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General State-Space Solution




General State-Space Solution

Consider a linear discrete-time free (no inputs) dynamic system:
z(k+1) = A(k)z(k), x(ko) =m0

Clearly, x(k), k > ko can be determined by iterating the state

equation:

(E(k()) = X9
x(ko +2) = A(ko + 1)z (ko + 1) = A(ko + 1) A(ko)z (ko)

(k) = A(l; — 1Ak — 2)A(k — 3) - - A(ko + 1) A(ko) (ko)

Hence:
I(k) = @(kv k(),l'o) = (I)(kv k())l’()

where the discrete-time state-transition matrix is:

k—1
q)(k,ko) = II A(]), k> ky; q)(k(), ko) =1

j=ko
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General State-Space Solution (cont.)

Now, consider a linear discrete-time dynamic system with inputs:
x(k+1)=A(k)x(k) + B(k)u(k), z(ky) =
Clearly:

l‘(k‘o) = X

z(ko + 1) = A(ko)z (ko) + B(ko)u(ko)

z(ko +2) = A(ko + 1)z (ko + 1) + B(ko + Lu(ko + 1)

= A(ko + 1)[A(ko)z (ko) + B(ko)u(ko)] + B(ko + 1)u(ko + 1)

— A(ko + 1) A(ko)z (ko) + Ako + 1) B(ko)u(ko) + B(ko + 1)u(ko + 1)
z(ko + 3) = A(ko + 2)x(ko + 2) + B(ko + 2)u(ko + 2)

= A(ko ate 2)A(ko e I)A(k‘o)x(k'o) atx A(ko e Z)A(ko ate I)B(k‘o)u(ko)

+A(ko 4+ 2)B(ko + Du(ko + 1) + B(ko + 2)u(ko + 2)
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General State-Space Solution (cont.)

Therefore, using
k—1
@(k,ko) = ‘Hk 14('])7 k> ]{3(); (I)(ko,ko) =¥/
J=kKo

one gets

w(k) = @(k, ko, zo, {u(ko), ..., u(k — 1)})

k—1
= ®(k, ko)wo + Y ®(k,j + 1)B()u(), k> ko

Jj=ko

which expresses the general solution providing the state movement
of a linear discrete-time dynamic system.

The determination of the state transition matrix ®(k, ko) is clearly
very important.
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General State-Space Solution (cont.)

+ Free state movement. Setting u(k) =0, Vk > ko gives:
z(k) = o(k, ko, 0,0) = @ (k) = ®(k, ko)xo, Kk > ko
- Forced state movement. Setting z, = 0 gives:
z(k) <p( Ko, 0, {u(ko), ..., u(k = 1)}) = @r (k)

k—
Z (k,j + DB@G)u(i), k> ko
J=ko

The total state movement is thus given by:
()O(kv kOaan {’U/(k’o), 0000 ’LL(I{J - 1)}) = @L(k) + @F(k)

which is a direct consequence of the linearity of the dynamic
system.
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General State-Space Solution (cont.)

Now, let us add the output equation:
z(k+1) = A(k)z(k) + B(k)u(k), (ko) = o
y(k) = C(k ) (k) D(k)u(k)
one gets:
y(k) = C(k) (k, Ko)xo

+Zc D(k,j + 1)B(j)u(j) + D(k)u(k), k> ko
Jj=ko
+ Free output movement. Setting u(k) =0, Vk > k, gives:

y(k) = yr(k) = C(k)2(k, ko)zo , k > ko
- Forced output movement. Setting zo = 0 gives:
y(k Zc ®(k, j + 1)B(j)u(j) + D(k)u(k) , k > ko
Jj=ko

The total output movement is thus given by:

y(k) = yr(k) + yr(k)
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State-Space Solution: the
Time-Invariant Case



State-Space Solution: the Time-Invariant case

+ In the time-invariant case, matrices A(k), B(k),C(k), D(k) do
not depend on time-index k, that is they are constant matrices
A, B,C,D.

+ Hence, when considering a linear discrete-time free (no inputs)
time-invariant dynamic system:

x(k+1)=Ax(k), x(ky) =
one gets:
x(k) - @(k7 kOaJ:O) = (I)(ka kO)'TO
where the discrete-time state-transition matrix now takes on

the form

k—1
(ko) = T A=A*F) k> ks ®(ko, ko) =1
Jj=ko
+ With some abuse of notation, we denote ®(k — k) to highlight
the dependence on (k — ko) instead of k and k, separately.
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State-Space Solution: the Time-Invariant case (cont.)

