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On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 × 10−21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1σ. The source lies at a luminosity distance of 410þ160

−180 Mpc corresponding to a redshift z ¼ 0.09þ0.03
−0.04 .

In the source frame, the initial black hole masses are 36þ5
−4M⊙ and 29þ4

−4M⊙, and the final black hole mass is
62þ4

−4M⊙, with 3.0þ0.5
−0.5M⊙c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913þ16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Understanding chirps in very simple terms

Consider a body of mass m orbiting around a center of mass with associated mass M in a 
circular orbit of radius r.

The total energy is

and equating the centripetal force to the gravitational force, we find 

E =
1

2
mv2 � GMm

r
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Now, assume that there is a simple frictional energy loss at each orbit, due to the 
frictional force

then the energy loss per orbit is

Since the period of each orbit is

then

so that the initial negative total energy becomes more and more negative

Fr = ��v = ��

r
GM

r
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We can also compute radius of the orbit, speed and orbital frequency
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Now, assume that the frictional force is proportional to acceleration, then

then 

and the differential equation for the energy loss is 

or also
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This form of the total energy means that there is a extreme time that corresponds 
to "infinite bounding energy" and which is given by

In addition, we also find 
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To understand chirps in GR binary systems we need deeper physical 
concepts

The kind of two body system that we want to consider contains two compact objects 
(black holes or neutron stars)

The first well-studied system was discovered in 1974, the binary pulsar PSR 1913+16, in 
the constellation Aquila. 

19
75

A
pJ

...
19

5L
..5

1H
 

The Astrophysical Journal, 195 :L51-L53, 1975 January 15 
© 1975. The American Astronomical Society. All rights reserved. Printed in U.S.A. 
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ABSTRACT 
We have detected a pulsar with a pulsation period that varies systematically between 0S058967 and 0S059045 over 

a cycle of 0d3230. Approximately 200 independent observations over 5-minute intervals have yielded a well-sampled 
velocity curve which implies a binary orbit with projected semimajor axis U] sin i = 1.0 Rq, eccentricity e = 0.615, and 
mass function/(w) = 0.13 M0. No eclipses are observed. We infer that the unseen companion is a compact object with 
mass comparable to that of the pulsar. In addition to the obvious potential for determining the masses of the pulsar and 
its companion, this discovery makes feasible a number of studies involving the physics of compact objects, the astro- 
physics of close binary systems, and special- and general-relativistic effects. 
Subject headings: binaries — black holes — neutron stars — pulsars — relativity 

I. INTRODUCTION 
We wish to report the detection of an unusual pulsar 

discovered during the course of a systematic survey for 
new pulsars being carried out (Hulse and Taylor 1974) 
at the Arecibo Observatory in Puerto Rico. The object 
has a pulsation period of about 59 ms—shorter than 
that of any other known pulsar except the one in the 
Crab Nebula—and periodic changes in the observed 
pulsation rate indicate that the pulsar is a member of a 
binary system with an eccentric orbit of 0d3230 period. 
Thus for the first time it is possible to observe the 
gravitational interactions of a pulsar and another mas- 
sive object, and additional observations should make it 
possible to determine the masses of the two objects un- 
ambiguously. 

II. DISCOVERY OF THE BINARY PULSAR 
The equipment and searching method used in the 

pulsar survey have been described previously (Hulse 
and Taylor 1974). Forty pulsars have now been de- 
tected in this work, of which 32 were not previously 
known; the parameters of the 21 most recently dis- 
covered will be given in another paper (Hulse and 
Taylor 1975). The 59-ms pulsar, PSR 1913 + 16, was 
first detected in 1974 July. Attempts to measure its 
period to an accuracy of + 1 /¿s were frustrated by ap- 
parent changes in period of up to ^80 ¿¿s from day to 
day, and sometimes by as much as 8 ^s over 5 minutes. 
Such behavior is quite uncharacteristic of other pulsars: 
the largest known secular changes of period are of order 
10 ¿¿s per year, and irregular changes of period are many 
orders of magnitude smaller (Manchester and Taylor 
1974). It soon became clear that Doppler shifts re- 
sulting from orbital motion of the pulsar could account 
for the observed period changes, and by the end of 
September an accurate velocity curve of this “single- 
line spectroscopic binary’’ had been obtained (see 
figure 1). 

The parameters of the pulsar are given in table 1. In 
the table, celestial and galactic coordinates are followed 
by Pcm, the “center of mass” pulsar period (corrected 
for the orbital motion of the pulsar and for the motion 

of the observer in the solar system) ; an upper limit for 
dPcm/dt, the first derivative of the period; DAI, the 
dispersion measure; J+o, the average flux density at 
430 AIHz; and an upper limit to We, the effective pulse 
width. (The pulses observed at 430 MHz are probably 
significantly broadened by multipath scattering in the 
interstellar medium.) 

