,) € K(X)
and there exists U C X, non—empty open subset such that u(t1), ..., u(t,) are all
regular on U. So u(K|[t,,...,t,]) C O(U) and we can consider the regular map
ut : U — Y, — Y. The germ of u! gives a rational map X --» Y. It is possible
to check that this rational map does not depend on the choice of Y, and U. [

9.15. Theorem. Let X, Y be quasi—projective varieties. The following are equiv-
alent:

(i) X is birational to Y;

(ii) K(X)~ K(Y);

(iii) there exist non—empty open subsets U C X and V CY such that U ~ V.

Proof.

(i) « (ii) via the construction of the comorphism ¢* associated to ¢ and of
uf, associated to v : K(Y) — K(X). One checks that both constructions are
functorial.

(i) = (iii) Let ¢ : X --» Y, ¢ : Y --» X be inverse each other. Put
U' = dom ¢ and V' = dom . By assumption, ¢ o ¢ is defined on ¢=(V’)
and coincides with 1x there. Similarly, ¥ o ¢ is defined on ¥~!(U’) and equal
to 1y. Then ¢ and v establish an isomorphism between the corresponding sets
U:=¢ (¢~ (U') and V := ¢~ (¢~ H(V")).

(ifi) = (i) U ~ V implies K(U) ~ K(V); but K(U) ~ K(X) and K (V)
K(Y) (Prop.8.8), so K(X) ~ K(Y) by transitivity.

I 1R
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9.16. Corollary. If X is birational to Y, then dim X = dimY . 0

9.17. Examples.

a) The cuspidal cubic Y = V(23 — y?) C A%

We have seen that Y is not isomorphic to Al, but in fact Y and Al are
birational. Indeed, the regular map ¢ : A! — Y, t — (¢2,¢%), admits a rational
inverse ¢ : Y --» Al, (z,y) — £. 4 is regular on Y\ {(0,0)}, ¢ is dominant and
op = 11, porp = 1y asrational maps. In particular, ¢* : K(Y) — K(X) is a field
isomorphism. Recall that K[Y] = K|[t1,ts], with t3 =3, so K(Y) = K(t1,t2) =
K (t2/t1), because t; = (to/t1)? = t3/t2 = t3/t3 and to = (t2/t1)3 = t3 /13 = t3 /12,
so K(Y) is generated by a unique transcendental element. Notice that ¢ and 1
establish isomorphisms between A!\ {0} and Y \ {(0,0)}.

b) Rational maps from P! to P™.
Let ¢ : P! ——s P™ be rational: on some open U C P!,

gb([flfo,l‘l]) = [Fo(xo,l‘l), .. .,Fn(l'o,l'l)],

with Fp,..., F,, homogeneous of the same degree, without non—trivial common
factors. Assume that F;(P) = 0 for a certain index i, with P = [ag,a1]. Then
F; € I,(P) = (a1x9 — apxy), i.e. ajxg— agzy is a factor of F;. This remark implies
that V Q € P! there exists i € {0,...,n} such that F;(Q) # 0, because otherwise
Foy, ..., F, would have a common factor of degree 1. Hence we conclude that ¢ is
regular.

We have obtained that any rational map from P! is in fact regular.

c) Projections.
Let ¢ : P™ --» P™ be given in matrix form by ¥ = AX, where A is a
(m+1) x (n+ 1)-matrix, with entries in K. Then ¢ is a rational map, regular on

P\ P(KerA). Put A := P(KerA). If A = (a;;), this means that A has cartesian

equations
agoxo + ... + agpnxry, = 0
ajoro+...+aipnxr, =0

AmoTo + - .. + @mnTn, =0

The map ¢ has a geometric interpretation: it can be seen as the projection
of centre A to a complementar linear space. First of all, we can assume that rk
A =m+ 1, otherwise we replace P with P(Im A); hence dimA =n — (m + 1).

Consider first the case A : zg = ... = z,, = 0; we identify P with the
subspace of P™ of equations z,,11 = ... =z, = 0, so A and P™ are complementar
subspaces, i.e. ANP™ = () and the linear span of A and P™ is P". Then, for
Q € P\ A, ¢(Q) = [zo,..,%m,0,...,0]: it is the intersection of P™ with the
linear span of A and Q. In fact, if Q[ao,...,a,] then AQ has equations

{a;zj —ajz; =0,1,7=0,...,m (check!)
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so AQ NP has coordinates [ag, ..., am,0,...,0].

In the general case, if A = Vp(Lo,...,Ly,), with Lg,..., Ly, linearly inde-
pendent forms, we can identify P with Vp(Lyy41,...,Ly), where Lg,..., Ly,
L1, .-, Ly is a basis of (K™t1)*. Then Ly, ..., L,, can be interpreted as coor-
dinate functions on P™.

If m =n —1, then A is a point P and ¢, often denoted 7p, is the projection
from P to a hyperplane not containing P.

d) Rational and unirational varieties.

A quasi—projective variety X is called rational if it is birational to a projective
space P, or equivalently to A™. Indeed, in view of Thereom 9.15 (7ii), P and A™
are birationally equivalent.

By Theorem 9.15, X is rational if and only if K(X) ~ K(P") = K(z1,...,zy)
for some n, i.e. K(X) is an extension of K generated by a transcendence basis
(a purely transcendental extension of K). In an equivalent way, X is rational if
there exists a rational map ¢ : P™ --+ X which is dominant and is an isomorphism
if restricted to a suitable open subset U C P™. Hence X admits a birational
parametrization by polynomials in n parameters.

A weaker notion is that of unirational variety: X is unirational if there exists
a dominant rational map P" --» X ie. if K(X) is contained in the quotient
field of a polynomial ring. Hence X can be parametrised by polynomials, but not
necessarily generically one-to—one.

It is clear that, if X is rational, then it is unirational. The converse implication
has been an important open problem, up to 1971, when it has been solved in the
negative, for varieties of dimension > 3 (Clemens—-Griffiths and Iskovskih-Manin).
Nevertheless rationality and unirationality are equivalent for curves (Theorem of
Liiroth, 1880) and for surfaces if charK = 0 (Theorem of Castelnuovo, 1894).

As an example of rational variety with an explicit rational parametrization
constructed geometrically, let us consider the following quadric of maximal rank
in P3: X = Vp(zox3 — 2122), an irreducible hypersurface of degree 2. Let 7p :
P3 --s P? be the projection of centre P[1,0,0,0], such that 7p([yo,y1, 2, y3]) =
[y1, Y2, y3]. The restriction of 7p to X is a rational map 7p : X --» P2, regular on
X\ {P}. 7p has a rational inverse: indeed consider the rational map ¢ : P? --» X,
(Y1, Y2, y3] = [y1y2, Y193, y2v3, y5]. The equation of X is satisfied by the points of

P(P?): (y192)y3 = (y1y3)(y2y3). ¥ is regular on P2\ Vp(y192,y3). Let us compose
1 and Tp:

TR

"
[Wos -+ y3] € X ™5 [y1, v, 3] = [V1Y2, Y1Y3, Y23, Y3 ;

Y1Y2 = yoys implies Y o mp = 1x. In the opposite order:

"
1, Y2, y3] = (Y192, Y1Y3: Y2v3, Y3 = (Y193, Y2¥3. 3] = (V1. Y2, Y3)-

So X is birational to P2 hence it is a rational surface.
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Note that if we consider a projection mp whose centre P is not on the quadric,
we get a regular 2 : 1 map to the plane, certainly not birational.

e) A birational non-regular map from P? to P2.
The following rational map is called the standard quadratic map:

Q :P? -5 P2, [0, X1, x2] = (X122, ToT2, Tox1].

Q is regular on U := P2\ {4, B,C}, where A[1,0,0], B[0,1,0], C[0,0,1] are the
fundamental points (see Fig. 2)

Let a be the line through B and C: a = Vp(xg), and similarly b = Vp(z1),
¢ = Vp(z2). Then Q(a) = A, Q(b) = B, Q(c) = C. Outside these three lines @ is
an isomorphism. Precisely, put U’ = P?\ {a UbU c}; then Q : U’ — P? is regular,
the image is U’ and Q! : U’ — U’ coincides with Q. Indeed,

Q Q
(20, 21, T2] = [2122, ToTa, ToT1] —> [TAT122, To, T3 X9, TT1T5].

So Q o Q = 1p2 as rational map, hence Q is birational and Q = Q~'.

- Fig.2 -

The set of the birational maps P? --» P2 is a group, called the Cremona
group. At the end of XIX century, Max Noether proved that the Cremona group
is generated by PGL(3, K) and by the single standard quadratic map above. The
analogous groups for P”, n > 3, are much more complicated and a complete
description is still unknown.

We conclude this section with a theorem illustrating an application of the
linearisation procedure. We shall use the following notation: given a homogeneous
polynomial F' € K[z,,xy,...,x,], D(F):=P"\ Vp(F).
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9.16. Theorem. Let W C P™ be a closed projective variety. Let F' be a homo-

geneous polynomial of degree d in Kx,,x,,...,x,] such that W € Vp(F). Then
W N D(F) is an affine variety.

Proof. The assumption W ¢ Vp(F) is equivalent to WND(F) # . Let us consider
the d-tuple Veronese embedding vy, 4 : P* — PN with N(n,d) = (”j;d) -1,
that gives the isomorphism P" ~ V,, 4. In this isomorphism the hypersurface
Vp(F) corresponds to a hyperplane section V;, 4 N H, for a suitable hyperplane H
in PN(d4) " Therefore we have W N D(F) =~ v, o(W N D(F)) = v, qo(W)\ H =
V. a(W) N (PN \ H). There exists a projective isomorphism 7 : PN(d)
PN(d) guch that 7(H) = Hy, the fundamental hyperplane of equation zq = 0.
Therefore, denoting X := v, (W), we get X N (PN \ [) ~ 7(X) N (PN )\
Hy) = 7(X) NUp, which proves the theorem. O

As a consequence of Theorem 9.16, we get that the open subsets of the form
W N D(F) form a topology basis of affine varieties for W.

Exercises to §9.

1. Let ¢ : Al — A™ be the map defined by t — (t,2,...,t").
a) Prove that ¢ is regular and describe ¢(Al);

b) prove that ¢ : Al — ¢(A!) is an isomorphism;

c) give a description of ¢* and ¢~ 1.

