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clearvars
clc
close all

% Method for finite difference operators
fdmethod = 'compact';

Q

% Uniform mesh in transformed plane

nxil = 40;

nxi2 = 40;

xil = 0:1:nxil;

xi2 = 0:1:nxi2;

X = zeros (nxil+l,nxi2+1);
y = zeros (nxil+l,nxi2+1);

% Define x and y on boundaries

%— bottom

x(:,1) = (xi1./xil(end)) .*4;

y(x(:,1)< 1, 1) = 0;

y(((x(:,1)>=1)¢& (X( ,1)<=2)),1) = x(((x(:,1)>=1)&(x(:,1)<=2)),1)-1;
y((x(:,1)>=2)6&(x(:,1)<=3)),1) = 3-x(((x(:,1)>=2)&(x(:,1)<=3)),1);
Y(X(:,1)> 3, 1) = O,

%—- top

x(:,end) = (xil./xil(end)) .*4;

y(:,end) = 2*ones(nxil+l,1);

$— west

x(1l,:) = zeros(l,nxi2+1);

yv(l,:) = (x12./x12(end)) .*2;

%$— east

X (end, :) = 4*ones (1,nxi2+1);

y(end, :) = (xi2./xi2(end)) .*2;

% Plot contour

msk = ones (nxil+1l,nxi2+1); msk(2:end-1,2:end-1) = 0;

xx = x(msk==1); yy = y(msk==1);

figure

hh=plot (xx,vyy, 'r.");

axis equal

grid on

% Initial condition

dx = (max (x(msk==1))-min (x(msk==1)))/nxil;

X(2:end-1,2:end-1) = min(x(msk==1)) + dx*repmat([l:nxil-1]."',[1l,nxi2-17);
dy = (max(y(msk==1))-min (y(msk==1)))/nxi2;

y(2:end-1,2:end-1) = min(y(msk==1)) + dy*repmat (l:nxi2-1, [nxil-1,17);

%— Save position of boundary points in different form for convenience
xb = x(:,1); yb = y(:,1);

xt = x(:,end); yt = y(:,end);

xw = x(1,:); yw = y(1,:);

xe = x(end,:); ye = y(end, :);

options = optimoptions('fsolve', 'Display', 'iter', 'MaxFunctionEvaluations'

1000000, '"OptimalityTolerance',1.0000e-13);

[xy,fval,exitflag] =

fsolve (@ (xy) residual (xy, xb, yb, xt, yt, xw, yw, xe,ye,nxil,nxi2, fdmethod), [x(:
s)
N length (xy) ;

x = reshape(xy(1:N/2), [nxil+1l,nxi2+1]);

y = reshape (xy(N/2+1:end), [nxil+1l,nxi2+1]);

I~

figure

hold on
plot(x(:),y(:),'ro");
axis equal

for i=l:nxil+l

)iy (:

,option
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h=plot (x(i,:),y(i,:),'b=-");
end
for j=l:nxi2+1
h=plot(x(:,3),y(:,3),'b=");
end

e

{

Mesh aspect ratio

%}

a = sqrt((x(3:end,2:end-1)-x(l:end-2,2:end-1)) .72 +
(y(3:end,2:end-1)-y(l:end-2,2:end-1))."2);

b = sgrt((x(2:end-1,3:end)-x(2:end-1,1:end-2)).%2 +
(y(2:end-1,3:end)-y(2:end-1,1:end-2))."2);

AR = b./a;

figure

[cs,h] =

contourf (x(2:end-1,2:end-1),y(2:end-1,2:end-1) ,AR, min (AR (:)) : (max (AR(:))-min (AR (:)))/3
O:max (AR(:)));

set (h, 'edgecolor', 'none');

shading interp

axis equal

colorbar

oo

{

Mesh skewness (mesh non-orthogonality)

%}

vxx = x(3:end,2:end-1)-x(l:end-2,2:end-1);
vyx = y(3:end,2:end-1)-y(l:end-2,2:end-1);
vxy = x(2:end-1,3:end)-x(2:end-1,1l:end-2);
vyy = y(2:end-1,3:end)-y(2:end-1,1l:end-2)