The elements of the binary orbit are given in table 2. 
Yi is the semiamplitude of radial velocity variation of 
the pulsar with respect to the center of mass of the 
system; Pb is the period of the binary orbit, corrected 
for the motion of the observatory; e is the eccentricity 
of the orbit; co is the longitude of periastron; T is the 
time of periastron passage; ai sin i is the projected 
semimajor axis of the pulsar orbit, i being the inclina- 
tion between the orbit and the plane of the sky; and 
f{m) = (Mo sin iy/(Mi + M2)2 is the mass function. 
These quantities were evaluated from the velocity 
measurements shown as filled circles in figure 1. The 

TABLE 1 
Parameters of the Binary Pulsar 

+1950.0) = 19h13m13s ± 4s 

0(1950.0) = +16o00'24" ± 60" 
l = 49?9 
b = 2?1 

Pcm = 0S059030 ± 0*000001 
dPcJdt < 1 x 10-12 

DM = 167 ± 5 cm-3 pc 
S430 = 0.006 ± 0.003 Jy 
We < 10 ms 

TABLE 2 
Elements of the Orbit 

Ki =199 + 5 km s"1 

Pb = 27908 + 7 s 
e = 0.615 ± 0.010 

co = 179° + Io 

T = JD 2,442,321.433 ± 0.002 
ai sin i = 1.00 + 0.02 R0 

f(m) = 0.13 ± 0.01 M0 
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Joseph H. Taylor, Jr.: Binary pulsars and relativistic gravity

II. CLOCK-COMPARISON EXPERIMENTS

Pulsar timing experiments are straightforward in con-
cept: one measures pulse times of arrival (TOAs) at the
telescope, and compares them with time kept by a stable
reference clock. A remarkable wealth of information
about a pulsar's spin, location in space, and orbital
motion can be obtained from such simple measurements.
For binary pulsars, especially, the task of analyzing a se-
quence of TOAs often assumes the guise of another intri-
cate detective game. Principal clues in this game are the
recorded TOAs. The first and most difBcult objective is
the assignment of unambiguous pulse numbers to each
TOA, despite the fact that some of the observations may
be separated by months or even years from their nearest
neighbors. During such inevitable gaps in the data, a
pulsar may have rotated through as many as 10 —10'
turns, and in order to extract the maximum information
content from the data, these integers must be recovered
exactly. Fortunately, the correct sequence of pulse num-
bers is easily recognized, once attained, so you can tell
when the garne has been "won. "
A block diagram of equipment used for recent pulsar

timing observations (Taylor, 1991)at Arecibo is shown in
Fig. 3. Incoming radio-frequency signals from the anten-
na are amplified, converted to intermediate frequency,
and passed through a multichannel spectrometer
equipped with square-law detectors. A bank of digital
signal averagers accumulates estimates of a pulsar's
periodic wave form in each spectral channel, using a
precomputed digital ephemeris and circuitry synchron-
ized with the observatory's master clock. A programm-
able synthesizer, its output frequency adjusted once a
second in a phase-continuous manner, compensates for
changing Doppler shifts caused by accelerations of the
pulsar and the telescope. Average profiles are recorded
once every few minutes, together with appropriate time
tags. A log is kept of small measured oft'sets (typically of
order 1 ps) between the observatory clock and the best

available standards at national time-keeping laboratories,
with time transfer accomplished via satellites in the Glo-
bal Positioning System.
An example of pulse profiles recorded during timing

observations of PSR 1913+16 is presented in Fig. 4,
which shows intensity profiles for 32 spectral channels
spanning the frequency range 1383—1423 MHz, followed
by a "de-dispersed" profile at the bottom. In a five-
minute observation such as this, the signal-to-noise ratio
is just high enough for the double-peaked pulse shape of
PSR 1913+16to be evident in the individual channels.
Pulse arrival times are determined by measuring the
phase ofFset between each observed profile and a long-
term average with much higher signal-to-noise ratio.
DifFerential dispersive delays are removed, the adjusted
o6'sets are averaged over all channels, and the resulting
mean value is added to the time tag to obtain an
equivalent TOA. Nearly 5000 such five-minute measure-
ments have been obtained for PSR 1913+16since 1974,
suing essentially this technique. Through a number of
improvements in the data-taking systems (Taylor et al. ,
1976; McCulloch et al. , 1979; Taylor et al. , 1979; Taylor
and Weisberg, 1982, 1989; Stinebring et aI., 1992), the
typical uncertainties have been reduced from around 300
ps in 1974 to 15—20 ps since 1981.

1423 MHz

1403 MHz

GPS Satellites

From antenna
1383 MHz

Synthesizer

Spectrometer
32 Channels

32
Observatory

Clock Compare

RCVR

UTC(NIST)
Boulder

32 x 1024
Sig. Ave. Clock log

Time (s)
.04

Computer Programmable
Synthesizer

Average profiles

FIR. 3. Simplified block diagram of equipment using for timing
pulsars at Arecibo.

FIG. 4. Pulse profiles obtained on April 24, 1992 during a five-
minute observation of PSR 1913+16. The characteristic
double-peaked shape, clearly seen in the de-dispersed profile at
the bottom, is also discernible in the 32 individual spectral
channels.

Rev. Mod. Phys. , Vol. 66, No. 3, July 1994



First steps: accurate determination of orbital parameters according to classical Keplerian 
theory
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PHASE 
Fig. 1.—Velocity curve for the binary pulsar. Points represent measurements of the pulsar period distributed over parts of 10 different 

orbital periods. The curve corresponds to equations (l)-(4), with parameters from table 2. 

velocity curve also shown in the figure was then com- 
puted from the elements using the equations (Aitken 
1964) 

Vri = Ah[cos (0 + co) + 6 COS <x>] , (1) 
tan = [(1 + e)/(l “ <0]1/2 tan , (2) 

M = E — e sm E , (3) 

0 = M/27T = (^ - T)/Ph, (4) 

where Vrl is the radial velocity of the pulsar (the “visi- 
ble” member of the binary pair); M, E, and 6 are re- 
spectively the mean, eccentric, and true anomaly of the 
orbit of the pulsar about the center of mass; 0 is the 
orbital phase; and t is the time. 

The orbital elements given in table 2 were obtained 
from direct measurements of the pulsar period over 
about 200 different 5-minute intervals distributed over 
10 days. The 5-minute intervals are long enough that 
the period can be measured to an accuracy of about 1 
¿¿s, but short enough that the period does not change too 
drastically within the interval. 

