The Poisson equation

May 18, 2020

1 The discrete Poisson problem

We consider the 2D elliptic Boundary Value Problem (BVP) given by the Pois-
son equation with Dirichlet boundary condition

Au(m, ):f(xa )a (Z‘, )697
{ y y ,)yer, )

u(r,y) =g(z,9), (v,y

where = (0, 1)2 is the open unit square in R? and T is the boundary of 2 (see
Figure 1).

Figure 1: Q = (0,1)? and its boundary €.

In the following, we show how to numerically solve the Poisson problem by
using finite differences.



Let N be a positive integer and set the stepsize h = N
The plane R? is discretized by the mesh (see Figure 2)

2 .= {(mh,nh) : m,n € Z}

Figure 2: The mesh R.

Each mesh point (mh,nh) € R? has four nearest neighbors in the mesh (see
Figure 3):

e ((m —1)h,nh) to the left,
[ ]
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((m + 1)h,nh) to the right,
e (mh,(n — 1)h) below,
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Figure 3: The four nearest neighbors of (mh,nh).



Now, we introduce discretizazions of ), I and Q (see Figure 4).

e Let Q) =QnN R%. We consider (), as a discretization of €.

e Let I';, be the set of the mesh points not in 2, but with a nearest neighbor
in Q. We consider I'j, as a discretization of I". Note that I', C I" but
I'n#InN R%L: the four corners of I" are in R% but not in T'y,.

e Let Q) = Qp UTy,. We consider Qy, as a discretization of .

Q, for h = 1/8: e — points in €2, o — points in I';.
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Figure 4: The discretizations Qy, I'y, and Q.

In the discretization of the BVP (1), we look for a function uy : Q) — R

such that
{ Apup (z,y) = f(2,y), (7,y) € Qp,
Uh, (x,y) =g (x,y) ) (x,y) € ',

Here Ay, is a discrete Laplacian, i.e. an operator such that:

e it associates to a mesh function Q, — R an interior mesh function 5, — R;

e it approximates the Laplacian A in the sense that if v : Q — R is a
sufficiently smooth function, then

Apvlg, (x,y) = Av(z,y), (z,y) € s,
where v\ﬁh is the restriction of v to Qj C Q.

Now, we define a discrete Laplacian Ay, by finite differences.

1.1 The five-point discretization of the Laplacian

Given a sufficiently smooth function v(¢) of one real variable ¢, we want to
construct a finite difference approximating the second derivative v” (t).



Let h > 0. We have

v(t)—v(t+h) v(t—h)—v(t)

! !
” v (t + h) —-v (t) —h B —h
t ~ =~
v (t) 7 ;
| @) Ol p) — 20 (8) + o (t 4 h)
- h - h? '

So, an approximation of v” () is given by

U//(t)%U(t_h)_21;lgt)+v(t+h)~ @)

The scheme (2) for approximating v (¢t) is called the second central difference.
What about the error of this approximation? If v is of class C*, we have

/ h2 " h3 " h4 4
v(t=h) = ()= h' () + " (1) = v (t)—i—ﬂv( ) (aup)
h? h3 ht
v(t+h) = v+ k' (1) + " () + 0" (0 + 0@ (B),

where ay, € (t — h,t) and B € (t,t + h). Thus, we obtain

h4
v(t—h)+v(t+h)=2v(t)+h*" (t) + 2 (v<4> (ap) + 0@ (5h)) .

and then

= 220Dy = 2 (o () 0@ (81)

Now, we define a discrete Laplacian. Since for function v : Q — R of class
C? in Q
0%v 0%v
A = 5.9 ’ a2 ’ ’ ’ € Qv
vz, y) = 55 (@y) + 92 (z,y), (z,y)

we can set, for a mesh function vy, : Q) — R

Uh (I7h7y) — 2up, (Qj’y) +vp (‘T+h’ay)
h2

Ah’Uh (f,y) =

vp (2, —h) — 2v, (2, y) +vp (2,9 + h)
+ -3 ,

(‘T,y) € Qh~

Note that, for (z,y) € Q, we have (z £ h,y), (z,y £ h) € Q). This the reason
for which Apvy, : Q) — R is defined for vy, : Q5 — R.



This discrete Laplacian Ay is known as the five-point discretization of the
Laplacian.

Now, we study how well A, approximates A.
Let v : Q — R be of class C*. We have, for (x,y) € Qp,

‘Ahv|§h (xvy) —Av (xvy)|
v(z—hy) —2v(z,y)+v(@+hy)  v(z,y—h)—2v(zy)+v(z,y+h)
h2 + h2

(G + 35 @)

v(x—h,y)—2v(z,y)+v(z+hy) v
HCRYNES MBS NN
v(z,y—h)—2v(z,y)+v(z,y+h 0%v
L|v@y=h) 229) (z,y )_W(x’y)’

84 o*v
o a4 (Oé}“y) =+ @ (/Bh7y)’
h2 0*v o*v

64(I ’Yh) 64(1: 5h)

with ay, € (z — h, ), By € (z,2 +h), v, € (y — h,y) and oy, € (y,y + h).
Thus: for v: Q — R of class C*, we have

max |[Apvls, (z,y) — Av (z,
(w,y)egh} nolg, (2,9) (z,y)|
0t

9t (x,y)|, max

2
< —max { max
6 (z,y)eQ

(z,y)eQ

g‘;@( y)‘}

Exercise. Given v :  — R of class C%, find a function C(x,y), (x,y) € Q,
and a nonnegative constant M such that

Anvlg -4 — C(a,y)h?| < Mh*.
(mg})aé}glh ’ hv|Qh (-r7 y) v (.’If, y) (37, y) | >~

Just above we have shown the expansion

Ahv|ﬁh (x,y) = Av (x,y) + EQ(xay)a (l',y) € Qa

o*v
87y4 (z,y) ‘} :
By this exercise , we can expand one more term:

Ahv|ﬁh (J},y) = Av (l',y) + C(x7y)h2 + E4(.’L’,y), (xay) € Q7

where

v

5y (@)

, max

h2
max |E2(x,y)| < —max<{ max .
6 ( (z.9)€9

(z,9)€Qn z,9)EQ

where

max |Ey(z,y)| < Mh*.

