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Leaves whirling in the wind
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Local density of circulation per unit
infinitesimal area
Circulation along the red path
around infinitesimal area A
U+ C)# &dl—udx+
_!Y% VA') +(V+|de)dy
- | (u+2dy)dx! vay =
'd lyn 'u
T A T =" vy = $Peay
Y Y v+ dx
dx ' Dividing by the area A= dXx dy, one finds:
: vorticity is the local circulation per unit area.
u
g 9 068! ()*(+,-./0'L(+2+(34/568.7/18$# % Utrecht University E'MAQ




8/1/18

Vorticity in the geophysical context

On the Earth, even fluids at rest have
vorticity:

Planetary vorticity due to rigid body
rotation of the Earth:

¢, =2Qsin(@) = f

Fluid motion is measured relative to the
Earth’ rotation, so
Relative vorticity is calculated from

In an inertial frame, fluid motion is both with
and relative to the Earth,

Absolute vorticity is the sum of planetary
and relative vorticity:

/=1 + 1

Potential vorticity is a conserved quantity
following fluid parcels:

velocities relative to the Earth: | "+ f
1, n h
/! =/ = _V _U
r "Xy It will be derived later.
22/8/18 24 (Potential) Vorticity, USPC 2018 % Utrecht University lMAU
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Momentum equation: ) &— +u—+v—+w—" fvgg= Py 7,
1t Ix ly 1z Ix
Main assumption: vertical scale << horizontal scales of motion
I Velocities (almost) independent of z
I Hydrostatic balance: p=/g("bz)
- g
g

lu lu lu, . V#
Depth-averaged: —+u-—+v—" fv="g-——+R

It I'x ly I'x

7
high —_—
pressure —g - low
pressure
—
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/
a_u+ua_u va—u—fv=—ga—+Rx
ot ox  dy 0x

/
a—v+ua—v+va—v+fu=—g—+Ry
ot dx dy y

Now differentiate
U-momentum equation with respect to

V-momentum equation with respect to X,
Y and substract :
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mn V n u
Remember: I =—#—
mn X n
22/8/18 26 (Potential) Vorticity, USPC 2018 % Utrecht University I lMAU
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Dt ox dy ox  dy
Stretching or
ballerina effect
e 0,>Q,
% 9 - o —
H —
y Y Lx_—
~ / - 1 —
(ovavcotasigm < v From Stewart(2005) ——
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Beta - effect

Stretching or
ballerina effect

From Stewart (2005)

TFrictionaI torque

Important contributions
in depth -integrated
equations due to wind

Southward:

pol

Northward:

=2
©
=

stress and bottom drag:
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Continuity equation (incompressible flow% 7y+7 0

lz

Integrate over depth from bottom % b) to surfaced = /):

et

“lu v% Dn( Db

(v
+V‘42)-"‘42- ﬁﬁ ys Dt Dt

(rememberu,vdo not depend onin shallow water)

Conclusion:
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Dh
Dt

"lu

+hy + W&O
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Derivation of potential vorticity equation

&u dv_ 1Dh

ax dy h Dt
to eliminate the convergence term in the vorticity equation:

D/, /+fDh Eﬁ_ Ry "R
Dt "h Dt Dt "x "y

D'/+f$ 1"R/ Q$
Dt h 8 hifx v

So in the absence of friction, potential vorticity
is conserved along trajectories!

22/8/18 30 (Potential) Vorticity, USPC 2018 % Utrecht University E IM Au
11 1

" HSY RPN+ - 01

"HS%& (H%6$)*

+, -%"+./0.%1

2, 3%4%5%$+467(/8#99%7"5

( "HOS+(HT7%" /294199 %6$H#7(98

:%3$9/+&:+"(9&*

&, ;%:7"5/:%%$#7(98/&'9/#%B009(#

9, =+$5B(+.9/17"&I&S$T:9"(7S('.+H#T7%"

>>?@?A@ JA BCYHO"#7+. ID%SHT(THEIFGCHI>IA@ % Utrecht University IMAU

8/1/18

16



"##!

I"HSY 8 H( Vo) H* &+ -#1+.96/0 - 1-

Annual Wind Speed and Sea Level Pressure (hPa) For 1989
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Remind: Potential vorticity = I = h :

60"

30° )

o
Conserving potential vorticity when: -30°
¥ velocities are relatively small (/ <<f), o™
¥ depth h does not change much, 4

-90°
implies that  f does not change much, 20° 100° 140° 180° -140°  -100° -60° 20" 0° 20°

Figure 4.2 Map of mean annual wind velocity calculated from Trenberth et al. (1990) and
sea-level pressure for 1989 from the NASA Goddard Space Flight Center’s Data Assimilation
Office (Schubert et al. 1993). The winds near 140°W in the equatorial Pacific are about 8
m/s.
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(Potential) Vorticity -

i.e. flow is zonalE
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Subpolar Polar high

Warm air rises along equator, cold air sinks
air at poles, inducing meridional flow;
Angular momentum conservation requires
huge westerly winds

! instabilities develop and flow will be zonal.

Hadley
cell
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Potential vorticity: ! h

A northern hemisphere example.

> X

H(x)

- z .
f decreases, until
h decreases, so =

71 >0, andd—>0,
ds

return to normal by

d” reverse process.
laminar flow enters !/ <0, i.e. — <0,
from the left: L f ds
!1=0, so =F turning right,
g o 068 ()% (+,- 0L (+2+(34/56&7/18$# Utrecht University IMAU
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Suppose:

¥ No friction,
¥ constant depth (i.e. no stretching),
¥ Length scale small compared to Earth radius (i.e. no beta).

And we have a vorticity field like this (two positive vortices):
First question: what is the corresponding
velocity field?
D/ _ty 1
= = +u+v—_—

Vorticity dynamics: = =
Dt It Ix ly

Vorticity is just  advected with the flow!
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