2. Let f: A2 — A? be defined by: (z,y) — (z,zy).
a) Describe f(A?) and prove that it is not locally closed in AZ?.

b) Prove that f(A?) is a constructible set in the Zariski topology of A? (i.e.
a finite union of locally closed sets).

3. Prove that the Veronese variety V,, 4 is not contained in any hyperplane of
PN (n.d)

4. Let GL,(K) be the set of invertible n X n matrices with entries in K.
Prove that GL,,(K) can be given the structure of an affine variety.

5. Show the unicity of the projective transformation 7 of Theorem 9.8.
6. Let ¢ : X — Y be a regular map and ¢* its comorphism. Prove that the
kernel of ¢* is the ideal of ¢(X) in O(Y). In the affine case, deduce that ¢ is

dominant if and only if ¢* is injective.

7. Prove that O(Xp) is isomorphic to O(X)¢, where X is an affine algebraic
variety, F' a polynomial and f the function on X defined by F'.
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10. Products of quasi—projective varieties, tensors and Grassmannians.

a) Products
Let P™, P™ be projective spaces over the same field K. The cartesian product
P™ x P™ is simply a set: we want to define an injective map from P™ x P™ to a
suitable projective space, so that the image is a projective variety, which will be
identified with our product.

Let N = (n+1)(m+1)—1 and define o : P* x P™ — P¥ in the following way:

o([zo,- - zn], [Yos- -, Ym]) = [ZoYo, ToY1,-- -, TiYj, .., TnYm]. Using coordinates
wij, t=0,...,n,7=0,...,m, in PV, o is defined by
{w;j =zy;,i=0,...,n,j=0,...,m.

It is easy to observe that o is a well-defined map.
Let 3, ,, (or simply ¥) denote the image o(P™ x P™).

10.1. Proposition. o is injective and %, ., s a closed subset of PN.

Proof. If o([z], [y]) = o([2], [y']), then there exists A # 0 such that z}y} = Av;y;
for all ¢, j. In particular, if z;, # 0, yi # 0, then also x}, # 0, y;. # 0, and for all 4
x, = )\Z—i“.ri, SO [xoy ..., xn] =[x, - .., 2),]. Similarly for the second point.

k

To prove the second assertion, I claim: ¥, ,, is the closed set of equations:
() {wijwne = wigwpj, i, h=0,...,n;5,k=0...,m.

It is clear that if [w;;] € X, then it satisfies (*). Conversely, assume that [w;;]
satisfies (*) and that w,s # 0. Then

(W00, -+ s Wiy ooy Wi | = [Wo0WaBs - - s WijWaBs - - - s WrmWaB) =
= [WoaWa0; - - - WiBWayjs - - -, WnaWam] =
= o([wog, - .., Wng, [Waos - - - s Wam])-

O

o is called the Segre map and ¥, ,,, the Segre variety or biprojective space. Note
that Y is covered by the affine open subsets £% = ¥ N W, where W;; = PN\

Vp(w;;). Moreover X% = o(U; x V;), where U; x V; is naturally identified with
Antm,

10.2. Proposition. o
varieties.

uixv; 2 Ui X V= Ant™ s S s an isomorphism of

Proof. Assume by simplicity ¢ = 7 = 0. Choose non—homogeneous coordinates on
Up: u; = x;/xo and on Vy: v; = y;/yo. SO u1,...Up, V1, ...,y are coordinates on
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Up x Vp. Take non-homogeneous coordinates also on Wyo: z;; = w;j/weo. Using
these coordinates we have:

olu,xv; (UL, Un, U1, Ui) = (U1, Uy UL, UL VL, -, UL Uiy v ey U Un)
I
([Lyug, .. yunl, [L v, ... o))
ie. o(uy,...,vm) = (201,---,2nm), where
Z2i0 = UWUg, 1fz:1,,n,
205 = Uy, 1f]:1,,m,

Zij = UiV; = Zj0z0; otherwise.

Hence |y, xv, is regular.
The inverse map takes (201, ..., 2nm) t0 (210, -+ 2n0, 201, - - - » 20m ), SO it is also
regular. 0

10.3. Corollary. P" x P™ is irreducible and birational to P"T™.

Proof. The first assertion follows from Ex.5, Ch.6, considering the covering of
¥ by the open subsets ¥¥. Indeed, ¥ N X" = o((U; x V;) N (U, x Vi) =
O'((UZ ﬂUh) X (V;7 ﬂVk)), and U; N Uy, 75 0 7é ‘/J NVg.

For the second assertion, by Theorem 9.15, it is enough to note that >, ,,
and P"*™ contain isomorphic open subsets, i.e. ¥% and A", O

From now on, we shall identify P" x P™ with 3, ,,. If X CP", Y C P are
any quasi—projective varieties, then X x Y will be automatically identified with
o(X xY)C2X.

10.4. Proposition. If X and Y are projective varieties (resp. quasi—projective
varieties), then X XY is projective (resp. quasi—projective).
Proof.
c(XxY)=|Je(X xY)nL) =
,J

=X xY) 0 (U x Vj)) =
— U(a((XﬂUi) x (Y NV;))).

If X and Y are projective varieties, then X NU; is closed in U; and Y NV} is closed
in Vj}, so their product is closed in U; x Vj; since 0|y, xv; is an isomorphism, also
o(X xY)NX¥ is closed in %, so o(X x Y) is closed in X, by Lemma 8.3.

If X,Y are quasi—projective, the proof is similar: X N U; is locally closed in
U; and Y NV; is locally closed in Vj, s0 XNU; =Z\ Z', Y NV; =W\ W, with
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Z, 7'\ W, W' closed. Therefore (Z\Z')x (W\W') = ZxW\(Z'xW)U(ZxW")),
which is locally closed.
As for the irreducibility, see Exercise 10.1. O

10.5. Example. P! x P!

o: P! x P! — P3 is given by {w;; = z;y;, i = 0,1, j = 0,1. X has only one

non—trivial equation: wggwy11 — woiwig, hence X is a quadric. The equation of X

can be written as

() o |,
wip Wi

¥ contains two families of special closed subsets parametrised by P?, i.e.

{o(P xP)}pep and {o(P' x Q)}qep:-

If Plag,a1], then o(P x P!) is given by the equations:

Woo = aoYo
Wo1 = aoY1
w10 = a1Yo
w11 = a1y

hence it is a line. Cartesian equations of o(P x P1) are:

ai1wop — apwip = 0
a1wor — apwiy = 0;

they express the proportionality of the rows of the matrix (*) with coefficients
[a1, —ag]. Similarly, o(P! x Q) is the line of equations

{alwoo —apwo; =0
a1wipo — agWil = 0.

Hence Y contains two families of lines, called the rulings of ¥: two lines of the
same ruling are clearly disjoint while two lines of different rulings intersect at one
point (o(P,Q)). Conversely, through any point of ¥ there pass two lines, one for
each ruling. Note that ¥ is exactly the quadric surface of Example 9.17, d) and
that the projection of centre [1,0,0, 0] realizes an explicit birational map between
P! x P! and P2.

b) Tensors

The product of projective spaces has a coordinate-free description in terms of
tensors. Precisely, let P = P(V) and P™ = P(W). The tensor product V@ W of
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the vector spaces V, W is constructed as follows: let K(V x W) be the K-vector
space with basis V' x W obtained as the set of formal finite linear combinations
of type ¥;a;(v;, w;) with a; € K. Let U be the vector subspace generated by all
elements of the form:

(v,w) + (v, w) — (v+ 0", w),

(Ua w) + (v7 w/) o (U7 w+ w/),

(v, w) — A(v, w),

(v, ) — (A(v, w),
with v,v' € V, w,w’ € W, A € K. The tensor product is by definition the quotient
VoW :=K(V xW)/U. The class of a pair (v, w) is denoted v ® w, and called a
decomposable tensor. So V ® W is generated by the decomposable tensors; more
precisely, a general element w € V @ W is of the form ¥¥_,v; ® w;, with v; € V,
w; € W. The minimum k& such that an expression of this type exists is called the
tensor rank of w.

There is a natural bilinear map ® : VxW — V®W, such that (v, w) - v®@w.
It enjoys the following universal property: for any K-vector space Z with a bilinear
map f:V x W — Z, there exists a unique linear map f: V @ W — Z such that
f factorizes in the form f = f o ®.

If dimV = n, dimW = m, and bases B = (e1,...,e,), B = (e},...,€l.)
are given, then (e; ®ej,...,e; ®€),...e, ®ey,) is a basis of V @ W: therefore
dimV @ W = nm.

If v=uwmxer+...2n6,, W=1yi€e] +...yme,,, then v ® w = Xz;y;e; ® e;-.
So, passing to the projective spaces, the map ® defines precisely the Segre map
o :P(V)xP(W) —=P(VeW), ([v],w]) = [v®w]. Indeed in coordinates we have
([0, -, xnl, Y0, - -y Um]) = [Woo, - - - s Wpm], With w;; = z;y;. The image of ® is
the set of decomposable tensors, or rank one tensors.

The tensor product V®W has the same dimension, and is therefore isomorphic
to the vector space of n x m matrices. The coordinates w;; can be interpreted as
the entries of such a n x m matrix. The equations of the Segre variety >, ,,, are
the 2 x 2 minors of the matrix, therefore ¥, ,,, can be interpreted as the set of
matrices of rank one.

The construction of the tensor product can be iterated, to construct V; ® Vo ®
... ® V,.. The following properties can easily be proved:

LVie(zeVs)~ (Vi) e Vs;

2.VOW ~W RV,

3. V*@W ~ Hom(V,W), where f@w — (V — W :v— f(v)w).

Also the Veronese morphism has a coordinate free description, in terms of
symmetric tensors. Given a vector space V, for any d > 0 the d-th symmetric
power of V, SV or SymdV, is constructed as follows. We consider the tensor
product of d copies of V: V®...®@V = V®? and we consider its subvector space
U generated by tensors of the form v; ®...v4 —Vs(1) ® ... ® Vs(q), Where o varies
in the symmetric group on d elements Sg. Then by definition SV := V&4 /U.
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The equivalence class [v1 ® ... ® vy] is denoted as a product vy ... vg4.

There is a natural multilinear and symmetric map V x ... xV = V% — SV,
such that (vi,...,vq) — vi...vq, which enjoys the universal property. SV is
generated by the products vy ... vg4.