(z,y)€QR



1.2 The discrete problem as a linear system

The discrete problem

{ Apup (z,y) = [ (2,y), (z,y) € O,
Uk (x,y) =g(:c,y ’ (x7y) €'y,

is a system of (N — 1)? scalar linear equations into (N — 1)? scalar unknowns.
In fact, the discrete Poisson equation is

up, (x — h,y) — 2up (2,y) +up (x + h,y) . up (2,y — h) — 2up (z,y) +up (z,y + h)
h? h?
uh(x,y_h)+uh(x_hay)_4uh (xay)+uh(x+h7y)+uh (.’E,y+h)
h2

= f(xay)7 (l',y) € Qh'
By setting

Usj ‘= Up (Zha]h)v (Zhvjh) eﬁhv Le. (7’7.7) S {0717"'7N_ 17N}2\{(an)v(Nvo)v(NaN)v(ON)}7
fii == [ (ih,jh), (ih,jh) € Qu, ie. (i,5) € {1,...,N —1}?,
gij == g (ih, jh), (ih,jh) €Ty, ie. (i,j) € {0,N} x {1,...,N—1}U{l,...,N —1} x {0, N},

the discrete Poisson problem becomes

Uij—1 + wi—1j — Ay + g1y + wijer = k2 fiy, (4,5) € {1,...,N — 1}
gy = gigs (115) € {0 N} x {1, s N =1} U {L,..., N — 1} x {0, N}.

This is the system of the (N — 1)? scalar linear equations
Uij—1 + Ui—15 — 4’U,ij + Uit15 + U1 = h2fij, (Z,j) € {1, oo, N — 1}2 s
into the (N — 1)? scalar unknowns

wij, (i,7) € {1,...,N —1}*.



We want to write the linear system in the form
AU = b,
where

e A is the square matrix of the system of order (N — 1)2.
e U is the column vector of the unknowns of dimension (N — 1)2.

e b is the column vector of the known terms of dimension (N — 1)2.

In order to do this, the (N — 1)? unknowns

UL, N—-1,U2,N—15++- s UN—1,N—1
U1,2, U225+, UN—-1,2
UL,1,U2,15 -+ -, UN—1,1,

which are arranged in a square because they are values at the mesh points in

O @) DY O

th ’ ,
O O DRI O

need to be ordered in a column vector.



For example, in the case N = 4, by ordering the (N — 1)2 = 9 unknowns as

U = (u11,u21,u31, U12,U22,Us2, U13,U23,U33)

we obtain the following linear system:

4 1 0 1 0 0 0 0 0
1 -4 1 0 1 0 0 0 0
0 1 4 0 0 1 0 0 0
1 0 0 -4 1 0 1 0 0
0o 1 0 1 -4 1 0 1 0
0o 0 1 0 1 -4 0 0 1
0 0 0 1 0 0 -4 1 0
0o 0 0 0 1 0 1 —4 1

0 0 0 0 0 1 0 1 —4

In fact, we have the nine equations

2
Ujj—1 + Ui—1j — 4ij + Uig1j + wij41 = B fij,

namely

O = DN W
— o ®®®°
Mo ¥R °

U1 + o1 — 4ury + ugy +urp = h:fiy,
Ugo + 11 — 4ugr + uzy + ugy = h?for,
u30 + uz1 — 4ugy + g1 + uze = h? faq,
U1 + oz — dugg + Uz + urz = h?fia,
U1 + U2 — duos + uza + Usz = h® foo
Uzt + ue — duzs + uga + uzz = h? faa,
Ut + o3 — 4uyz + ugg + urg = h?fis,
Ugg + U3 — dugz + Uz + ugg = h? foz,
U2 + Uz — duss + ugs + uzs = h? fag,

Uil
U1
U3zl
Ui2
U22
usz2
U13
U23

us3

o)
®

®

® o

o)

3 4
U0 = g10
U20 = 920
U3zo = g3o0
Uo2 = go2
Uq2 = 42
U3 = gos
U24 = g24
U43 = g43

h2f11 — g10 — go1

h2f21 — 920
h2f31 — 930 — 941
h2f12 — go2

h? fao

h2f32 — 942
h2f13 — 903 — 914
h2f23 — g24

h2f33 — 043 — 934

(i.5) € {1,2,3}*,

and uo1 = go1

and Uq1 = g41

and U14 = g14

and U34 = g34.-

The matrix A of the system can be rewritten as a 3 x 3 block matrix:

A I O
A=| 1 A 1
O I A




where the blocks are 3 x 3 and they are

—4 1 0
A= 1 —4 1 |, the identity matrix I and the zero matrix O.
0 1 —4

For a general N, by ordering the (N — 1)* unknowns as

U:(ullau217---7uN—l 1, Ui2,U22,...,UN-12, --- ,Ul N-1,U2 N-1,---,UN-1 N—l)

the matrix A of the system is a (N — 1) x (N — 1) tridiagonal block matrix:

AT O . . O

I A I

O I .
A= ol

. N |

o . . 01 A

where the blocks are (N — 1) x (N — 1) and they are

-4 1 0 . .0
1
A= 0 ' 0 , the identity matrix I and the zero matrix O.
. ..o =41
o . .0 1 —4

The matrix A is sparse, i.e the number of nonzero elements of A is O(n),
n = (N — 1)? being the order of A. In fact, in each row there are at most 5
nonzero elements and so the total number of nonzero elements is not larger than
on.

Observe that the matrix A has only 5 nonzero diagonals: the principal di-
agonal, the first lower diagonal, the first upper diagonal, the (N — 1)-th lower
diagonal and the (N —1)-th upper diagonal. All the diagonals below the (N —1)-
th lower diagonal and above the (N —1)-th upper diagonal are zero. This means
that A is a band matriz with bandwidth w = N — 1 = {/n.

By solving the linear system AU = b by gaussian elimination, the fill-in
phenomenon will appear: in the LU factorization of a band matrix, the band
structure is preserved in the matrix L and U with the same bandwidth. So, in
the A = LU factorization of the matrix A, the lower triangular matrix £ is a
band matrix with bandwidth w and the upper triangular matrix U is a band
matrix with bandwidth w. But, what happens for the matrix A is that all the
lower diagonals of £ up to the order w and all the upper diagonals of U up to the
order w are filled with nonzero elements. This means that gaussian elimination
cannot take advantage of the sparsity of the matrix and the computational cost



for solving AU = b is the cost when a general linear system with a band matrix
of bandwidth w is solved, namely

number of arithmetic operations = O(w?n) = O(n?) = O((N — 1)*).

Since N is a large number, the gaussian elimination is too expensive. Iterative
methods for solving linear systems should be used.

The matrix 4 is symmetric because the blocks A, I and O are symmetric.
Moreover, we have the following fact.

Proposition 1 A is negative definite, i.e. for any v € RV-D* we have
(v, Av) <0 and (v, Av) < 0 if v # 0.

