MATHEMATICS CLASS
from December 3 to December 17, 2020

Exercise 1. Compute the derivatives of the following functions, specifying their domain
and that of their derivative.

2+

Df@) =33 2) f(z) = (52" — mx — 1)° 3) f(z) = a®|a|
4) f(z) = effl 5) f(z) = arctan(z?) 6) f(z) = m
z2 —
7) f(z) = log (332 n i) 8) f(z) = log (log(log z)) 9) f(z) = log(arcsin(z — 1))
10) f(z) = (1 —2cosx)®  11) f(z) = 2?4+ /2 —log(z —2)  12) f(z) = ¢ 32:2_—11

13) f(2) = log(e™™ —1)  14) f(2) = (logz = — logy | + 3))°

Solutions
Notation. In the following we name A the domain of the function f, B the domain of its
derivative f.

D A= B=]- o0 —VAU] - VBVBIUNS bocl, f1(a) = TS
2) A=B=R, f'(z)=3(5z*— 7wz —1)2(2023 — 7)
9 a=p=r rw={2" 5
4) A=B=]-o00,~1[U] - 1,400, f'(z)= (xfl)Qeffl
5) A=B =R, f’(m):%
0) =10 ule, 8] —o0, U, J'6) = et
D A=]- oo VUl LO[UN bool, f0) = i

B =1 - 00,—v2[U] = v2,—1{U] = 1,0[U]0, v2[ U]V, o0
§) A=l tool, B=1elUle, ool () = s

1

9) A=112), B=]01[VIL2 f(2) = 1 — (x — 1)2 arcsin(z — 1)

5
10) A=B= I—&-2k7r,77r—|—2k7r
kLéJZ]?’ 3 {

o si
F(z) = e®log(1—2cos @) (10g(1 —2cosz) + rsinz )

1—2cosz
1
2(x — 2)4/2 — log(z — 2)

11) A=]2,2+¢%, B=12,2+¢*[ f'(x) =2x—



12) A=]—00,-2]U] —1,0[U]1,+occ], B=]—o00,—2[U] —1,0[U]1,+oo]

, I 23—z \° 3x+2(x3 —z)log3 — (3332 _ 1)(3x+2 —-1)
f(ir):g (3I+2_1> . (xs_w)z
13) A=] o000, B=R\{0} ['e)=——

1) A=B =]V ol (@) = Gomyw — ogy la + 37

T 1 1
- | log(logs x — logg |z + 3|) + . -
( g(loss & | D logs x — logg |z + 3| (mlogS (x73)10g9>>

Exercise 2. Write the equation of the tangent to the graph of the function f at the point

whose abscissa is given.
. 5, T
sin | 3z~ + —
G))

Abscissa of the point | z =1 | =0

2
Function ‘ ze”

Solutions
o y=-e(3z—2)
o y=1

Exercise 3. Determine the image set of each function and determine its inverse function.

log(zx+1) if —1<2<0 2z ife <0
fl@)=4 2, . ; g(z) = .
e ifz>0 log(x +1) ifz>0
Solutions
. 1 V-1 ify<o
] —o0,1[—] -1, =
J7 = 01l — 1, ool I w) {_1ogy SR
) ify>0
-1, —1 _ 2 Ty =
:R— R =
g 9 {ey—l ify<O0

Exercise 4. Compute the following limits, using L’Ho6pital’s theorem, when it is the case.

1 1
14 2% 14 2% V1 — 22
1) lim “F27 2) lim 127 3) lim Y
=0~ 3 4+ 2% =0t 3 4 2% z—1— arccosx
v _q log(1 + e*
4) lim &7, 5) lim o8 Fel) 6) lim (1+3)I,
T— —00 ex x—+00 x

z—0t T
. arctanx — x
7) lim ———s——

z—0 sin® x

Solutions



1) =, 2)1, 3)1,
)3 ) )
1) — oo, 5)1, 6) e,
1
7 — —.
) 3

Exercise 5. For each of the following functions, determine the domain, possible symmetries,
the sign, possible intersections with the axes, the limits at the extreme points of the domain.
Finally, use the information obtained to draw the qualitative graphs.

1@ =y

%) g(z) = {log(az —-1) ifx<—1,

vVe—1—1 ifz>1
Solutions
1) The domain of fis A =]— oo, —2[U [—1,1] U]2, 4o0].
Symmetries:

The function is even.
Sign and intersection with the azes:

f(z)>0forall z € A,

and
f(z) =0 if and only if z € {—1,1}.

The graph of f intersects the z-axis at (—1,0), (1,0), the y-axis at (O, %)
Limits at the extreme points of the domain:

lim f(z) = +oo,

z—Foo
lim f(z)= lim f(z)= 4oo, (z = —2, = = 2 vertical asymptotes).
z—(—2)" z—21
Moreover,
lim f@) =-1, lim (f(x)Jra:) =0,
xTr—r—0oQ xT r—r — 00
lim M =1, lim (f(a:)—z) =0,
r—+oco xr—r+00
therefore y = —x, y = = are oblique asymptotes as * — —o0, £ — 400, respectively.

