
Problem set 8





a) The maximizing profit condition is 𝑀𝑅 = 𝑀𝐶

Revenue are: 𝑅 = 𝑄𝑝 = 70 − 𝑄 𝑄

Marginal revenues are:  𝑀𝑅 = 70 − 2𝑄

𝑀𝑅 = 𝑀𝐶 70 − 2𝑄 = 6

𝑄∗ = 32

𝑃∗ = 70 − 32 = 38

𝜋∗ = 32 ∙ 38 − 32 ∙ 6 = 1024

b) 𝐶 = 0.25 𝑄2 − 5𝑄 + 300

𝑀𝑅 = 𝑀𝐶  70 − 2𝑄 = 0.5 𝑄 − 5 

𝑄∗ = 30

𝑃∗ = 70 − 30 = 40

𝜋∗ = 30 ∙ 40 − 0.25 302 + 5 ∙ 30 − 300 = 825



c) 𝐶 = 0.0133 𝑄3 − 5𝑄 + 250

𝑀𝑅 = 𝑀𝐶  70 − 2𝑄 = 0.04 𝑄2 − 5 

𝑄∗ = 25

𝑃∗ = 70 − 25 = 45

𝜋∗ = 25 ∙ 45 − 0.0133 253 + 5 ∙ 25 − 250 = 792
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a)

No advertising  𝐴 = 0

Demand is 𝑄 = 20 − 𝑃 and 𝐶 = 10𝑄 + 15

Then

𝑅 = 𝑄(20 − 𝑄) and 𝑀𝑅 = 20 − 2𝑄.   𝑀𝐶 = 10

Maximizing condition is:  𝑀𝑅 = 𝑀𝐶  20 − 2𝑄 = 10

𝑄∗ = 5 and 𝑃∗ = 15

𝜋∗ = 5 ∙ 15 − 10 ∙ 5 − 15 = 10



b) 𝑄 = (20 − 𝑃)(1 + 0.1𝐴 − 0.01𝐴2) and 𝐶 = 10𝑄 + 15 + 𝐴

𝜋 = 𝑃𝑄 − 𝐶 =
= 𝑃 20 − 𝑃 1 + 0.1𝐴 − 0.01𝐴2 − 10(20 − 𝑃)(1 + 0.1𝐴 − 0.01𝐴2) − 15 − 𝐴

The Firm’s problem is to maximize profits:

max
𝑃,𝐴

𝑃 20 − 𝑃 1 + 0.1𝐴 − 0.01𝐴2 − 10(20 − 𝑃)(1 + 0.1𝐴 − 0.01𝐴2) − 15 − 𝐴

FOCs:        
20 − 2𝑃 1 + 0.1𝐴 − 0.01𝐴2 + 10 1 + 0.1𝐴 − 0.01𝐴2 = 0
𝑃 20 − 𝑃 0.1 − 0.02𝐴 − 10 20 − 𝑃 0.1 − 0.02𝐴 − 1 = 0

From the first equation  can be written as

20 − 2𝑃 + 10 = 0 → P = 15 and 𝐴 = 16.18

i) We replace 𝑃 = 15 in the second equation and we get 𝐴 = 3

ii) We replace 𝐴 = 16.18 in the second equation and we get 𝑃 = 9.57 and 𝑃 = 20.43

Comparing the profit the maximizing profit solution is i)  where 𝑄 = 6.05 and   𝜋 = 12.25





a) 𝑄1 = 55 − 𝑃1 𝑄2 = 70 − 2𝑃2 𝑀𝐶 = 5  𝑃1 = 55 − 𝑄1 and 𝑃2= 35 −
𝑄2

2

In each market condition 𝑀𝑅 = 𝑀𝐶 has to be satisfied

𝑅1 = (55 − 𝑄1)𝑄1 and 𝑅2 = (35 −
𝑄2

2
)𝑄2

𝑀𝑅1 = 55 − 2𝑄1 and    𝑀𝑅2 = 35 − 𝑄2

55 − 2𝑄1 = 5  𝑄1 = 25  𝑃1 = 30

35 − 𝑄2 = 5  𝑄2 = 30 𝑃1 = 20

𝜋 = 25 ∙ 30 + 30 ∙ 20 − 5 ∙ 25 + 30 = 1075

b) The firm can maximize its profits setting a price equal to marginal cost, in order to 
maximize the consumer surplus. Then each consumers will be charged of an entry fees equal 
to its surplus. 