Proof. We begin to prove that, for v € RV~ we have
(v, Av) < =2 lv]?

for the block

-4 1 0 . . 0
1
0 .
A= . 0
. -4 1
0 0 1 -4
We have
N-1
(v, Av) =0T Av = Z (T
ij=1

2 2 2
—4v] + v1v2 + vavr — 4v; + vavs + v3vg — 4us

+ “e

— 40Xy + UN—2UN—1 + UN_1UN_2 — 40X
= 4o — vl —4vd 4+ — Ay — 0%

420109 + 209v3 + - - - + 20N _2UN -1
= —20? — 202 - 2v?2> 4= 20% , —20%

—v} — (V7 — 2u1v3 +v3) — (V3 — 2v9v3 +v3) + - — (Vg — 2UN_2UN_1 +VA_;) — ¥
= 207 — 202 — 203 4+ — 3 o — 0%,

—vf = (v1 —02)® = (V3 —v3)* + - — (n_a —on1)” — VR,

< —2(0 403+ 0y 0% 1) = —2]u%

10
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N-1



Now, we prove that the matrix A is negative semi-definite. For
v = (Ul,vg, S ,’UN_1) S R(N_l)z

with v; e RN=1 i € {1,..., N — 1}, we have

(v, Av) = v Av
A I O O V1
I V2
o . . . . .

i A I e
. .. AT .
O . . O I A UN—-1

= vlTAvl + vlTvg + v2Tv1 + UQTAUQ + vavg + vg;vg + ngvg

+...

+ok SAun_o + VN _sun_1 +vh Jun_o + ok Auy_y

(v1, Avy) + 2 (v1,v2) + (va, Ava) + 2 (va, v3) + (v3, Avs)

+...

+(vn—2, Avn_2) +2(vN_2,vN_1) + (Un_1, AUN_1)

—2||oa]|* + 2 (v1, v2) — 2 [J0al|* + 2 (v, v3) — 2 [lvs]*

e

—2|lon—a|® + 2 (on 2, o8 -1) = 2|Jun 1]

ol = (lloal® = 2 (wn,v2) + flall*) = (oall® = 2 (v, v5) + s
+ I

= (low-2l* = 2 (n-2,05-1) + low-1l?) = lon -]l

IN

—Jvill® = fJor = val|* = flva —vsl|* + -+ = [luy—2 — vn—1]* = lon—1]* < 0.

So, the matrix 4 is negative semidefinite.
Finally, we show that A is negative definite. Our previous derivation shows

that for v = (v1,v9,...,0N_1) € RN=1% such that
(v, Av) =0
we have
—Jlonlf* = llor = val* + ... = lon—2 — vn—a|® = oy -1]* = 0.
Then
v =0, v1—v2=0, ..., vNy—2 —uNn-1=0, vy_1 =0,

and sov; = vy =...=0vn_1 = 0.

So, the matrix is negative definite.

]

11



Since the matrix A is negative definite, it is nonsingular. As a consequence,
we have that the discrete problem

{ Apup (377y) = f(x7y), (x,y) € Qp,
Uk (l‘,y) = g($7y), (amy) € 'y,

has a unique solution wuy,.

Exercise. Write the 1D BVP given by the Poisson equation with Dirichlet
boundary condition on Q = (0,1). Solve analytically this problem. Propose a
corresponding discrete problem and write the associated linear system. Com-
pute the computational cost for solving the linear system by gaussian elimina-
tion. Prove that the discrete problem has a unique solution.

Exercise. Consider the 3D BVP given by the Poisson equation with Dirichlet
boundary condition on Q = (0,1)3. Propose a discrete Laplacian and a conse-
quent discrete problem. Describe, in the matrix of the linear system associated
to the discrete problem, the row corresponding to a mesh point in € with
nearest neighbors in ;. Compute the computational cost for solving the linear
system by gaussian elimination.

2 Convergence Analysis

Let us assume that the BVP (1) given by the Poisson equation with Dirichlet
boundary condition has a unique solution u.
Now, by using discrete maximum and minimum principles introduced below,

e we prove that the discrete problem has a unique solution uy; indeed, this
is already known since we have proved that the matrix of the linear system
corresponding to the discrete problem is negative definite and then non-
singular;

e we give an upper bound for the error

max. ‘uh (xvy) - U(I7y)| .
(z,y)EQp

2.1 The Discrete Maximum principle

We remind the Mazimum Principle for the Laplacian: let v : § — R be a
continuous function of class C? in € such that

Av (%?J) > 07 (.’I?,y) € Q)
i.e. v is a subharmonic function. Then

sup v (x,y) < max v(x,y)
(z,y)€Q (z,y)€T

with equality if and only if v is constant.
The Discrete Maximum Principle is the discrete analogue of the previous
fact.

12



Theorem 2 (Discrete Maximum Principle). Let vy, : @, — R be a mesh func-
tion such that
Ahvh (xay) > 07 (l‘,y) € Qh'

Then

max v (z,y) < max vy (z, 3
(wois, on (BU) < e, on(2,) 2

with equality if and only if vy, is constant.
Proof. If v, is constant, then (3) holds with equality. Now, we prove that

vp, is not constant = max v (x,y) < max vp (x,y)
(z,y)€Qn (z,y)€ln
ie.

max v (x,y) > max v (x,y) = vy is constant .
(z,y)EQ (z,y)€ln

So, we assume
max v, (x,y) > max vy (z,y),

(z,y)€n (z,y)€Tn
from which we have
max v (x,y) = max v, (z,y),
(z,9)€Qn (z,y)EQn

and we show that vj, is constant.

Let (xg,y0) € Qp, the point where the maximum of vy, is obtained.
Since

0 < k% Apon (20, 90)
= —dwy, (20, y0) + v (o — h,Yo) + vn (o + h, yo) + v (T0, Yo — ) + vi (xo, Yo + ),

we obtain

4oy, (20, Yo)
< wp (zo — h,yo) +vn (zo + A, yo) + vn (To, Yo — h) +vn (To,y0 + )
< 4wy (20, Yo) -

This means that

4oy, (0, Yo)
= vy (o — h,y0) + vn (o + h,y0) + vn (2o, yo — h) + vi (To, 50 + ) .

So

v (20, Y0)

= vy (o — h,90) = vi (0 + h,y0) = vn (To,y0 — h) = vi (To, 50 + 1) .

