
Solution problem set 9





D:  𝐿 = – 50𝑤 + 450

S: 𝐿 = 100𝑤

a) 𝑆 = 𝐷
100𝑤 = – 50𝑤 + 450
𝑤 = 3, 𝐿 = 300

b) D: 𝐿 = – 50(𝑤 – 𝑠) + 450 where s = subsidy 

Government target is 𝑤 = 4 S: 𝐿 = 100𝑤 = 400

𝑆 = 𝐷 implies that 

400 = – 50(4 – 𝑠) + 450  𝑠 = 3

Total subsidy is 1200. 



D:  𝐿 = – 50𝑤 + 450

S: 𝐿 = 100𝑤

c) Minimum wage 𝑤 = 4

D:  𝐿𝐷 = −50 ∙ 4 + 450 = 250

S: 𝐿𝑆 = 400

𝑢 = 𝐿𝑆 − 𝐿𝐷 = 150





Supply: 𝑙 = 80𝑤

Demand: 𝑙 = 400– 40𝑀𝑅𝑃

a)

𝐸 = 𝑤𝑙 =
𝑙2

80
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40

𝑀𝑅𝑃 = 10 −
𝑙

40

𝑀𝐸 = 𝑀𝑅𝑃
𝑙

40
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40
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Supply: 𝑙 = 80𝑤

Demand: 𝑙 = 400– 40𝑀𝑅𝑃

b)

𝑀𝐸 = 4

𝑀𝑅𝑃 = 10 −
𝑙

40

𝑀𝐸 = 𝑀𝑅𝑃 4 = 10 −
𝑙

40
 𝑙 = 240

At 𝑤 = 4 Supply: 𝑙 = 80𝑤 = 320
𝑢 = 320 − 240 = 80



𝑣 𝑡 = 𝑒2 𝑡−0.15𝑡

𝑃𝐷𝑉 = 𝑒2 𝑡−0.15𝑡𝑒−0.05𝑡 = 𝑒2 𝑡−0.20𝑡

The problem is

max
𝑡
𝑒2 𝑡−0.20𝑡

FOC is

1

𝑡
− 0.2 𝑒2 𝑡−0.15𝑡 = 0

1

𝑡
− 0.2 = 0

𝑡 = 25



4) Paul is endowed by a capital of 10000 euro that can spend in the 
next 10 months. Every amount that is not spent increases by 10% in the 
following month, i.e. suppose that in month 1 he spends 1000 (and 
saves 9000), then in month 2 he has an endowment of 9900. Every 
amount that is not spent after the 10 months is lost. Assuming that his 
instantaneous utility function is 𝑢 𝑥 = ln(𝑥) and that his discounted 
utility function is 𝑈 =  𝑡=1

10 0.8𝑡𝑢(𝑐) compute the optimal 
consumption profile



Solution

𝑟 = 0.1, 𝑈 =  𝑡=1
10 0.8𝑡𝑢(𝑐), 𝐸 = 10000, 𝑢 𝑥 = ln(𝑥) , 𝛿=0.8

We start with a simpler exercise: with only 2 periods 

In this case in period 1 consumption is 𝑐1 and in period 2 consumption 
is 𝑐2 = (1 + 𝑟)(10000 − 𝑐1)

The problem is to maximize
𝑢 𝑐1 + 𝛿𝑢 𝑐2 = 𝑢 𝑐1 + 𝛿𝑢( 1 + 𝑟 10000 − 𝑐1 )

FOC is 𝑢′ 𝑐1 − 𝛿(1 + 𝑟)𝑢′( 1 + 𝑟 10000 − 𝑐1 ) = 0

That can be written as 
𝑢′ 𝑐1 = 𝛿(1 + 𝑟)𝑢′ 𝑐2

i.e. the marginal utility in period 1 is equal to the discounted and 
revaluated marginal utility in period 2



With 3 periods the problem is to maximize

𝑢 𝑐1 + 𝛿𝑢 𝑐2 + 𝛿
2𝑢 𝑐3

Note that in each period the consumption can be expressed as the current endowment minus savings

𝑐1 = 10000 − 𝑠1

then the endowment of period 2 is: 𝐸2 = 1 + 𝑟 𝑠1.

then 𝑐2 = 𝐸2 − 𝑠2 = 1 + 𝑟 𝑠1 − 𝑠2 and finally 𝑐3 = (1 + 𝑟)𝑠2

Then the function to maximize can be written as 

𝑈 = 𝑢 10000 − 𝑠1 + 𝛿𝑢( 1 + 𝑟 𝑠1 − 𝑠2) + 𝛿
2𝑢 (1 + 𝑟)𝑠2

It can be maximized choosing the optimal values of 𝑠1 and 𝑠2.