The graph of f is the following.



2) The domain of gis A =] — oo, —1[U[1, +oo[.
There are no symmetries of the graph of g (the function is neither even, nor odd).
Sign and intersection with the azes:
g(z) > 0 if and only if x € | — 00, —2] U [2, +00],
and
g(z) = 0 if and only if x € {—2,2}.
The graph of g intersects the z-axis at (—2,0), (2,0), it does not intersect the y-axis.

Limits at the extreme points of the domain:

lim g(x) = +oo,
T——00

lim g(z) = —oc0 (z = —1 vertical asymptote),
z—(—1)—"
g(1) = lim g(z) = -1,
z—1t
lim g(x) = +oo,
r—+00
with
im 9 _g,

r—Foo I
then there is no oblique asymptote as x — Foo.
The graph of g is the following.




Exercise 6. Consider the following functions:

2x 4+ 3

m, h(z) = z(log x)?.

g9(z) =
For each function, determine the domain, compute the infimum and the supremum and estab-
lish if they are the minimum and the maximum, respectively; finally, determine the intervals
of convexity, concavity and possible inflection points.

Solutions
e The domain of g is D =] — 00,2[U]2, 400l

Mazima and Minima:
2(z +5)

M) = — :
g (z) @—2)p
g (x) =0 < z = —5, while ¢’(z) >0 <= x €] —5,2[. Hence, g(x) is increasing
for x €] — 5,2[ and it is decreasing for « € | — 0o, —=5[ U ]2, +-o0|.
Then = —5 is a minimum point and g(—5) = f% is a global minimum = inf(g) =
min(g) = —%. Moreover sup(g) = 400 as

lim g(z) =+oo, lim g(z) = +oo
z—2~ z—2+

Inflexion points:

4z + 34
(g — .
9" (z) @—2)
g’ () >0 <= z€]— 177,2[U]2,+oo[. Hence g is convex for z € | — 177,2[U}2,+oo[
and it is concave for x €] — oo, 177 .
g (x)=0 <= z= —% which is an inflexion point.

e The domain of h is D =0, 4+00].

Mazima and Minima:
R (z) = log z(log(z) + 2);
ME)=0 < =z € {e%,l}, while ¢/(z) >0 < =z € ]O, e% [U]l,—l—oo[. Hence, g(z)
is increasing for x € ]0, e% [U]l, +o00[ and it is decreasing for z € ] e%, 1 [
Then, z = e% is a maximum point and g(e%) = ;% is a relative maximum
as limg s 4 oo h(x) = 400; sup(h) = +o0.
z =1 is a minimum point and h(1) = 0 is a global minimum, so inf(h) = min(h) = 0.
Inflexion points:
2
h'(x) = —(log(z) + 1);
x
h'(z) >0 < =z > % Hence h is concave for z € ]0, é[ and it is convex for
x € ] é, —+00 [

M(z)=0 < z= é which is an inflexion point.



Exercise 8. Study the following functions and draw their graph.
log(x) + 2
1) f(z) = log(z) +2
T
2) f(a) = M

3) f(x) = 2”;;

Solutions
1) The domain of f is A =]0,+ool.
There are no symmetries of the graph of f (the function is neither even, nor odd).
Sign and intersection with the azes:
) R 1
f(z) > 0 if and only if z € [, +oof,
e
and 1
f(z) =0 if and only if z = -
e
The graph of f intersects the z-axis at (e%’ 0), it does not intersect the y-axis.

Limits at the extreme points of the domain:

lim f(x) = —oo, (z = 0" vertical asymptote)
z—0T

lim f(z)=0 (y = 0 horizontal asymptote)
xr— 400

Mazima and Minima:

log(z) 4+ 1
f(x) = T2
fl(®) =0 <= =z =1 while f'(z) > 0 <= =z €]0,1[. Hence, f(z) is increasing
for # €]0, 1] and it is decreasing for z € |1, +oo[. Then z = 1 is a maximum point and

f(é) = e is a global maximum.

Inflexion points:

1+ 2log(x)
1" — .
() = B
f'(z) >0 < =z € ]ﬁ,+oo[. Hence f is convex for = € ]ﬁ, +oo[ and it is concave for
x €]0, ﬁ[
() =0 < z= % which is an inflexion point and f(ﬁ) = 3.

The graph of f is the following.

25[

2.0




2) The domain of fis A =R.

There are no symmetries of the graph of f (the function is neither even, nor odd).

Sign and intersection with the axes:

f(z) >0Vaz e A
The graph of f intersects the y-axis at (0, 1), it does not intersect the z-axis.
Limits at the extreme points of the domain:
lim f(z) =0, (y = 0 horizontal asymptote).
z—Foo
Maxima and Minima:
2

f(@) =e®* 7" - (8 — 2a);
f'(z) =0 <= =z = 4, while f/(z) > 0 <= =z < 4. Hence, f(z) is increasing for
z €] — 00,4[ and it is decreasing for © € ]4,+oco[. Then z = 4 is a maximum point and
f(4) = e'® is a global maximum.