13



Thus, vy achieves its maximum also at all the nearest neighbors
(o = hsyo) s (xo+ hyvo), (To,90 —h), (w0,90 + h) (4)

of (l‘o, y())

Applying the same argument to points in (4) belonging to 2, and then to
the nearest neighbors in Q, of these points in (4) belonging to Qj, , etc., we
conclude that the maximum is obtained at all points in Qy,, i.e. vy, is constant.
[

Exercise. Prove (in a very short proof) the Discrete Minimum Principle: if
vy, Qp — R is a mesh function such that
Ah’Uh (xvy) S 07 (xay) S Qh7

then

min v, (z,y) > min v, (z,
(w,y)€Qn (@y) (w,y)€ln (@)

with equality if and only if v, is constant.

As an immediate consequence of the Discrete Maximum and Minimum Prin-
ciples, we obtain the already proved existence and uniqueness of a solution for
the discrete problem.

Theorem 3 The discrete BVP

{ Ahuh (l’,y) = f(xay)v (ZL'
up (2,y) = g(v,y), (2,y)

has a unique solution.

7y) € Qh»
ey,

Proof. Since this problem corresponds to a square linear system
AU =0,
it is sufficient to prove that the matrix A of the system is nonsingular, i.e.
AU =0 = U =0.
In other words, we have to prove that the discrete homogeneous problem
{ Apup, (z,y) =0, (z,y) € Qp,
up (2,y) =0, (z,y) € I,
has the unique solution u; = 0.
Let up be a solution of such a problem.
By the discrete maximum and minimum principles,
Apup (2,y) =0, (z,y) € Qn,
implies
0= (a;gl)iélrh up (z,y) < (Mm)ienﬂh up (z,y)

< max up(x < max up (T =0.
S o, un(#:9) < mex, un (2,9)

We conclude that up, =0. =

14



2.2 The stability theorem

We measure the size of functions by using the co norm, also called the L* norm.
Given a function f: A — R, we set

10l ey = sup |f (@)1
r€A

Of course, if A is finite or A C R? is closed bounded (i.e. compact) and f is
continuous, we have

||f||Loo(A) = max |f ()]

The set L (A) is the set of the functions f : A — R such that || f[| 4y < +00.
So, when A is finite, L>° (A) is simply the set of functions A — R.
Note that
me)}

ot
Oyt

)

L>=(Q)

h? v
HAh(U|§h) - (A’U)|Qh||Loc(Qh) < (Srlla,)({H8934

for v : Q — R of class C*.

Next result states that the mapping
(fag) = Up, f €L~ (Qh) and g€ L= (Fh)7
where uy, is the solution of the discrete BVP

{ Ahuh (Cﬂ,y) = f(xay)a (x,y) S Qha
up (2,y) = g(,9), (2,y) €T,

(5)

is uniformly bounded with respect to h, i.e. there exists a constant C, inde-
pendent of h, such that for any f € L*(Q) and for any g € L™ (['},) we
have

lunll o () < Cmasc {1 fll e gy - l9ll e oy -

Theorem 4 (The Stability Theorem) Let f € L (), let g € L™ (T'},) and
let up, be the solution of the discrete BVP (5). Then

1
”uh”Loo(ﬁh) <3 £l ooy + N9l Loy -

Proof. Let us introduce the mesh function

(‘T_i) I(y_§) ,(l‘,y)Eﬁh.

¢ (x,y) =
Exercise. Prove that

Ah¢ (xay) = ]-7 ('Tay) € Qha

15



and

1 _
0<o(z,y) <=, (z,y) € Q.

8’ (
Exercise. Prove that Ay, is a linear operator, i.e.

Ap (v +wp) = Apvp + Apwy,

and
Ah(avh) = OéAhUh

for any mesh functions v, wy, : Q, — R and o € R.
Set
A= ||f||L°°(Qh) , Bi= ||g||Loo(Fh,) :
We have, for (x,y) € Q,

Ah (uh + A¢) (.’E, y) = Ahuh (LC, y) + AAh¢ (l’, y)
= f(I,y)+AZ—|f(:Z?,y)|+A
> 0.

By the discrete maximum principle, we have

max up (z,y) < max (up+ A¢)(x,y) < max (up + AQ) (z,y)

(z,y)€Qn (z,y)€EQ (z,y)€ETH
1
= max (9(z,y) + Ad(z,y)) < B+ S A
(z,y)€ln 8

Moreover, for (z,y) € Qn,

Ah (uh - A¢) (.’E, y) = Ahuh (.’E, y) - AAh¢ (.’E, y)
= f(I,y)fA§|f(l’,y)|*A
< 0.

By the discrete minimum principle, we have

min  up (z,y) > min (up — AP) (x,y) > min (up — AQ) (z,y)

(z,y)€Q (z,y)EQ (z,y)€ETn
. 1
= min (g (Z’,y) - A¢($,y)) > -B - -A.
(z,9)€T 8
Thus

1 1 _
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2.3 The Convergence Theorem

Now, we are in position to give a bound for the error

max |up(z,y) — u(z,y)|.
z,y)€Q

an =l [l ) =

Theorem 5 (The Convergence Theorem) Let u be the solution of the continu-
ous BVP
{ Au(z,y) = f (2,y), (z,y) €Q,
u(z,y) =g(x,y), (z,y) €T,
and let uy, be the solution of the discrete BVP

{ Ahuh (‘T7y) = f(xay)v ($7y) € Qh»
Up (xvy) =g (557:1/) ) (LL', y) € I‘h-
Then )
|un —ulg, Lo(@) <8 [An(ulg,) = (Auv)la, ||« g,
Proof. Let
en == up — ulg,
Note that
Aheh = Ah (uh — u|§h) = Ahuh — Ah (u|§h)

Apup, — (Au)lo, + (Au)la, — An(ulg, )
= (Au)lq, — An(ulg, ),

where the last equality follows by
Apun(z,y) = Au(z,y) = f(z,y) = f(z,y) =0, (z,y) € Q.
Moreover, we have
en (2,y) = un (2,y) —u(z,y) = g (2,y) —g(x,9) = 0, (x,y) € [n.

Then ej, solves the discrete boundary value problem

{ Apen (z,y) = ((Au)la, — Anlulg,)) (=,9), (z,y) € O,
€n (x,y) = 07 (:Evy) S Fh~

The thesis now follows by the Stability Theorem:

1
leallz=@,) < 3 [(Au)la, = An(ulg, )| g, ) + 100l L,

1
= 3 [An(ulg,) = (Aw)le, || g, -

17



When u is of class C4, since

o
oy

)

L>=(Q)

h? 0*u
HAh(U|§h) - (AU)|QhHLac(Qh) < GmaX{HW

o)
me)} '

We conclude this section with some remarks about the procedure used for ob-
taining the upper bound of Huh — u|§h H Lo (@) where v and uy, are the solutions

holds, we obtain

o
oyt

)

L>=(Q)

2 4
an —ulg || =y < 2 max { || 22
rllLe (@n) = 48 Dt

2.4 Consistency, Stability and Convergence

of the continuous and discrete, respectively, BVP.
Here, we assume that a general discrete Laplacian Ay, is used, not necessarily
the five-point discretization.