SV can also be interpreted as a subspace of V&%, by considering the following
map, that is an isomorphism to the image:

1
S — V®d, V...V — Egegdavg(l) X .. QVg(ad)-

If B= (e1,...,e,)is a basis of V, then it is easy to check that a basis of SV is
formed by the monomials of degree d in ey, ...,e,; therefore dim SV = ("Jrj_l).
For instance, in S?V the product v,v2 can be identified with %(ful RUy+v2R01 ).

The symmetric algebra of V is SV := ©4>05%V = K®V®S?V . ... An inner
product can be naturally defined to give it the structure of a K-algebra, which
results to be isomorphic to the polynomial ring in n variables, where n = dim V.

If char K = 0 the Veronese morphism can be interpreted in the following way:
Un.a: P(V) = P(SUV), [v] = [zoeo + - .- Tnen] — 7] = [(zoeo + - - . + Tnen)?].

Moreover S2V can be interpreted as space of the symmetric d x d matrices,
and the Veronese variety V;, o as the subset of the symmetric matrices of rank one.

In a similar way it is possible to define the exterior powers of the vector space
V. One defines the d-th exterior power AV as the quotient V®4/A, where A is
generated by the tensors of the form 11 ®...®v; ®...®v; ®...®vq, with v; = v,
for some i # j. The following notation is used: [v; ® ... @ vg] = v1 A ... Avg.

There is a natural multilinear alternating map V x ... xV = V¢ — AV,
that enjoys the universal property. Given a basis of V as before, a basis of AV
is formed by the tensors e;, A ... Ae;,, with 1 <43 < ... < ig < n. Therefore
dim AV = (Z) The exterior algebra of V is the following direct sum: AV =
Baso NCV = K@®V & A2V @ .... To define an inner product that gives it the
structure of algebra we can proceed as follows.

Step 1. Fixed v1,...,v, € V, define f : V¢ — APV posing f(z1,...,24) =
1 N...Nxg ANvi A... ANvg. Since f results to be multilinear and alternating,
by the universal property we get a factorization of f through A4V, which gives a
linear map f : A%V — APV extending f. For any w € A4V, we denote f(w) by
WAVLAN ... \NVgq.

Step 2. Fixed w € A%V, consider the map ¢ : VP — APV such that
9y, yp) = WA YL A ... Ayp: it is multilinear and alternating, therefore it
factorizes through APV and we get a linear map g : APV — APV extending g.
We denote g(o) :=w Ao.
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Step 3. For any d,p > 0 we have got a map A : A%V x APV — APV that
results to be bilinear, and extends to an inner product A : (AV) x (AV) — AV,
which gives AV the required structure of algebra.

10.6. Proposition. Let V be a vector space of dimension n.
(i) Vectors vy, ...,v, € V are linearly dependent if and only if vy A...Av, = 0.

(ii) Let v € V' be a non-zero vector, and w € A\PV. Then wAv =0 if and only
if there exists ® € AP~V such that w = ® Av. In this case we say that v divides
w.

Proof. The proof of (i) is standard. If w = ® Av, then wAv = (PAV)Av =P A(v
v) = 0. Conversely, if w Av =0, v # 0, we choose a basis of V., B = (ey,...,e,
with e; = v. Write w = ¥, <. <i,ai,..5,6i, N... ANej,. Then 0 = w A e
Yii<o<i,(F=)ai, i,e1 Neg Ao Aeg, . If iy = 1, the corresponding summand does
not appear in this sum, so it remains a linear combination of linearly independent
tensors, which implies a;,.;, = 0 every time i; > 1. Therefore w = e; A ® for a
suitable .

>

~—

O

10.7. Proposition. Let w # 0 be an element of A\PV. Then w is totally
decomposable if and only if the subspace of V: W = {v € V | v divides w} has
dimension p.

Proof. f w=x1A\...Ax, # 0, then x4, ..., z, are linearly independent and belong
to W. So we can extend them to a basis of V' adding vectors xpy1,...,z,. If v €
W,v=aiz1+...4a,x,, and v divides w, then wAv = 0, i.e. x1A.. Az, Ao+
...+ anx,) = 0. This implies ap 121 A AZp AZpr1+ ... F a1 A ATy ATy,

therefore apy1 = ... =, =0,50 v € (z1,...,Ty).

Conversely, if (x1,...,2,) is a basis of W, we can complete it to a basis of V'
and write w = Ya;,. 4,7, A...Aw;,. But 21 divides w, so wAz; = 0. Replacing w
with its explicit expression, we obtain that a;,..;, = 0if 1 ¢ {i1,...,4,}. Repeating
this argument for zg,...,z,, it remains w = a;._px1 A ... A Tp. O

With explicit computations, one can prove the following proposition.

10.8. Proposition. LetV be a vector space withdimV =n. Let B = (eq,...,ey)
be a basis of V and vy, ..., v, be any vectors. Then viA...Av, = det(A)erA.. . Aey,
where A is the matrix of the coordinates of the vectors vy,...,v, with respect to

B.

10.9. Corollary. Letvy,...,v, €V, with v; = Xa;je;, j =1,...,p. Then vi A
NV = N <<y Qg iy €3y N NEG with Ay ..i, = det(Ailmip), the determinant
of the p x p submatriz of A containing the columns of indices i1,. .., 1%p.
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¢) Grassmannians

Let V be a vector space of dimension n, and r be a positive integer, 1 < r < n.
The Grassmannian G(r, V) is the set of the subspaces of V' of dimension r. It can
be denoted also G(r,n).

There is a natural bijection between G(r,V) and the set of the projective
subspaces of P(V') of dimension r — 1, denoted G(r — 1,P(V)) or G(r — 1,n — 1).
Let W € G(r,V); if (w1,...,w,) and (z1,...,x,) are two bases of W, then w; A
... \Nw, = Ax1 Ax,, where A € K is the determinant of the matrix of the change of
basis. Therefore W uniquely determines an element of A"V up to proportionality.
This allows to define a map, called the Pliicker map, ¢ : G(r, V) — P(A"V), such
that (W) = [w1 A ... w,].

10.10. Proposition. The Plicker map is injective.

Proof. Assume (W) = (W'), where W, W' are subspaces of V' of dimension r
with bases (z1,...,2,) and (y1,...,¥,). So there exists A # 0 in K such that
1A ... ANxpr = Ay1 A ... Ay,.. This implies 1 A ... Ax,. Ay, =0 for all 7, so y; is
linearly dependent from x1,...,x,, so y; € W. Therefore W' C W. The reverse
inclusion is similar. 0J

In coordinates, ¥ (W) is given by the minors of maximal order r of the matrix
of the coordinates of the vectors of a basis of W, with respect to a fixed basis of
V.

10.11. Examples.

(i) r =n —1: A" 'V has dimension n, so it is isomorphic to the dual vector
space V*, associating to ey A... Aép A... Ae, the linear form e of the dual basis.
In this case the Pliicker map is surjective, so G(n — 1,n) ~ V*.

(i) n = 4,7 = 2: G(2,4) or G(1,3), the Grassmannian of lines of P3. In
this case ¢ : G(1,3) — P(A2V) ~ P°. Let (eg,e1,e2,e3) be a basis of V. If
¢ is the line of P? obtained by projectivisation of a subspace L C V of dimen-
sion 2, let L = (x,y); then ¥(¢) = [x A y|. Its Pliicker coordinates are denoted
Po1, P02, P03, P12, P13, P23, and p;; = x;y; — x;y;, the 2 X 2 minors of the matrix

<l‘0 r1 X2 $3>

Yo 1 Y2 Y3 )

This time v is not surjective; its image is formed by the totally decomposable
tensors. They satisfy the equation of degree 2: pg1p23 — po2p13 + pospi2 = 0, which

represents a quadric of maximal rank in P°, called the Klein quadric. The fact
that this equation is satisfied can be seen by considering the 4 x 4 matrix

o T1 T2 X3
Yo Y1 Y2 Y3
g T1 T2 I3
Yo Y1 Y2 Y3
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its determinant is precisely the above equation.

For instance the line of equations xo = x3 = 0, obtained projectivising the
subspace (eg, €1), has Pliicker coordinates [1,0,0,0, 0, 0].

In general we can prove the following theorem.

10.12. Theorem. The image of the Plicker map is a closed subset in P(A"V).

Proof. The image of the Pliicker map is the set of the proportionality classes of
totally decomposable tensors. By Proposition 10.7, a tensor w € A"V is totally
decomposable if and only if the subspace W = {v € V' | v divides w} has dimension
r. We consider the linear map ® : V. — A"V such that ®(v) = wAwv. The kernel
of ® is equal to W. So w is totally decomposable if and only if the rank of ® isn—r.
Fixed a basis B = (e1,...,e,) of V| we write w = ¥, <. <i iy €y No.. A€ .
We then consider the basis of A"tV associated to B and we construct the matrix
A of ® with respect to these bases: its minors of order n — p + 1 are equations of
the image of 9, and they are polynomials in the coordinates a;, . ;. of w. 0

From now on we shall identify the Grassmannian with the projective algebraic
set that is its image in the Pliicker map. The equations obtained in Theorem 10.12
are nevertheless not generators for the ideal of the Grassmannian. For instance,
in the case n =4,r = 2, let w = pg1eg N €1 + po2eg A ea + .... Then:
P(eg) = w A eg =pizeg A er Aex + pizeg Aer Aes + pazeg A eg A es;
P(e1) = w Aer = —po2eo A er Aea — poseg A ey A ez + pazer Aea Aes;
P(e2) = w A ez =poreg Aer Aea — pozeo A ez Aeg +pizer Aea A es;
q)(@g) =wA €3 = Po1€o A €1 A €3 —|—p0260 N €2 N €3 —|—p1261 A €2 A €3.
So the matrix is
P12 —poz por O
pis —po3s 0 po
p2s 0 —po3  po2
0 P23 P13 P12

Its 3 x 3 minors are equations defining G(1,3), but the radical of the ideal
generated by these minors is in fact (po1p2s — po2p13 + Pospi2)-

To find equations for the Grassmannian and to prove that it is irreducible, it is
convenient to give an explicit open covering with affine open subsets. In P(A"V),
let U, . i, be the affine open subset where the Pliicker coordinate p;, ;. # O.
For semplicity assume i; = 1,i5 = 2,...,%, = r, and put U = U;_,.. f W €
G(r,n) N U, and wy,...,w, is a basis of W, then the first minor of the matrix
M, of the coordinates of wq,...,w, with respect to a fixed basis of V, is non-
degenerate. So we can choose a new basis of W such that M is of the form

1 0 e 0 a1,r+1 - Q1p
M = 0 1 N 0 a2 r41 ... Q2p

0 0 ... 1 «arpg1 ... Qpp

)
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Conversely, any matrix of this form defines a subspace W € G(r,n) N U. So there
is a bijection between G(r,n) NU and K"~ ") i.e. the affine space of dimension
r(n —r). The coordinates of W result to be equal to 1 and all minors of all orders
of the submatrix of the last n — r columns of M. Therefore they are expressed as
polynomials in the r(n—r) coordinates elements of M. This shows that G(r,n)NU
is an affine rational subvariety of U. By homogenising the equations obtained in
this way, one gets equations for G(r,n).
In the case n = 4,r = 2, the matrix M becomes

. 1 0 13 (14
M_<0 1 923 0424).