With 𝑝 = 5 𝑄1 = 50 and  𝑄2 = 60

𝐶𝑆1 = 50 ∙ 55 − 5 /2 = 1250 and 𝐶𝑆2 = 60 ∙ 35 − 5 /2 = 900

The entry fee of consumer 1 will be 1250 and the one for consumer 2 will be 900

The marginal price for both consumers will be 5



𝑄1 = 55 − 𝑃1 𝑄2 = 70 − 2𝑃2 𝑀𝐶 = 5  𝑃1 = 55 − 𝑄1 and 𝑃2= 35 −
𝑄2

2

𝜋 = 𝐶𝑆1 + 𝐶𝑆2 + (𝑄1 + 𝑄2)(𝑝 − 5)

𝐶𝑆1 =
(55−𝑝)(55−𝑝)

2
𝐶𝑆2 =

(35−𝑝)(70−2𝑝)

2
𝑄1 = 55 − 𝑝 𝑄2 = 70 − 2𝑝

Then the profit function is

𝜋 =
(55 − 𝑝)(55 − 𝑝)

2
+
(35 − 𝑝)(70 − 2𝑝)

2
+ (125 − 3𝑝)(𝑝 − 5)

The firm problem is to maximize profits, then FOC are:

𝑝 − 55 + 2𝑝 − 70 − 6𝑝 + 140 = 0

 𝑝 = 5





Inverse elasticity rule   

𝑃 −𝑀𝐶

𝑃
= −

1

𝑒

𝑝 = 𝑀𝐶
𝑒

1 + 𝑒
e < −1

Note that 
𝑒

1+𝑒
is increasing by 𝑒

a) linear demand

𝑒 =
𝑑𝑄

𝑑𝑃

𝑃

𝑄
 decreases by P (more elastic)

𝑝′ =
𝑀𝐶

1 − 𝑡

𝑒′

1 + 𝑒′
𝑒′ < 𝑒 < −1

𝑒′

1 + 𝑒′
<

𝑒

1 + 𝑒

Monopolist receives a lower price 



b)  Constant elasticity demand

𝑝′ =
𝑀𝐶

1 − 𝑡

𝑒

1 + 𝑒

𝑝′ 1 − 𝑡 = 𝑀𝐶
𝑒

1 + 𝑒
= 𝑝

Monopolist receives the same price 

c) If the monopoly operates on a negatively sloped portion of its marginal cost curve we have 
(in the constant elasticity case) 

𝑝′ =
𝑀𝐶′

1 − 𝑡

𝑒

1 + 𝑒
>

𝑀𝐶

1 − 𝑡

𝑒

1 + 𝑒
=

𝑝

1 − 𝑡
Monopolist receives an higher price 



d) requirement of equal tax revenues. That is, 

𝑡𝑃𝑎𝑄𝑎 = 𝑡𝑄𝑠

where the subscripts refer to the monopoly’s choices under the two tax regimes. Assuming 
constant MC, profit maximization requires

𝑃𝑎 1 − 𝑡
𝑒

1 + 𝑒
= 𝑀𝐶

𝑃𝑠
𝑒

1 + 𝑒
− 𝜏 = 𝑀𝐶

Using the condition of equal tax revenues you can prove that  𝑃𝑠 > 𝑃𝑎





a) monopolist 

𝑅 = 𝑎 − 𝑏𝑄 𝑄𝑀𝑅 = 𝑎 − 2𝑏𝑄

The profit maximizing condition is 𝑀𝑅 = 𝑀𝐶 𝑎 − 2𝑏𝑄 = 𝑐  𝑄 =
𝑎−𝑐

2𝑏

𝑃 = 𝑎 − 𝑏𝑄 = 𝑎 − 𝑏
𝑎 − 𝑐

2𝑏
=

𝑎 + 𝑐

2

𝜋 = 𝑃 − 𝑐 𝑄 =
𝑎 − 𝑐 2

4𝑏



b)  Cournot duopolists  let be 𝑞1 and 𝑞2 the quantities chosen by the two firms 

The profit function of firm 1 is

𝜋1 = 𝑎 − 𝑏 𝑞1 + 𝑞2 − 𝑐 𝑞1

Its problem is

max
𝑞1

𝑎 − 𝑏 𝑞1 + 𝑞2 − 𝑐 𝑞1

FOC is:  𝑎 − 2𝑏𝑞1 − 𝑏𝑞2 − 𝑐 = 0

The FOC of the problem of firm 2 is: 𝑎 − 𝑏𝑞1 + 2𝑏𝑞2 − 𝑐 = 0

Then we have to solve an equation system formed by the two conditions  
𝑎 − 2𝑏𝑞1 − 𝑏𝑞2 − 𝑐 = 0
𝑎 − 𝑏𝑞1 − 2𝑏𝑞2 − 𝑐 = 0