The mesh function
enp = up — u\ﬁh € L™ (ﬁh)
is called the convergence error of the discretization. The mesh function
en = Ap (u\ﬁh) — (Au) |q, € L= ()

is called the consistency error of the discretization.

The convergence error is the important error, but it is difficult to estimate
its size. On the other hand, the size of the consistency error is not difficult to
estimate.

Let p be a positive integer. The discretization is called convergent of order
p if
size of the convergence error = |lep|| ;o @) = O(h?), N — o0,

for a sufficiently smooth solution u. The discretization is called consistent of
order p if

size of the consistency error = [l || 1o (q,) = O(R"), N = oo,

for a sufficiently smooth solution u.
In case of the five-point discretization,

size of the convergence error = Heh”Loo(ﬁh) =0 (h?), N — oo,
and

size of the consistency error = ||en | o (g, = O (h?) , N = o,

18



for u of class C*. This means that the five-point discretization is convergent
and consistent of order 2.

An upper bound

CAPNERELA T .

where vy, is the solution of

{ Ahvh (‘T7y) = f(xvy)a (Ivy) € Qha
Uh (xvy) = 07 (x,y) S th

and C}, is independent of f, is called a stability estimate.

The discretization is called stable if it has a stabilty estimate with C}, inde-
pendent of h.

The five-point discretization is stable, since we have a stability estimate with
Ch =1

‘We have

consistency of order p and stability

4

convergence of order p.

In fact, as in the proof of The Convergence Theorem for the five-point discretiza-
tion, the relation between the convergence error e; and the consistency error ¢y,

1S
Aheh (x,y) = —€n (xay)a (:c,y) € Qha
€h (l’,y) = 07 (xvy) € Fh'

So, if
lenllp(q,) = O(h”), N — oo,  (consistency of order p)

and

Heh||Loo(§h’) < Ch llenllp (g, ) with Cj, independent of h (stability),

then
lenll o (q,) = ORF), N — oo, (convergence of order p).

3 Fourier Analysis

In the following, let L (€2;) be the set of the discrete functions 2, — R. This
set is a finite dimensional space isomorphic to R, n = (N — 1)2.

We assume that these functions are extended to Q) by setting their values
to zero on I',. Then, we can see the discrete Laplacian Ay as a linear operator

19



The operator Ay, is invertible. In fact, for any f € L(Q2;,), the equation
Apvp = f
has a unique solution v, € L (€,) since it is equivalent to the discrete BVP
{ Apvn (2,y) = f(2,y), (2,y) € O, ©)
op (z,y) =0, (z,y) €T,

which has a unique solution, as we have previously seen.
The relation between the convergence error e;, € L (£2) and the consistency
error €, € L () of the discretization of the BVP is

AhEh (Iay) = —€n (l’,y), (xay) € Qh?
en(z,y) =0, (z,y) €Ly

namely
Aheh = —€p.

So, we have
ep = —A;lgh

and then
HehHLOQ(Qh) < ||A}:1H HEhHLOQ(SZh)

where HA;lH is the operator norm relevant to the L* norm on L (£2;). By
looking at (6), we have

v )
A= sup  nl=@y
rer@n), 10 [1fllz= @)

Our previous stability estimate

1
”vhHLOO(Qh) = thHLw(ﬁh) < 3 ||f||Loe(Qh)

for the solution v; shows that
_ 1
o< L

The stability of the discretization amounts to be able to bound HA;l H with a
constant independent of h.

The L* norm on L (€,) is the discrete analogous of the L>° norm on L ().
Now, we introduce on L () another norm, which is the discrete analogous
of the L? norm || - || on L? () given by

loll = /v@,y)?d(x,y), ve L2 (),
Q

20



L? (Q) being the set of the functions 2 — R such that ||v|| < +oo.
We recall that the L? norm on L?(Q) is derived by the scalar product:

)= [ el vwe 2(9).
Q
Now, we define the L? norm on L(Q). Then, by using a Fourier Analysis,
namely an analysis based on the eigenvalues and the orthogonal eigenvectors of
Ay, we will give a bound for the operator norm ||A,;1 H relevant to the L? norm
on L (Qp).
But, first, we consider the 1D version of our problem.

3.1 The 1D problem

In the 1D version
Q=1:=(0,1)

and
Qp =1 :={h,2h,...,(N—=1)h}.

On L (Qp) = L (I1,), we define the scalar product

N-1
<Uh, wh>h =h Z Vh (k‘h) Wh (k‘h) , Up,Wh € L (Ih) R
k=1
with corresponding norm || - ||, given by
N-1
lonlly = A[ P> o (kR)?, v € L(I1),
k=1

called the L? norm on L(Iy).
Exercise. Explain why the previous scalar product and norm are discretiza-
tions of the scalar product and norm on L?([).

3.1.1 The continuous case

On the space L? (I), the functions ¢,,, m € {1,2,3,...}, given by
Om (x) = sin(mrx), z € 1,

constitute an orthogonal basis of L? (I), i.e. we have

1
(P, On) = /gi)m () ¢ () dz =0, m,n € {1,2,3,...} with m # n,
0
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and, for any v € L? (I), we have the Fourier series

oo

v, ¢
v = Z CmPms Cm = < m2>7
m=1 ”d’m”
of v, where the convergence of the series is in the norm of L? (I), i.e.
M
li — =0.
U TS S B
m=1
Moreover, we have the Parseval’s identity
oo
[ol> =" chlldmll*.
m=1

The function ¢,,, m € {1,2,3,...}, is an eigenfunction of the operator

A = D? = second derivative

relevant to the eigenvalue \,, := —mm?2.
In fact
L sin(ema) = xm - cos(rma) = —=*m?sin(ema), @ € 1
— sin(mma) = mm— cos(mma) = —m*m* sin(mmz), x € I.
dz? dx

Now we establish the discrete analogous of these results.