C = acosd ((VXxX.*VxXy + Vyx.*vyy)./sqgrt ((vx." "2+vyx."2) .* (vxy." "2+vyy."2)));
Skw = abs (C-90)./90;

figure

[cs,h] =

contourf (x(2:end-1,2:end-1),y(2:end-1,2:end-1),Skw, min (Skw(:)) : (max (Skw(:))-min (Skw(:)
) /30:max (Skw(:)));

set (h, 'edgecolor', 'none');

shading interp

axis equal

colorbar

R R R a b S dh A I S A I S IR I S dh S S SR S IR S IR I S IR I I S S S R S I R S S R S dh R S IR R S b S S IR I SR e I SR I A SR S S SR S dh IR S A SR S S SR S S R O 4

oo
e

R R I b b I b S I b b b I b b b I b b b b b b S b b I b S b S b I db b b R b b 2 b b b IR S b b b b R S SR b I b b b db db b b dh b b Sb dh b b S b I dh a4

oo
e

function R = residual (xy, xb,yb,xt,yt,xw,yw,xe,ye,nxil,nxi2, fdmethod)

=
|

= length(xy);
reshape (xy (1:N/2), [nxi1+1,nxi2+1]);
y = reshape (xy (N/2+1:end), [nxil+1l,nxi2+1]);

b
Il

% Metrics

dxdxil = cdiffv
dxdxi2 = cdiffv
dydxil = cdiffv
dydxi2 = cdiffv

x."',1,fdmethod) ."'
%, 1, fdmethod) ;
y.',1,fdmethod) ."
v, 1, fdmethod) ;

—~ e~~~

D = dxdxil.*dydxi2 - dxdxi2.*dydxil;

A = dxdxi2.72 + dydxi2."2;

B = dxdxil.*dxdxi2 + dydxil.*dydxiZ2;

C = dxdxil.”2 + dydxil.”2;

% Second derivatives of x, y: computed either

% by applying twice the first derivative or directly
% a second derivative

if O

d2xdxil 2 = cdiffv

d2ydxil 2 = cdiffv

d2xdxi2 2 cdiffv

d2ydxi2 2 cdiffv
else

dxdxil.', 1, fdmethod) .’
dydxil.',1, fdmethod) ."';
dxdxi2, 1, fdmethod) ;
dydxi2, 1, fdmethod) ;

—_ e~~~



138 d2xdxil 2 = cdiffd2v(x.',1,fdmethod)."

139 d2ydxil 2 = cdiffd2v(y.',1,fdmethod)."

140 d2xdxi2 2 = cdiffd2v(x,1, fdmethod);

141 d2ydxi2 2 = cdiffd2v(y,1, fdmethod);

142 end

143

144 % Mixed derivatives of x, y

145 d2xdxildxi2 = 0.5* (cdiffv(dxdxil, 1, fdmethod) + cdiffv(dxdxi2.',1l, fdmethod).");
146 d2ydxildxi2 = 0.5* (cdiffv(dydxil, 1, fdmethod) + cdiffv(dydxi2.',1,fdmethod)."');
147

148 Rx = A.*d2xdxil 2 -2*B.*d2xdxildxi2 + C.*d2xdxi2 2;

149

150 Ry = A.*d2ydxil 2 -2*B.*d2ydxildxi2 + C.*d2ydxi2 2;

151

152 Rx(:,1) = x(:,1)-xb;

153 Ry(:,1) = y(:,1)-yb;

154

155 Rx(:,end) = x(:,end)-xt;
156 Ry(:,end) = y(:,end)-yt;
157

158 Rx(1,:) = x(1,:)-xw;

159 Ry(l,:) = vyv(1,:)-yw;

160

161 Rx(end, :) = x(end, :)-xe;
162 Ry(end, :) = y(end, :)-vye;

163

164 R = [Rx(:);Ry(:)1];

165

166 return;

