The heat equation

June 7, 2020

We consider the heat equation on an open spatial domain  C R? (d €

{1,2,3}) for a time interval [0, T:

ou

5 (x,t) = cAu(x,t) + f (x,t), (x,t) € 2 x[0,T],
where ¢ > 0 and f : Q x [0,7] — R are given and u : Q x [0,7] — R is the
unknown.

Here u (z,t) can be interpreted as the temperature at the point € Q and
at the time ¢ € [0,7]. In this context, the constant ¢ depends on conductivity,
specific heat and density of the material in @ and the function f takes into
account sources and sinks of heat.

To obtain a problem with a unique solution, we need:

e a boundary condition: we consider the homogeneous boundary condition
u(x,t) =0, (z,t) €T x[0,7T],
where I is the boundary of €;

e an initial condition
u(z,0) =wuo (z), v €,

where ug :  — R.

1 The semi-discretization in space

Let us suppose that Q = (0, 1)2 is the unit square in R2.

In this case, by introducing the mesh Ri, h = % with IV positive integer,
and then €, T, and Qj as discretizations of , T' and €, respectively, the
Laplacian A can be discretized by the five-point discretization Ay,.

Thus, in the discrete problem, we look for a function up : Q5 x [0,7] = R
such that

auh
s (x,t) = cApuyp, (x,t) + [ (x,t), (z,8) € Qp x [0,T],
Up, (xat) =0, (l‘,t) el x [OvT] )

up, (x,0) = ug (x), = € Q.



This is an ODE. In particular, it is a system of (N —1)? scalar ODEs in (N —1)?
unknown scalar functions: there is a scalar ODE for each point in €2;, and there
is an unknown scalar function

up (z,) 1 [0, T] = R

for each point x € Qy, (recall that uy, is known in T'p,).

Observe that a space point in the Poisson equation was denoted by (z,y)
and, now, it is denoted by x = (z1, z2).

The process of reducing an evolutionary PDE, like the heat equation, to a
system of scalar ODEs by using a finite difference approximation of the spatial
operator, as when the five-point discretization is used for approximating the
Laplacian, is called the semi-discretization in space or the method of lines. The
lines are the unknown functions of time

up (x,-) 1 [0,T] = R, x € Q.

We have a line for each point in .

The method of lines is not a full discretization, since we still have to choose
a numerical method for solving in time the system of scalar ODEs. In principle,
any of the methods for the numerical solution of ODEs could be used to obtain
a full discretization. We shall investigate some of the simplest possibilities,
namely:

e the forward Euler method,
e the backward Euler method,

e the trapezoidal rule.

For simplicity, we consider one space dimension, where
Q=(0,1),Q, ={h,2h,...,(N —1)h}, and T}, ={0,1}.

To consider the one-dimensional case is simply a notational convenience. The
analysis in two space dimensions is very similar.
In the one-dimensional case, the systems of scalar ODEs of the method of
lines is
auh
W ($7t) = CAhuh (J?,t) + f ($7t) ’ ($,t) € Qh X [OaT] 5
Up, (O,t) = Uup (l,t) =0

up, (x,0) = ug (x), = € Qp,

where
up (x — hyt) — 2up, (z,t) + up (z + h,t)

h2

Apup (z,t) =



The ODE (1) is a system of N — 1 scalar ODEs in the N — 1 unknown scalar
functions: there is a scalar ODE for each point in €2 and the unknown scalar
functions are the lines

up (z,) 1 [0, T] = R, x € Qp.

(see Figure 1).

, ug()

S up(x,-) the line exiting from x € Q,

2 The centered difference/forward difference method

We begin by considering a full discretization of the heat equation that corre-
sponds to the forward Euler method for solving the system (1) of the method
of lines.

Let h = % be the spatial stepsize, IV positive integer, and let k = % be the
time stepsize, M positive integer.

By setting
U :=up (nh,mk), ne{0,...,N} and m € {0,...,M},

n

and
= f(nh,mk), ne{l,...,N—1} and m € {0,..., M},

n

we consider

Upt U U - UR
E h2 n

ne{l,...,N—1} and me€ {0,...,M — 1}

U =0 and Uy =0, me{0,...,M},

UY =wug(nh), ne{l,...,N —1},

as a full discretization of the heat equation.



We call this full discretization the centered difference/forward difference
method for the heat equation since, in

ou 0%u
5 (nh,mk) = cAu (nh,mk) + f (nk, mk) = c@(nh7 mk) + f (nk,mk),

we are approximating the spatial derivative 0%y (nh, mk) by the centered differ-

Ox2
ence m m m
Un— 1 2Un + n+1

h2
and the time derivative %(nh, mk) by the forward difference
umtt —pym
e

In the following, we use the compact notation
U™ = (U",...,Up_y) and f™ = (f{",.... fN_1), m€{0,...,M}.
By writing the full discretization of the heat equation

U;LWH_U;":C =20 + ZﬁrlJrfm
k h? "

ne{l,...,.N—1} and me {0,...,M — 1}

as

n2
ne{l,...,N—1} and m e {0,...,M — 1}

m—2Um+ UM,
U,T+1U,T+k<c nl "+1+f;7)

and then in compact form as
U™ = U™ + k(cA U™ + ™), me{0,...,M —1},

where o U™ 4 U
n—1 " n n
(AL U™), = 3 L one{l,...,N -1},
we see that the centered difference/forward difference method is exactly the
forward Euler method as applied to the system (1) of the method of lines: the

forward Euler method for

Y (t) = F(t,y(t) = cAny(t) + (f(h,1),..., fF((N = 1)h, 1))

is

Um™tl = U™ 4 kF(mk,U™) = U™ + k (cA U™ + f™).