3.1.2 The discrete case

In the space L (I1,), we consider the functions ¢, », m € {1,2,..., N — 1}, given
by
Om.n (T) = Om(x) =sin (mnx), x € I).
Recall that the functions of L(I;) are extended to the boundary points 0 and 1
with value 0. So, ¢, 5 (z) = sin(mnz) also for z =0 or z = 1.
The functions ¢, p, m € {1,2,...,N — 1}, are eigenvectors of the one-
dimensional discrete Laplacian Ay, : L(I,) — L(I) given by

vp (@ — h) — 2vp, (x) + v, (x+ h)

Apvp(z) = 2 , v €I, and v, € L(I).
In fact, for z € I,
Ahd)m,h(x)
_sin(mm (z — h)) — 2sin (mma) + sin (7m (z + h))
= 7
2si h) — 2si —
_ oo (mma) cos (WhT;L ) sin (wma) since sin« + sin f = 2sin ath cos & 5 b
1— h
= —2% sin (rmx)
1 — cos (mmh)
== _QT m’h(.'lj).
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The eigenvalue relevant to the eigenvector ¢, j, is

1 h sin2 wmh
Am,h 1= —2 0022(Wm ) =—4 }(12 2 ) since 1 — cos a = 2sin? %.

Note that
0> )\17h > > /\N—Lh-

Exercise. Prove that
lim A\, p = A
h—0
4 4 )
)‘Nfl,h > _ﬁ and )‘Nfl,h = _ﬁ (1 + O(h ))
=8> A1 p;
for the last one, observe that |A1,;| is a decreasing function of h.

The matrix form of the one-dimensional discrete Laplacian is

-2 1 0 . . 0
1 -2 1 .
_ i O 1 . . . . (N—l)X(N—l)
A=z . . . . . o |k '
. |
0 . .01 =2

Since the N — 1 eigenvalues A, 5 of the matrix Aj are distinct, the N — 1
eigenvectors ¢, , are a basis of RV=! = L (I},). So, for any v, € L (I), we
have

N-1
Uh = E cm,h(bm,h
m=1

for some unique coefficients c¢,, . This is the discrete Fourier series of vp,.
Moreover, since the matrix Ay, is symmetric, the eigenvectors ¢, are or-
thogonal in the usual scalar product

N—-1

(vh,wh) — Z Vh (kh) Wwp, (k’h) , Up,Wh € L (Ih) s
k=1

and then also in the scalar product

N-1
<Uh,wh>h =h Z Vh (k’h) Wh (/Ch), Vp, Wy, € L(Ih) .
k=1

Exercise. For vy, € L(I},), show that

ey = O o Ny

s 2
||¢m,hHh
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and the discrete Parseval’s identity

N—-1
2 2
lonlls = D i I$mnlly -

m=1

holds.

Now, we can obtain immediately a stability result for the one-dimensional
discrete Laplacian.
Let vy, frn € L (I) such that

Apvp = fi
and let
N-1
Uh = Z Cm,h¢m,h
m=1

be the discrete Fourier series of vy,.
Then

N-1
fn = Apup =47, (Z Cm,h¢m,h>

m=1
N-1 N-1
= Cm,hAh¢m,h = § C77'L,h>\1n,hstm,,h
m=1 m=1

is the discrete Fourier series of f},.
Thus, by the discrete Parseval’s identity and —8 > Ay > ... > An_1p, We
have

N-—1
2 2
£l = D Cmnrmn)? lomnll; = Z AronCrn [6mnll,
m=1
N-1 N-1
2 2 2
> 8 C?n,h ||¢m,h||h =8 Z Cgmh H(/bm,hllh =8 HUhHh .
m=1 m=1

We conclude that
1
onlly < 5 1l

This means
Ay <

OOM—\

where the operator norm

A1 = [[vnlln
T A GN  B

is relevant to the L? norm on L (I,).
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3.2 The 2D problem
The extension to the 2D case, where
Q=12=(0,1)

and
Qn =17 ={h,2h,...,(N —1)h}?,

is now straightforward.
On L (Qy,), we define the scalar product

N—1N-1
(vn, wn), = h* vp, (kh, th) wy, (kh,Ih) , vp,wp € L (),
k=1 1=1
with corresponding norm
N—1N-1
lonll, = 4| B2 DD wn (kh,1h)?, vy € L ().
k=1 1=1

Consider the functions ¢, n.p, (m,n) € {1,2,...,N —1}*, in L(Q}) given
by
(bm,n}h (1"’ y) = ¢m,h (.’L‘) ¢n,h (y) ) (J?, y) S th
where ¢, , and ¢, ;, have been defined in the one-dimensional case. Recall that
the functions of L(,) are extended to the boundary points in I, with value 0.

SO, ¢m,n,h (iC, y) = ¢m,h (:L') ¢n,h (y) also fOI‘ (l’, y) S Fh~
These (N — 1)2 functions are orthogonal: for (m,n), (p,q) € {1,2,...,N — 1},
we have

<¢m,n,h7 ¢p,q,h>h

N—-1N-1

=123 5" b (KR) b (10) b (kD) b (1)

k=1 I=1

N-1
(Z Gm.h (kD) Gp,n kh) (Z Gn,h (Lh) ¢qh(1h)>

k=1 =1

= <¢m7h> ¢p,h>h <¢n7h> ¢q,h>h =
if (m,n) # (p, q)-

Hence, these functions constitute an orthogonal bases of L (2,) and we have,
for any vy, € L (), the discrete Fourier series

—1N-1

<Uha ¢m,n,h>h
Uh—zzcmnh¢mnhv Cmph = 3 >

m=1 n=1
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and the discrete Parseval’s identity

N—-1N-1
2 2
||UhHh = Z an,n,h ||¢m.,n,hHh .
1

m=1 n=

The function ¢pynp, m,n € {1,2,3,...,N — 1}, is an eigenvector of the two-
dimensional discrete Laplacian Ay, : L(2;,) — L(Qp):

vn (= h,y) = 20n (2,y) + vn (x + D, y)
72
vp (z,y — h) — 2vp, (z,y) + o, (z,y + h)
+ 12

Ah’Uh ((E, y) =

(z,y) € Qn,vn € L (),

whose relevant eigenvalue is Ay, p + An p-
In fact, for (z,y) € Qy,

Alz¢m,n,h(xa y)
_ Db (x —h, y) = 20m,n,n ($7 y) + Gmnh (55' +h,y)

h2
+(me,n,h (QC, Yy — h) - 2¢m,n,h (x7 y) + ¢m,n,h (.TC, Yy + h)
h2
_ (bm,h (Z‘ - h) - 2(1577;;2 (-77) + ¢m,h (33 + h) (bn,h (y)

= Am w®m.h (T) Gnn (Y) + Ann P (Y) Smop ()
= ()\m,h + >\n,h) ¢m,n,h (I, y) .

