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Agenda

Short cut methods introduction

Fenske equation 

Underwood equations

Gilliland correlation method
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Short cut methods 

In the past, when simulators were not available, different 
approximate methods were developed.

The most relevant is the Fenske-Underwood-Gilliland that 
combines:
 Underwood equation for the minimum reflux  estimation;

 Fenske equation for the minimum number of ideal stages estimation;

 Gilliland correlation for the estimation of the number of ideal stages as a 
function of reflux ratio and the minimum number of ideal stages
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Short cut methods 

Some assumptions are necessary
 constant relative volatility in the column

 constant molar flow rates in the two column sections

Short cut methods are based on key components 
 Components that are present in both distillate and residual

 Light key component is the lightest component that is present in the 
residue in appreciable concentration 

 Heavy key component is heaviest component that is present in the 
distillate in appreciable concentration 

Short cut methods are not much used today
The DSTWU distillation package in Aspen Plus uses the
Winn-Underwood-Gilliland short-cut methods and 
correlation.
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Temperature and concentration profiles in 
the column  

Distillation of a 4 
component mixture:
 n-C4, i-C5, n-C5, n-C6

Temperature always raise 
from top to bottom

Composition profiles of 
intermediate components 
have a maximum

Non-key components are 
separated in few stages 
and they behave as inert 
in the other stages
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MCD Short-Cut Methods – Limiting Conditions

MCD short-cut methods are based upon the limiting conditions for a 
distillation column:

Reflux Ratio L/V L/D N

Total (L/V)max = 1 ∞ Nmin

Actual L/V L/D N

Minimum (L/V)min (L/D)min       Nmax = ∞

The actual or operating reflux ratio will lie between the total and 
minimum reflux ratios – (L/V)min < L/V < 1.

The operating reflux ratio, L/D, is often specified as a multiple of the 
minimum reflux ratio,  (L/D)min, e.g.,

L/D = 2∙ (L/D)min.



Separation Processes – Maurizio Fermeglia Trieste, 6 April, 2021 - slide 7

Fenske (Winn) Equation – Nmin

While at times we cannot obtain a rigorous 
solution for complex systems, one can often 
obtain rigorous solutions for complex 
systems at limiting conditions.
 One such limiting condition for multi-component systems is 

the solution for Nmin at total reflux.  This solution is 
known as the Fenske equation or Fenske method.
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Fenske (Winn) Equation – Derivation

While we cannot define a relative volatility for multi-
component systems directly, we can begin with defining a 
relative volatility for component i with respect to a 
reference component in the multi-component system:

α𝑖−ref =
K𝑖
Kref

=
y𝑖
x𝑖

/
yref
xref

y𝑖

yref
= α𝑖−ref

x𝑖
xref
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Fenske (Winn) Equation – Derivation

For a column at total reflux starting at the bottom of the column (the 
reboiler), we can write :

For total reflux, we have, 

 where N is the Nth stage at the bottom of the column above the reboiler

Substituting these relationships into the previous equation yields

Similarly, if we step up the column to the N-1 stage, we have

Eqs. above can be combined to give

y𝑖

yref bot
= α𝑖−ref bot

x𝑖
xref bot

y𝑖, bot = 𝑥𝑖, N yref, bot = 𝑥ref, N

x𝑖

xref N−1
= α𝑖−ref N

x𝑖
xref N

x𝑖

xref N−1
= α𝑖−ref N α𝑖−ref bot

x𝑖
xref bot

x𝑖

xref N
= α𝑖−ref bot

x𝑖
xref bot
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Fenske (Winn) Equation – Derivation

If we continue to move up the column we obtain to the top of the 
column (the condenser) or distillate, we obtain

Defining ai-ref as the geometric average relative volatility yields:

Equation above becomes

Solving Eq. above for Nmin

Eq. can be rewritten in terms of the fractional recoveries as

x𝑖

xref dist
= α𝑖−ref 1 α𝑖−ref 2 α𝑖−ref 3 … α𝑖−ref N−1 α𝑖−ref N α𝑖−ref bot

x𝑖
xref bot

α𝑖−ref = α𝑖−ref 1 α𝑖−ref 2 α𝑖−ref 3 … α𝑖−ref N−1 α𝑖−ref N α𝑖−ref bot

൘
1
Nmin

x𝑖

xref dist
= α𝑖−ref

Nmin x𝑖
xref bot

Nmin =

ln ൘
x𝑖
xref dist

x𝑖
xref bot

ln α𝑖−ref

Nmin =

ln
Dx𝑖/Dxref dist
Bx𝑖/Bxref bot
ln α𝑖−ref
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Equations may be rewritten in terms of fractional 
recovery: the Fenske equation for Nmin is 
obtained

The fractional recoveries for component i are 
determined from:

Fenske (Winn) Equation – Derivation
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Fenske (Winn) Equation – Derivation

Substituting one gests the Fenske equation for multicomponent 
systems, (FRA)dist is the fractional recovery of A in the distillate, 
while (FRB)bot is the fractional recovery of B in the bottoms. 