Since the forward Euler method is an explicit method for ODEs, not any
linear equation has to be solved to obtain U™*! from U™, m € {0,..., M — 1}.
Indeed, the components of U™*! can be obtained by the components of U™ as

2R URG |
U;ﬂ+1:Ug”+k<c — +1+fn>
ck .. ck m . Cck m
= ﬁUrk1 + (1—2}12> U, +ﬁUn+1 +kf)

=AU 4+ (=20 U+ NU + R

nel{l,...,N—1},

where
ck

A= ﬁ

Observe that we start with
U° = (U7,...,UR_1) = (uo(h),...,uo (N — 1) h)).

Exercise. In the physical interpretation of the heat equation, what are the
dimensions of A7

2.1 A numerical test

Consider the particular instance of the heat equation, where

We use the centered difference/forward difference method with

o h= 4 (N =20) and k = 1555 (M = 40)

o h=4 (N =20)and k = g5 (M =20).

Since there are no sources of heat, the solution u(z,t) is expected to become
zero at any point in  as t — 400, i.e. in the long-time the temperature inside
of the body € becomes constant and equal to the temperature at the boundary.

The first computation with A = 2—10 and k = Tloo gives very reasonable results
(and we could have extended it for a much longer time without problem). The



second plot shows UM ~ u(-,T).
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The second computation with h = 2—10 and k = ﬁ becomes unreasonable

after a few time steps. The second plot shows UM ~ u(-, T).

Experimentation with this method shows that the good behavior is con-
trolled by the value of A = 2—’;

In the first computation, we have

1
)\_Ck_moo:l
1
L



and in the second, we have

1
Nk s _ 2
0 .
h? 100 3

Indeed, for A < % the computation proceeds reasonably, but for A > %, the
computed solution U™, m € {0,..., M}, becomes oscillatory with an amplitude
that grows exponentially as m increases.

Now, we try to explain analytically this fact.

2.2 Error analysis

Let u be the exact solution of the heat equation which is assumed sufficiently
smooth. Let
up' == u (nh,mk), ne{0,...,N} and me{0,...,M}.

n

These values u]* should be compared with the corresponding values

UM =up (nh,mk), ne{0,...,N} and me {0,...,M},
introduced for the discrete solution uy,.
We introduce the consistency error
€m+1 o u;n—i—l B U’:Ln _ cu:Ln—l _ 2u:zn + u:zn-&-l _ fm
oo k h? "
ne{l,...,N—1} and m € {0,...,M — 1},

Let n € {1,...,N—1} and m € {0,...,M — 1}. We have previously seen
that the centered difference scheme satisfies
upt = 2u +unt 0% 1 (84u ot > 32

u
=54 \ 51 (a,mk) + Dt (B, mk)

where a € ((n — 1) h,nh) and 8 € (nh, (n+ 1) h). So, we have

0*u

U':Ln—l B 2”:? + u:ln-‘rl 82” v v (Z‘ t)’ h2

1
— — (nh,mk)| < — max
h? Ox? ( )‘ 12 (z,t)eaxo,T]

Ozt

Exercise. Given a sufficiently smooth function v(t) of one real variable ¢ and
k > 0, a finite difference approximating the first derivative v’ (t) is the forward

difference

U/(t)zv(t+k)_v(t)

Prove that



where v € (¢,£+ k). Then, prove that

™t —u™  Qu 1 0%u
" — (nh,mk)| < = max — (z,t)| k.
k ot ( ) 2 (z,t)eqxo,1) | OF? ( )‘
Now, since
m u;nJrl B u:n U?_ B 2unm + unm m
€n+1 — v - L . 1 - +1 _fn
m—+1 m
up T —uy ou
=2 " —— (nh,mk
up g = 2ul ol 9%
—c ( “ h; s 92 (nh,mk)
2
+% (nh,mk) — c% (nh,mk) — f"*,
=0
we have
o*u 1 O%u
gmtl <L max — x,t’h2+ max — x,t’k.
| < 12 (z,t)e0x[0,T] 5304( ) (z,t)eQx[0,T] | Ot? (@9)

So we have obtained the consistency result for the centered difference/forward
difference method:

c u 1 0%u
max en < — max — (z,t)| R+ = max — (x,t ’k
ne{l{,i.,NMl}} | 12 (z,t)e02x[0,7] (9964( ) (2,£)€Q%[0,T] 6t2( )
mel,...,

(2)
Now, we introduce the convergence error

e :=U" —up, ne{0,...,N} and m e {0,...,M}.

no

Since

Ut - oy ne1 — 205" U
e R

ne{l,...,N—1} andme {0,...,.M — 1}

U'=0 and Uy =0, me{0,...,M},

UY =wg(nh), ne{l,...,N —1},

m+1 m m _ m m
Uy T =y cunfl 2up’ + uphy 4 g emtl
k - h2 n n

ne{l,...,N—1} and me{0,...,.M -1}
ug' =0 and uy =0, me{0,...,M},
ud =wug (nh), ne{l,...,N -1},




by subtracting we see that the convergence error is the solution of the full
discrete problem

m+1 m m m m
T en :Cen_l—Qen +entg e,
k h?
ne{l,...,N—1} and me {0,...,M — 1},
e =0, ne{0,N} and me {0,...,M},
0

e, =0, ne{l,...,N—1}.

where the function f is the opposite of the consistency error and zero initial
condition holds.