Now, consider a linear discrete-time time-invariant dynamic system
with inputs:

xz(k+ 1) = Az(k) + Bu(k), z(ko) = zo
Therefore, using
Bk — ko) = A" %) k> ks B(ko, ko) =1
one gets
z(k) = @(k, ko, zo, {i(klo)» —u(k—1)})

= A+ 3 AODBUG), k>
J=ko

The explicit form ®(k — ko) = A%*~%) will be used later on to
determine the state and output evolution over time in closed-form.
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State-Space Solution: the Time-Invariant case (cont.)

+ Free state movement. Setting u(k) =0, Vk > ko gives:
z(k) = p(k, ko, £0,0) = @ (k) = A®~*)go k> K
- Forced state movement. Setting z, = 0 gives:

z(k) <p( 10,0, {u(ko), ..., u(k — 1)}) = pp(k)
k—
Z AR=UDBu(), k> ko
J=ko

The total state movement is thus given by:

(p(kﬁ, k(),l‘o, {u(k‘o), ey u(k: — 1)}) = (pL(kJ) + (,OF(]C)

which is a direct consequence of the linearity of the dynamic
system.
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State-Space Solution: the Time-Invariant case (cont.)

Now, by adding the output equation:
x(k+1) = Ax(k) + Bu(k), x(ko) = o
y(k) = Cz(k) + Du(k)
one gets:
y(k) = C A%k g

k—1
+ Y CA*UTDBu(j) + Du(k), k> ko
Jj=ko
+ Free output movement. Setting u(k) =0, Vk > k, gives:

y(k) = yr(k) = CAE=R)gy |k > K

- Forced output movement. Setting zo = 0 gives:
k—1
y(k) = yp(k) = > CA*=UTDBu(j) + Du(k), k > ko

Jj=ko

The total output movement is thus given by:

y(k) = yr(k) + yr(k)
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Input-Output Dynamic
Description for Linear Systems



Input-Output Dynamic Description of Linear Systems

Preliminaries
Discrete-time unit impulse sequence d(k)
1
0, k£0,keZ
(k) =
(k) { I, k=0 L
Discrete-time unit step sequence 1(k)
l(k){o’ k<0, keZ 1}' e
11, k>0, keZ S >
- [ k
> 6(k—j), k=0
= dk)=1k)—-1(k-=1); 1(k)= =0
0, k<0

Moreover, an arbitrary sequence {z(k)} can be expressed as

oo

z(k) = > @(j)s(k - j)

j=—oc0
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Input-Output Dynamic Description of Linear Systems (cont.)

- Consider a linear u(k) y(k)
discrete-time system with — g
scalar input and output

 Moreover, consider the "external” input/output relationship

y(k) = > hlkjuli) =)

j=—00

Assumption. The sequences {h(k,j)} for any given k and
{u(j)} are such that the relationship (x) is well-defined. For
example, {h(k,j)} € l, and {u(j)} € L».

« Under the above assumption, relationship (x) is linear.
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Input-Output Dynamic Description of Linear Systems (cont.)

- Denote by h(k,j) the output response at time k produced by a
unit impulse §(;) applied at time j

« By linearity, the output response at time & produced by a
impulse of amplitude «(j) applied attime j is h(k,7)u(j)

« By linearity, the output response at time & produced by two
impulses of amplitude u(j;) and u(j,) applied at times j; and
J2, respectively, is h(k, ji)u(ji) + h(k, j2)u(j2)

Input-Output Model
At time k, the system output y(k) produced by the input
sequence {u(j)} is given by

o0

y(k) = Y ik, jul)

j=—oco

where h(k,j) denotes the output response at time & produced by
a unit impulse §(k — j) applied at time j
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Input-Output Dynamic Description of Linear Systems (cont.)

Properties

+ Due to causality, the response to an input sequence has to be
identically zero before the input sequence is applied. Hence:

hk,j) =0, Yj,Vk<j

Hence:

k
y(k) = > ik, j)u(j)

j=—oc0
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Input-Output Dynamic Description of Linear Systems (cont.)

 The system is at rest at time ko if
uw(k) =0,Vk>ky = y(k)=0,Vk>k
and this implies Y (k;ky — 1) =0.

