The function jx is different from 0 only on a finite or countable set of points

(Tp)n. We define
x®) = 3 o)

T, <t

We define F1 = F—x. The function Fy : R — [01] is continuous and increasing.
We know that F| is a L' (Lebesgue integrable) function and, for all t; < ts,

/t2 Fi(s)ds < Fiy(ta) — Fy(t1).

In particular, for all t1 < to,

Fl(tl)—/oIF{(s)dngl(tg)—/oQF{(s)ds.
We set
G(t) = Fy(t) — /0 Fl(s)ds and  Fa(t) = /0 Fi(s) ds.

In conclusion
F(t) = F2(t) + G(t) + x(t),

where Fy is an absolutely continuous increasing function, G is a continuous
increasing function such that G'(x) = 0 for almost every x € R and x is a
Jump-function.

F can be thought as the distribution function (in Italian: funzione di ripar-
tizione) of a random variable X. We have

P(X <t) = F(t),

where P is the probability measure associate to X. This random variable has
an absolutely continuous density (the function F3) and a discrete density (the
function jx) but has also a “singular part” (linked to the function G) which
cannot be described in term of Lebesque measure nor in term of discrete random
variables.

7 Lesson 8 — March 25", 2021

7.1 The Hardy-Littlewood maximal function

The content of this paragraph can be (partially) found in [8, Ch. 1]
and [7, Ch. 8§|.

Let us denote by B the o-algebra of Borel sets of R?. Let A\ be the Lebesgue
measure on R? and let v be a complex measure defined on B. For any ball
B(z,r) ={y € R | |y — x| < r}, we set

Qrv(z) = o
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Figure 12: G. H. Hardy and J. E. Littlewood in 1924

Definition 17. Let z € R?. If the limit

' .. v(B(=z,1))
rg%l+ Qrv(z) = r1—1>%1+ AB(z,r))

exists, we call this limit symmetric derivative of v with respect to A at the point
z and we denote it with %X (z).

Remark 14. Let f € Ly (R™) and vy such that ve(A) = [, fdX, then

. fB(w,'r) fd)\

de o 1
Qi) = igR Ty e = sy [,

We are interested in conditions guaranteeing the existence of %\ and also to
the value of this quantity.

Definition 18. Let v and |v| be a complex measure and its total variation,
respectively. Let x € RY. We define

v|(B(z,r))
M) = 2 X B )

The function M, : RY — [0, +o0] is called Hardy-Littlewood mazimal function
of v.

Theorem 23. The function M, is lower semicontinuous.

Proof. It is not restrictive to suppose that v is a positive measure. Proving that
M, is lower semicontinuous means to show that for all o > 0, the set

E={zeR"| M/ (z)>a}
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is an open set. Let x € E. Then M, (z) > o and consequently

LB
O XB) "

Hence there exist » > 0 and t > o’ > a such that

v(B(z,r))

N\ T /
NB(z,7)) >t>a > a.

Take now 6 > 0 such that
n n t
(7" + 5) < T E,

so that, if |z — y| < J, then B(y,r 4+ 6) 2 B(z,r) and consequently

v(B(y,r+9)) >v(B(x,r)) > tA(B(x,r))

2 O/w)\(B(J}, r)) = N B(z,7 +0)) = & XN(B(y, 7 + 9)).

;raTL
Finally
V(B(y,7 + )
A(B(y,r +9))
i. e. we have proved that if |z — y| < §, then y € E, and consequently E is an
open set. Ll

>a > a,

Corollary 8. The function M, is Lebesque measurable.

Lemma 9 (Wiener).\ Let W be the union of a finite number of balls B(z1,71),
B(z2,72), ..., B(zr, 1)
Then there exists S C {1, 2,..., k} such that

i) ifi, j € S, with i # j, then B(z;,r;) N B(zj,r;) = 0;
i) W C U;eq B(xs,3m3);
ii1) A(W) < 3" co MB(i,77)).

Proof. The fact that ii) implies iii) is a consequence of the homogeneity property
of Lebesgue measure. Let’s show i) and ii). It is not restrictive to suppose that
rL>r2 > .0 2 Tk

Let nqy = 1. We define
As={je{m+1,...,k} ‘ B(zp,,n,) N B(zj,r;) =0}.
If Ay =0, we take S = {n;}. If Ay # 0, we define ny = min Ay. We consider
As ={j € Ay ‘ Bl ; Tz ) N Bl@s; 75) = 0k

If Ay =0, we take S = {ny, na}. If Ay # (), we define n3 = min A3 and we go
on with this procedure up to obtaining

S ={ny, no,...,np} with l=mn3 <ng<...<np<k.
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Figure 13: Norbert Wiener (1894-1964)

With such a construction condition i) is verified. Let now n; < j < n;4+1. We
have B(xy,,7n;) N B(xj,1;) # 0 and r,, > r;, so that

B<xj) rj) < B<xni) 3rni)
and condition ii) follows. ]

We are now ready to show the main property of Hardy-Littlewood maximal
function.