The next one is a stability result for the centered difference/forward difference
method.

Theorem 1 If A < %, then

max |ep'| <T  max e}
nef{l,.,N—1} nef{l,..,N—1}
me{0,...,M} me{l,....M}
Proof. Suppose A < % Since
m+1 _ _m m — 2em m
e, €n _ Cen_l en T eni1 _Ean
k h?
ne{l,...,N—1} and m € {0,...,.M — 1},
we obtain
m ck ., ck\ ,,  ck ., m
€n = ﬁenfl + (1 - 2}12) €n T+ ﬁen+1 - kEn i
=Xel + (1—2X\) el + el — ke t?
ne{l,...,N—1} and m € {0,...,M — 1}
and then

len ™ < AeRa ]+ (=20 fer| + Afeia [ + ki [en ™|
ne{l,...,N—1} and m e {0,...,M —1}.

Here we are using that fact that \ < %
By introducing the vectors
e™ = (eT,...,e’Nn_l), me{0,...,M},
and the vectors

emtli= (P, eR ), me{0,..., M — 1},



by (3) we obtain, since e’ = e}y =0,

||em+1HL°°(Qh)
<A™ Lo () + (1= 2X) le™] Lo ) + Alle™ oo @) + FIIE™ I Lo ()
= ||em||Loo(Qh) + k||€m+1HLoo(Qh), m € {0, ce, M — 1}.

Since € = 0, we have

€™ (n) < 1€l Loeqan) + Elle Lo @u) + - + Elle™ | L)
= k(e (@) + -+ le™ L (an)), m € {0,..., M}.

Therefore
ma; el = ma: el oo
ne{l,...,}]i]—l}| nl m€{07'f<)M} ™[ Lo (0n)
me{0,...,M}

< kM ™| oo
< RM | max o

= T max |g7].
ne{l,..,N-1}
me{l,...,M}
(]
As in case of the Poisson equation,

consistency and stability = convergence

and we have the convergence result for the centered difference/forward difference
method: if A < %, then

max ler|
ne{l,...,.N—1}
me{0,....M}
c u 1 &%u
<T|— max — (z, )| h? + = max — x,t’k .
- (12 (2,6)€Qx[0,T] 3334( ) 2 (z,t)eQx[0,T] 3t2( )

(4)

The method is convergent of order two with respect to h and of order one with
respect to k.
Since we have stability and then convergence as long as the condition

is satisfied, the centered difference/forward difference method is said condition-
ally stable and conditionally convergent. With the centered difference /forward
difference method, we are not free to choose independently h and k.

10



2.3 Fourier analysis

Up to now, we have given our results by using for the space discretization the
norm L on L().

Another very useful way to analyze stability and convergence of the centered
difference/forward difference method is to use the Fourier analysis, as we have
done for the Poisson equation. In this analysis, we use the discrete L? norm
| - || on L(Q2). Recall that functions of L(€) are extended to Qj, giving zero
values in I'.

Consider the discrete problem relating convergence error and consistency
error:

m—+1 m m _ m m
€n — €y _ Cn—1 26n + Cn+1 _om+1
ko h2 o
m m m
- 2677, + en+1

e
: m+1 m n—1
ie el =e+kc

m—+1
[ — ke
ne{l,...,N—1} andme {0,...,M — 1},
m=0,n€e{0,N} and m € {0,..., M}
e =0, ne{l,...,N—1}.

e

By using the vectors
em = (el",....e}_1), me{0,...,M},
and
et = (et ent), me{0,..., M — 1},

we obtain the recursive equation

e =™ 4 keApe™ — ke™ ! = R(keAy)e™ — ke™ T, m e {0,...,M — 1},
(5)

where Ap, 1 L (Qp) — L(Q4) is the discrete Laplacian and R(kcAp) : L(Q) —

L(§y) is given by

R(kcAh) =1+ ]CCA}L.

Since the linear operator Ap (which is a (N — 1) x (N — 1) matrix) has
eigenvalues

4sin® (72
)\n’h = _TQ), n e {17,N— 1},
with relevant eigenvectors the discrete functions ¢, 5, n € {1,..., N — 1}, given

by
Gn.p (x) =sin(mnz), © € Qp,

the linear operator R(kcAp) has eigenvalues
R (kC)\n’h) =1+ kC)\n’h

with relevant eigenvectors ¢, 5, n € {1,...,N —1}.
Now, we introduce the following lemma.

11



Lemma 2 Let S be an analytic function whose domain contains the eigen-
values App, n € {1,...,N — 1}, of Ay. For the linear operator S(A) :
L(Qy) — L(Q), whose eigenvalues are S(\n,n) with relevant eigenvectors
Onn, n€{l,...,N —1}, we have

1S (An)[l = p (S (An)),
where ||S (Ay)|| is the operator norm of S (Ay) relevant to the norm || - ||, and

p(S(An)) = max [S(An)

ne{l,...,N—1}
is the spectral radius of S (Ap).

