5 Lesson 5 — March 15", 2021

5.1 Signed and complex measures

The content of this paragraph can be find in [2, §19].

Definition 11. Let (2,.A) a measurable space (Q? is a set, A a o-algebra of
subset of Q). Let v : A — | — 00, +0o0] (or [—oco,+00]). v is a signed measure if

1) v(0) =0;
ii) v is countably additive.

Remark 6. In the above definition, v is countably additive means the following.
Let (A,)n be a sequence in A consisting of pairwise disjoint subsets of Q. Let

A=, A,.
i) If v(A) < 400, then Y |v(Ay)] < 400 and )", v(A,) =v(A).
i) If v(A) = 400, then, denoting by

Bn{ A, if v(Ay) >0, Cn{ 0 ifv(A,) >0,

0 ifv(A,) <0, A, ifv(A,) <0,

we have Y v(B,) =400 and Y, —v(C,) < +oo.

Definition 12. Let (£2,.A) a measurable space. Let v: A — C. v is a complex
‘ J
measure if

1) v(0) =0;
ii) v is countably additive.

Remark 7. In the above definition, v is countably additive means the following.
Let (A,)n be a sequence in A consisting of pairwise disjoint subsets of Q. Let

A=, An. Then ) |v(A,)] <+oo and )’ v(A,)=v(A).
Theorem 15. Let v be a signed measure. We have
i) if E, Fe A, FCFE and |v(E)| < 400, then |v(F)| < +o0;

i) if (An)n is sequence in A with, for alln, A, C A,11, then

V(U A,) = li£n v(A,);

iit) if (Ap)n is sequence in A with, for allm, A, 2 A,+1 and |v(A1)| < 400,

then
V(ﬂ A,) =limv(A,).

Remark 8. A result similar to Theorem 15 is valid also for complex measures.
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5.2 The Hahn’s decomposition theorem

The content of this paragraph can be find in [2, §19].
Let Q be a set and A a o-algebra on Q. Let v be a signed measure on the
measurable space (£2,.A).

Definition 13. Let P, N € A. The couple (P, N) is called a Hahn’s decompo-
sition of the measure v if

i) PAN =0 and PUN = Q;
ii) for all A€ A, v(ANP) >0, (we will say that P is non negative);
iii) for all Ae A, v(ANN) <0, (we will say that N is non positive).

Lemma 7. Let E € A, with —oo < v(E) < +00.
Then, for all ¢ > 0, there exists E. € A such that

E.CFE,v(E:) >v(E) and, for all A€ A, if AC E., then v(A) > —e.

Proof. By contradiction, suppose that there exists ¢g > 0 such that, for all
F € A, the fact that F' C E and v(F') > v(F) implies that there exists Ay € A
such that Ay C F and v(4p) < —eo.

Let’s choose firstly F' = E. We have that there exists A; € A such that
A; C F and v(A;) < —ep. Choose F = E\ A;. Consequently there exists
As € Asuch that Ay C E\ Ay and v(As) < —ep. Next choose F' = E\ (A1UA,).
We obtain Az € A such that A3 C E'\ (A1 U As) and v(As) < —eo.

A sequence of pairwise disjoint sets (A4,,), is constructed in such a way that,
for all n, A,, C E and v(A4,,) < —o. We deduce that v(U,A,,) =>_ v(A,) =
—00, obtaining a contradiction, since U, A, C F and v(E) > —oc. O]

Lemma 8. Let E € A, with —oo < v(E) < +00.
Then there exists F' € A such that

FCFE,v(F)>v(E) and, for all Ac A, v(ANF) >0
(remark that the last point means that F' is a non negative set).

Proof. We apply Lemma 7 to the set E, with ¢ = —1. We obtain that there
exists Fy € A, such that £y C E, v(E;) > v(FE) and, for all A€ A, if A C E
then v(A) > —1. Next we apply Lemma 7 to the set By with e = —3. We
obtain that there exists Ey € A, such that Es C Eq, v(FEy) > v(E7) and, for all
A€ A, if AC E, then v(4) > —3.

Applying successively this procedure, we construct a sequence (FE,), such
that, for alln, £, C --- C B; C E, v(E,) > --- > v(E1) > v(F) and, for all
Ae A if AC E, then v(A) > —1.