One gets 1 = po1, 23 = po2, @24 = Po3, —13 = P12, —14 = P13, 013024 — Q23014 =
po3. If we make the substitutions and homogenise the last equation with respect
to po1, we find the equation of the Klein quadric.

We remark that G(r,n) NU;, ;. is the set of the subspaces W which are
complementar to the subspace of equations z;, = ... =z; =0.

Concluding, the projective algebraic set G(r,n) has an affine open covering
with irreducible varieties isomorphic to A"("~") and it is easy to check that they
have two by two non-empty intersection. Using Ex. 5 of §6, we deduce that G(r, n)
is a projective variety, of dimension r(n — r), and it is rational.

In the special case n > 4,7 = 2, using the Pliicker coordinates |[. .., p;;, ...}, the
equations of the Grassmannian G(2,n) are of the form p;;pnr — pinpjr +pirpin = 0,
forany i1 < j < h <k.

Also in the case of G(2,n), as for P x P™ and V/, 2, there is an interpretation
in terms of matrices. Given a tensor in A?V with coordinates [p;;], we can consider
the skew-symmetric n X n matrix whose term of position 4, j is indeed p;;, with the
conditions p;; = 0 and pj; = —p;;. In this way we can construct an isomorphism
between A%V and the vector space of skew-symmetric matrices of order n.

From 'A = —A, it follows det(A) = (—1)"det(A). If n is odd, this implies
det(A) = 0. If n is even, one can prove that det(A) is a square. For instance if
n=2and A= (_Oa 8) , then det(A) = a?.

0 P12 P13 DPi4
If n =4, and P = “p2 0 P23 P , then det(P) = (p12pss —
—p13 —p23 0 paa
—p1a —p2a —p3a O
P13P24 + Prap23)’.

In general, for a skew-symmetric matrix A of even order 2n, one defines the

pfaffian of A, pf(A), in one of the following equivalent ways:

(i) by recursion: if n = 1, pf (_Oa g) = a?; if n > 1, one defines pf(4) =
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¥2m,(—1)tay; Pf(Ay;), where Ay; is the matrix obtained from A removing the rows
and the columns of indices 1 and i. Then one verifies that pf(A4)% = det(A).

(ii) Given the matrix A, one considers the tensor w = X" _ a:5e; Aej € K™
Then one defines the pfaffian as the unique constant such that pf(A)eiA. .. Aeq, =
1
WAL AW

For a skew-symmetric matrix of odd order, one defines the pfaffian to be 0.

10.13. Proposition. A 2-tensor w € A2V is totally decomposable if and only if
wAw=0.

Proof. If w is decomposable, the conclusion easily follows. Conversely, if w =
Z%:lalj e; Nej and w Aw = 0, then the pfaffians of the principal minors of order 4
of the matrix A corresponding to w are all 0, therefore from definition (ii) it follows
that the pfaffians of the principal minors of all orders are 0, and also det(A) = 0.
In conclusion A has rank 2. Then one checks that w is the A product of two vectors
corresponding to two linearly independent rows of A. For instance, if a12 # 0, then

W = (CL1262 +...+ alnen) A (—a12€1 + a93€3 + ...+ agnen). ]

The equations of G(2,n) are the pfaffians of the principal minors of order 4
of the matrix P. They are all zero if and only if the rank of P is 2. Therefore
the points of the Grassmannian G(2,n), for any n, can be interpreted as skew-
symmetric matrices of order n and rank 2.

The subvarieties of the Grassmannian G(r,n) correspond to subvarieties of P™
covered by linear spaces of dimension r. Conversely, any subvariety of P™ covered
by linear spaces of dimension r gives rise to a subvariety of the Grassmannian.

10.14. Examples. 1. Pencils of lines. A pencil of lines in P™ is the set of lines
passing through a fixed point O and contained in a 2-plane 7w such that O € .
Assume that O has coordinates [yo,. .., ys], and fix two points A, B € 7, different
from O. Let A = [ag,...,ay], Blbg,...,by]. Then a general line of the pencil is
generated by O and by a point of coordinates [...,Aa; + ub;,...]. Therefore the
Pliicker coordinates of a general line of the pencil are p;; = y;(Aa;+pb;) —y;(Aa; +
pbi) = Agij + pg;;, where g;j, q;; are the Pliicker coordinates of the lines OA and
OB respectively. So the lines of the pencil are represented in the Grassmannian
by the points of a line. Conversely one can check that any line contained in a
Grassmannian of lines represents the lines of a pencil.

2. Lines a smooth quadric surface. Let ¥ : xgx3 — x1292 = det (ig 2) =0
be the Segre quadric in P3. A line of the first ruling of ¥ is characterised by a
o 1
T2 X3
by two points with coordinates [zg, x1,0,0], [0,0, o, z1]. The Pliicker coordinates
of such a line are [0,23,oz1,z071,27,0]. This describes a conic contained in

constant ratio of the rows of the matrix . Therefore it can be generated
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G(1,3). Similarly, the lines of the second ruling describe the points of another
conic, indeed the coordinates are [z3,0, zox2, —ToT2,0,23]. These two conics are
disjoint and contained in disjoint planes.

3. One can prove that G(1,3) contains two families of planes, and no linear
space of dimension > 2. The planes of one family correspond to stars of lines
in P3 (lines of P3 through a fixed point), while the planes of the second family
correspond to the lines contained in the planes of P3. The geometry of the lines
in P? translates to give a decription of the geometry of the planes contained in
G(1,3). Since on an algebraically closed field of characteristic # 2 two quadric
hypersurfaces are projectively equivalent if and only if they have the same rank,
one obtains a description of the geometry of all quadrics of maximal rank in P°.

Exercises to §10.
1. Using Ex. 5 of §6, prove that, if X C P, Y C P™ are irreducible projective
varieties, then X x Y is irreducible.

2. (*) Let X C A", Y C A™. Show that X NY ~ (X xY)N Apn, where Ayn
is the diagonal subvariety.

3. Let L, M, N be the following lines in P3:
LZ.CI?():iEl:O,Ml.’L'Q:$3:O,N2$0—l’2:$1—1’3:0.

Let X be the union of lines meeting L, M and N: write equations for X and
describe it: is it a projective variety? If yes, of what dimension and degree?

4. Let X,Y be quasi—projective varieties, identify X x Y with its image via
the Segre map. Check that the two projection maps X x Y 2 X, X xY B Y are
regular. (Hint: use the open covering of the Segre variety by the ¥%’s.)

11. The dimension of an intersection.
Our aim in this section is to prove the following theorem:

11.1. Theorem. Let K be an algebraically closed field. Let X, Y C P™ be
quasi—projective varieties. Assume that X NY # (. Then if Z is any irreducible
component of X NY, then dim Z > dim X + dimY — n.

The proof uses in an essential way the Krull’s principal ideal theorem (see for
instance Atiyah-MacDonald [1]).

The proof of Theorem 11.1 will be divided in three steps. Note first that we
can assume that X NY intersects Uy >~ A", so, possibly after restricting X and Y,
we may work with closed subsets of the affine space. Put »r = dim X, s = dimY.

Step 1. Assume that X = V(F) is an irreducible hypersurface, with F' ir-
reducible polynomial of K[z,,...,z,]. The irreducible components of X NY cor-
respond, by the Nullstellensatz, to the minimal prime ideals containing I(X NY)
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in K[z,,...,z,]. Let me recall that I(X NY)=+/I(X) + I(Y)= \/(I(Y),F). So
those prime ideals are the minimal ones over (I(Y), F'). They correspond bijec-
tively to minimal prime ideals containing (f) in O(Y), where f is the regular
function on Y defined by F. We distinguish two cases:

-fYCX=V(F),then f=0and YNX =Y; s=dimY >r+s—n=
(n —1) +s —n. So the theorem is true.

-if Y ¢ X, then f # 0, moreover f is not invertible, otherwise X N Y = (:
hence the minimal prime ideals over (f) in O(Y) have all height one, so for all Z,
irreducible component of X NY, dimZ =dimY — 1 =r+ s —n (Theorem 7.7).

Step 2. Assume that I(X) is generated by n — r polynomials (where n —r is
the codimension of X): I(X) = (Fy,..., F,,—,). Then we can argue by induction
on n —r: we first intersect Y with V(F}), whose irreducible components are
all hypersurfaces, and apply Step 1: all irreducible components of Y N V(Fy)
have dimension either s or s — 1. Then we intersect each of these components
with V(Fy), and so on. We conclude that every irreducible component Z has
dmZ >dimY —(n—7r)=r+s—n.