Proof. Given f € L () with discrete Fourier series

N-1
f = Z an(bn,ha
n=1

we can easily compute the discrete Fourier series of S (Ay) f: we have

N—-1 N—-1
S (Ah) f = S (Ah) <Z an¢n,h) = Z a'nS (Ah) ¢7l,h
n=1 n=1

= Zan nh ¢nh

By the discrete Parseval’s identity, we conclude that

N-1

1S (An) fII2 = Z lanS i) * | 6nill?

N— N—1

Z |an| |S n,h | H(bn k”h <p(S (Ah))z Z |an|2 ||¢n,k||i

n—=1 n=1
p(S (AW I

and then
1S (Ar) fll, < p (S A If,-

Moreover, for f = ¢z p, where @ € {1,..., N — 1} is such that
p (S (An)) = [SAan)l,
By the Parseval’s identity it is clear that
15 (An) fll = p (S (AR)) 1F15 -

We conclude that

I CACYOFi T

12



(]

Exercise. Give another proof of the previous lemma by taking into account
that Ay is a symmetric matrix and then S(Aj) is a symmetric matrix. Use
the fact that the spectral norm (i.e. the 2-norm) of a symmetric matrix is the
spectral radius.

By the recursive equation (5), we obtain
em =k R(keAp)" ' (=€"), m € {0,..., M} (6)
i=1
Exercise. Prove that (6) is the solution of (5).

Now, we are ready to give a stability result for the centered difference/forward
difference method.

Theorem 3 If
p(R(kcAp)) <1,

then

max [[e™|, <T max [|g*n.
me{0,...,M} i€{l,...,M}

Proof. By using the norm || - ||, on L () in (6), we have, for m € {0,..., M},

le™ln = ||k > R (keAn)" " (=€)
i=1
kY IR (kedn) ™[l

=1

h

< k;zm: HR (keAp)™ " (—e)?)
h i=1

IN

Under the assumption p (R (kcAp)) < 1, the previous Lemma 2, as applied to
the function S(z) = R(kcz), says that

R (keAp) || <1

and then

le™ln < kD llefln < km  max €|

=1 i€{l,....m}
Now, _
max |[e™||p < kM max ||
c{0,...,M} \yT/ie{l ..... M}

follows. m

The condition
p(R(kcAp)) <1

13



in the previous theorem means

Ak h
IR (keAnp)| = |1+ keAnn| = %— 7;§:ﬁn2 (7i;>‘ <1

forallne{l,...,N -1}

i.e.
4k h
1§1h;m&(i;>§1
foralln e {l,...,N —1}
i.e.

4
% sin? (W;Lh> <2

foralln e {1,...,N —1}.
This holds for all positive integer N if and only if

4kc . ke 1
So the centered difference/forward difference method is stable if A < L We
have seen that the same result holds for the L° norm on L(,).

[N

Next theorem explores the situation A > %

Theorem 4 Let > % Consider discretizations with A > (. There exists a

consistency error (e+,...,e") such tha
jst ! M h that
max e ||n
ppax lle™ |
lim - =400
MN=oco  max _|lg%||n
{1,....M}

Proof. We have, forn € {1,...,N — 1},

4k h h h
R(keh ) = 1 € gip? (g) — 1 dhsin? (g) <1 48sin? (2) |
Thus, fixed v > % such that v < 3, for N sufficiently large, we obtain

h
£ sin? (7T;L> >y

for some n € {1,...,N — 1} and so

R(kehpp) <1—4y < -1

14



Then, for N sufficiently large, we have
p(R(kcAp)) >4y —1>1.
Observe that
p (R (kcAr)) =|R (keAn—14) | if p (R (kcAp)) > 1.

In fact, since
)‘Nfl,h <0< )\Lh <0

and R(z) = 1+ z is an increasing function of z, we have
R(keAn—1,n) <--- < R(kchi,n) < 1= R(0).

Therefore, if p (R (kcAy)) > 1, the maximum modulus among R(kcAy, ), n €
{1,...,N — 1}, is obtained for a negative R(kcA, ) and then for the most
negative R(kcAn_11).

For a consistency error such that

i) adnopiti=1
= 0ifie{2,... M,

where a € R, we have, for m € {1,..., M},
e" =k R(keAy)" ' (=€") = kR (keAp)™ " agn_1n

i=1

= kR (kehn—10)™ " adn-1h = kR (kcAn—1.0)" " (—€1).

Then
le™ln = kIR (kcAn—1n) ™ e In
m—1
> K@y =1)"" el
= k(4y—1)"! i
(4y ) ie{rlr??..}fM} 1<l
and then
max |le™ > NeMll, > ko (4yv— DM max €],
oma e = M= Gy =DM max
%
Thus, we have
max _|le™]|n
. me{0,...,M}
lim : = 4o0.
M,N—oc0 max ||51||h
ic{1,...,.M}

15



We conclude that a stability estimate cannot be given when we consider
discretizations such that A > 3, where 8 > %: we cannot have a bound

max ||e"|n < C max |
me{0,...,M} ief{l,....M}

where C is a constant independent of the discretization, valid for any consistence
error (¢*,...,eM).

