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• Models for components that we studied so far were either deterministic or 
nondeterministic.
• The goal of such models is to represent computation or time-evolution of a 

physical phenomenon.
• These models do not do a great job of capturing uncertainty.
• We can usually model uncertainty using probabilities, so probabilistic models 

allow us to account for likelihood of environment behaviors
• Machine learning/AI algorithms also require probabilistic modelling! 

Probabilistic Models



Stochastic Difference Equation Models
u We assume that the plant (whose state we are trying to estimate) is a 

stochastic discrete dynamical process with the following dynamics:
𝐱! = 𝐴𝐱!"# + 𝐵𝐮! +𝐰! (Process Model)
𝒚! = 𝐻𝐱$ + 𝐯! (Measurement Model)

𝐱!, 𝐱!"# State at time 𝑘,𝑘 − 1
𝐮! Input at time 𝑘
𝐰! Random vector representing noise in the plant, 𝐰 ∼ 𝑁(𝟎, 𝑄!)
𝐯! Random vector representing sensor noise, 𝐯 ∼ 𝑁(𝟎, 𝑅!)
𝒚! Output at time 𝑘

𝑛 Number of states

𝑚 Number of inputs

𝑝 Number of outputs

𝐴 𝑛×𝑛 matrix

𝐵 𝑛×𝑚 matrix

𝐻 𝑝×𝑛 matrix



Example

cooling heating

𝜏 ≤ 18

𝜏 ≥ 22

�̇� = −𝛼 + 𝑞1�̇� �̇� = −𝛼 𝜏 + 𝑞2�̇�

𝜏 ≤ 23𝜏 ≥ 17



The Family of Markov Models



𝑝(𝑠%&#|𝑠#:%) = 𝑝(𝑠%&#|𝑠%).

The Memoryless Property

The knowledge of the state 𝑠3 captures the complete information capturing all 
the relevant information about the present and the past of the system 
necessary for predicting its future evolution



𝑝(𝑠%&#|𝑧% ).

Hidden Markov Model

The knowledge of the state 𝑠3 captures the complete information capturing all 
the relevant information about the present and the past of the system 
necessary for predicting its future evolution



Example

cooling heating

𝜙 𝑞( , 𝑞) , 𝑥 , 𝜏 ≤ 18

𝜙 𝑞( , 𝑞) , 𝑥 , 𝜏 ≥ 22

�̇� = −𝛼 �̇� = −𝛼 𝜏 + K

𝜏 ≤ 23𝜏 ≥ 17