 Hence, if the system is at rest at time kg, it follows that

y(k) =Y h(k, j)u(j)

Jj=ko

and due to causality, one gets
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Input-Output Dynamic Description of Linear Systems (cont.)

« If the system is time-invariant, denoting by {A(k,0)} the
response to {d(k)}, it follows that {h(k — j,0)} is the response

to {d(k —J)}

+ Letting (with some abuse of notation)
h(k = j) :== h(k = j,0)
one gets the well-known convolution formula:
y(k) = u(k) = h(k) = i h(k — j)u(j)
j=—o00
or equivalently (via a change of variables)
y(k) = h(k) * u(k) = _ic: h(i)u(k —

DIA@UNITS - 267MI -Fall 2020 TPGF - L2-p16



Input-Output Dynamic Description of Linear Systems (cont.)

H . y1(k)
- Consider a linear .

discrete-time system with

) le&k)
vector input and output "I:l_’

+ The scalar case (with all properties) can be generalised as:

y(k) = > H(k,j)u(j)

j=—00
hll(kaj) hlZ(kvj) hlm(k7])
H(k,j) _ h2|(]€,j) hzz(k,j) th(kv.])
hpl(kaj) hpZ(kvj) hpm(ka)

where h,.¢(k,j) denotes the r-th component of the response at
time %k produced by a unit impulse applied at time j on the
s-th component of the input, while all other input components
are set to zero.
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Relationship between State-Space and Input-Output Dynamic

Descriptions

Consider a state-space description with initial state set to zero:
z(k+ 1) = A(k)z(k) + B(k)u(k), z(ko) =0
{ y(k) = C(R)x(k) + D(k)u(k)
Recalling that

Zc ®(k,j + 1)B(j)u(j) + D(k)u(k), k> ko

Jj=ko
one gets immediately
C(k)e(k,j+1)B(j), k>j
H(k,j)=q D(k) k=3
0 k<j
which, in the time-invariant case, becomes
CAF-GDB ks
H(k—j)={ D k=j
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Determination of the
State/Output Movement
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Determination of the State/Output Movement

Recall that in the general time-varying case one has:
{ a(k +1) = A(R)e(k) + BRju(k), (ko) = o
y(k) = C(k)z(k) + D(k)u(k)
one gets:
y(k) = C(k) (k, ko)xo
+ZC Ok, j + 1)B()u(d) + D(k)u(k), k> ko
J=ko

where

®(k, ko) = HkA(), k>ko; ®(ko, ko) =1
J=ko

is the state-transition matrix.
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Determination of the State/Output Movement (cont.)

In the time-invariant case, recall that the solution specialises as

follows:
z(k+1) = Azx(k) + Bu(k), (ko) =xo
y(k) = Cx(k) + Du(k)
one gets:
y(k) = CA*—R) g,
k-1
+ > CA¥UDBu(j) + Du(k), k> ko
Jj=ko

where the state-transition matrix now is given by:

O(k — ko) = A¥F) k> ko; ko, ko) =1
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Response Modes

+ Without loss of generality we let k& =0 and we "expand”
matrix A¥=* = A* in "matrix partial fractions”.
« Clearly
det(2] — A) = TI (2 — A;)™

i=1
where )i, ..., )\, are the distinct eigenvalues of A and n; is
the algebraic multiplicity of such eigenvalues.

(o
. Of course Zn, =n.
i=1

* |t can be shown that:

’I‘Lifl
A E1(R) + Y Auk(k — 1) (k — L+ DAF (k- l)]
=1

A _l; 1i LH ( i)™ (2] A)fl
U W g — 1= 1)l 25a, gormit (2= 2™ (L = A)7]
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Response Modes (cont.)

Hence:

- A* can be expressed as a sum of terms A;;l! < f > AF=l which

are called Response Modes
- If an eigenvalue \; has algebraic multiplicity n;, then, in
general, n; response modes

Aill!<;€))\fl,l:O,],...,ni—l

can be associated to \;.
» When all eigenvalues of A are distinct, one has

c=n;n;=1,i=1,...,n and
AF =3 A0k
i=1
with A= lim [(z—N) (I — A)7"]

zZ— A
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Response Modes: A different Characterisation

In the special case of distinct eigenvalues of A:

- Insuch a case: det(z] — A) = I (= — \;) and A*F = ZA AF

i=1

+ It can be shown that 4; = v;#; where:

. (A I—A)y; =0: wv; right eigenvector associated with \;

o B (NI —A) = o; left eigenvector associated with \;

In fact: ol
_ . . 1 é=4
Qi=fulwl -l = P=Q7 = | i |i#y=9 .7
0 i#7

~T

vn

and then

(Z]_A)_l = [z]— Qdiag [/\17~--;/\n]Q_1]_1
= Q[zI — diag [\, ..., A]] ' Q!