So the centered difference/forward difference method is stable if and only if
A< 1

Exercise. Prove that the ” only if ” part also holds for the L°° norm on
L(Q).

We can give another interpretation of our stability analysis. The formula

m
€™ =kY R(keAy)" " (=€), me{0,..., M},
i=1
shows that every consistency error €, i € {1,..., M}, is propagated to the
convergence error et? p e {0,1,..., M — i}, by

R (keAp)” (—ke').

By considering the discrete Fourier series of

N-1
e = an¢n,ha

n=1

we obtain
N-1

R (keAp)? (—ke') = Y R(kehn ) (—kandnn)-

n=1

So, we see that the term a,¢n, pn, n € {1,...,N — 1}, in the discrete Fourier

series of ¢ is propagated to the convergence error e**? by
R (ke p)? (—kandnp)-
We can observe that:
e The terms
P p, m € {1,..., N —1} such that |R (kcA, )| > 1,

propagate to e*P by an exponential growth with p. Since R (kch, ) =
1+ kehnn <1 and |R(kehnp)| > 1, we have R (ke ;) negative and so
the exponential growth is oscillatory, as we have seen in the numerical test
in case of instability.

16



e The terms
nPnp, n € {1l,...,N —1} such that |R (kch, )| <1,
does not grow with p and the terms
nPnn, n € {1,...,N — 1} such that |R (kch, )| < 1,
are exponentially damped with p, in the propagation to e‘*P.
o If
p(R(kcAy)) > 1, ie. |R(kehnp)| > 1 for some n € {1,...,N —1},
then, for a large p the propagation of ay_1¢n_1, dominates (whenever

an—1¢n—1,, # 0) the propagation of a, ¢, n, n € {1,..., N —2}. In fact,
the maximum of | R (kcA, 5)|, n € {1,..., N—1}, is obtained for n = N—1.

Under the condition A < %, we have the following convergence result for the
centered difference/forward difference method: we have

a m <T a em <T a ™7 oo
meppax el <T | max Jelln<T | max e o=

gy yeeey

and then (recall (2))

a m
el 17
c 4 1 0%u
<T|— max — (x, )| R+ = max x,t’k .
(12 (z,t)€Qx[0,T] 3:84( ) 2 (z,)eax(o,1] | Ot? (@)

Observe that the same bound has been obtained for ?gaxM} lle™ | oo () (see
me

(4)).

Exercise. Assume \ = Z—’S = % Suppose that numbers A and B such that
o 0?
max —ZL (:c,t)‘ <A and max —;L (l‘,t)‘ <B
(z,t)eQx[0,1] | O (z,)ex[0,1] | Ot

are known. Use the previous result for determining a spatial stepsize h such
that
max |le™]|, < TOL,
me{0,...,M}
where TOL is a given tolerance. Then, give an estimate of the number of flops
(i.e arithmetic operations) for obtaining the discrete solution.
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3 The centered difference/backward difference
method

We consider now a different time discretization for the heat equation, namely
we consider the backward Euler method, rather than the forward Euler method,
for solving the system of ODEs of the method of lines.

Consider the full discretization of the heat equation

umtt —ym :CU;;iﬁl — 22U + U L pre
k h? no

ne{l,...,N—1} and me{0,...,M — 1}

Ul'=0,ne{0,N} and m e {0,...,M}

U% =wg (nh), ne{l,...,N —1}.

This full discretization is called the centered difference/backward difference method
since, in
Ju 0?

s (nh,(m+ 1)k) = c@(nh, (m+1)k) + f (nk,(m+ 1)k),

we are approximating the spatial derivative %(nh, (m + 1)k) by the centered

difference " o "
m m
U — oUm 4 U

2
and the time derivative %(nh, (m + 1)k) by the backward difference

Uptt - Uy U — U
k N —k '

By using the notation
U™ .= (U",...,UN_y) and f™ = (f{",.... fN_1), me{0,...,M},
we can write the full discretization

+1 1
U:Ln+1 - U':Ln U’:Ln—l - 2U77Ln+1 + U’rTLr-Ll:q + fm+1
n

Eo n?
ne{l,...,N—1} and me€ {0,...,M — 1}

as

m—+1 m+1 m—+1
L gy g (cUnl ~ 2Un2 +Unit fm+1>
n n h n

ne{l,...,N—1} and me {0,...,M — 1}
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and then in compact form as
Um™t = U™ 4k (cApU™ T + f711)
me{0,...,M —1}.

We see that the centered difference/backward difference method is the backward
Euler method as applied to the system (1) of the method of lines: the backward
Euler method for

y/(t) = F(t7y<t)) = CAhy(t) + (f(h>t)7 s fFUN = 1)h’t))

Ut =U™ + kF((m+ Dk, U™ = U™ + k (cA U™+ 7).

Since the backward Euler method is an implicit method for ODEs, a linear
system has to be solved to obtain U™*! from the vector U™, m € {0,..., M —1}.
The vector U™ ! is obtained from U™ by solving the tridiagonal linear system
of dimension d = N — 1:

AU (L 20) U - AU = U 4+ kT, ne {1, N — 1},

where A = Z—’S and Ut = U™ = 0. These equations are obtained by
rewriting the equations

m—+1 m m—+1
Um+1 _ Um i k’ (CUnl — 2Un +1 —+ Un+1 + f'rn-',-l)
n n h2 n

nef{l,...,N—1}.

