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§8. DERIVATIVES

8.1. Derivative of a polynomial. The derivative of a polynomial
function, as of any function, is defined by limiting processes. The
formula used for differentiating such functions, however, involves no
such processes in any explicit fashion. We shall now see that a purely
formal application of this formula will give us many of the properties
of derivatives,

For any element

J=a+azx+ -+ az
of D[z] we define the derivative of f with respect to z to be
/= a+ 202 + -+ + naz,

The (partial) derivative of f(zy, - -,z,) with respect to z; may then be
defined by regarding f(xy,--,2,) as a polynomial over D(zy, -+« iy,
Zip, '+, %). The following properties of derivatives will be useful:

W U+9)=1+7¢"

(i) If a is a constant, a’ = 0 and (af)’ = af’.

(i)  (fg)" = f'g + fo'; (f*) = nfr1 g,

(iv) f(ﬂl(t),‘ : ',0;(2))' - z‘f‘ (ﬂ](l),' ‘ ':gr(:)):l‘(z)v
where fi(z,- - - x,) is the derivative of f with respect to z;, t = 1, r,

(1) and (ii) follow at once from the definition, and the first part of
(i1i) can be easily checked; the last part of (iii) is obtained by repeated
application of the first part. (iv) may be proved first in the case in
which f consists of a single term, by use of (iii), and then in the general
case by use of (i) and (ii).

Derivatives have certain undesirable properties for polynomials
over a domain of characteristic p » 0. This is due to the fact that for
such a domain any polynomial of the type ay + a;2* + 2% + - - - has
zero for its derivative. Hence throughout the rest of this section we
shall assume that D has characteristic zero. We also assume that D
has unique factorization,

Our most important use of derivatives will be in the investigation
of multiple factors of polynomials. A fundamental theorem in this con-
nection is the following.

Tueonem 8.1, If g is irreducible, and not a conslant, ¢* | f if and only
Vglfandg|yf.

Proor. If g|f then f = gh, and 80 f" = gh’ + g'h. I, also, g | /",
then g | g’h. Sincedegg’ < degg,g1¢’, and so g | A, since g is irreducible.
Therefore, ¢* | f. Conversely, if f = g% then f' = 2g¢’k + g*k', and so
g|fandg|f.
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As an important special case we obtain from Theorem 7.2,

TueoreM 8.2. (z — a)? | f(z) if and only if f(a) = f'(a) = 0.

8.2. Taylor's Theorem. By induction, we define the nth deriva-
tive of f(z) to be f™(z) = fi-v(z)’. Similarly, the higher partial de-
rivatives can be defined. The partial derivative of f(xy, - -,z,) with re-
spect to z; may be designated by af/ax,, f,,, or fi, with obvious exten-
sions to higher derivatives. The relation f; = f;, is easily verified, and
from this it follows that all the higher partial derivatives are independ-
ent of the order of differentiation.

We shall now prove Taylor's Theorem.

Tueorem 8.3. For any polynomial f(z) of degree n and any constant a,

f(z) = f(a) + f'(a)(z — a) + gl,!"(a)(z - a)' +

c o fa)(z — o)
Proor. Let

(8.1) flz+a) = a+ax + -+ + a.x™
Differentiating successively with respect to z, we obtain, using (iv),

Sz +a) = a + 20 + -+ + nax™,

J'(x + a) = 2a: + 2-3asx + - -+ + n(n — Daz*?,

S (x 4+ a) = n!a,.

Putting x = 0 in each of these equations, we have

a = 1), a=[(@), a=j @), 6= ).

Substituting in (8.1), and replacing = by z — a, we have the desired
result.
This theorem is easily extended to polynomials in several variables.
Tueoresm 8.4. Let f(zy- -+ ,x,) € D[xy, - -,x,), let ay;- -+ ,a, € D, and
designate by fi; . .. the result of substituting ay,- - -,a, for z,,+ - - ,x, in the
partial derivative of [ with respect lo x;z;,---. Then

j(:‘)' ! ',3,) - j(alp' - ”al) + Elfl(zl - a.)
+ gy Basfulas = a)(x; — @) + -+

Proor. By the previous theorem expand
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F(t) = flay + (2, — a)t,- - - ,a, + (2, — a,)0) in powers of . Using
(1v) we obtain

F(‘) - f(alv' : '9“') + 25!‘(14 - ai)t
+ '2-ll Zoifif(zi = a)(zy —a)l 4 -,

The desired result is obtained by putting ¢ = 1.

8.3. Exercises. 1. Properties (i), --,(iv) will hold for rational
functions if and only if we define (f/g)’ to be f'g = 1) /¢

2. Extend Theorems 8.1 and 8.2 from squares to nth powers.

3. Prove Theorem 8.2 and its generalization for domains of any
characteristic.