III. PHYSICAL PARAMETERS OE THE BINARY PAIR 

TABLE 3 
Possible Parameters of Binary Pulsar System 

i Fi 
(degrees) (max) 

Mi = 0.3 Mi = 1.0 Mi = 1.5 

M2 R2 m2 R2 m2 R2 
90  0.001k 0.4 0 0.7 0 0.9 0 
60  0.0012c 0.5 <0.6 0.9 <0.8 1.1 <0.8 
30  0.002k 1.5 <1.3 2.2 <1.6 2.6 <1.8 
20  0.003k 3.8 <1.9 4.8 <2.1 5.4 <2.3 
10  0.006k 26 <3.5 27 <3.7 28 <3.7 

the inclination i is rather small, which seems unlikely 
in view of the large observed radial velocity (^-TCTk). 
Furthermore, the orbit is such that if the inclination 
were close to 90° and the size of the companion were 
large enough, eclipses of the pulsar would occur at 
orbital phase 0 = 0.93. No eclipses are observed, 
which requires the radius of the companion to be less 
than 

^2,max = (öl + Ö2)(l - e2) sin f/tan i 
= Rq(1 + M1/M2)(l - e2)/tan i , (5) 

The mass of the pulsar is, of course, a quantity of 
great interest, as is the size and mass of the unseen 
companion. The observed mass function permits a wide 
range of values for Mi and M2. However, if we restrict 
attention to values of Mi thought to be reasonable for 
neutron stars, the picture becomes clearer. Table 3 gives 
the required values for Fi, the maximum velocity of the 
pulsar, and M2, the mass of the companion, for assumed 
inclinations i = 90°, 60°, 30°, 20°, and 10°, and pulsar 
masses Mi = 0.3, 1.0, and 1.5 M0. Evidently the mass 
ratio Mi/M2 cannot be very different from unity unless 

where a2 is the semimajor axis of the orbit of the com- 
panion about the center of mass and Mi and M2 are the 
masses of the two objects. Comparison of these upper 
limits for R2 with the corresponding values of M2, 
together with the known dependence of radius on mass 
for main-sequence stars (Allen 1973), virtually rules out 
the possibility that the companion is a main-sequence 
star. We conclude that the companion must be a com- 
pact object, probably a neutron star or a black hole. A 
white dwarf companion cannot be ruled out, but seems 
unlikely for evolutionary reasons. 
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Velocity curve for the binary pulsar. Points represent measurements of the 
pulsar period distributed over parts of 10 different orbital periods. The curve 
corresponds to equations from Aitken, with the following orbital 
parameters:
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ABSTRACT 
We have detected a pulsar with a pulsation period that varies systematically between 0S058967 and 0S059045 over 

a cycle of 0d3230. Approximately 200 independent observations over 5-minute intervals have yielded a well-sampled 
velocity curve which implies a binary orbit with projected semimajor axis U] sin i = 1.0 Rq, eccentricity e = 0.615, and 
mass function/(w) = 0.13 M0. No eclipses are observed. We infer that the unseen companion is a compact object with 
mass comparable to that of the pulsar. In addition to the obvious potential for determining the masses of the pulsar and 
its companion, this discovery makes feasible a number of studies involving the physics of compact objects, the astro- 
physics of close binary systems, and special- and general-relativistic effects. 
Subject headings: binaries — black holes — neutron stars — pulsars — relativity 

I. INTRODUCTION 
We wish to report the detection of an unusual pulsar 

discovered during the course of a systematic survey for 
new pulsars being carried out (Hulse and Taylor 1974) 
at the Arecibo Observatory in Puerto Rico. The object 
has a pulsation period of about 59 ms—shorter than 
that of any other known pulsar except the one in the 
Crab Nebula—and periodic changes in the observed 
pulsation rate indicate that the pulsar is a member of a 
binary system with an eccentric orbit of 0d3230 period. 
Thus for the first time it is possible to observe the 
gravitational interactions of a pulsar and another mas- 
sive object, and additional observations should make it 
possible to determine the masses of the two objects un- 
ambiguously. 

II. DISCOVERY OF THE BINARY PULSAR 
The equipment and searching method used in the 

pulsar survey have been described previously (Hulse 
and Taylor 1974). Forty pulsars have now been de- 
tected in this work, of which 32 were not previously 
known; the parameters of the 21 most recently dis- 
covered will be given in another paper (Hulse and 
Taylor 1975). The 59-ms pulsar, PSR 1913 + 16, was 
first detected in 1974 July. Attempts to measure its 
period to an accuracy of + 1 /¿s were frustrated by ap- 
parent changes in period of up to ^80 ¿¿s from day to 
day, and sometimes by as much as 8 ^s over 5 minutes. 
Such behavior is quite uncharacteristic of other pulsars: 
the largest known secular changes of period are of order 
10 ¿¿s per year, and irregular changes of period are many 
orders of magnitude smaller (Manchester and Taylor 
1974). It soon became clear that Doppler shifts re- 
sulting from orbital motion of the pulsar could account 
for the observed period changes, and by the end of 
September an accurate velocity curve of this “single- 
line spectroscopic binary’’ had been obtained (see 
figure 1). 

The parameters of the pulsar are given in table 1. In 
the table, celestial and galactic coordinates are followed 
by Pcm, the “center of mass” pulsar period (corrected 
for the orbital motion of the pulsar and for the motion 

of the observer in the solar system) ; an upper limit for 
dPcm/dt, the first derivative of the period; DAI, the 
dispersion measure; J+o, the average flux density at 
430 AIHz; and an upper limit to We, the effective pulse 
width. (The pulses observed at 430 MHz are probably 
significantly broadened by multipath scattering in the 
interstellar medium.) 