Since the matrix of this system is strictly diagonally dominant, it is non-
singular and so existence and uniqueness for the solution U™*! is proved.

Since the matrix of the system is tridiagonal, the amount of flops for solving
this system of dimension d = N —1 by gaussian elimination is O(d) = O (N — 1).

In the two-dimensional case, the matrix of the system is not tridiagonal, but
a band matrix with bandwidth w = O (N —1). So, the amount of flops for
solving this system of dimension d = (N — 1)? by gaussian elimination is not

O(d) =0 ((N - 1)2), but O (dw?) = O ((N - 1)4).
Exercise. What about the amount of flops for solving the system by gaussian
elimination in the three-dimensional case?

3.1 Error Analysis
We define the consistency error as

1 +1 +1 +1

m+1 . u;nJr B u;n - u::b—l — 2”:{1 +u1?”7bl+1 ~ rm+1
en T k} ¢ h2 n )
ne{l,...,N—1} andme {0,...,M —1}.

19



where the u-values are the values of the exact solution.
Let n € {1,...,N —1} and m € {0,...,M —1}. The centered difference
scheme satisfies

1 1
up = 2um it 9%y

n+1 el
2 92 (nh, (m + 1)k)
1 (0% 0*u 9
— 1 (5o 0.0+ D8+ 55 6. 0m+ ) ) 2

where a € ((n — 1) h,nh) and 5 € (nh,(n+ 1) h). So, we have

0*u

1 1
up = 2um 9%
AL
Ozt

nol — — — (nh, (m +1)k)

1
h? 0x? ST i

— 12 (2 t)etrx[o,1]

‘h?

Exercise. Given a sufficiently smooth function v(¢) of one real variable ¢ and
k > 0, a finite difference approximating the first derivative v’ (t) is the backward
difference
v(t)—v(t—k) v(t—k)—v(t)
k B —k ’

v (t) =
Prove that

v(t)—v(t—k) 1
k

where v € (t — k,t). Then, prove that

u?n-{-l —um au 1 82u
L " ——(nh,(m+1k)| < = max — (x,t)| k.
k ot (nh, ( k) 2 (z,t)cax(o,1] | Ot? ( )‘
Now, since
L _ uptt — Cu;"jll — 2umH g
um™th —uym o Ou
—m  —%n ZT(nn Nk
T, o+ 1))
m+1 m-+1 m+1 2
Up—1 — 2un + Up+1 0“u
2
+% (nh, (m+1)k) - c% (nh, (m+ 1) k) — fi+1,

=0

we obtain

4
g;(x,t)‘hQJrl

c 0%
leptt < — el (z,1)

max
12 (& tyeqxo,1)

max ‘ k.
(z,t)€EQX[0,T]
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So, as in case of the centered difference/forward difference method, we obtain
for the centered difference/backward difference method

o*u ’ 1 0%u ’
max "< —= max — (x, )| h? + = max — (x,t)| k.
ne{l,.., Nfl}| | 12 (2,t)cax[0,T] 5304( ) (z,6)€QX[0,T] 3152( )
me{l,....M}

Now, we consider the convergence error

e =U" —up, ne{l,....N—1} andme {0,...,M}.

m>

Since

Ut U U 20T O
k h? "

ne{l,...,N—1} and me€ {0,...,M — 1}

U*=0 and Uy =0, me{0,...,M},

US =wug(nh), n€{l,....,N —1},

m—+1

m+1 m m+1 m+1
Uy, — Uy Up—1 2un + un+1 + fm+1 + 5m+1
n n

E 02
ne{l,...,N—1} and me€{0,...,M -1}
ug' =0 and uy =0, me{0,...,M},

ud =ug (nh), ne{l,...,N —1},

we obtain the full discrete problem

m m+1 m-+1 m—+1

" :ceﬂfl 2e T ey _ gt
k h?

ne{l,...,N—1} and me {0,...,.M — 1}

e’ =0 and ey =0, me{0,...,M},

e =0, ne{l,...,N—1}.

en

By using
€™ =(e,....ef_ 1), me{0,..., M},
and
et = (et eRt), me{0,..., M —1},

we can rewrite this full discrete problem as

6m+1 = em + kCAheerl — k€m+1, m e {0, .o .,M - 1},

i.e.
(I —keAp)e™™ =e™ —ke™t me{o,...,M -1},
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ie.
™ = R (keAp) e™ — kR (keAp)e™ ™, me{0,...,M —1},

where
R (keAy) = (I — keAp) ™. (7)
Observe that the linear operator R (kcAy) has the eigenvalues
1
R(kchpp) = —————, ne{l,...,N -1},
(hednn) = T Fan e " J
and since the eigenvalues A, p, n € {1,..., N — 1}, of A} are negative, we have

0<R(kchpp) <1, ne{l,...,N—1}.
Exercise. Explain why I — kcAj, (whose inverse appears in (7)) is invertible.

Exercise. Prove the stability result for the centered difference/backward

difference method
max  |le™||n, <T max |[|€%|n,
me{0,...,M} ie€{l,...,.M}

which is valid without any assumption of a relation between h and k. For this
reason, the centered difference/backward difference method is called uncondi-
tionally stable.

