
Exercises 5

key words: Distributions. Support of a distribution.

1) (Principal Value of 1
x ) Show that PV 1

x
: D(R)→ R,

PV 1
x
(ϕ) = lim

ε→0+

∫
|x|≥ε

ϕ(x)

x
dx,

is a distribution. Determine the support of PV 1
x
.

2) (Finite Part of 1
x2 ) Show that FP 1

x2
: D(R)→ R,

FP 1
x2
(ϕ) = lim

ε→0+
(

∫
|x|≥ε

ϕ(x)

x2
dx− 2

ϕ(0)

ε
),

is a distribution. Determine the support of FP 1
x2
.

3) Show that T : D(R)→ R,

T (ϕ) = lim
m→+∞

(

m∑
j=1

ϕ(
1

j
)−mϕ(0)− (logm)ϕ′(0)),

is a distribution. Determine the support of T .

4) Let u be a continuous function in Rn \ {0}. Suppose that

u(tx) = t−nu(x), for all t > 0, x ∈ Rn \ {0}.

Show that

U(ϕ) = lim
ε→0+

∫
|x|≥ε

u(x)ϕ(x) dx,

exists for all ϕ ∈ D(Rn), if and only if∫
|ω|=1

u(ω) dσ = 0.

In such a case prove that U is a distribution.

5) Let f be an integrable function on all the compact sets of Rn \ {0}. Suppose
that there exist C > 0, m ∈ N \ {0} such that, for all |x| ≤ 1,

|f(x)| ≤ C

|x|m
.

Prove that there exists T ∈ D′(Rn) such that, for all ϕ ∈ D′(Rn \ {0},

T (ϕ) =

∫
Rn

f(x)ϕ(x) dx.

6) Let T be a distribution on Rn and f be a function in D(Rn) such that f = 0

on the support of T . Can we deduce that T (f) = 0?
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