= Qdiag[(z = M), (2= A)TIQ = S wid (2 = A) !
=1
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Response Modes: A different Characterisation (cont.)

« If the initial state vector z is "parallel” to eigenvector v, of
A, then the only response mode showing up int the state
movement is A% :

k ~T .k ST kK k
Ty = av; = z(k) = A%z = V1) TOAT +- - - +VaT, ToA, = QVjA]

-1 2

Example: consider A = :

];A|:—17A2=1

11 . o) 1 =1
et = = = =
Q = [v1 |va] l()l],Q [%T [0 1]
1 -1 0 1
Ak — o 5Tk 5Tk — _1)k 1k
VUL Ap 020 Ay 0 0 (=" + 0 1

. 1
and thus, if zyp = av; = « . then the response mode 1* does

not show up in the free state response starting from such an initial
state o
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Calculation of A" by Similarity Transformation

Consider:

o z(k+1) = Az(k), 2(0) = 20 = z(k) = A*x
s TER™" det(T)#0 = 2 =T, =T "2

Hence @(k + 1) = T 'Ax(k) = T7' AT (k), &9 = T~z which yields
#(k) = (T~ AT)* T2,

Letting J := T~ 'AT, one gets the closed-form expression for the
free-state response expressed in the original state coordinates

x(k) = TJ*T 'z,
Suppose now that the similarity transformation is such that
J=T7'AT

takes on the Jordan Canonical Form.
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Calculation of A" by Similarity Transformation (cont.)

Case 1. Suppose that matrix A admits the construction of a basis of
n linearly-independent eigenvectors v; associated with the

eigenvalues \;, i = 1,...,n (not necessarily distinct).
Thus: A e 0
T = [vi|vy] - |vp] = J =T 'AT =
0 An
Hence:
A" 0
Jk: _
0 P
AP 0
= 2(k) =TJ*"T 20 =T T 'a,
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Calculation of A" by Similarity Transformation (cont.)

Case 2. Consider the general case in which matrix A has multiple
eigenvalues. It is always possible to construct a basis of n
linearly-independent vectors v; such that:

Jo - - 0

T =[vilvg| - |on] = J=T'AT = | ° Ji

where

Jo =
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Calculation of A" by Similarity Transformation (cont.)

and J;, 7 > 1 isa n; x n; matrix taking on the special form

[ Nes 1 0 --- 0
0 Mgy 1 -~ 0
P : :
0 ®  aae o
| 0 0 cee e A

where not necessarily )\, ; # \..;, i # j and
k+ni+--4n,=n

Matrix J is block-diagonal and its special structure makes it
possible to compute A* in closed-form.
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Calculation of A" by Similarity Transformation (cont.)

In fact:
Jé“ 0
T
JE =
0 Jk
where
K 0
Jo* =
0 P
Then:
Jg 0
T
z(k) =TJ*T 2o =T ' i
0 JF

DIA@UNITS - 267MI -Fall 2020 TPGF - L2-p29



Calculation of A" by Similarity Transformation (cont.)

Concerning the computation of J*, i =1,...,s we can write:
Ji = Aili + N;

where I; is the identity matrix with dimension n; x n; and N; is a
matrix of dimension n; x n; having the form:

[0 1 0 0]

0 0 1 0
N;

0 0 1

[0 0 0 |

Matrix N; is a nilpotent matrix, that is, it holds:
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Calculation of A" by Similarity Transformation (cont.)