Step 3. We use the isomorphism ¢ : X NY ~ (X xY)NApn (see Ex.2, §10).
Note that X x Y is irreducible by Proposition 6.11. % preserves the irreducible
components and their dimensions, so we consider instead of X and Y, the algebraic
sets X x Y and Apn, contained in A?". We have dim X x Y = r + s (Proposition
7.10). Apn is a linear subspace of A2, so it satisfies the assumption of Step 2;
indeed it has dimension n in A?" and is defined by n linear equations. Hence, for
all Z we have: dimZ > (r+s)+n—2n=r+s—n. O

The above theorem can be seen as a generalization of the Grassmann relation
for linear subspaces. It is not an existence theorem, because it says nothing about
X NY being non—empty. But for projective varieties, the following more precise
version of the theorem holds:

11.2. Theorem. Let X,Y C P" be projective varieties of dimensions r,s. If
r+s—n>0,then XNY # .

Proof. Let C(X), C(Y) be the affine cones associated to X and Y. Then C'(X) N
C(Y) is certainly non—empty, because it contains the origin O(0,0,...,0). Assume
we know that C(X) has dimension r + 1 and C(Y) has dimension s + 1: then
by Theorem 11.1 all irreducible components Z of C(X) N C(Y') have dimension
>(r+1)+(s+1)—(n+1)=r+s—n+12>1, hence Z contains points different
from O. These points give rise to points of P belonging to X NY. It remains to
show:

11.3. Proposition. LetY C P™ be a projective variety.

Then dimY = dimC(Y) — 1. If S(Y) denotes the homogeneous coordinate
ring, hence also dimY = dim S(Y) — 1.
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Proof. Let p : A"™1\ {O} — P" be the canonical morphism. Let us recall that
C(Y)=p 1 (Y)U{O}. Assume that Yy := Y NUy # () and consider also C(Yp) =
p~1(Yo) U{O}. Then we have:

C(YO) = {()\, Aag, ... ,)\an) | Ae K, (CLl, ce ,an) S Yo}
So we can define a birational map between C(Yp) and Yy x Al as follows:

(Y0, Y15+ Yn) € C(Yo) = ((¥1/Y0,- -, Yn/¥0), ¥0) € Yo x AL,
((al,. .. ,an),)\) €Yy x Al — ()\,)\al, .. .,)\an) S C(Yo)

Therefore dim C(Yy) = dim(Yy x A') = dim Yy + 1. To conclude, it is enough to
remark that dimY = dimYp and dim C(Y) = dim C(Yp) = dim S(Y'). O

We observe that also C(Y) and Y x P! are birationally equivalent.

11.4. Corollaries.

1. If X,Y C P? are projective curves over an algebraically closed field, then
XNy #0.

2. P! x P! is not isomorphic to P?.

Proof. 1. is a straightforward application of Theorem 11.2. To prove 2., assume
by contradiction that ¢ : P! x P! — P? is an isomorphism. If L, L’ are skew lines
on P! x P!, then ¢(L), ¢(L’') are rational disjoint curves of P2, which contradicts
1.

If X, Y C P™ are varieties of dimensions r,s, then r + s — n is called the
expected dimension of X NY . If all irreducible components Z of X N'Y have the
expected dimension, then we say that the intersection X NY is proper or that X
and Y intersect properly.

For example, two plane projective curves X, Y intersect properly if they don’t
have any common irreducible component. In this case, it is possible to predict the
number of points of intersections. Precisely, it is possible to associate to every
point P € X NY a number i(P), called the multiplicity of intersection of X and
Y at P, in such a way that ) p.ynqy i(P) = dd’, where d is the degree of X and
d’ is the degree of Y. This result is known as Theorem of Bézout, and is the first
result of the branch of algebraic geometry called Intersection Theory. For a proof
of the Theorem of Bézout, see for instance the classical book of Walker [8], or the
book of Fulton on Algebraic Curves [5].

Let X be a closed subvariety of P™ (resp. of A™) of codimension r. X is called
a complete intersection if I, (X) (resp. I(X)) is generated by r polynomials.

Hence, if X is a complete intersection of codimension r, then X is certainly the
intersection of r hypersurfaces. Conversely, if X is intersection of r hypersurfaces,
then, by Theorem 11.1, using induction, we deduce that dim X > n — r; even
assuming equality, we cannot conclude that X is a complete intersection, but
simply that I(X) is the radical of an ideal generated by r polynomials.
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11.5. Example. Let X C IP? be the skew cubic. The homogeneous ideal of X is
generated by the three polynomials F}, Fy, F3, the 2 X 2—minors of the matrix

M — (1?0 I1 902) :
ryr T2 X3
which are linearly independent polynomials of degree 2. Note that Ij,(X) does not
contain any linear polynomial, because X is not contained in any hyperplane, and
that the homogeneous component of minimal degree 2 of I},(X) is a vector space
of dimension 3. Hence I;,(X) cannot be generated by two polynomials, i.e. X is

not a complete intersection.
Nevertheless, X is the intersection of the surfaces Vp(F'), Vp(G), where

o T1 T2
and G =|z1 22 x3
o2 T3 X

ro I1

F=F= 21 2

Clearly F,G € Iy(X) so X C Vp(F) N Vp(G). Conversely, observe that G =
roF — x3(wow3 — 2129) + 22 (2123 — 23). If Plxg, ..., 23] € Vp(F) N Vp(G), then
P is a zero of 90090% — 2T 1973 + x%, and therefore also of

To(T0x3 — 221 T0w3 + T3) = 2223 — 2x w573 + 1y = (1123 — 23) = F5.
Hence P is a zero also of F3 = x1x3 —x%. So P annihilates x3(zox3—x122) = x3F5.
If P satisfies the equation x3 = 0, then it satisfies also x5 = 0 and x1 = 0, therefore
P =11,0,0,0] € X. If 23 # 0, then P € Vp(Fy, F», F3) = X.

The geometric description of this phenomenon is that the skew cubic X is the
set-theoretic intersection of a quadric and a cubic, which are tangent along X, so
their intersection is X counted with multiplicity 2.

This example motivates the following definition: X is a set—theoretic complete
intersection if codimX = r and the ideal of X is the radical of an ideal generated by
r polynomials. It is an open problem if all irreducible curves of P? are set—theoretic
complete intersections. For more details, see [4].

Exercises to §11.
1. Let X C P? be the union of three points not lying on a line. Prove that
the homogeneous ideal of X cannot be generated by two polynomials.

12. Complete varieties.

We work over an algebraically closed field K.

12.1. Definition. Let X be a quasi—projective variety. X is complete if, for
any quasi—projective variety Y, the natural projection on the second factor ps :
X xY — Y is a closed map. (Note that both projections py, p2 are morphisms:
see Exercise 4 to §10.)
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Example. The affine line A! is not complete: let X =Y = Al py :
Al x Al = A% — Al is the map such that (x1,29) — 22. Then Z := V(z125 — 1)
is closed in A? but py(Z) = Al \ {O} is not closed.

12.2. Proposition. (i) If f : X — Y is a regular map and X is complete, then
f(X) is a closed complete subvariety of Y.
(ii) If X is complete, then all closed subvarieties of X are complete.

Proof. (i) Let 'y C X x Y be the graph of f: I'y = {(z, f(z)) | + € X}. It is clear
that f(X) = p2(I'f), so to prove that f(X) is closed it is enough to check that I'¢ is
closed in X xY. Let us consider the diagonal of Y: Ay = {(y,y) |y € Y} C Y xY.
IfY C P7, then Ay = ApnN(Y xY'), so it is closed because Apx is the closed subset
defined in ¥,, ,, by the equations w;; — w;; =0, 4,5 = 0,...,n. There is a natural
map fx1ly : X XY =Y xY, (z,y) = (f(z),y), such that (f x 1y)"'(Ay) =T}.
It is easy to see that f x 1y is regular, so I'; is closed, so also f(X) is closed.

Let now Z be any variety and consider ps : f(X) X Z — Z and the regular
map f X 1z : X x Z — f(X) x Z. There is a commutative diagram:

Xxz 2 Z
¢f><1z / P2
f(X)xZ

If T C f(X)x Z, then (f x 1z)7Y(T) is closed and po(T) = ph((f x 1z)~Y(T)) is
closed because X is complete. We conclude that f(X) is complete.

(ii) Let T C X be a closed subvariety and Y be any variety. We have to prove
that po : T XY — Y isclosed. If Z C T x Y is closed, then Z is closed also in
X x Y, hence py(Z) is closed because X is complete. O

12.3. Corollaries.
1. If X is a complete variety, then O(X) ~ K.
2. If X is an affine complete variety, then X is a point.

Proof. 1. If f € O(X), f can be interpreted as a regular map f : X — Al. By
Proposition 12.2, (i), f(X) is a closed complete subvariety of Al which is not
complete. Hence f(X) has dimension < 1 and is irreducible, hence it is a point,
so f e K.

2. By 1., O(X) ~ K. But O(X) ~ Klz,,...,2,]/I(X), hence I(X) is
maximal. By the Nullstellensatz, X is a point. 0

12.4. Theorem. Let X be a projective variety. Then X is complete.

Proof. (sketch, see Safarevic [7].)

1. It is enough to prove that ps : P™ x A™ — A"™ is closed, for all n, m. This
can be observed by using the local character of closedness and the affine open
coverings of quasi—projective varieties.
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2. If zg,...,x, are homogeneous coordinates on P" and y1,...,y,, are coor-
dinates on A™, then any closed subvariety of P x A™ can be characterised as the
set of common zeroes of a set of polynomials in the variables xg, ..., Tn, 1, -, Ym,
homogeneous in the first group of variables zq, ..., x,.

3. Let Z C P™ x A™ be closed. Then Z is the set of solutions of a system of
equations

{Gi(xo,y .y Tn3 Y1y ym) = 0,0 =1,...,t

where G; is homogeneous in the z’s. A point P(yy,...,7,,) is in p2(Z) if and only
if the system

{Gi(zo, - s Tn; Yoy Up) =0,i=1,...,¢t

has a solution in P", i.e. if the ideal of K|xg,...,z,]| generated by G1(x;7),...,
G¢(z;7) has at least one zero in P". Hence

p2(Z2) ={@,-- - Un)| ¥ d 2 1 (G1(2:7), ..., Ge(2:7)) D K[wo, ..., xn]a} =
= (@10l (Gi(@:9), ..., Gu(2:9)) D Ko, -, zala}-

d>1

Let {My},_, ("5 be the set of the monomials of degree d in K|z, ..., x,]; let
=1,...,("%

d; = deg G;(z;7); let {NZ’B } be the set of the monomials of degree d —d;; let finally
Ty = {(ylv s 7ym)| <G1($’;y), s 7Gt(x;y)> 25 K[ZC(), s 7$n]d}-

Then P(Yy,...,¥,,) € Tq if and only if My, =), Gi(2;9)F; o (20, . .., y), for
all o and for suitable polynomials F; , homogeneous of degree d — d;. So P ¢ Ty
if and only if, for all index a, M, is a linear combination of the polynomials
{Gi(x;g)Nf}, i.e. the matrix A of the coefficients of the polynomials Gi(a:;g)Nf
with respect to the basis { M, } has maximal rank (";d). So T} is the set of zeroes

of the minors of a fixed order of the matrix A, hence it is closed. 0

12.5. Corollary. Let X be a projective variety. Then O(X) ~ K.

12.6. Corollary. Let X be a projective variety, ¢ : X — Y C P™ be any regular
map. Then ¢(X) is a projective variety. In particular, if X ~ Y, then Y is
projective.