Theorem 24 (Hardy-Littlewood). Let v be a complex measure. Let a > 0.
Then

Az € RY | M, (z) > a}) < 3¢ é - p|(R).

Proof. Let K be a compact set contained in E = {z € R? | M,(z) > a}
(remember that the set F is measurable). Let x € K C FE. We know that
M, (x) > . Then there exists 7, > 0 such that

v|(B(z,72))
AN B(x,72))

The set {B(z,7,) | # € K} is an open covering of the compact set K. Let
B(SEl, 7“1), B(ZCQ, 7“2), ces ,B(In,rn),

a finite subcovering and let S be the set of indexes given from Wiener’s lemma.
We have

K C Lnj B(wi,r:) € | B(=;,3r)).
=1

JjeES
Consequently
ME) <> A(B(x,3r5) <37 Y A(B(x,75))
JjeS JjeSs
1 1
<3'. = (Bl ry) <37 — - IR,

JeS
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Since this last inequality holds true for all the compact sets contained in F, the
conclusion follows. |

Remark 15. Usually the Hardy-Littlewood theorem is stated in a slightly dif-
ferent way. In particular let f € LY*(R?). Denote by My the function

1
MﬂmziﬁMB@wLém@””*

The result shown here above implies that, for all o > 0,
d g 1
A{z e R | My(x) > a}) <3 'a'||f||L1-

It is possible to prove also that, if f € LP(R?), with 1 < p < +o0, then M; €
LP(R?) and
[ Myllze < Apllfll e,

where A, depends only on p and d (see [8, Ch. 1]).

7.2 Lebesgue’s points
Definition 19. Let f € L} (R?) (this means that, for all K compact sets in

loc

R, xi - f € LY(RY)). Let x € RY. x is said to be a Lebesgue’s point for f if

f(z) = lim L f(y) dy,

r—0+ |B<ZC, T)' B(z,r)

(from now on, given A € B, |A| will denote the Lebesgue measure of A).

Theorem 25. Let [ € LY(RY).
Then, for almost all x € RY,

im — [ i)~ f@)dy=0.

U w5 e 8@

Proof. Let g € C§(R?). Then

1
E@;ﬁémJﬂw—ﬂ@My
1

1
= B@)| Jaen 1f(y) — g(y)l dy + B /B(m) lg(y) — f(z)| dy.

Denoting by M;_, the maximal function of f — g, i. e.

1
M¢_4(x) =sup

S 1B@ "] Jaen [F(y) —9(y)l dy,

we have
1
- - _ d
1

< -
N Mf_g(x) - |B<ZC, T)l B(z,r)

l9(y) — f(x)|dy.
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We consider, on both sides of (13), the limsup,._,o+. We have

T(w)::lnnsup]§§6§;5T F@) — F(@)|dy

r—0t B(z,r)

< My_y(x) + limsup ———
I=o r—0+ |B(£C,7“)| B(z,r)

l9(y) — f(z)| dy.

Remarking that the function y — |g(y) — f(x)| is a continuous function, we

obtain that

, 1
hmwpﬁgjﬂémﬂmwyamwaﬂmm—fm»

r—0+

and, finally,
T(z) < My_q4(z) + |g(z) — fl2).

Take now ¢ > 0 and consider

{z e R | T(z) > 2} C{z € R? | Ms_y(z) > c}U{z e R? | |f(z) — g(z)| > €}

From the Hardy-Littlewood theorem we know that

Mo € BY | My_y(a) > <}) <342 [f = gl

and, from a direct calculation,

Mz € B[ 1f(2) — (@) > <) < =

Hence

Mo € R T(@) > 2¢}) < 3+ 1)ZIf = gl

‘ ||f —9||L1-

(14)

It is sufficient to consider a sequence (g, ), in C§ such that, for all n, || f—gn|| 21 <
1/n (see Theorem 1 of Lesson 8), obtaining, from (14), that, for all € > 0, we

have
A{z € R? | T(z) > 2¢}) = 0.

In conclusion, for almost every x € R,

lm () — f(2)|dy = 0.

r—0t |B<ZE,T)| B(z,r)

Corollary 9. Let f € L .(R%).

loc

Then, for almost every x € RY,

r—0+ |B(z,7)]

1
lim —— dy = .
/B - fly)dy = f(x)

Remark 16. Let v be a complex measure on B(R?). Suppose that v < A,
where X is the Lebesgue measure. From the Radon-Nikodym theorem we know

that there exists fo € LY (R?) such that, for all E € B,

wm:LﬁM
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From Corollary 9 we have also that, for almost every x € R¢,

1 v(B(x,r)) dv

fo(z) = lim ——— fo(y)dy = lim

r—0t |B($,T)| B(z,r) r—0t )\(B(ZL’,T)) - ﬁ(m)

Hence, if v < X, then, for almost every x € RY, v possesses a finite symmetric
derivative with respect to A and the value of the symmetric derivative is exactly
the value of the Radon-Nikodym density function, i. e., for all E € B,

dv
E)=[| —(x)d\.
ue) = [ Fw)
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