FOCs are:

𝑑𝑈

𝑑𝑠1
= −𝑢′ 10000 − 𝑠1 + 𝛿(1 + 𝑟)𝑢′( 1 + 𝑟 𝑠1 − 𝑠2) = 0

𝑑𝑈

𝑑𝑠2
= −𝑢′ 1 + 𝑟 𝑠1 − 𝑠2 + 𝛿(1 + 𝑟)𝑢′( 1 + 𝑟 𝑠2) = 0

That can be written as 

𝑢′ 𝑐1 = 𝛿(1 + 𝑟)𝑢′ 𝑐2 i.e. the marginal utility in period 1 is equal to the discounted revaluated marginal utility in period 2

𝑢′ 𝑐2 = 𝛿(1 + 𝑟)𝑢′ 𝑐3 i.e. the marginal utility in period 2 is equal to the discounted revaluated marginal utility in period 3

This relation hold for all problems of this type, independently from the number of periods:

the marginal utility in period t is equal to the discounted revaluated marginal utility in period t+1



That can be written as 

𝑢′ 𝑐1 = 𝛿(1 + 𝑟)𝑢′ 𝑐2 
1

𝑐1
= 𝛿(1 + 𝑟)

1

𝑐2
 𝑐2 = 𝛿(1 + 𝑟)𝑐1

𝑢′ 𝑐2 = 𝛿(1 + 𝑟)𝑢′ 𝑐3 
1

𝑐2
= 𝛿(1 + 𝑟)

1

𝑐3
 𝑐3 = 𝛿 1 + 𝑟 𝑐2 = 𝛿

2 1 + 𝑟 2𝑐1

How much saving we need in period 1 to consume 𝑐2?    A: 
𝑐2

1+𝑟
= 𝛿𝑐1

How much saving we need in period 1 to consume 𝑐3?    A: 
𝑐3

1+𝑟 2
= 𝛿2𝑐1

Then

𝑐1 + 𝛿𝑐1 + 𝛿
2𝑐1 = 10000

Solve can solve by 𝑐1and compute the optimal consumption in every period



With 10 periods

𝑢′ 𝑐𝑡 = 𝛿(1 + 𝑟)𝑢′ 𝑐𝑡+1

𝑐𝑡+1 = 𝛿 1 + 𝑟 𝑐𝑡 = 0.8 ∙ 1.1 ∙ 𝑐𝑡 = 0.88 ∙ 𝑐𝑡

Then 

𝑐2 = 0.88 ∙ 𝑐1

𝑐3 = 0.88
2𝑐1

𝑐𝑡 = 0.88
𝑡−1𝑐1

 

𝑡=1

10

0.88𝑡−1𝑐1 = 10000

1 − 0.8810

1 − 0.88
𝑐1 = 1000

𝑐1 = 166

𝑐2 = 0.88 ∙ 166 = 146

𝑐3 = 0.88
2166 = 129

…… .

𝑐10 = 0.88
9166 = 52.5



5)   Paul has to choose between two following payment streams:

Stream A: $80 paid for ever starting from now.

Stream B: $100 paid for ever starting 2 years from now

Assume that Paul discount rate is 10% and  his instantaneous utility 
function is 𝑢 𝑐 = ln 𝑐

Which payment stream would Paolo prefer?

Find the discount rate that makes Paul indifferent between the two 
streams?  

Suppose the discount rate is above the value you found in the previous 
point. What Paul prefer? And what if the discount rate is below?



Which payment stream would Paul prefer?

𝛿 =
1

1 + 0.1
= 0.909

Stream A: $80 paid for ever starting from now.

𝑈 = ln80
1

1 − 0.909
= 48.2

Stream B: $100 paid for ever starting 2 years from now

𝑈 = ln 100
0.9092

1 − 0.909
= 41.9

Paul prefers stream A



Which payment stream would Paul prefer?

𝛿 =
1

1 + 0.1
= 0.909

Stream A: $80 paid for ever starting from now.

𝑈 = ln 80
1

1 − 0.909
= 48.2

Stream B: $100 paid for ever starting 2 years from now

𝑈 = ln 100
0.9092

1 − 0.909
= 41.9

Paul prefers stream A

Find the discount rate that makes Paul indifferent between the two streams?  

ln 80
1

1−𝛿
= ln 100

𝛿2

1−𝛿


ln 80 = ln 100𝛿2  𝛿 =
𝑙𝑛80

𝑙𝑛100
= 0.9755

𝛿 =
1

1+𝑟
= 0.9755 𝑟 =

1

0.9755
− 1 = 0.025



𝛿 =
1

1+𝑟
= 0.9755 𝑟 =

1

0.9755
− 1 = 0.025

If the  discount rate is above, Paul is impatient and prefers stream A

If the discount rate is lower, Paul discount less the future and prefers to wat to get more.



6)  Suppose a machine is producing 1.000 units of a good every year. 
Each year this machine can go destroyed by a probability of 0.1. In case 
it is destroyed, it is not recovered and a new machine must be bought.  
Assume: 

1. Assuming that this good is sold at a price of 10 per units and price 
remains constant in the coming years and that the interest rate is 5%, 
compute the present discounted value of the machine.

2. based on the result of previous point for which price you are willing 
to buy this machine.

3. Compute the point 1 assuming that in each year the probability to be 
destroyed is 5%, but after 10 years the machine must be replaced. 