The elements of the binary orbit are given in table 2. 
Yi is the semiamplitude of radial velocity variation of 
the pulsar with respect to the center of mass of the 
system; Pb is the period of the binary orbit, corrected 
for the motion of the observatory; e is the eccentricity 
of the orbit; co is the longitude of periastron; T is the 
time of periastron passage; ai sin i is the projected 
semimajor axis of the pulsar orbit, i being the inclina- 
tion between the orbit and the plane of the sky; and 
f{m) = (Mo sin iy/(Mi + M2)2 is the mass function. 
These quantities were evaluated from the velocity 
measurements shown as filled circles in figure 1. The 

TABLE 1 
Parameters of the Binary Pulsar 

+1950.0) = 19h13m13s ± 4s 

0(1950.0) = +16o00'24" ± 60" 
l = 49?9 
b = 2?1 

Pcm = 0S059030 ± 0*000001 
dPcJdt < 1 x 10-12 

DM = 167 ± 5 cm-3 pc 
S430 = 0.006 ± 0.003 Jy 
We < 10 ms 

TABLE 2 
Elements of the Orbit 

Ki =199 + 5 km s"1 

Pb = 27908 + 7 s 
e = 0.615 ± 0.010 

co = 179° + Io 

T = JD 2,442,321.433 ± 0.002 
ai sin i = 1.00 + 0.02 R0 

f(m) = 0.13 ± 0.01 M0 

LSI 
© American Astronomical Society • Provided by the NASA Astrophysics Data System 

19
75

A
pJ

...
19

5L
..5

1H
 

The Astrophysical Journal, 195 :L51-L53, 1975 January 15 
© 1975. The American Astronomical Society. All rights reserved. Printed in U.S.A. 

DISCOVERY OF A PULSAR IN A BINARY SYSTEM 

R. A. Hulse and J. H. Taylor 
Department of Physics and Astronomy, University of Massachusetts, Amherst 

Received 1974 October 18 

ABSTRACT 
We have detected a pulsar with a pulsation period that varies systematically between 0S058967 and 0S059045 over 

a cycle of 0d3230. Approximately 200 independent observations over 5-minute intervals have yielded a well-sampled 
velocity curve which implies a binary orbit with projected semimajor axis U] sin i = 1.0 Rq, eccentricity e = 0.615, and 
mass function/(w) = 0.13 M0. No eclipses are observed. We infer that the unseen companion is a compact object with 
mass comparable to that of the pulsar. In addition to the obvious potential for determining the masses of the pulsar and 
its companion, this discovery makes feasible a number of studies involving the physics of compact objects, the astro- 
physics of close binary systems, and special- and general-relativistic effects. 
Subject headings: binaries — black holes — neutron stars — pulsars — relativity 

I. INTRODUCTION 
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the pulsar with respect to the center of mass of the 
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III. MODEL FITTING

In the process of data analysis, each measured topo-
centric TOA, say t,b„must be transformed to a corre-
sponding proper time of emission T in the pulsar frame.
Under the assumption of a deterministic spin-down law,
the rotational phase of the pulsar is given by

P(T)=vT+ vT—1.
2

where P is measured in cycles, v—= 1/P is the rotation fre-
quency, P the period, and v the slowdown rate. Since a
topocentric TOA is a relativistic space-time event, it
must be transformed as a four-vector. The telescope's lo-
cation at the time of a measurement is obtained from a
numerically integrated solar-system model, together with
published data on the Earth's unpredictable rotational
variations. As a first step one normally transforms to the
solar-system barycenter, using the weak-field, slow-
motion limit of general relativity. The necessary equa-
tions include terms depending on the positions, velocities,
and masses of all significant solar-system bodies. Next,
one accounts for propagation efFects in the interstellar
medium; and finally, for the orbital motion of the pulsar
itself.
With presently achievable accuracies, all significant

terms in the relativistic transformation can be summa-
rized in the single equation

T=t,b,—to+dc D/f +A~—o(a, 5,Ij, ,ps, vr)
+~zo—~so«&)
—6&(x,e, Pb To co 6) Pb) kE(p) Ag( sr)

Here to is a nominal equivalent TOA at the solar-system
barycenter; b, c represents measured clock ofFsets; D/f
is the dispersive delay for propagation at frequency f
through the interstellar medium ~~o ~Eo and ~so are
propagation delays and relativistic time adjustments
within the solar system; and Az, AE, and Az are similar
terms for efFects within a binary pulsar's orbit. Sub-
scripts on the various 6's indicate the nature of the
time-dependent delays, which include "Romer, " "Ein-
stein, " and "Shapiro" delays in the solar system and in
the pulsar orbit. The Romer terms have amplitudes com-
parable to the orbital periods times U/2m', where U is the
orbital velocity and e the speed of light. The Einstein
terms, representing the integrated efFects of gravitational
redshift and time dilation, are smaller by another factor
eu/c, where e is the orbital eccentricity. The Shapiro
time delay is a result of reduced velocities that accom-
pany the well-known bending of light rays propagating
close to a massive object. The delay amounts to about
120 ps for one-way lines of sight grazing the Sun, and the
magnitude depends logarithmically on the angular im-
pact parameter. The corresponding delay within a
binary pulsar orbit depends on the companion star's
mass, the orbital phase, and the inclination i between the
orbital angular momentum and the line of sight.