Inflexzion points:

f(z) = Se—a? (422 — 32z + 62);

() >0 < =z e] — oo, B*Zﬁ[u] 8+‘/§,+oo[.
8

2
Hence f is convex for z € ] — o0, 72‘/5 [ @] ] %, +o<>[ and it is concave for
z e ] 8—2\/5, 8+2\/§[

f'(z) =0 < z € {872‘/5, 8+2‘/§} which are the inflexion points and

¥ (872\/5) =7 (s+2\/§) — .3
The graph of f is the following.

8x108 |-

6x100 |

4x108 |

2x108

3) The domain of f is A =]0, +ool.

There are no symmetries of the graph of f.

Sign and intersection with the azes:
f(z) >0V e D.

The graph of f does not intersect the axes.

Limits at the extreme points of the domain:

zliron+ f(z) = 400, (z = 0T vertical asymptote)

f(z)

x

=0 (no oblique asymptote)

Ao F @) = 4o D,



Mazxima and Minima:

, 2z — 1

(=) = m7

fl(®) =0 < =z =3, while f'(z) >0 < z > 31 H
x €]3,+oo[ and it is decreasing for x € ]0,3[. Then =
f(%) =2v2is a global minimum.

nce, f(z) is increasing for
is a minimum point and

Inflexion points:

” _3—295‘
() = Wk

f'(z) >0 < z € }O, 3 [ Hence f is convex for = € }O, 3 [ and it is concave for
T E]%,-‘:-OO[
3

f(#) =0 <= =z = 2 which is an inflexion point.
The graph of f is the following.

Exercise 8. Compute the following indefinite integrals, by direct integration.

1) /(3+§—2x3) da 2) /(3x+2)*1/2dx
3) / (sin(2z) + 3cos(2x + 1) + 631) dx 4) / ! dz

1+
1+x r—1
5 dx 6 ——dx
) VT ) V1 —z2
Solutions
In the following the letter ¢ stands for any real constant.

1)3+w2 w4+
z+ ———+c
4 2

2
2)§\/3a¢+2+c

1 3 1
3) — 5 cos(2z) + 5 sin(2z + 1) + §e3m +c
4) loglz + 1|+ ¢

5)2\/5(1+ g) +c
6) — <m+arcsinx> +e



Exercise 9. Compute the following indefinite integrals, applying when necessary the inte-
gration by parts formula or the integration by substitution.

T arcsin
1 —dzx 2 /xzez dx
i )
tan2
3)/%@: 4)/90(:05(29:) dx
5)/log2mdx 6)/eﬁdx
d
7)/z2 log x dx 8) ac
v —1
eVZ sin \/z

1
9) / e dx 10) T dx

Solutions
1) —arcsinz -1 —a224+z+c¢ 2) e (2® — 2z +2) + ¢
1 1 1
3) 3 arctan® z + ¢ 4) 5 (:Jc sin(2z) + 5 cos(2z)) +c

5) (By integration by parts)
/logQIdr = xlogzr — 2/1nmdm = m(logzm —2logz+2)+c
6) (By substitution) Applying the substitution
u = +/x, then du= % dx, thatis dx = 2udu
we obtain, by integration by parts,
/eﬁdx = /Que" du=2e"(u—1)+c=2eV"(Vz —1) + ¢
7) (By integration by parts)

/x?'logzdm:%lnmfé/zzdz:ﬁ<logxfé)+c

8) (By substitution) Applying the substitution

u=+vx—1, that is x:u2+17
1
du = ——— du, that is dx = 2udu,
2vx — 1

we have
/;dm:/ziudu:/idu
zvzT — 1 (w2 +1u u? +1
= 2arctanu + ¢ = 2arctan vz — 1 + ¢
9) (By substitution) Applying the substitution
u=c¢e", then du=e"dx,

we have

[N
+
o
Il
|
[\
@

1 1 _3 —_
/ﬁ(w:/mdu:/u 2 du = —2u



10) (By substitution and by integration by parts) Notice that, by substitution,

1
u =+/z, then du=——dx,

2\/x

we have v

eV?®sin/x

J dx = 2/@“ sin u du,

VT
with
2/&“ sinu du = 2" sinu — 2e" cosu — 2/6“ sin u du,
then
2/6“ sinudu = e“(sinu — cosu) + ¢

and finally

eV sin \/z
T\F dx = eﬁ(sin(ﬁ) - cos(ﬁ)) +c

Exercise 10. Compute the following definite integrals.

™

1 pusy
1)/ ze T dz 2)/2 sin ze®*** dx
0 0

Solutions

1) (By integration by parts)

1
/ ze Ydr=(—xz-e ")

0

1 b —x —1 —z|! —1
— —e Tdxr = —e —e 7| = —2e +1
0 0 0

™

2 . cos _ cos T
sin xe der = —e
0

2 _ 7(6(‘,05% 76(‘.050) —e_1
0

Exercise 11. Compute the area between the graph of f(x) = xsin(2z) and the z-axis for
z € [0,m].

Solution

Areags (0,7} = ’/{; x sin(2x) dx

T

- ' E sin(2z) — gcos(zz)}

]

10