On the other hand, one immediately gets:

IF = (Argids + N;)*

k(k — 1
Ak T4 NI 4 RE D

. MNINE + o+ kA NI+ NP

K2

thus getting to discrete-time response modes of the form

AR : N
n; ‘
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Qualitative Behaviour of Response Modes

k
. ( >,ﬁ‘m with X € R, multiplicity = 1

%

(1) A>1 (2) A=1 | S
3) 0<A<1 4) —-1<x<0
|
- l R
(5) A=-1 6) X< -1
y S 7
N 5 |
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Qualitative Behaviour of Response Modes

k
. ( > AP with A € R, multiplicity > 1

%

1) A>1 2) A=1
J I T ! I I
(3) 0<A<1 () —1<A<0
. T ” i
| i J’
(5) A=-1 6) A< -1
1 FERIRE
DIA@UniTS -  267MI-Fall2020 ° ‘ ' ! ? ‘ TPGF - L2-p33




ualitative Behaviour of Response Modes

k
. AP with A € €, multiplicity = 1
n;

“@x x X X

(1) [zl >1 @ el =1 \ T e

X ex « A xa
o 1 0
o
1 2 3 5 5 7 8 E] El K 1 2 3 6 7 [] E] R
(3) el <1 ) el <1
o
o
o
o
03 5=
02| 02|
o
w
]
o, 1 2 3 5 5 7 8 9 I 1 2 3 4 5 6 7 8 9 kI
(5) [Mell=1 (6) llArzfl >1
.
200 ?
o i
)
. -
! 2 3 4 B 0 ] B I 1 2 3 4 5 O 7 8 9 B
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Qualitative Behaviour of Response Modes

k
. ( > AP with A € €, multiplicity > 1

%

1) A2l >1 2) M2l =1 \ J

x X wx x A xw
P o« o\ & o

(3) Mol <1 @) Al <1
o ? @

Q o &

. 1é

() Al =1 6) fAi2ll>1
5 i T =
SERE' -
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External Description of LTI
Dynamic Systems: Transfer
Function



External Description of LTI Dynamic Systems: Transfer Function

Recall the relationship between the state space description and the
impulse response (an external description):

2k +1) = A(R)a(k) + Bk)u(k), (ko) =
y(k) = C(k)x(k) + D(k)u(k)

Recalling that

ZO B(k,j + DB(G)ulj) + Dkyuk), k> ko

Jj=ko
one gets immediately
Ck)®(k,7+1)B(j), k>j
H(k,j)=q D(k) k=j
0 k<j
which, in the time-invariant case, becomes

CAF~UtDB k>
Hk-j)=< D k=
0

_ k<y
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Transfer Function

Consider the time-invariant dynamic system:

x(k+1) = Ax(k) + Bu(k), x(ko) =0
y(k) = Cz(k) + Du(k)

Applying the Z Transform to both sides one gets:

z2[X(2) — x0) = AX(2) + BU(z)
= (2 — A)X(2) = za0 + BU(2)
{ X(2) = (2 — A)~ 23 + (21 — A)"'BU(2)
_—

Y(z) =CX(z)+ DU(z)
= Y(2) =C(2 — A)'22(0) + [C(2] — A)"'B+ D] U(2)

Letting xo = 0, it follows that:
Y(z) = [C(zI — A)"'B+ D]U(2) = H(2)U(z)

and H(z) is called transfer function.
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Transfer Function (cont.)

Let's analyse the structure of the transfer function:

I Hll(Z) coo Hlm(Z)
H(z)=| Hu(z) -+ Him(2)
L Hpi(2) - Hpm(2) |

H(z) isa p x m matrix where the ;-th component of the output
vector is given by:

z(0) = xo
UT(k) = Ov r #.7
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Transfer Function of equivalent dynamic systems

Recall:
x(k+1) = Az(k) + Bu(k)
y(k) = Cx(k) + Du(k)

Let #:= T 'z, where T € R"™*" is a generic non-singular n x n
matrix (det(7") # 0). Then, the equivalent state-space description is
given by:

E(k+1) =T 'z(k+1) = T'ATz(k) + T~'Bu(k) = Az (k) + Bu(k)
y(k) = CT#(k) + Du(k) = Ci(k) + Du(k)

Hence:

z(k+ 1) = Az(k) + Bu(k) i(k+1) = Az (k) + Bu(k)
{ y(k) = Cx(k) + Du(k) A {
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Transfer Function of equivalent dynamic systems (cont.)

H(z)=C(zI-A)"'B+D

=C[T(z1-T'aT) "' T B+ D
—C[T(:r'T-T77'AT) "' T B+ D
—c|r (T "I - AT) "' T B+ D

—C [T (z:1- 4™ TT~'| B+ D

— ¢ '(zf - A)_l} B+D
= H(2)

Hence: the transfer function does not depend on the specific choice
of the state variables
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Transfer Function: Properties

Consider the scalar case, that is, u(k) € R, y(k) € R:

Am@:C“d—AﬁqB+D

and
Z—ap —ap te —Qin

—ay Z —an

(zI —A)~' =

—Gn1 e B = @hrom
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Transfer Function: Properties (cont.)