, 4 .6 .8
Orbital phase (P,=7.75 h)

1.2

FIG. 5. Orbital delays observed for PSR 1913+16 during July,
1988. The uncertainty of an individual five-minute measure-
ment is typically 50000 times smaller than the error bar shown.

Figure 5 illustrates the combined orbital delay
Az +AE+ Az for PSR 1913+16, plotted as a function of
orbital phase. Despite the fact that the Einstein and
Shapiro efFects are orders of magnitude smaller than the
Romer delay, they can still be measured separately if the
precision of available TOAs is high enough. In fact, the
available precision is very high indeed, as one can see
from the lone data point shown in Fig. 5 with 50000o. er-
ror bars.
Equations (1) and (2) have been written to show explic-

itly the most significant dependences of pulsar phase on
as many as nineteen a priori unknowns. In addition to
the rotational frequency v and spin-down rate v, these
phenomenological parameters include a reference arrival
time to, the dispersion constant D, celestial coordinates u
and 6, proper-motion terms p and p&, and annual paral-
lax ~. For binary pulsars the terms on the third line of
Eq. (2), with as many as ten significant orbital parame-
ters, are also required. The additional parameters in-
clude five that would be necessary even in a purely
Keplerian analysis of orbital motion: the projected sem-
imajor axis x =a, sini/e, eccentricity e, binary period Pb,
longitude of periastron ~, and time of periastron To. If
the experimental precision is high enough, relativistic
efFects can yield the values of five further "post-
Keplerian" parameters: the secular derivatives ~ and Pb,
the Einstein parameter y, and the range and shape of the
orbital Shapiro delay, r and s =sini. Several earlier ver-
sions of this formalism for treating timing measurements
of binary pulsars exist (Blandford and Teukolsky, 1976;
Epstein, 1977; Haugan, 1985), and have been historically
important to our progress with the PSR 1913+16experi-
ment. The elegant framework outlined here was derived
during 1985—86 by Damour and Deruelle (1985, 1986).
Model parameters are extracted from a set of TOAs by

calculating the pulsar phases P(T) from Eq. (1) and
minimizing the weighted sum of squared residuals,
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move in eccentric orbits around high-mass main-
sequence stars. These systems have not yet evolved to
the stage of a second supernova explosion. Unlike the
binary pulsars with compact companions, these two sys-
tems have orbits that could be significantly modified by
complications such as tidal forces or mass loss.

V. GENERAL RELATIVITY AS A TQQL

I'b
co—3

277
( T ~)2/3( 1 2)—I

I'by=e
2%

1/3

—5/3
192m 73 2 37
S 2~ 24 96

X(1 e) ~T~m I—M
P" =TOPl2

As Russell Hulse and I suggested in the discovery pa-
per for PSR 1913+16 (Hulse and Taylor, 1975a), it
should be possible to combine measurements of relativis-
tic orbital parameters with the mass function, thereby
determining masses of both stars and the orbital inclina-
tion. In the post-Keplerian (PK) framework outlined
above, each measured PK parameter defines a unique
curve in the (mi m2) plane, valid within a specified
theory of gravity. Experimental values for any two PK
parameters (say, ~ and y, or perhaps r and s) establish
the values of mi, m2, and s unambiguously. In general
relativity the equations for the five most significant PK
parameters are as follows (Damour and Deruelle, 1986;
Taylor and Weisberg, 1989;Damour and Taylor, 1992):

—5/3

r

0
"II II

II

I

0 .2 . 4 . 6 .8 1
Orbital phase

the line of sight, greatly magnifying the orbital Shapiro
delay. The relevant measurements (Rawley et al. , 1988;
Ryba and Taylor, 1991;Kaspi et al. , 1994) are illustrated
in Fig. 8, together with the fitted function bz(r, s), in this
case closely approximated by

b, z =—2r log( 1—s cos[2~( P—Po ) ] ), (10)

where P is the orbital phase in cycles and $0=0.4823 the
phase of superior conjunction. The fitted values of r and
s yield the masses m

&

= 1.50+o &4, m 2
=0.258+0 0,6. In a

FIG. 8. Measurements of the Shapiro time delay in the PSR
1855+09 system. The theoretical curve corresponds to Eq.
(10), and the fitted values of r and s can be used to determine the
masses of the pulsar and companion star.

—2/3
I'b

T—1/3~2/3 —10 Nl 2 (9)

Again the masses m„m2, and M=mi+m2 are ex-
pressed in solar units. I emphasize that the left-hand
sides of Eqs. (5) through (9) represent directly measurable
quantities, at least in principle. Any two such measure-
ments, together with the well-determined values of e and
Pb, will yield solutions for m i and m2, as well as explicit
predictions for the remaining PK parameters.
The binary systems most likely to yield measurable PK

parameters are those with large masses and high eccen-
tricities and which are astrophysically "clean, " so that
their orbits are overwhelmingly dominated by the gravi-
tational interactions between two compact masses. The
five pulsars clustered near PSR 1913+16in Fig. 7 would
seem to be especially good candidates, and this has been
borne out in practice. In the most favorable cir-
cumstances, even binary pulsars with low-mass com-
panions and nearly circular orbitals can yield significant
post-Keplerian measurements. The best present example
is PSR 1855+09: its orbital plane is nearly parallel to

I I I I I I I I I I I

PSR 1534+12
PSR 1534+12
PSR 1802-07
PSR 'l 855+09
PSR 1913+16
PSR 1913+'l 6
PSR 2127+1'I C
PSR 2127+1 'I C

PSR 2303+46
PSR 2303+46 I ~ I

.5 1 'I .5
Neutron star mass (Mo)

FIG. 9. The masses of ten neutron stars, measured by observing
relativistic effects in binary pulsar orbits. Asterisks after pulsar
names denote companions to the observed pulsars.
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Many theoretical corrections, one of them 
is the Shapiro time delay in the binary 
system. This delay can be used to 
determine the mass of the companion NS.
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similar way, all binary pulsars with two measurable PK
parameters yield solutions for their component masses.
At present, most of the experimental data on the masses
of neutron stars (see Fig. 9) come from such timing analy-
ses of binary pulsar systems (Taylor and Dewey, 1988;
Thorsett et al. , 1993, and references therein).