𝑞1 = 𝑞2 =
𝑎 − 𝑐

3𝑏

𝑃 = 𝑎 − 𝑏 𝑞1 + 𝑞2 = 𝑎 − 𝑏2
𝑎 − 𝑐

3𝑏
= 𝑎 − 2

𝑎 − 𝑐

3
=

𝑎 + 2𝑐

3

𝜋2 = 𝜋1 = 𝑃 − 𝑐 𝑞1 =
𝑎 − 𝑐 2

9𝑏



c) Bertand duopolists  let be 𝑝1 and 𝑝2 the prices chosen by the two firms 

In the Nash equilibrium 𝑝1 = 𝑝2 = 𝑐

𝑞1 + 𝑞2 =
𝑎 − 𝑃

𝑏
=

𝑎 − 𝑐

𝑏

and

𝜋2 = 𝜋1 = 0



d)  Cournot with 𝑛 firms let be 𝑞𝑖 the quantities chosen by firm 𝑖, 𝑖 ∈ 1, 2, … , 𝑛

The profit function of firm 𝑗 is

𝜋𝑗 = 𝑎 − 𝑏 

𝑖=1

𝑛

𝑞𝑖 − 𝑐 𝑞𝑗

And its problem is

max
𝑞𝑗

𝑎 − 𝑏 

𝑖=1

𝑛

𝑞𝑖 − 𝑐 𝑞𝑗

FOC is:  𝑎 − 2𝑏𝑞𝑗 − 𝑏 𝑖=1,
𝑖≠𝑗

𝑛 𝑞𝑖 − 𝑐 = 0

This can be written as 𝑏𝑞𝑗 = 𝑎 − 𝑏 𝑖=1
𝑛 𝑞𝑖 − 𝑐 = 0 so that  we can conclude that firms produce equal 

quantities 𝑞.

Then equation can be written as 𝑎 − (𝑛 + 1)𝑏𝑞𝑖 − 𝑐 = 0

𝑞𝑖 =
𝑎 − 𝑐

(𝑛 + 1)𝑏
𝑃 = 𝑎 − 𝑏 𝑛

𝑎 − 𝑐

(𝑛 + 1)𝑏
= 𝑎 − 𝑛

𝑎 − 𝑐

(𝑛 + 1)
=

𝑎 + 𝑛𝑐

𝑛 + 1

𝜋𝑖 = 𝑃 − 𝑐 𝑞1 =
𝑎 − 𝑐 2

𝑛 + 1 2𝑏



e)