The inverse can be expressed as:

1

= det (zI — A) K(z)

(zI — A"

where K(z) is the matrix of the algebraic complements.

Clearly:

det (21 — A) is a polynomial with degree n

« K(z) = [kij(2); 4,5 = 1,...,n] where k;;(z) is a polynomial of

degree < n, Vi,j

« C(zI-A)"'B= . CK(z)B = ME) here M(2)

DIA@UNITS -

~ det (21 — A) ()

is a polynomial of degree < n,
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Transfer Function: Properties (cont.)

Therefore:
H(z)=C(:I-A) "' B+D= JZ((;) +D
_ M(z) + Dy(z) _ N(z)
©(2) ©(2)
where:

« N(z) in general is a polynomial of degree n

« In case of a strictly proper system, thatis D =0, N(z) in
general is a polynomial of degree < n

« All the above holds if no common factors between N(z) and
p(z) are present
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Transfer Function: Properties (cont.)

DIA@UNITS -

In the presence of common factors between N(z) and ¢(z):

« p(z) is a factor of p(z) of degree v < n

N(z) has degree m < v and has degree v only if D # 0 (non
strictly proper systems)

267MI -Fall 2020
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Transfer Function: Poles and Zeros (scalar case)

x pole Im(2)

O Zero

« Poles: roots of polynomial ¢(z)

« Zeros: roots of polynomial N(z) Re(z)

 The poles are eigenvalues of A

« An eigenvalue of A might not belong to the set of poles when
common factors are present

* In case of more then one input and/or more than one output
extra-care has to be exercised
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Transfer Function: Example

y(k) = [0 1]z(k)
Hence:

=l

1

1
1
(z=1)(z+1)
(z—1) 1

z+1 1 1
0 #= Il 1

z-1D(z+1) z+1

—[0 1]

Thus: (z) =z + 1 isafactor of p(z) =(z —1)(z+ 1)
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Transfer Function: Example (cont.)

k41 [ k)

form: m(

z1(k +1) = 21(k) + z2(k) + u(k) + o wml+]) T wa(k)
1a(k 4+ 1) = —25(k) + u(k) T_ﬁ z (k)
y(k) = x2(k)

.ifg(k‘ + 1) = —1‘2(]43) ar u(k:)
y(k) = z2(k)

. 1 . . .
transfer function G(z) = P and the time-evolution of z,(k) is
z

Only the dynamics { shows up in the

not influencing the output y(k).
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Transfer Function: Example in the Non-Scalar Case

o 1 0 —1/2
x(k—kl)—[l Z]x(k)+[l 12 ]u(k‘)
y(k) = [=3 3 (k)

Hence, one gets:

H(z)=[-33] [ T z_+12

B 1 z4+2 1[0 —1)2

=33 (z+12| -1 z] [1 1/2

B 3 3:-1]]0 —-1/2| [3(x-1) 3
_{_z-i-l (z+1)2} 1 1/2 _{(z—i-l)z z—&-l}

The notion of zeros and poles of a transfer function in the
non-scalar case is more complicated (and less useful though)
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Transfer Function: Alternative Definition in the Scalar Case

k)= 0(k k
0o u(k) = 6(k) y(k)
u(k) = é(k)
= U(z) = Z[6(k)] =1
Therefore v v
HG) = 78— T2 ~Y6)
that is:
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Determination of Response Modes: Example 1

Consider:

1

—0.5

-05 2

x(k+1) = l D 0

y(k) - [ 2 ~15 } (k)

Determine the free-state movement z;(k) = A* 2(0) starting from

the initial state z(0) = [ 1?0 1

The free-state movement is given by
k—1
(k) = A¥ z(0) + > AF~7 Bu(i)

=0

We are going to determine the free-state movement in two ways:

+ by the Z transform
« by calculating the matrix A*.
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Determination of Response Modes: Example 1 (cont.)