Vl. TESTING FOR GRAVITATIONAL WAVES

If three or more post-Keplerian parameters can be
measured for a particular pulsar, the system becomes
over-determined, and the extra experimental degrees of
freedom transform it into a calibrated laboratory for test-
ing relativistic gravity. Each measurable PK parameter
beyond the first two provides an explicit, quantitative
test. Because the velocities and gravitational energies in
a high-mass binary pulsar system can be significantly rel-
ativistic, strong-field and radiative effects come into play.
Two binary pulsars, PSRs 1913+16 and 1534+12, have
now been timed well enough and long enough to yield
three or more PK parameters. Each one provides
significant tests of gravitation beyond the weak-field,
slow-motion limit (Damour and Taylor, 1982; Taylor
et al. , 1992).
PSR 1913+16has an orbital period Pb =7.8 h, eccen-

tricity e =0.62, and mass function fi =0.13MO. With
the available data quality and time span, the Keplerian
orbital parameters are actually determined with fraction-
al accuracies of a few parts per milhon, or better. In ad-
dition, the PK parameters ~, y, and Pb are determined
with fractional accuracies better than 3 X 10, 5 X 10
and 4X10, respectively (Taylor and Weisberg, 1989;
Taylor, 1993). Within any viable relativistic theory of
gravity, the values of co and y yield the values of m

&
and

m2 and a corresponding prediction for Pb arising from
the damping effects of gravitational radiation. At present
levels of accuracy, a small kinematic correction (approxi-
mately 0.5%%uo of the observed Pb ) must be included to ac-
count for accelerations of the solar system and the binary
pulsar system in the Galactic gravitational field (Damour
and Taylor, 1991). After doing so, we find that Einstein's
theory passes this extraordinarily stringent test with a
fractional accuracy better than 0.4% (see Figs. 10 and
11). The clock-comparison experiment for PSR
1913+16 thus provides direct experimental proof that
changes in gravity propagate at the speed of light, there-
by creating a dissipative mechanism in an orbiting sys-
tem. It necessarily follows that gravitational radiation
exists and has a quadrupolar nature.
PSR 1534+12 was discovered just three years ago, in a

survey by Aleksander Wolszczan (1991) that again used
the huge Arecibo telescope to good advantage. This pul-
sar promises eventually to surpass the results now avail-
able from PSR 1913+16. It has orbital period Pb =10.1
h, eccentricity e =0.27, and mass function f, =0.31M~.
Moreover, with a stronger signal and narrower pulse
than PSR 1913+16,its TOAs have considerably smaller
measurement uncertainties, around 3 ps for five-minute
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FIG. 10. Accumulated shift of the times of periastron in the
PSR 1913+16system, relative to an assumed orbit with con-
stant period. The parabolic curve represents the general relativ-
istic prediction for energy losses from gravitational radiation.
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FIG. 11. Solid curves correspond to Eqs. (5)—(7) together with
the measured values of &, y, and I'b. Their intersection at a sin-
gle point (within the experimental uncertainty of about 0.35%
in I'b ), establishes the existence of gravitational waves. Dashed
curves correspond to the predicted values of parameters r and s;
these quantities should become measurable with a modest im-
provement in data quality.
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Now we consider in greater detail the physics of binary systems

The emission of GW's produces a circularization of the orbit, and here we consider only 
circular orbits. 

In the CM system, conservation of 
momentum requires 

Moreover, the masses experience a 
centrifugal acceleration that must be 
balanced by the gravitational force, 
so that

m1r1! = m2r2!
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The last formula can be rearranged to obtain

and therefore we find the following variant of Kepler's third law

Notice also that the moment of inertia of the system about the CM is

r1!
2 =

Gm2

(r1 + r2)2
; r2!

2 =
Gm1

(r1 + r2)2
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Then we find

or also
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What about gravitational waves? 

There is no dipole radiation with GW.

Recall the definition of the dipole moment for a distribution of masses

and its time derivative in a system of masses which are under the action of internal forces 
only is

from the conservation of total momentum. Finally, this means

i.e., there cannot be any radiation that is proportional to the second derivative of the 
dipole moment, as one would expect from an analogy with EM radiation.

p =
X

i

miri
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Now recall that the multipole expansion is derived from the following identity

The quadrupole moment is associated with the Legendre polynomial of degree 2

in particular it is derived from 

1

|R� r| =
1p

R2 + r2 � 2Rr cos ✓
=

1X

`=0

r`

R`+1
P`(cos ✓)
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Legendre polynomials
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When we extend the last calculation to many masses, we find 

The quadrupole tensor is related to the tensor of inertia

X

i

m(i)

2

⇣
3 r(i),jr(i),k � r2(i)�j,k

⌘
R̂jR̂k = Qi,jR̂jR̂k
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By analogy with the EM radiation and on dimensional grounds, we expect then that 
the radiated power is proportional to the "square" of the quadrupole moment, i.e. 
to the "square" of the tensor of inertia:

with a adimensional constant (this representation holds in the frequency domain). 
From dimensional analysis we find 

The constant can be found only with a full GR treatment and one finds a = 32/5.