By proceeding as in the one-dimensional case, for vy, fr, € L (€2}) such that

Apvy = fn,
starting with the discrete Fourier series

N—-1N-1

Vh = E E cm,n,h¢m,n,h

m=1 n=1
of vy, we obtain the discrete Fourier series

N—-1N-1

Fo= 800w =Y o mn + M) o

m=1 n=1
of fj, and then, by using two times the discrete Parseval’s identity, we obtain

N—-1N-1

Z Z Crzn,mh (A, + )‘mh)Q ||¢m7n,h||i21

m=1 n=1

162 [|up|[} -

2
1 fnlln

v
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Thus i
A < =

follows, where the operator norm is relevant to the L? norm on L(Q).

For the convergence error, we obtain

_ 1
lenlln < 1A lenlln < Tﬁ”gh”h

by using the L? norm. Observe that we have obtained

_ 1
llenlloe@n) < 1AL llenll Lo @n) < glenllz=an)-
for the L*° norm.
Exercise. Prove that, for v, € L(£2}), we have

lvrlln < llvnllzee @)
and then conclude with an estimate
lenlln = O(h?), h =0,

for the convergence error in the discrete L? norm.

4 General domains

Up to now, we have studied, as a model problem, the discretization of the
Poisson problem on the square by the five-point discretization of the Laplacian.

Now, we consider a variant of this discretization, which can be used for the
Poisson problem on a general domain € of R2.

Let © be an open bounded connected subset of R? with boundary I'. We
also assume that I' is smooth or I is piecewise-smooth and €2 is convex. This as-
sumption on the domain {2 guarantees existence and uniqueness for the solution
of the Poisson problem.

Given h > 0, we set

Qn:=QnN R,Q“

where
RZ = {(mh,nh) : m.n € Z}

is the discrete plane.

Now, we define the neighbors of a point (x,y) € Q.

If (x+th,y) € Q for any t € [0,1], then (z + h,y) € Q) is called the right
neighbor of (z,y).

When it is not true that (x + th,y) € Q for any ¢ € [0, 1], then we define as
right neighbor of (x,y) the point (z + t*h,y), where t* € (0, 1] satisfies:
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o (z+t*h,y) €T,
o (z+th,y) € Q for any t € [0,t%).

So (z +t*h,y) ¢ Qp and (x + t*h,y) € T.
In the same manner, we define the left neighbor (x — h,y) € Qj or (x — t*h,y) €
I, as well as the upper and lower neighbors (x,y £ h) € Qp, or (z,y £t*h) € T
We define T, the set of all neighbors of type (z +t*h,y) or (z,y +t*h).
Note that I', C T'.
Moreover, we set
ﬁh = QU

Finally, let S(Plh be the set of points (z,y) € ), whose four neighbors are in Qj,:
these neighbors are (x &+ h,y) and (z,y £ h).

o
So, Qp, \ Qp, is the set of points (z,y) € Qp, with some neighbor in Ty, i.e. of
type (z £ t*h,y) or (z,y £ t*h).

&——"—‘:\“\

’ By

.
L 2
b

*
;
g

In this figure:

e The dots are the points of Qy;
e The gray or black dots are the points of .

e The blue dots are the points of I',.

The gray dots are the points of £2y,.

e The black dots are the points of Qj, \ Q.

Observe that, in case of the square Q = (0,1)? with h = % and N positive

integer, the sets Q,, I';, and Q) are the same as those previously introduced.
Note that the points in I'j, are of type (x £ t*h,y) or (x,y = ¢t*h) with t* = 1.

Moreover

[e]

Qp = {(mh,nh) :m,ne{2,...,N —2}}.
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4.1 The Shortley-Weller formula

Now, we define a discrete Laplacian Ay, in this general situation.

— [¢]
Let vp, : Q, — R be a mesh function. Of course, for (z,y) € 2, we can use
the classic five-point discretization

op (= h,y) — 204 (x,y) + vn (x4 h,y)
h2
v (z,y — h) = 2vp, (2, y) + v (2,9 + h)
+ 3

Ah’l)h (.’ﬂ, y) =

For (z,y) € Qp \ Solh, we have to define Apvp, (z,y) in terms of
On(z,y), v (2 —h1,y), vh (T +h2,y), vn (2,9 — hs), vn(z,y+ ha),
where hy, ho, hs, hy € (O,h]

So, given a smooth function v of one real variable ¢ and fixed stepsizes h_
and h,, we look for an approximation of v” (t) of the form

a_v({t—h_)+apv(t)+arv(t+hy).
If v is of class C®, we have
hS
V" (t) — - ——v" (&)

6
2 3

h h
ayv (t+hy) = apv(t) +aphiv’ () +ay %UH (t) + a+f”"' (1n) ,

h2
av(t—h_)y=a v(t)—a_h_v(t)+ a,i
where &, € (t — h_,t) and 0, € (¢,t+ hy). Then

a_v(t—h_)+ apv(t) +agv(t+ hy)
=(a_+ag+a)v(t)+(—a_h_+arh)v (t)

1 2 2 " h?i " hi "
+3 (a_h? +ayh3)v" (t) — v (&) + Q4= (nn) -

Now, we require
a_+ayg+ar =0
—Oéfhf + Oé+h+ =0
Lo h? +ah2) =1.

By solving this system one finds

2
T (et hy)
2
o = —
i hy (b +hy)
2 2
ao = — —
h_(h_+hy) hy(h+hy)
2hy + 2h_ 2

Chohy(h_+hy)  h_hy
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Therefore, we have the discretization scheme for v” (t) given by

2 2
—v(t—h_)— ——v(t —v(t+ hy).
o ) g O e )
Observe that, when h_ = h, = h, we have the second central difference since
we have
2 1 2 2 2 1
—_— =, ——— =—— and ————m— = —.
h_(h—+hy) h? h_hy h? hy(h—+hy) h?