Calculation by the Z transform

z1(k) = AF 2(0) = Xi(2) = z (21 — A)~" z(0)

z + 0.5 -2
(21 — A) =
0 z — 0.1
2 40
s (2T — A = 2z + 1 (22+1)1(()102— 1)

0 -

10z — 1
Hence:
202 (102 — 21)
Xi(z) = (10z — 1)2z+ 1)

100 z
10z — 1
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Determination of Response Modes: Example 1 (cont.)

First, we proceed with the inverse Z transform:

202 (102 — 21)

X](Z) — %
Xi(z) = ! _ | (10z 11)()& + 1)
12{2) ~ 102 =1

Hence:

_202(10z — 21)
Xl = qo, - s+ 1

X“(z) - 20(102’ —21) - Cl + 02
z  (10z-1)Q2z+1) 2-4& = 2+1
20(10z — 21 100 20 (10z — 21 130
ClzlimM:fi;szhm sz
st 1022 + 1) 3 a1 2(10z — 1) 3
100 s 130 s

thus getting: Xii(z) = —— =2 " 3 Gxl
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Determination of Response Modes: Example 1 (cont.)

Then, it follows that:

100 z " 130 z
ey 1 Y 1
X() = 3 (z_lg)) RENCEE)
(z - )

(k) = {1(3)0 <1lo) o <§)} 1(k)
k
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Determination of Response Modes: Example 1 (cont.)

Now, as alternative technique, we proceed with calculating the
matrix A*.
-05 2
o A=
0 0.1
- Eigenvalues: \; = —0.5, A, = 0.1. Hence, matrix A admits a

diagonal similar matrix because the eigenvalues are distinct

+ The characteristic polynomial is given by:
pa(A) =det(A\[ — A) = (A +0.5)(A —0.1)

« A basis of linearly independent eigenvectors is now
determined.
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Determination of Response Modes: Example 1 (cont.)

e Az =)M\z with z= l &
2
05 2 a|__os| 2 | — [ 05u+22 = 05z
0 01 ||=| | 01z, = —052
1
For example: 2z, =0 — z(1) = [ 0 ]
o Az = Mz
-05 2 21 ol 21 . —0.521 + 22 = 0.1z
0 0.1 22 22 0.1z, = 0.1z

3 10
For example: z = —z2; = 2 =
X p 27 ]Ozl z 3
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Determination of Response Modes: Example 1 (cont.)

One now proceeds with calculating the equivalent state-space
representation of matrix A:

0 3 310 1

z(ﬂ _

thus obtaining:
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Determination of Response Modes: Example 1 (cont.)

The calculation of A* is now straightforward:

(3) o
A = MARM Y = M 2

. (1"
129 (lll?)k]-;[zkl?]
HIONSIOREI0)
L (%)
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Determination of Response Modes: Example 1 (cont.)

Finally, from

and z(0) = [_1?0] , One gets:

n(k) = {_12‘0 (110) = (—;)k} 1)
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Determination of Response Modes: Example 2

Consider:

8

N}
=~
J’_
—_
|

zi(k+1) = z1(k)+4x2(k)
1 (k) + 22 (k)

Setting x(0) = [ !

. ] , show in two different ways that

lim i (k)

=2
k—o0 Iz(k)

We are going to determine the free-state movement yielding
z1(k), z2(k), VE > 0 in two ways:

by the Z transform
+ by calculating the matrix A*.
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Determination of Response Modes: Example 2 (cont.)

Using the Z transform:

z2(z+3)
X](Z) —
Xi(x)—z = Xi(2) +4Xa(x) _ (z+1)(2 = 3)
2Xo(2)— 2z = Xi(2) + Xa(2) 22
X&) = e =

Hence:
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Determination of Response Modes: Example 2 (cont.)

Using the calculation of A*:

distinct
A= |1V ] o det(ar—a) = 22—2x—3 — o —, Gigenvalues
11 A =3,
Ny = =l
ker(A —3I) = { 2]} T = [_2 2]
1 11
—
9 1| 1 -2
ker(A+ T = 7=l = =S
Thus
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Determination of Response Modes: Example 2 (cont.)

By some algebra:

1 1
§3k+5(—1)k o — (=)
AP = T AR T =
3 B = (-8 3342 (-1
4 2" 9
and then:
2(k) = K—;) (—1)’“4—33’“}1(1@
z(k) = A*z(0) =
n® = [3E0r+3
3
) 3k
— w20 oy <2> — 9
k—o00 5132(]{3) k— o0 (3) 3k
4
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