In terms of the quadrupole tensor, the full formula in the time domain is

Since the quadrupole tensor is symmetric, the emitted radiation has frequency 2w

Prad = ↵I2!�G⌘c⇣
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After the general considerations let's get back to the binary system

We can replace the expression of the moment of inertia and that of its rotation 
frequency to eliminate both the moment of inertia and the spatial separation between 
the masses in the formula for the radiated power:

This radiated power corresponds to the rate of change of the total energy of the binary 
system

and equating the expressions we find 

Pbinary = ↵
G7/3

c5
(m1m2)2

(m1 +m2)2/3
!10/3
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It is customary to define the ``chirp mass'' as follows:

Then, using the chirp mass and the emitted frequency we can write

which is the only equation in the "discovery paper". This shows that the chirp mass 
can be derived from the observation of the frequency alone. 

After integration, one can also approximate as follows

M =
(m1m2)3/5
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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<latexit sha1_base64="t9smEycdp+myxcNNzHrc2NPMmVs=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwFZI+UChC0U2XFewDmhIm00k7dJIMMxOxhn6JG3/FjQtFBFf6N04foLYeuHA4517uvcfnjEpl219GZmV1bX0ju5nb2t7Z3TP3D5oyTgQmDRyzWLR9JAmjEWkoqhhpc0FQ6DPS8odXE791S4SkcXSjRpx0Q9SPaEAxUlryzHLg2dBFnIv4DpYKbsUNkRqIMK3dj6Hr5qpuBaoL2yqWfyw59sy8bdlTwGXizEkezFH3zA+3F+MkJJHCDEnZcWyuuikSimJGxjk3kYQjPER90tE0QiGR3XT63hieaKUHg1joihScqr8nUhRKOQp93Tm5UC56E/E/r5Oo4Lyb0ognikR4tihIGFQxnGQFe1QQrNhIE4QF1bdCPEACYaUTzekQnMWXl0mzYDlFq3Bdylcv53FkwRE4BqfAAWegCmqgDhoAgwfwBF7Aq/FoPBtvxvusNWPMZw7BHxif30oEoL8=</latexit>

f � f0

@ t = 0.43 s
<latexit sha1_base64="XbdHYiSrZ4U0R1zVvc0r6aU5wXk=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwFZK2oFCEohuXFewDmlAm00k6dDIJMxOhhH6AG3/FjQtF3PoB7vwbJ20W2npg4HDOucy9x08Ylcq2v43S2vrG5lZ529zZ3ds/qBwedWWcCkw6OGax6PtIEkY56SiqGOkngqDIZ6TnT25yv/dAhKQxv1fThHgRCjkNKEZKS8NKNYBuGMJgaEPXNVtuE6or22rU3aYbITUWUSZnOmVb9hxwlTgFqYIC7WHlyx3FOI0IV5ghKQeOnSgvQ0JRzMjMdFNJEoQnKCQDTTmKiPSy+TEzeKaVEQxioR9XcK7+nshQJOU08nUy31Aue7n4nzdIVXDpZZQnqSIcLz4KUgZVDPNm4IgKghWbaoKwoHpXiMdIIKx0f6YuwVk+eZV0a5ZTt2p3jWrruqijDE7AKTgHDrgALXAL2qADMHgEz+AVvBlPxovxbnwsoiWjmDkGf2B8/gDmIpkI</latexit>

Compute the value of the chirp mass in units of solar masses, where M� ⇡ 2⇥ 1030 kg
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Recall the formula for the Schwarzschild radius

We can assume that coalescence stops when the separation between the two masses 
is equal to the sum of their Schwarzschild radii

at this separation

RS =
2GM

c2
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r1 + r2 =
2G

c2
(m1 +m2)

<latexit sha1_base64="TTtLK1VhSpPKkhaXZTjIQGHTOxI=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUCmVmFHQjFF3osoJ9QFuHTJppQ5PMkGSEMswHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHj9iVGnb/rZyS8srq2v59cLG5tb2TnF3r6nCWGLSwCELZdtHijAqSENTzUg7kgRxn5GWP7qa+K0HIhUNxZ0eR6TH0UDQgGKkjeQVS9JzKtJz4QXsBhLhxL1OE3zvpmXuObACuecem5RdtaeAi8TJSAlkqHvFr24/xDEnQmOGlOo4dqR7CZKaYkbSQjdWJEJ4hAakY6hAnKheMj0mhUdG6cMglOYJDafq74kEcaXG3DdJjvRQzXsT8T+vE+vgvJdQEcWaCDxbFMQM6hBOmoF9KgnWbGwIwpKav0I8RKYTbformBKc+ZMXSdOtOidV9/a0VLvM6siDA3AIysABZ6AGbkAdNAAGj+AZvII368l6sd6tj1k0Z2Uz++APrM8fky6YxQ==</latexit>

!2
S =

G(m1 +m2)

(r1 + r2)3
=

c6

8G2

1

(m1 +m2)2
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m1 +m2 =
c3p
8G

1

⇡fS
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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f ⇡ 300 Hz

@ t = 0.43 s
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Use the equations below and the value of the chirp mass  to estimate the two masses                 

m1 +m2 =
c3p
8G

1

⇡fS
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M =
(m1m2)3/5

(m1 +m2)1/5
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What is the initial separation of the two black holes? How does this compare with 
the Schwarzschild radii?

We can use the equation of the frequency as a function of the separation between 
masses

Recall also 

!2 =
G(m1 +m2)

(r1 + r2)3
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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f0 ⇡ 42 Hz

@ t = 0.35 s
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r1 + r2 =


G(m1 +m2)

⇡2f2

�1/3
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RS =
2GM

c2
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We can use the formula for the total energy to approximate the total radiated 
energy

At coalescence, this becomes

and this is roughly equal to the total radiated energy. 