𝑞𝑖 =
𝑎 − 𝑐

(𝑛 + 1)𝑏
𝑃 =

𝑎 + 𝑛𝑐

𝑛 + 1
𝜋𝑖 =

𝑎 − 𝑐 2

𝑛 + 1 2𝑏

𝑞𝑖 =
𝑎 − 𝑐

2𝑏
𝑃 =

𝑎 + 𝑐

2
𝜋𝑖 = 𝑃 − 𝑐 𝑞1 =

𝑎 − 𝑐 2

4𝑏

ii) 𝑛 = 2

𝑞𝑖 =
𝑎 − 𝑐

3𝑏
𝑃 =

𝑎 + 2𝑐

3
𝜋𝑖 =

𝑎 − 𝑐 2

9𝑏

iii) 𝑛 = ∞

𝑞𝑖 = 0 𝑃 = 𝑐 𝜋𝑖 = 0

Note that the total quantity does not approach to 0

𝑄 = 𝑛
𝑎−𝑐

(𝑛+1)𝑏
lim
𝑛→∞

𝑛
𝑎−𝑐

(𝑛+1)𝑏
=

𝑎−𝑐

𝑏





a) The firm’s strategy is to choose a price

𝑞1 = 1 − 𝑝1 + b𝑝2 and  𝑞2 = 1 − 𝑝2 + b𝑝1

The profit of firm 1 is written as a function of the prices

The firm 1’s problem is

max
𝑝1

(1 − 𝑝1 + b𝑝2)𝑝1

The FOC is

1 − 2𝑝1 + b𝑝2 = 0

Then the best response of firm 1 is

𝑝1 =
1 + b𝑝2

2

Using the same steps we find the firm 2’s best response

𝑝2 =
1 + b𝑝1

2

Solving the equation system formed by the two best response functions, we get 

𝑝1 = 𝑝2 =
1

2 − 𝑏



b) 𝑞1 = 1 − 𝑝1 + b𝑝2 and  𝑞2 = 1 − 𝑝2 + b𝑝1

𝑝1 = 𝑝2 =
1

2−𝑏

𝑞1 = 1 − 𝑝1 + b𝑝2 = 1 −
1

2 − 𝑏
+ b

1

2 − 𝑏
=

2 − 𝑏 − 1 + 𝑏

2 − 𝑏
=

1

2 − 𝑏

𝜋1 = 𝑝1𝑞1 =
1

2 − 𝑏

1

2 − 𝑏
=

1

(2 − 𝑏)2





𝑄 = 150 − 𝑃 and 𝑐 = 0

In Cournot the best responses are 𝑞1 =
150−𝑞2

2
and  𝑞2 =

150−𝑞1

2

The Nash equilibrium is 𝑞1 = 𝑞2 = 50

a)  Stackelberg model: firm 1 moves first, firm 2 observes and then move.

We use backward induction to find the subgame perfect Nash equilibrium

Start with the problem of firm 2 (the last to move)

max
𝑞2

150 − 𝑞1 + 𝑞2 𝑞2

Its problem is perfectly equivalent to the one it has in the Cournot model. Then its best 

response is 𝑞2 =
150−𝑞1

2



Now consider the problem of firm 1. Its problem is

max
𝑞1

150 − 𝑞1 − 𝑞2 𝑞1

Firm 1 can anticipate the best response of firm 2. In a sense can “drive” the decision of firm 
2.

So its problem becomes:

max
𝑞1

150 − 𝑞1 −
150 − 𝑞1

2
𝑞1

Where we have replaced 𝑞2 by the best response of firm 2

FOC is  150 − 2𝑞1 −
150−2𝑞1

2
= 0  𝑞1 = 75

Replacing in the best response of firm 2 we get 𝑞2 =
150−𝑞1

2
= 37.5



b) Again we use backward induction to solve the game

If firm 2 enters (and pay 𝑘2) its problem is the same than in the previous point. 

Then its best response is  𝑞2 =
150−𝑞1

2

Its profits are 𝜋2 = 150 − 𝑞1 −
150−𝑞1

2

150−𝑞1

2
− 𝑘2 =

150−𝑞1

2

2
− 𝑘2

Then for firm 2 the decision to enter is a best response if profits are nonnegative, i.e.

150 − 𝑞1
2

2

− 𝑘2 ≥ 0

Solving the inequality we get   𝑞1 ≤ −2(−75 + 𝑘2) or   𝑞1 ≥ 2(75 + 𝑘2)

Only the last condition is relevant for this problem

Then the best response of Firm 2 is to enter if 𝑞1 ≤ −2(−75 + 𝑘2) and then produce 𝑞2 =
150−𝑞1

2



Then the optimal quantity of firm 2 will be 𝑞2 =  
150−𝑞1

2
𝑖𝑓 𝑞1≤ −2(−75 + 𝑘2)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Now we consider firm 1 that anticipate the best response of firm 2

So its problem becomes is to maximize

𝜋1 =  
150 − 𝑞1 − 𝑞2 𝑞1 𝑖𝑓 𝑞1≤ −2(−75 + 𝑘2)

150 − 𝑞1 𝑞1 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

To deter firm 2’s entry firm 1 has to produce at least 𝑞1 = −2 −75 + 𝑘2 = 150 − 2 𝑘2

Then its profits are 150 − 𝑞1 𝑞1 = 2 𝑘2 150 − 2 𝑘2 = 300 𝑘2 − 4𝑘2

If Firm 1 does not deter firm 2’s entry, its profits are as in the previous point of the problem

𝜋1 = 150 − 𝑞1 − 𝑞2 𝑞1 = 150 − 75 − 37.5 75 = 2812

Firm 1 prefers to deter firm 2’s entry if

300 𝑘2 − 4𝑘2 ≥ 2812

𝑘2 ≥ 120.6
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