
Exercises 6

key words: Derivative in the sense of distributions. Multiplication of a distri-
bution with a C∞ function.

1) Let T ∈ D(R2),

T (ϕ) =

∫
R
ϕ(x,−x) dx.

i) Prove that T is a distribution and find supp (T).

ii) Find (∂x1
− ∂x2

)T .

2) Let ϕ ∈ D(Ω) and T ∈ D′(Ω).
Is there any relation between the statements “T (ϕ) = 0” and “ϕT = 0”?

3) Consider the differential operator

P =
d2

d2x
+ a

d

dx
+ b, a, b ∈ R.

Let f , g ∈ C2(R) such that Pf = Pg = 0, f(0) = g(0) = 0 and f ′(0)−g′(0) = 1.
Define h(x) = (1 −H(x))f(x) + H(x)g(x), where H is the Heaviside function,
and let T ∈ D′(R),

T (ϕ) = −
∫
R
h(x)ϕ(x) dx.

Find PT .

4) Let H be the Heaviside function and E : R2 → R,

E(x, t) =
1

2
H(t− |x|).

Prove that E define a distribution and find

2E = (∂2t − ∂2x)E.

5) Let H be the Heaviside function and E : R2 → R,

E(x, t) =
H(t)√

4πt
e−

x2

4t .

Prove that E define a distribution and find

(∂t − ∂2x)E.

6) Consider En : Rn \ {0} → R,

En(x) =

{
log |x| if n = 2,

|x|2−n if n ≥ 3.

Prove that En define a distribution and find

∆En = (

n∑
j=1

∂2xj
)En.
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