By using the previous unconditional stability result, we have the uncondi-
tional convergence result for the centered difference/backward difference method

ma; e <T ma &, <T ma I
me{O,--}-(,M}” In = z‘e{l,...),(M}” In = ie{l,...),(M}” 2 ()

= max lem|
ne{l,...,.N—1}
me{l,....M}

c 8%u
<T|— max — (z,t)| k] .
- (12 (z,t)€Qx[0,T] ot? ( )’ >

Exercise. Use the previous convergence result for determining stepsizes h
and k such that

4
1
(@) R+ ma
Ox (z,t)€Qx[0,T]

max |le™]|, < TOL,
M}
where TOL is a given tolerance. Put both spatial error bound

o*u
max —

T— x,t)| h?
12 (z.tyeqx (0,1 3:104( )

and time error bound

&%u
ﬁ( ) )

1
T-— max
(z,t)€Qx[0,T]

equal to TTOL. Then, give an estimate O(TOL™?) of the number of flops for
obtaining the discrete solution.
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4 The Crank-Nicolson method

If we use the trapezoidal rule to discretize in time the system of ODEs of the
method of lines, we get the Crank-Nicolson method:

Ut =ty 1 (U =20+ Uty | U = 20 4 U
k 2 h? h?
- m m+1
b5 U+ £
20"+ U
3 + 1

Centered difference/forward difference method

U v 4 g
12
Centered difference/backward difference method
ne{l,...,.N—1} and me {0,...,M — 1},
U»=0,ne{0,N} and m € {0,...,M},
UY =wg(nh), ne{l,...,N —1}.

+ c f,’L”Jrl

This full discretization is also called the centered difference/centered differ-
ence method since, in

% (nh, <m+ ;) k) c% (nh, (m+ ;)k) +f (nk, (m—l— ;) k) ,

we are approximating:

o Ju (nh (m+ 3)k) by the average
1 (U, =20 + U N urtt —eumtt urtt
2 h? h?

of the centered difference approximations of g Py —5 (nh, mk) and ‘9 —5(nh, (m
Dk);

° %@‘ (nh, (m + %) k) by the centered difference

U+t — U
k )

o f (nh, (m + %) k) by the average
1
3 g

of the values f (nh,mk) and f (nh,(m + 1) k).
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By using the usual notation

U™ = (U{",...,Ux_y) and f™ = (f1",.... f¥_1), me€{0,..., M},

we can write the full discretization

Ut - U _ 1 (U, =20+ U, U - 20+ U

k 2 h? h?

1
+§ (f:[L + frT+1)
ne{l,...,N—1} and me{0,...,.M — 1}
as
L 20 U
Um+1 Um + k ( 1 h2, n+1 f;n
m—+1 m m+1
LU - 20y +ggmh me)
02 "

ne{l,...,N—1} and me€{0,...,M — 1}

and then in compact form as
Um—i—l Um+k (CAhUm+fm+CAhUm+1+fm+l)
me{0,...,M —1}.

We see that the centered difference/centered difference method (the Crank-
Nicolson method) is the trapeziodal rule as applied to the system (1) of the
method of lines: the trapezoidal rule for

Y (1) = F(t,y(t) = chny(®) + (F(h 1), ... (N = Dk, t))
is
umtt = U™+ k% (F(mk,U™) 4+ F((m+ 1)k, U™"))
= U™+ k% (cARU™ + f™ + cApU™ ! 4 fmtty.
Since the trapezoidal rule is an implicit method for ODEs, a linear system

has to be solved to obtain U™ from U™, m € {0,...,M — 1}. The vector
U™*lis obtained from the vector U™ by solving the tridiagonal linear system

1
—fAUm_“ + 14+ AU~ AU;’fll
/\Um LA =AU S Lom ™o+ k(fm + fmh

ne{l,...,N—l}.
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where A = Z—’; and U(’)”Jrl = U}\,’”rl = 0. These equations are obtained by

rewriting the equations

L[ Uy =20+ U,
Ut = U + b (c e
m+1 m+1 m+1
+CUn—1 —QU;; + U, 11 Jrf;nﬂ)

ne{l,...,N—1}.

The matrix of this system is strictly diagonally dominant. So, it is non-
singular and so existence and uniqueness for the solution U™*! is proved.

4.1 Error Analysis

The consistency error is given by

em+l . uptt — gy 1 Up' = 2uy' +ugtyy _ UZL—JT —2uptt + uTIll
" k 2 h? h?
1 m m+1
ne{l,...,N—1} and m e {0,...,M — 1}.
Forne{l,...,N —1} and m € {0,..., M — 1}, we have
em+l uptt —up _ cl Up'q = 2up’ + up'yy up = 2upt ¢ unm++11
" k 2 h? h?

—5 )

umtl — ™ Jy 1
0 (1))

m m m 2
Up—1 — 2un + Up41 0“u

(u"”f —2um 52
1
2

n ntl1 Y
Iy s (o, (m + 1>k>>

—c ( (giz (nh, mk) + g:; (nh,(m+1) k)) - % <nh, (m + ;) k))

(0« ) =1 (m (m ) 1))

oD o ) -2))

=0
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Exercise. Given a sufficiently smooth function v(t) of one real variable ¢ and
k > 0, a finite difference approximating the first derivative v’ (¢) is the central

difference
b L U(t+E)—v(t—k)
v (t) = o% .