In algebraic terms, Theorem 12.4 can be seen as a result in Elimination The-
ory. Indeed it can be reformulated by saying that, given a system of algebraic
equations in two sets of variables, xq,...,z, and y1, ..., ¥ymn, homogeneous in the
first ones, it is possible to find another system of algebraic equations only in
Y1, ---,Ym, Such that y1,...,¥,, is a solution of the second system if and only if
there exist zg,...,Z,, that, together with ¢1,..., %, are a solution of the first
system. In other words, it is possible to eliminate a set of homogeneous variables
from any system of algebraic equations.
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12.7. Example. Let S = Klxg,...,z,]. Let d > 1 be an integer number and
consider Sy, the vector space of homogeneous polynomials of degree d. As an
application of Theorem 12.4, we shall prove that the set of (proportionality classes
of) reducible polynomials is a projective algebraic set in P(Sy).

We denote by X C P(S,) the set of reducible polynomials. For any integer
k, 0 < k < d, let X € X be the set of polynomials of the form FiF, with
deg Fy = k,deg Fy = d—k. Then X = |JI_] Xp. Let fi, : P(Sk) xP(Sa_r) — P(S4)
be the multiplication of polynomials, i.e. fi([Fi], [F2]) = [F1F2] . fr is clearly a
regular map, and its image is Xy = Xy4_r. Since the domain is a projective
variety, and precisely a Segre variety, it follows from Theorem 12.4 that X} is also
projective.

In the special case d = 2, the quadratic polynomials, the equations of X = X
are the minors of order 3 of the matrix associated to the quadric.

13. The fibres of a morphism.

In this section we will see the notion of finite morphism, the Theorem on the
dimension of the fibres of a morphism, and an application about the existence of
lines on a hypersurface of given degree in a projective space.

I'm only giving a sketch. For the proofs, see Atiyah-MacDonald [1] for the
algebraic part, and Safarevié, [7] for the geometric part.

Let A C B be rings, A subring of B. B is called an integral extension of B if
any b € B is integral over A.

13.1. Theorem. Let x € B, let A[x] C B be the A-algebra generated by x.

The following are equivalent:

1) x is integral over A;

2) Alz] is a finite A-module;

3) there ezists a subring C C B, with Alz] C C, such that C is a finite
A-module.

Proof. Atiyah-MacDonald.

13.2. Corollaries. Let A C B.

1. Let by,...,b, € B be integral over A. Then Alby,...,b,] is a finite A-
module.

2. Let C = {b € B | b integral over A}: it is a subring of B containing A,
called the integral closure of A in B. If C' = A, then A is called integrally closed
m B.

3. Transitivity: Let A C B C C. If B is integral extension of A and C is
integral extension of B, then C' is integral extension of A.

4. Let C be the integral closure of A in B. Then C' is integrally closed in B.

5. Assume that A and B are both integral domains, and B is integral extension

of A. Then A is a field if and only if B is a field.
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6. Property of Lying Over - LO: let B be integral extension of A. If P C A
is a prime ideal, then there exists a prime ideal @ of B such that P = QN A.

We give now the geometric interpretation of the previous notions.

Let f : X — Y be a dominant morphism of affine varieties. Then the co-
morphism f* : K[Y] — K[X] is injective: we will identify K[Y] with its image
f*K[Y] C K[X].

13.3. Definition. f is a finite morphism if K[X] is an integral extension of K[Y].

Finite morphisms enjoy the following properties, which are consequences of
Corollaries 13.2.

13.4. Proposition.
1. The composition of finite morphisms is a finite morphism;
2. lety €Y, then f~(y) is a finite set;
3. Finite morphisms are surjective, i.e. ffl(y) 18 non-empty for any y € Y;
4. Finite morphisms are closed maps.

An example of non-finite morphism is the projection V(zy—1) — A'. Instead
the projection po : V(y — 22) — Al is finite.

One can prove that being a finite morphism is a local property, in the following
sense: let f : X — Y be a morphism of affine varieties. Then f is finite if and
only if any y € Y has an affine open neighbourhood V, such that U := f~1(V) is
affine, and the restriction f |: U — V is a finite morphism. This property allows
to give the definition of finite morphisms between arbitrary varieties. They always
have the property that all the fibres are finite, where we call fibres of a morphism
the inverse images of the points of the codomain.

13.5. Examples.

1. Let X C P™ be a closed algebraic set, let A C P™ be a linear subspace
of dimension d such that X N A = (). Then the restriction of the projection
ma @ X — P"471 defines a finite morphism from X to ma (X).

2. Let X C P" be a closed algebraic set and Fy,..., F,. be homogeneous
polynomials of the same degree without any common zero on X. Then ¢ : X — P"
defined by the polynomials Fp, ..., F is a finite morphism to the image.

3. Geometric interpretation of the Normalisation Lemma: Let X C A™ be
an affine variety of dimension d. Then there exists a finite morphism X — A%,
Moreover it can be taken to be a projection.

For general morphism, the following theorem gives informations about the
behaviour of the fibres.
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13.6. Theorem on the dimension of the fibres.

Let f : X — Y be a surjective morphism of algebraic sets. Let n = dim X,
m=dimY. Then:

1. n>m;

2. for any y € Y, and for any irreducible component F' of f~1(y), dim F >
n—m;

3. there exists a non-empty open subset U C Y, such that dim f~1(y) = n—m
for anyy e U.

As a consequence of this theorem, it is possible to prove the following useful
proposition:

13.7. Proposition. Let f : X — Y be a surjective morphism of projective
algebraic sets. Assume that'Y is irreducible and that all fibres of f are ireducible
and of the same dimension, then also X is irreducible.

As an application, we will study the existence of lines on hypersurfaces of
fixed degree. Let S = KJzg,...,x,], let d > 1 be an integer number, then P(S,)
is a projective space of dimension N = (";rd) — 1, parametrising the hypersur-
faces of degree d in P”. Among them there are reducible and even non-reduced
hypersurfaces (i.e. those corresponding to non square-free polynomials). Let us
introduce the incidence correspondence line-hypersurface as follows. We consider
the product variety G(1,n) x P(S4), whose points are the pairs (¢, [F]), where £ is
a line in P" and F' € Sy, that we can identify with the hypersurface Vp(F'). The
incidence variety in G(1,n) x P(Sy) is Tgq :={(¢,[F]) | £ C Vp(F)}.

13.8. Proposition. I'y is a projective algebraic set, i.e. it is the set of zeroes
of a set of bthomogeneous polynomials in the Plicker coordinates p;; and in the
coefficients a;,.. i, of F.

Proof. Let P = (p;j) be the skew-symmetric matrix, whose elements are the co-
ordinates of a line /: it has rank two and from Proposition 10.13 it follows that
each non-zero row of P contains the coordinates of a point of £. So the rows of P
are a system of generators of a vector plane W, such that ¢ = P(WW). Hence the
coordinates of any point of ¢ are linear combinations of the rows of P, of the form
(xo = XiNiDoiy - Tn = XiNiPni). A line £ is contained in Vp(F') if and only if
the equation F'(3;\ipoi,-- -, 2iAiPni) = 0 is an identity in Ao, ..., A,. Therefore,
I’y is the set of common zeroes of the coefficients of the monomials of degree d in
Aoy - - -y Ap: they are homogeneous of degree 1 in the coefficients of F' and of degree
d in the p;;’s. 0
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13.8. Example. Let n =d =3, F = 23 — x1w223 € S3. We put

o = A1Po1 + A2po2 + A3po3

T1 = —Aopo1 + A2p12 + A3pi3
T = —Aopo2 — A1P12 + A3p23
T3 = —Aopo3 — A1P13 — A2p23

then we replace in F, and we get the identity (A1po1 + A2po2 + A3po3)® — (—Aopor +
A2p12 + A3p13)(—Aopo2 — A1pi2 + Azp23) (—Aopos — A1p13 — A2p23) = 0. By equating
to zero the coefficients of the 20 monomials of degree 3 in Ag,..., A3 we get the
equations representing the lines contained in Vp(F).

As a matter of fact, for this particular surface finding the lines contained in
it is particularly simple. Indeed, we can distinguish the lines contained in the
hyperplane “at infinity” from the lines which are projective closure of a line in A3.
The first ones are contained in xy = 0, and it is clear that there are only three of
them: xg =21 = 0,29 = 292 = 0,29 = x3 = 0. To find the others we dehomogenise
F' and get the equation zi;x9x3 — 1 = 0, and consider the parametrisation of a
general line in A3: x; = a;t + b;, i = 1,2, 3. By substituting, we immediately see
that there are no solutions. We conclude that the surface contains only three lines.

We consider now the restrictions to I'y of the two projections, and we get
¢1 : Fd — G(l,n), ¢2 : Fd — ]P(Sd> We have:

1. ¢1(T'q) = G(1,n), because any line ¢ is contained in some hypersurface
of degree d; up to a change of coordinates, we can assume that ¢ : zg = 27 =
ceo = Zp—o = 0. Sol C Vp(F) if and only if F(0,...,0,2,_1,2,) = 0, if and
only if the coefficients of the monomials containing only x,,_1, x, vanish, i.e. F'is
of the form xqGo + ...+ x,,_2Gp_2. So gbl_l(ﬂ) is a linear subspace of dimension
N — (d +1). In particular we have that the fibres of ¢; are all irreducible and of
the same dimension. By applying Theorem 13.6, we obtain that I'; is irreducible
of dimension dim G(1,n) 4+ dim ¢; ' (¢) = 2(n — 1) + N — (d + 1).

2. Consider now ¢, : I'y — P(Sy) = PV, If dimI'y > N, then ¢ cannot be
surjective. This happens if

2(n—1)+ N —(d+ 1) < N if and only if d > 2n — 3.
We have proved the following theorem.

13.9. Theorem. Ifd > 2n — 3, there is an open non-empty subset U C P(Sy),
such that if [F] € U then the hypersurface Vp(F') does not contain any line; shortly,
a “general” hypersurface of degree d in P™ does not contain any line. The hyper-
surfaces containing a line form a proper closed subset in P(Sy).

