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Overview

* The Fourier transform (FT)
~ introduction, properties
— Fourier series, convolution, Dirac comb

~ Discrete Fourier transform (DFT),

sampling, aliasing
* Linear filters

— smoothing, sharpening, edge detection
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The Fourier transform

First introduced by Joseph Fourier

(1768-1830) to describe heat transfer
* today extremely important

e widely used in many fields

« fast computational implementation (FFT)
 original motivation: representation by easier-to-handle functions
* Dbasis functions: oscillations (sine and cosine)

» describe signal by its frequency spectrum
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What's a spatial frequency?
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What's a spatial frequency?

High spatial frequencies:

— “fast” changes in image content, small details, edges, ...

Low spatial frequencies:

— “slow” changes in image content, large areas, plane regions, ..

Single frequencies are not localized in an image!
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* Continuous Fourier transform o gl
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* Discrete Fourier transform
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Properties

linearity v

o,f(x)th%(x) )> aF(M)+L6((A)

* scaling —

(o) —2n  LF(%)

* shifting/modulation

* O-frequency term
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Dirac distribution

* “sifting” property o0
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* normalization

* relation to Fourier transforms
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Convolution

* definition

() * g[x) =g f(s)ﬁ(X'S)ffﬁ

* commutativity, associativity, distributivity
1[*6:06*_)(‘ ﬁ*(ﬁﬁtt\);f.x(}aLlpklx
(76*9)41[\ :10*(7*‘1")

* Dirac distribution: indentity /translation
f[x) * J(X—Xa) - f(x—xo)

* relation to Fourier transforms
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Basic functions and their spectra
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Basic functions and their spectra
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Basic functions and their spectra

frequency domain frequency domain frequency domain
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Basic functions and their spectra

input image
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Basic functions and their spectra
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Basic functions and their spectra
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Additional properties

* uncertainty principle
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®* power spectrum
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Periodic signals
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The Dirac comb
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The discrete Fourier transform

* additional ingredients needed:
— sampling in space
— finite field of view in space
PCY{O&;L

— sampling in frequency domain

— finite frequency band

* discrete approximation of some continuous function
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DFT example

* Example: relation between space, sampling and frequency

1.0 A — (Continuous _f(;g!:] 1.0 —— Continuous F[H:l
® Sampling ® FFT of f(z) \
0.8 1
@
0.6 1
®
0.4 1
®
0.2 1
L
@
0.0 1
I T T T T T T T T T T T T T T
0 2 4 6 ) 10 12 14 16 0 2 4 6 ] 10 12 14 16
Sample point n FFT index k

lof+

zero frequency component is in the top delt corner output array.
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Aliasing

Moiré: after resampling, high spatial frequencies appear as low spatial

frequencies

— | | V] /
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high resolution low resolution ’Yﬂo \Y(/

source: http://wikipedia.org
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