Prove that

v(t+k)—v({t—k)
2k

= (W () + 0" (8)) k?,
where v € (t,t + k) and § € (t — k,t). Then, prove that

max  |e7'| < Ch? + DE?
ne{l,...,.N—1}
me{l,...,M}

for some constants C; D > 0 which depends on the maximum absolute values
on € x [0,T] of partial derivates of u and f.

So, unlike the centered difference/forward difference method and the cen-
tered difference/backward difference method, the Crank-Nicolson method has
consistency order two with respect to time stepsize k, as the consistency order
with respect to the spatial stepsize h.

Now, we consider the convergence error

e =U"—ur, ne{l,...,N—1} and me€ {0,...,M}.

m?

Since

Uptt =0y (Ut =20 + Uy Uyt =20t Ut
k 2 h? h?

1 m m—+1
ne{l,...,N—1} and me {0,...,M — 1},

U'=0 and Uy =0, me{0,...,M}
UY =g (nh), ne{l,...,N —1},

1 1
U?H — Uy cl Up'q — 2up" + Uy g UTfl - 2“?“ + ugrl
k 2 h? h?

1
b3 (4 ) e
ne{l,...,N—1} andme {0,...,M — 1}

ug' =0 and u} =0, me{0,...,M}
u =wug (nh), ne{l,...,N -1},

n —
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we have the full discrete problem

+1 m __ o,m m m+1 m+1 m—+1
e;n — ezn 1 <en—1 2677, + Cn+1 €n—1 2671 + Cn+1 N €m+1
n

k — % B2 B2

ne{l,...,N—1} and me€ {0,...,M — 1}
et =0 and ey =0, me{0,..., M}
e =0, ne{l,...,N—1}.

By using
e =(e,.... e} 1), me{0,..., M},

and
et = (et eRt), me{0,..., M —1},

we can rewrite this full discrete problem as
1
emtl =em 4 ikc (Ape™ 4+ Ape™) — k™t me {0,...,M — 1},
ie.
1 m—+1 1 m m—+1
I—ikcAh e = I+§kcAh e™ — ke , me{0,...,M — 1},
ie.
1 -1
et = R (keAp)e™ — k (I — chAh> e™ med{o,...,M—1},
where )
1 B 1
R(kCAh) =(1- ikCAh I+ §kCAh .
The linear operator R (kcAp,) has the eigenvalues

1+ %kC)\n,h

R (keAnn) = %7

e{l,....N—1}.

Exercise. Prove that
|R(kcAmp) <1, me{l,...,N—1}.
Exercise. Prove the stability result for the Crank-Nicolson method

a m, <T a et
meg}“_{{M}lle n < e fhax [P

which is valid without any assumption of a relation between h and k. The
Crank-Nicolson method is unconditionally stable.
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By using the previous unconditional stability result, we have the uncondi-
tional convergence result for the Crank-Nicolson method

ma e™|n <T ma el <T ma %)) oo
mE{Ov-fM}” I < ie{l,.“},(M’}” I < ie{l -},(M}” [zo= ()

yee

= max \ET|
ne{l,...,.N—1}
me{l,....M}

< T (Ch*+ Dk?).

The order of convergence of the Crank-Nicolson method is two, both in space
and time.

Exercise. Use the previous convergence result for determining stepsizes h
and k such that

max |le™]|, < TOL,
me{0,...,M}
where TOL is a given tolerance. Put both spatial error bound TCh? and time
error bound TDk? equal to T9%. Then, give an estimate O(TOL ") of the
number of flops for obtaining the discrete solution.

Exercise. For the two and three-dimensional cases and for the centered dif-
ference/forward difference, centered difference/backward difference and Crank-
Nicolson methods, give estimates O(TOL™?) of the number of flops for obtaining
a discrete solution such that

max |le™]|, < TOL.
me{0,...,M}

In all situations considers stepsizes h and k such that both spatial error bound

and time error bound are equal to %.

5 The three numerical methods for the heat equa-
tion: a summary

In the next tables, we give the basic information about the three methods that
we have introduced for the heat equation.

The first column of each table contains the stencil of the finite difference,
namely a picture with the values of the discrete solution involved in the equation
for the space index n and the time index m (j in the tables and in the figure
below). Here is the stencil for the Crank-Nicolson method:
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J
LJn+1

i
Un-‘l

LJj+‘1

n+1

Uj+1
n

j+1
Un-1

These values are geometrically arranged in a space-time grid with the vertical
axis as space and the horizontal axis as time. Points that are involved in a finite
difference in space are vertically connected and points that are involved in a
finite difference in time are horizontally connected.

Centered difference/forward difference method

Stencil

Explicit/Implicit ‘ Order

| Stability

1
Un+1

i .
u, uitt

ui

n-1

Explicit

O (h?) + 0 (k)

conditionally stable: Z—’;

<

1
2

Centered difference/backward difference method

Stencil Explicit /Implicit \ Order \ Stability
U

U i+
Uj+1

n-1

Implicit

O (h?) + O (k)

unconditionally stable
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Crank-Nicolson method (centered difference/centered difference method)

Stencil Explicit/Implicit \ Order \ Stability
Ut U
u T
U Uy

Implicit 0] (hz) +0 (kz)

unconditionally stable
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