To conclude the proof it is sufficient to take F' = N, F,. It is easy to verify
that FF C E, v(F) > v(E) and, for all A € A, if A C F then v(A) > 0, since,
for all n, A C F,, and consequently, for all n, v(A) > —%. O

Theorem 16 (Hahn’s decomposition theorem). Let v be a signed measure
on the measurable space (2, A).

Then there exists a Hahn’s decomposition (P, N) of the measure v. If (P', N')
is another Hahn decomposition, then the sets P\ P', P\ P, N\ N’ and N'\ N
are negligeable.
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Figure 9: Hans Hahn (1879-1934)

Proof. We suppose that, for all E € A, —c0 < v(E) < +o00. We set a =
sup{v(F), E € A}. We take (E,), a sequence in A such that lim, v(E,) = a.
It is not restrictive to suppose that, for all n, —oo < v(E, ) < +o0o. We apply
Lemma 8 to each set F,,, obtaining a sequence (F},), such that, for all n,

F, CE,, v(F,) >v(E,) and, for all A € A, v(ANF,) > 0.

We set now G,, = Uj_; F;. We have that v(G,) > v(F,) since G,, = U’,gzlﬁ’k,
where F,, = F,, and F}, = F}, ! (U?:k—l—le) for k=1,...,n—1. The sets F}, are
pairwise disjoint and have non negative measure. Remark that, for all n, G,, is

a non negative set (in fact is the union of non negative sets) and the sequence
(Gp)n is increasing. We set P = U F, = UT>G,,. We have that

v(P) =lim, v(G,) = lim,, v(F,) = lim, v(F,) = o and consequently a € R.

It is immediate to see that P is non negative, as it is union of non negative sets.

It remains to prove that Q\ P is non positive. Suppose by contradiction there
exists A contained in Q\ P such that v(A) > 0. Then v(PUA) = a+v(A) > a,
and this is impossible.

Suppose now that (P, N) and (P’, N’) are two Hahn’s decomposition. Con-
sidering that P\ P’ = P U N’, using the fact that P si non negative we have
v(P\ P’) > 0 and using the fact that N’ is non positive we have v(P\ P’) <0
and the conclusion follows. The other cases are similar. |

Exercise 1. Let v be a signed measure on a measurable space (2,.A). Suppose
that for all E € A, —00 < v(E) < 400, i.e. v(A) € [—00, +00].
Prove that if a« = sup{v(FE), E € A}, then a < +cc.
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5.3 Total variation of a measure

The content of this paragraph can be find in [2, §19].

Definition 14. Let v be a signed measure on (Q,A). Let (P,N) a Hahn’s
decomposition. We set, for all E € A,

v (E) =v(ENP),
v (E)=—-v(ENN),
VI(E) = v (E) + v (E).

v, v~ and |v| are positive measures and they are called positive variation,
negative variation and total variation of v, respectively.

We give a characterization of the total variation of a measure.

Theorem 17. Let v be a signed measure on (2, A). We set, for all E € A,

k
WE) =sup{d _[v(E)| | E=US_1E;, E;NE =0 if j#h}.  (9)
G=1
Then, for all E € A,
u(E) = |v|(E).
Proof. Let (P,N) a Hahn’s decomposition of v. We have that
v(Ej)| = [v(E; N P)+v(E;NN)| < |[v(E; N P)|+ |[v(E; NN)| = [v|(Ej).
Consequently

S IHE)| < Y- WI(E) = IvI(B),

and we obtain that
u(E) < |v|(E).

Converserly, if we write E = (ENP)U(ENN), since (ENP)N(ENN) =0,
we have

u(E) = Sup{z W(Ej)]. ..} = [W(ENP)|+[v(ENN)| = |v|(E).

]

Remark 9. Suppose not having proved Hahn’s decomposition theorem. It is
still possible to prove that u, defined by (9), is a positive measure. To prove
that u(0) = 0 is immediate. To prove that p is countably additive we proceed in
the following way. Let (Ay), be a sequence in A consisting of pairwise disjoint
subsets of Q. Let A=, An. Let

k
6 < Sup{z |V(EJ)| ‘ A= U?:lEja Ej N Eh = @ lf ] 75 h} = M(A)
J=1
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