13.10. Example. Let n = 3, the case of surfaces in P3. Theorem 13.9 says
that a general surface of degree > 4 does not contain lines. Let us analyse the
cases d = 1,2, 3.
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e d = 1: the surface is a plane, the lines in a plane form a P2.

e d = 2: the surface is a quadric, any quadric contains lines, and precisely, if
its rank is 4, it contains two families of dimension 1 parametrised by two conics in
G(1, 3); if the rank is 3, the quadric is a cone, and it contains a family of dimension
1 of lines, parametrised by a conic in G(1,3). In both cases of rank 3,4 the fibres
of ¢o have dimension 1. If the rank is 2 or 1, the quadric is a pair of distinct planes
or one plane with multiplicity 2, and the fibre of ¢ has dimension 2.

e d = 3: in this case N = 19 = dimI';. Two cases can occur: either ¢-
is surjective, and a general fibre has dimension 0, or it is not surjective, so if a
cubic surface contains a line, it contains by consequence infinitely many lines. But
in Example 13.8 we have seen an explicit example of a cubic surface containing
finitely many lines; this shows that the first possibility occurs, i.e. a general cubic
surface contains finitely many lines.

It is a classical fact that a general cubic contains exactly 27 lines, whose con-
figuration is completely described (see for instance Hartshorne [3]). In particular,
among these 27 lines there are many pairs of skew lines. It is a nice application of
the theory we have developed so far to prove that such a cubic surface is rational.

13.11. Theorem. Let S C P2 be a cubic surface containing two skew lines. Then
S is rational.

Proof. Let £,{' be two skew lines contained in S. For any point P € P3, P ¢ {U//,
there is exactly one line rp passing through P and meeting both ¢ and ¢': rp
is the intersection of the two planes passing through P and containing ¢ and ¢
respectively. So we can consider the rational map f : P3 --» ¢ x ¢/ ~ P! x P!, such
that f(P) is the pair of points of intersection of rp with ¢ and ¢'. We consider
now the restriction f of f to S, and we get a birational map. Indeed, for any pair
of points € £ and z’ € ¢, the line joining x and z’, if not contained in S, meets
S in a third point. Since not all lines meeting ¢ and ¢’ can be contained in S,
this defines the rational inverse of f. Therefore S is birational to P! x P!, that is
birational to P2. By transitivity we conclude that S is rational. O

14. The tangent space.

We define the tangent space T'x ;, at a point P of an affine variety X as the union
of the lines passing through P and “touching” X at P. Then we will find a “local”
characterization of T'x ,, only depending on the local ring Ox ,: this will allow to
define the tangent space at a point of any quasi—projective variety.

Assume first that X C A" is closed and P = O = (0,...,0). Let L be a line

through P: if A(aq,...,a,) is another point of L, then a general point of L has
coordinates (tai,...,tay), t € K. If I(X) = (Fi,..., Fy,), then the intersection
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X N L is determined by the following system of equations in the indeterminate t¢:
Fi(tay, ..., tay) = ... = Fy(tay,... ta,) = 0.

The solutions of this system of equations are the roots of the greatest common
divisor G(t) of the polynomials Fy(taq,...,tay),..., Fp(tay,... ta,) in K[t]. We
may factorize G(t) as G(t) = ct®(t — a1)°* ... (t — a)®, where e > 0 if and only if
Pe XNL,and ay,...,as # 0. The number e is by definition the intersection
multiplicity at P of X and L. If G(t) is identically zero, then L C X and the
intersection multiplicity is, by definition, +oc.

Note that the polynomial G(t) doesn’t depend on the choice of the generators
Fy,...,F, of I(X), but only on the ideal I(X) and on L.

14.1. Definition. The line L is tangent to the variety X at P if the inter-
section multiplicity of L and X at P is at least 2 (in particular if L C X). The
tangent space to X at P is the union of the lines that are tangent to X at P;
it is denoted Tp x.

We will see now that T'p x is an affine subspace of A”. Assume that P € X:
then the polynomials F; may be written in the form F; = L; + G;, where L; is
a homogeneous linear polynomial (possibly zero) and G; contains only terms of
degree > 2. Then

Fi(tay,...,ta,) =tLi(ay,...,a,) + Gi(taq, ..., tay),

where the last term is divisible by t2. So L is tangent to X at P if and only if
Li(ai,...,a,)=0foralli=1,...,m.
Therefore a point A(aq,...,a,) belongs to Tp x if and only if

Ll(al,...,an) :...:Lm(al,...,an):O.

This shows that Tp x is a linear subspace of A", whose equations are the linear
components of the equations defining X.

14.2. Examples.

(i) To,an = A™, because I(A™) = (0).

(ii) If X is a hypersurface, I(X) = (F), F = L + G, then Tp x = V(L):
so To,x is either a hypersurface if L # 0, or the whole space A" if L = 0. For
instance, if X is the affine plane cuspidal cubic V(z® — y?) C A%, Tp x = A?.

Assume now that P € X has coordinates (y1,...,¥yn). With a linear trans-
formation we may translate P to the origin (0,...,0), taking as new coordinates
functions on A" 1 — y1,...,2, — yn. This corresponds to considering the K-
isomorphism Klz1,...,z,] — K[z1 —y1,..., % — yn], which takes a polynomial
F(xy,...,x,) to its Taylor expansion

G@r =1, n—Yn) = Fy1, - yn) +dpF +dDF 4 ..
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where dg)F denotes the i*" differential of F at P: it is a homogeneous polynomial

of degree ¢ in the variables x1 — y1,..., 2, — y». In particular the linear term is
OF OF
d F = - P - e a P n-— Yn)-
PF = S (P)ar =) + oo+ 5 (P)an = )

We get that, if I(X) = (F1,..., Fi,), then Tp x is the linear subspace of A™ defined
by the equations

dpF) =...=dpF,, =0.

The affine space A™, which may identified with K™, has a natural structure
of K-vector space with origin P, so in a natural way Tp x is a vector subspace
(with origin P). The functions =1 — y1, ..., =, — y, form a basis of the dual space
(K™)* and their restrictions generate T} 5. Note moreover that dim7T} = k
if and only if n — k is the maximal number of polynomials linearly indep’endent
among dply,...,dpF,,. If dpF},...,dpF,_; are these polynomials, then they
form a base of the orthogonal TI%X of the vector space Tp x in (K™)*, because
they vanish on T’p x.

Let us define now the differential of a regular function. Let f € O(X) be a
regular function on X. We want to define the differential of f at P. Since X is
closed in A", f is induced by a polynomial F' € Klz,,...,z,]| as well as by all
polynomials of the form F' + G with G € I(X). Fix P € X: then dp(F + G) =
dpF + dpG so the differentials of two polynomials inducing the same function f
on X differ by the term dpG with G € I(X). By definition, dpG is zero along
Tp x, so we may define d, f as a regular function on Tp x, the differential of f at
P: it is the function on Tp x induced by dpF'. Since dpF is a linear combination
of £1 —Y1,...,Tn — Yn, dpf can also be seen as an element of Tj;’X.

There is a natural map d;, : O(X) — Tp y, which sends f to dpf. Because
of the rules of derivation, it is clear that dp(f + g) = dpf + dpg and dp(fg) =
f(P)dpg + g(P)dpf. In particular, if ¢ € K, d,(cf) = cdpf. So dp is a linear
map of K-vector spaces. We denote again by dp the restriction of dp to Ix(P),
the maximal ideal of the regular functions on X which are zero at P. Since clearly
f=f(P)+(f—f(P)) thendpf =dp(f—f(P)), so this restriction doesn’t modify
the image of the map.

14.3. Proposition. The map dp : Ix(P) — Tp i is surjective and its kernel is
Ix(P)%. Therefore T x = Ix(P)/Ix (P)? as K -vector spaces.

Proof. Let ¢ € Tp y be a linear form on Tpx. ¢ is the restriction of a linear
form on K™ Ai(z1 —y1)+ ...+ A(@n — yn), with A\1,..., A, € K. Let G be the
polynomial of degree 1 Aj(x1 —y1) + ...+ An(2 — yp): the function g induced by
G on X is zero at P and coincides with its own differential, so d,, is surjective.
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Let now g € Ix(P) such that d,g = 0, g induced by a polynomial G. Note that
dpG may be interpreted as a linear form on K™ which vanishes on T’p x, hence as

an element of TI%,X' SodpG = c1dp Fi+. . . +cpmdypFy, (c1, ..., ¢y suitable elements
of K). Let us consider the polynomial G —c¢1 F} — ... — ¢, Fy,: since its differential
at P is zero, it doesn’t have any term of degree 0 or 1 in 1 — y1,...,%n — Yn, SO
it belongs to I(P)2. Since G —c1Fy — ... — ¢, Fy, defines the function g on X, we
conclude that g € Ix(P)2. O

14.4. Corollary. The tangent space Tp x is isomorphic to (Ix(P)/Ix(P)?)* as
an abstract K-vector space. [l

14.5. Corollary. If ¢ : X — Y 1is an isomorphism of affine varieties and P € X,
then the tangent spaces Tp x and Typ)y are isomorphic.

Proof. ¢ induces the comorphism ¢* : O(Y) — O(X), which is an isomorphism
such that ¢* Iy (¢(P)) = Ix(P) and ¢* Iy (¢(P))? = Ix(P)?. So there is an induced
homomorphism

Iy (¢(P)) /Iy (¢(P))* — Ix(P)/Ix(P)*

which is an isomorphism of K-vector spaces. By dualizing we get the claim. [

The above map from Tp x to Ty(p),y is called the differential of ¢ at P and
is denoted by dpo.

Now we would like to find a “more local” characterization of Tp x. To this
end we consider the local ring of P in X: Op x. We recall that O(X) has the
natural map to Op x, which is the localization O(X);, (py. It is natural to extend
the map dp : O(X) — 1% x to Op x setting

ap(l) = g(P)dpf — f(P)dpg
g 9(P)?

As in the proof of Proposition 14.3 one proves that the map dp : Opx — Tp
induces an isomorphism Mp x /M3y — Tp x, where Mp x is the maximal ideal

of Op x. So by duality we have: Tp x ~ (MP,X/M%J’X)*. This proves that the
tangent space T'p x is a local invariant of P in X.

14.6. Definition. Let X be any quasi-projective variety, P € X. The Zarisk:
tangent space of X at P is the vector space (./\/lp,x/M%X)*.

It is an abstract vector space, but if X C A" is closed, taking the dual of
the comorphism associated to the embedding of X in A", we have an embedding
of TP,X into TpAn =A". If X Cc P*" and P € U; = A", then TP,X C U;: its
projective closure is called the embedded tangent space to X at P.
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As we have seen the tangent space Tp x is invariant by isomorphism. In
particular its dimension is invariant. If X C A" is closed, I(X) = (Fy,..., Fn),
then dim7p x = n — r, where r is the maximal number of linearly independent
elements in the set {dpFi,...,d,F),}.