For the error we have:

la_v(t—h_)+agv(t)+ayv(t+hy) —0" (1)
h3 h3
<o ) + ok )

_h_h® +a h h? m
(@ oy hy +)§e[t_fg§§+h+] [v™ (&)

<

2
. h2 h2 "
Py =R g g, O
2

h_+ hy
(R2in + b2

min max)

S| = O =

since a_h_ = athy =
r 2
6 hmin + hmax
by introducing hpin = min{h_, h4} and hmax = max{h_, hy}
2
hmin
) 1 (e )

— Zhe
3 e 1+ fumin  geft—h_t+hy]

max

max v
cep [0 (€)]

0" (€)]

1
) - " )
3 §e[tfri?_a§+h+] [0 ()]

IN

So, we have the Shortley-Weller formula: for vy : Qn — R and (x,y) €
Qh \ th

Ahvh (‘T7y)
2
= T 7 L —h ) - ) + +h )
ROETS (x —hi,y) Ty (z,y) T Ui ) (z + ha,y)
2 2 2
Uh ($7y+h4)

v (,y — h3) — ——op (2,y) + ————
h3(h3+h4)vh(xy 2 h3h4“”($ v) ha (hs + ha)

For hy = hy = h3 = hy, we have the classic five-point discretization (used in
(o)
Qpn).
For v : Q — R of class C*, we have, for points in €y,
mmﬁ'

o
oyt

o
Ozt

)

L>=(Q)

Ak (v]g,) — (Av) |QhHLm<o > < hGQmaX{’

Qp,
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On the other hand, for points in Qj \ 2 the order is O (h) only, in general.
This is clarified by the following two exercises.
Exercise. Given v : Q — R of class C*, find a function C(z,y), (x,y) €

Qn \ Q,, and a nonnegative constant M such that

max |Ahv\§h (z,y) — Av (z,y) — C(=, y)‘ < Mh?.
(z,y) EQR\Q2p

So, we have

Ahvlﬁh ('ray) - Av (ﬂf,y) = C(l‘,y) + E(l‘,y), (x7y) € Qh \ Qh7

with
max  |E(z,y)| < Mh%
(z,9)€Qr\2n

Exercise. Prove that, for v : = R of class C?3, we obtain

93w

2 v
HAh (’U|ﬁh) - (A'U) |QhHLOO(Qh) g 3hm3,X{H8$3 aiy:;

Lw<n>} '

(@) ‘

4.2 The discrete problem

The discrete problem is

{ Apup (z,y) = f(z,y), (x,y) €
up (2,y) = g (=,y), (v,y) € [p.

We obtain a square system of linear equations: we have as unknowns the
values of uy at the points of €, and there is an equation for each point in €.

In general, differently from the case of the square domain = (0,1)2, the
matrix is not symmetric. However, as in the case of the square domain, it is
sparse, with at most five nonzero elements per row, it has negative diagonal
elements and positive off-diagonal elements and it is diagonal dominant, i.e. the
modulus of each diagonal element is not smaller than the sum of the moduli of
the elements in the same row.

Exercise. Prove that the matrix is diagonally dominant and explain why in
general it is not symmetric.

Discrete maximum and minimum principles can be obtained also for a gen-
eral domain.

Exercise. Prove the discrete maximum principle for a general domain by
following the steps of the proof given for the square domain.

Then existence and uniqueness for the discrete problem follows.
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4.3 Convergence Analysis

Since discrete maximum and minimum principles hold, the same stability es-
timate obtained for the square domain is also valid for general domains. The
proof of this estimate is the same as for the square domain.

In this way, we show that

lenll o (@,) = O (h), 7 =0,

holds for the convergence error e, = up — u|§h whenever u is of class C3, where
u and up are the solutions of the continuous and discrete Poisson problems,
respectively. This is a consequence of the fact that, for the consistency error
en = Ay (u|§h) — (Au) |q, , we have

lenll oo (@,) = O (A), 7 = 0.
With respect to the case of the square domain, we have only order one with

respect to h. But this result can be improved by a more refined argument: we
have order two with respect to h, as in the case of the square domain.

Theorem 6 If u is of class C*, then
leall oo (,) = O (h*), h—0.

Proof. We have

{Aheh (f&y) —en(z,y), (7,y) € U
( z,Y)= ’ ( )erh

where the consistency error ¢j, satisfy

Hshlle(éh> — 0 (h?) and HEhHLw(Qh\&h) =O0(h), h—0.

Now, for the discrete problem

{ Apup, (m,y) = f(axy),
Uh, ('Tay) = (.Z‘,y), (ac,y) €'y,

we prove the stability estimate
ol ey < AN+ gl ey

where ¢ is a constant independent of h and

||f||:=maX{||f| ( >h2Hf|| (Qh\;}h)}-
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By this stability estimate, the thesis of the theorem immediately follows: we
have

—0O(n? 2 — O3
lenll . (m) =0 (h?) and h ||€h||L°C<Qh\§OZh> =0(h?), h— 0.

Let (p, q) be the center of a circle of radius r including €. Let ¢ be the mesh
function

b(ey) = (ac—;v)zi-(y—q)2 if (z,y) €
y = 2 2
(z—p) I(y—q) +1if (m,y) cTy,.

Exercise. Prove that

Ah¢ (xay) = 17 (xvy) € th

and 5
Apg (z,y) > b2, (z,y) € U\ U
and
r2
Let
A=Iflll and B = ||g[| e (r,) -
We have

Ah (uh +A¢) (xvy) Z 0 and Ah (uh - A¢) (I,y) S 07 (I7y) € Qh-

In fact, for (z,y) € Qp, we have

Ah (uh + A¢) (I, y) = AhUh (‘Ia y) + AAhd) (Ia y)
= flz,y)+A4

= If @9+ 1 fll e )

0

AV

and

Ah (uh - A¢) (.’E, y)

Ahuh (1[,', y) - AAh(b (l’, y)
f (z7y) —A

|f (@) = 1l e )

0.

IN A

Moreover, for (z,y) € Qp \ SO)h, we have
Ah (uh + A(b) (iC, y) Ahuh (iﬂ, y) + AAhd) (l’, y)

f(z,y)+ Ah™2

7@+ 11,

IV 1V

Qh\§h>

v

0
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and

Ap (up — A) (r,y) = Apup (v,y) — ADpo (2,y)
< f (xay) - Ah72
< 1@l (15
< Qp\Qp
< 0.

By the discrete maximum principle, we have

max up(z,y) < max (up+ A¢)(r,y) < max (up + AP) (z,v)

(z,y)EQ (z,y)EQ (z,y)€Th
=  max (g9(z,y) + Ag(z,y)) < B+ cA.
(z,y)€lR

Moreover, by the discrete minimum principle, we have

min  wup (z,y) > min (up — A¢) (z,y) > min (up — AQ) (z,y)

(z,y)€n (z,y)eQn (z,y)€Tn
= min (g(z,y) — A¢(z,y)) > —B — cA.
(w,y)€T
Thus -
—B —cA <up(z,y) < B+cA, (z,y) € Qp.
(]

By looking to the proof of the previous theorem, we see that the points in
Q \ Qp, contribute to the convergence error only with a term O (h?®), despite

the fact that the consistency error is O (h) in Qp, \ Qp.
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