Compute this estimate of the total radiated energy for GW150914 (in solar masses) 

Etot = �1

2

Gm1m2

(r1 + r2)
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Etot = �c2

4

m1m2

(m1 +m2)
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r1 + r2 =
2G

c2
(m1 +m2)
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Largest strain

h ⇡ 10
�21

@ f ⇡ 250 Hz
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Amplitude and intensity of the GW

From elementary dimensional analysis we find

where the adimensional constant can determined by the full GR calculation: 

Using the inverse square law  

and the equation for the radiated power 

find the distance, using 
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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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be far more complex and carry more information than has been expected. Improved wave form
modeling is needed as a foundation for extracting the waves' information, but is not necessary for
wave detection.
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A network of gravitational-wave interferometers (the
American LIGO [1], the French/Italian VIRGO [2], and
possibly others) is expected to be operating by the end
of the 1990s. The most promising waves for this network
are from the inspiral and coalescence of neutron star (NS)
and black hole (BH) binaries [3, 4], with an estimated
event rate of (3/year) [distance/(200 Mpc)] [5]. This
Letter reports initial results of a new research eKort that
is changing our understanding of these waves; further
details will be given in the authors' papers cited in the
references.
A binary's inspiral and coalescence will produce two

gravitational wave forms, one for each polarization. By
cross correlating the outputs of three or more interferom-
eters, both wave forms can be monitored and the source's
direction can be determined to within 1 degree [4, 6].
We shall divide each wave form into two parts: the

inspiral toave forvn, emitted before tidal distortions be-
corne noticeable (+ 10 cycles before complete disruption
or merger [7, 8]), and the coalescence toave form, emitted
during distortion, disruption, and/or merger.
As the binary, driven by gravitational radiation reac-

tion, spirals together, its inspiral tvave form sweeps up-
ward in frequency f (it "chirps"). The interferometers
will observe the last several thousand cycles of inspiral
(from f 10 Hz to 1000 Hz), followed by coalescence.
Theoretical calculations of the wave forms are gener-

ally made using the post-Newtonian (PN) approximation
to general relativity. Previous calculations have focused
on the Newtonian-order wave forms [1,3, 4, 9] and on PN
modulations of their amplitude and frequency [10].
%'e have recently realized that the PN modulations

are far less important than PN contributions to the secu-
lar growth of the waves' phase C = 2~ f fdt, which arise
largely from PN corrections to radiation reaction [ll, 12].
The binary's parameters are determined by integrating
the observed (noisy) signal against theoretical templates,
and if the signal and template lose phase with each other
by as little as one half cycle over the thousands observed

as the signal sweeps through the interferometers' band,
their overlap integral will be strongly reduced. This sen-
sitivity to phase does not mean that accurate templates
are needed in searches for the waves (see below). How-
ever, once the waves have been found, and if accurate
templates are in hand, then from the orbital phasing one
can infer each of the system's parameters A, to an accu-
racy of order the change LA, which alters by unity the
number of cycles JV,~, spent in the interferometers' band.
We shall assume (as almost always is the case) that

the binary's orbit has been circularized by radiation re-
action [10]. Then the only parameters A, that can sig-
nificantly inBuence the inspiral template's phasing are
the bodies' masses, vectorial spin angular momenta, and
spin-induced quadrupole moments (which we shall ignore
because, even for huge spins, they produce orbital phase
shifts no larger than ~ 1 [8]). More specifically, the num-
ber of cycles spent in a logarithmic interval of frequency,
dA, ~,/d ln f = (1/2vr) (dC /d ln f), is
dAtcyc 5 1 ( 743 11
din f 96~ p,M I (7rf) I (336 4 M

—f4 + s.o.] ' '+ [s.s.]*'+o(*")).
Here M is the binary's total mass, p, its reduced mass,
and x—:(vrM f)2Is M/D the PN expansion parameter
(with D the bodies' separation and c = G = 1). The PN
correction [O(2:) term] is from [13]. In the Pi sN correc-
tion [O(zi 5) term], the 4vr is created by the waves' in-
teraction with the binary's monopolar gravitational Geld
as they propagate from the near zone to the radiation
zone [14], and the "S.O." denotes contributions due to
spin-orbit coupling [15]. In the P N correction the "S.S."
includes spin-spin coupling effects [15] plus an expression
quadratic in lJ, /M. (For bodies with sizes comparable to
their separations, the spin-orbit and spin-spin terms are
of PN order; but the compactness of a BH or NS boosts
them up to Pi sN and P N, respectively; cf. [15].)
Since the leading-order, Newtonian contribution to
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Numerical relativity and post-Newtonian calculations



Merging black holes, side view



Merging black holes, top view



What is the role of signal filtering?
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GW amplitude spectral density on Sept. 14 2015
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Figure 8.4a, b

Magnified features.
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GW amplitude spectral density on April 21 2019





MSc and PhD theses are available in the Virgo-TS group

The work done in the group deals with data analysis, in particular unmodeled analysis 
with the cWB (coherent WaveBurst) pipeline. The current focus of research in this field is 
on the full use of the many clues that are present in the signals to test GR and gather as  
much knowledge as possible about the sources. 

If you are interested in the interferometer hardware, other theses topics are available in 
collaboration with several Italian groups.

For further information: 

Prof. Edoardo Milotti 
milotti@ts.infn.it
Physics Dept., room 228, Via Valerio 2, Trieste
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