Since dpF; = gfi (P)(x1 —y1)+ ...+ gTF::(P)(CL'n — Yn), 7 is the rank of the

following m x n matrix, the Jacobian matrix of X at P:

- g_g;(p> %(P)
J(P) =
%%(P) %%(P)

The generic Jacobian matrixz of X is instead the following matrix with entries

in O(X):

OF; OF,
oxq T ox,
J = e e
OFy, OFm
Ox1 T Ox

The rank of J is p when all minors of order p 4+ 1 are functions identically
zero on X, while some order p minor is different from zero at some point. Hence,
for all P € X rk J(P) < p, and rk J(P) < p if and only if all minors of order p of
J vanish at P. It is then clear that there is a non-empty open subset of X where
dim T’p, x is minimal, equal to n — p, and a proper (possibly empty) closed subset
formed by the points P such that dim7Tp x > n — p.

14.7. Definition. The points of an irreducible variety X for which dim7Tp x =
n — p (the minimal) are called smooth or non-singular or simple points of X. The
remaining points are called singular (or multiple). X is called smooth if all its
points are smooth.

If X is quasi-projective, the same argument may be repeated for any affine
open subset.

14.8. Example. Let X C A" be the irreducible hypersurface V(F). Then

J:(g_gi"'gTF) is a row matrix. Sork J =0 or 1. If rk J = 0, then gf =0in

O(X) for all i. So g_ai € I(Y) = (F). Since the degree of g_:i is <degF —1, it

follows that % = 0 in the polynomial ring. If the characteristic of k is zero this

means that F' a constant: a contradiction. If char K = p, then F € K[z}, ... 2P];
since K is algebraically closed, then F' = GP for a suitable GG, but this is impossible
because F' is irreducible. So always rk J = 1 = p. Hence for P general in X,
i.e. for P varying in a suitable non-empty open subset, dim7p x = n — 1. For
some particular points, the singular points of X, we can find dim7Tp x = n, i.e.
Tp, X = A",

So in the case of a hypersurface dim7p x > dim X for every point P in X,
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and equality holds in the smooth locus of X. In general, one reduces to the case
of hypersurfaces using the following theorem:

14.9. Theorem. FEvery quasi-projective irreducible variety X s birational to a
hypersurface in some affine space.

Proof. We observe that we can reduce the proof to the case in which X is affine,
closed in A™. Let m = dim X. We have to prove that the field of rational functions
K(X) is isomorphic to a field of the form K(t1,...,tm+1), where t1,... tm41
satisfy only one non-trivial relation F'(t1,...,t,+1) = 0, where F' is an irreducible
polynomial with coefficients in K. This will follow from the “Abel’s primitive
element Theorem” concerning extensions of fields. To state it, we need some
preliminaries.

Let K C L be an extension of fields. Let a € L be algebraic over K, and let
fa € KJz] be its minimal polynomial: it is irreducible and monic. Let E be the
splitting field of f,.

14.10. Definition. An element a, algebraic over K, is separable if f, does not
have any multiple root in F, i.e. if f, and its derivative f, don’t have any common
factor of positive degree. Otherwise a is inseparable. If K C L is an algebraic
extension of fields, it is called separable if any element of L is separable.

In view of the fact that f, is irreducible, and that the GCD of two poly-
nomials is independent of the field where one considers the coefficients, if a is
inseparable, then f! is the zero polynomial. If char K = 0, this implies that
fa is constant, which is a contradiction. So in characteristic 0, any algebraic
extension is separable. If char K = p > 0, then f, € K[zP], and f, is called
an inseparable polynomial. In particular algebraic inseparable elements can ex-
ist only in positive characteristic. On the other hand, if char (K) = p > 0 and
K is algebraically closed, is f, = ag + a12? + a2z?? + ... + a,z"?, then all co-
efficients are p-th powers in K, i.e. a; = b for suitable elements b;; therefore
fo =05+ baP + W52 + ..+ 002k = (b + bix + box? + ... + bpa®)P, and this
contradicts the irreducibility of f,.

14.11. Abel’s primitive element Theorem Let K C L = K(y1,...,ym) be
an algebraic finite extension. If L is a separable extension, then there exists a € L,
called a primitive element of L, such that L = K(«) is a simple extension.

We can now prove Theorem 14.9. The field of rational functions of X is of
the form K(X) = Q(K[X]) = K(t1,-..,tn), where t1,...,t, are the coordinate
functions on X and tr.d.K(X)/K = m. Possibly after renumbering them, we can
assume that the first m coordinate functions t¢q,...,t,, are algebraically indepen-
dent over K, and K(X) is an algebraic extension of L := K(t1,...,ts). So in
our situation we can apply Theorem 14.11: there exists a primitive element «
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such that K(X) = L(a) = K(t1 ...,tm,a). So there exists an irreducible polyno-
mial f € L[z| such that K(X) = L[x]/(f). Multiplying f by a suitable element of
Klty,...,ty], invertible in L, we can eliminate the denominator of f and replace f
by a polynomial g € K[t1,...,tm,x] C L[z]. Now K|[t1,...,tm,x]/(g) is contained
in Lz|(g) = K(X), and its quotient field is again K (X). But K[t1,...,tm,z]/(9)
is the coordinate ring of the hypersurface Y C A™*1! of equation g = 0. Moreover
X and Y are birationally equivalent. This concludes the proof. 0]

One can show that the coordinate functionson Y, ¢1,...,¢,,+1, can be chosen
to be linear combinations of the original coordinate functions on X: this means
that Y is obtained as a suitable birational projection of X.

14.12. Theorem. The dimension of the tangent space at a non-singular point of
an irreducible variety X is equal to dim X.

Proof. Tt is enough to prove the claim under the assumption that X is affine. Let
Y be an affine hypersurface birational to X (existing by the previous theorem) and
¢ : X --+Y be a birational map. There exist open non-empty subsets U C X and
V C Y such that ¢ : U — Y is an isomorphism. The set of smooth points of Y is an
open subset W of Y such that WNV is non-empty and dim7py = dimY = dim X
forall P € WNV. But ¢~ (WNV) C U is open non-empty and dim T x = dim X
for all Q € ¢~1(W N V). This proves the theorem. O

We would like now to study a variety X in a neighbourhood of a smooth
point. We have seen that P is smooth for X if and only if dim7p x = dim X.
Assume X affine: in this case the local ring of P in X is Op x ~ O(X);, (p). But
by Theorem 7.7 we have: dimOp x = ht Mp x = htlx(P) = dim O(X) = dim X
and dimTp x = dimg Mp x/ M% . Therefore P is smooth if and only if

dim g MP,X/M%X =dim Op x

(the first one is a dimension as K-vector space, the second one is a Krull dimen-
sion). By the Nakayama’s Lemma a base of Mp x/ M%;’  corresponds bijectively
to a minimal system of generators of the ideal Mp x (observe that the residue
field of Op x is K). Therefore P is smooth for X if and only if M p x is minimally
generated by r elements, where r = dim X, in other words if and only if Op x is
a regular local ring.

For example, if X is a curve, P is smooth if and only if T» x has dimension
1, ie. Mpx is principal: Mp x = (t). This means that the equation ¢ = 0 only
defines the point P, i.e. P has one local equation in a suitable neighborhood of P.

Let P be a smooth point of X and dim X = n. Functions uq,...,u, € Opx
are called local parameters at P if uy,...,u, € Mp x and their residues 1, ..., U,
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in Mpx/M%« (=T} ) form a base, or equivalently if u1, ..., u, is a minimal
set of generators of Mp x. Recalling the isomorphism

dp : Mpix/MQP’X _>T1>;,X

we deduce that uq,...,u, are local parameters if and only if dpuy,...,dpu, are
linearly independent forms on Tp x (which is a vector space of dimension n), if
and only if the system of equations on Tp x

dpt; =...=dpu, =0

has only the trivial solution P (which is the origin of the vector space Tp x.

Let uq,...,u, belocal parameters at P. There exists an open affine neighbor-
hood of P on which w4, ..., u, are all regular. We replace X by this neighborhood,
so we assume that X is affine and that uq,...,u, are polynomial functions on X.
Let X; be the closed subset V' (u;) of X: it has codimension 1 in X, because u; is
not identically zero on X (ug,...,u, is a minimal set of generators of Mp x).

14.13. Proposition. In this notation, P is a smooth point of X;, for all i =
1,...,n and Tpx, = {P}.

Proof. Assume that U; is a polynomial inducing u;, then X; = V(U;)) N X =
V(I(X)+ (U;)). So I(X;) D I(X) + (U;). By considering the linear parts of
the polynomials of the previous ideal, we get: Tp x, C Tpx NV (dpU;). By the
assumption on the w;, it follows that Tp x NV (dpUy) N ... NV (dpU,) = {P}.
Since dimTp x = n, we can deduce that Tp x NV (dpU;) is strictly contained in
Tpx,and dimTp x NV (dpU;) =n —1. So dimTp x, <n — 1 = dim X;, hence P
is a smooth point on X, equality holds and Tp x, = Tp.x N V(dpU;). Moreover
NTpx, ={P}. O

Note that (] X; has no positive-dimensional component passing through P:
otherwise the tangent space to T at P would be contained in Tp x, for all 7, against

the fact that N Tp x, = {P}.

14.13. Definition. Let X be a smooth variety. Subvarieties Y7,...,Y,. of X are

called transversal at P, P € (Y;, if the intersection of the tangent spaces Tpy;,

has dimension as small as possible, i.e. if codimr, . ((7Try,) = >_ codimxY;.
Taking T'p x as ambient variety, one gets the relation:

dim ﬂ Tp7yi Z Z dim Tp7yi - (7" - 1) dim TP,X;
hence

COdiIIlTP’X (ﬂ Tp7yi) = dim Tp»X — dim ﬂ Tp,yz. S Z(dlm TP,X — dim Tp}yi) =
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= codimr,  (Tpy,) <> codimxY;.

If equality holds, P is a smooth point for Y; for all 7, moreover we get that P is a
simple point for the set [Y;.

For example if X is a surface and P € X is smooth, there is a nbhd U of
P such that P is the transversal intersection of two curves in U, corresponding
to local parameters uq,us. If P is singular we need three functions wuq, us, us to
generate the maximal ideal Mp x.
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