167

168 end

169

170 % R IR IR b b b b b b dh g g b b b b b Sh db db g b b b b b Sh  db g g b b b b b b db g g b b b b (Sb Sh db g g b b b b b Sh  dh  db g b b b b b Sh db 2 g b b b b b Sh dh g g b b g
171 % R IR b b b b b b b b b b b b b b db b b b 2 b db b b b b b 2 b b db b b b I b b b b b b b b b b db b db b db b b b b b b b b b b 4 b db b b b b b b db b db b I b b b
172

173 % {

174 clear all

175 clc

176 close all

177

178 N = 10;

179 h = 1/(N-1)

180 x = 0:h:1;

181 f = exp(-x.%7); df = -T*x."6.*f;

182 delf=cdiff (h, f);

183 figure

184 hf = plot(x,df, 'b-");
185 hold on

186 hf = plot(x,delf, 'rx");

187  hf = plot(x, [f(2)-f(1); (f(3:end).'-f(1l:end-2) ./2;f(end)-f(end-1)1./h, "g--");
188 %}

189 function df=cdiffv (f,h,method)

190

191 N = size(f,1);

192

193 switch method

194 case{'CD2'}

195 df = zeros(size(f));

196 f(2:end-1,:) = (£(3:end, :) (l:end-2,:))./(2*h)

197 £(1,:) (£(2,:)-£(1, /h;

198 df( ,.) = (£(N,:)-f(N-1 /h

199 otherwise

200 d = ones(N,1);

201 u = [1;0.25%*ones (N-2,1);11;

202 A = spdiags([[u(2:end);1],d,[1l;u(l:end-1)1],[-1,0,1],N,N);
203

204 d = [-2;zeros (N-2,1);2];

205 u = [2;0.75*ones (N-2,1);2];

206 1l = [2;-0.75*0ones (N-2,1);-21;

207 B = spdiags([[l(2:end);1],d,[1l;u(l:end-1)]1,[-1,0,1],N,N)./h;
208

209 df = A\ (B*f);

210 end

e

oe



211

212 return

213

214 end

215

216 % RS AR b b b b b b dh g g b b b b b Sh db g g b b b b b Sh  dh g g b b b b b b db g g b b b Sb Sb Sh db g 2 b b b b b Sh  dh  db g b b b b b b dh g b b b b b b Sh dh g g b b 4 %
217 % R R b b b I b b b b b b b b b b db b b b 2 b db b b b b b 4 b b db b i b I b 2 b b b b b b b b db b db b g b b b b b b b b b b 4 b db b b b b b b db b db b db b b b %
218

219 % {

220 clear all

221 clc

222 close all

223

224 N = 100;

225 h = 1/(N-1);

226 x = 0:h:1;

227 f = exp(-x.77); ddf = 7T*x."5.%exp (-x."7) .*(7*x."7 - 6);

228 del2f=cdiffd2v (h,f(:));

229 figure

230 hf = plot(x(:),ddf(:),'b=-");
231 hold on

232 hf = plot(x(:),del2f(:),'rx");

233 %}
234 function df=cdiffd2v (f,h,method)
235
236 switch method
237
238 otherwise
239
240 N = size(f,1);
241 d = ones(N,1);
242 u = [11;0.1*ones (N-2,1);117];
243 A = spdiags([[u(2:end);1],d,[1l;u(l:enda-1)1],[-1,0,1],N,N);
244
245 d = [13;-2.4*ones (N-2,1);13];
246 u = [-27;1.2*%ones(N-1,1)1;
247 uu = [15;zeros (N-1,1)1];
248 uuu = [-1;zeros(N-1,1)1;
249 1l = [1.2%ones (N-1,1);-27];
250 11 = [zeros(N-1,1);15];
251 111 = [zeros(N-1,1);-11;
252 B =
spdiags ([[11l1l (4:end);nan;nan;nan], [11(3:end); ;nan;nan],[1l(2:end);1],d,[l;u(l:en
d-1)], [nan;nan;uu(l:end-2)], [nan;nan;nan;uuu(l:end-3)]1],[-3:3],N,N) ./ (h"2);
253
254 df = A\ (B*f);
255 end
256
257 return
258
259 end
260
261
262

263