Calculation with the Fenske equation is straightforward if 
fractional recoveries of the two keys, A and B, are specified.
 Equation can be used directly to find Nmin.

The relative volatility can be approximated by a geometric 
average. 
 Once Nmin is known, the fractional recoveries of the non-keys (NK) can be 

found by writing Eq. for an NK component, C, and either key component.
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Fenske Equation Methodology

The use the Fenske equation to determine 
Nmin depends upon what is defined in the 
problem.
 If two fractional recoveries are specified, one can 

solve Fenske equation and all of the ancillary 
equations directly.

 If one is given two compositions, xi and xj, then one 
needs to make some assumptions…
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Underwood Equations – (L/D)min

The other limiting condition for multi-component systems is 
the solution for the minimum reflux ratio, (L/D)min, which gives 
us an infinite number of stages.  

This method is known as the Underwood method or the 
Underwood equations.
 First underwood equation

 Where ΔVfeed is the change in vapor flow rate at the feed stage. If q is known 
then ΔVfeed =F(1-q)

 Second Underwood equation

 Once Vmin is known, Lmin is calculated from the mass balance
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Underwood Equations – Cases

There are 3 cases that we need to consider when using 
the Underwood equations:

Case A: Non-keys do not distribute.

Case B: Use the results from the Fenske equation and                 
assume that the distributions of non-keys determined at 
total reflux are also valid at minimum reflux.

Case C: Exact solution without further assumptions.
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Underwood Equations – Case A Methodology

Case A:  Assume all NK’s do not distribute: there are no 
intermediate NK’s.
1. Specify the LK, HK, LNK’s and HNK’s.

2. Determine q for the feed conditions.

3. Determine all ai-ref‘s where the reference component is the HK.

4. Determine ∆VF from Eq.:

5. Solve following Eq. for a single root, φ:

 Note that

 and choose the guess value between a LK and a HK.

 If one chose the HK as the reference for the relative volatilities, aHK-ref = 1.

ΔVF = F 1 − q

ΔVF =෍

𝑖=1

C
α𝑖−refFzF, 𝑖
α𝑖−ref − 𝜙

𝛼LK−ref < 𝜙 < 𝛼HK−ref
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Underwood Equations – Case A Methodology 
(continued)

6. Determine the NK rates from the assumption that the NK’s do not distribute:

7. Determine the LK and HK rates from Eqs:

8. Determine Vmin from Eq.:

9. Determine D from Eq.:

Dx LNK 𝑖 dist = FzF, LNK 𝑖
DxHNK 𝑖 dist = 0

DxLK dist = FRLK distFzF, LK

DxHK dist = 1 − FRHK bot FzF, HK

Vmin =෎

𝑖=1

C
α𝑖−ref Dx𝑖 dist
α𝑖−ref− 𝜙

D =෍

𝑖=1

C

Dx𝑖 dist
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Underwood Equations – Case A Methodology 
(continued)

10. Determine Lmin from Eq.:

11. Determine (L/V)min using:

12. Determine (L/D)min from Eq.:

Done

Lmin = Vmin − D

L/V min = ΤLmin Vmin

L/D min =
L/V min

1 − L/V min
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Underwood Equations – Case B Methodology

Case B:  Assume that the distribution of NKs determined 
from Fenske eq. at total reflux are also valid at minimum 
reflux.
1. Specify the LK, HK, NK’s, LNK’s and HNK’s.

2. Determine q for the feed conditions.

3. Determine all ai-ref‘s where the reference component is the HK.

4. Determine ∆VF from Eq.:

5. Solve following Eq. for a single root, φ:

 Note that

 and choose the guess value between a LK and a HK.

 If one chose the HK as the reference for the relative volatilities, aHK-ref = 1.

ΔVF = F 1 − q

ΔVF =෍

𝑖=1

C
α𝑖−refFzF, 𝑖
α𝑖−ref − 𝜙

𝛼LK−ref < 𝜙 < 𝛼HK−ref
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Underwood Equations – Case B Methodology 
(continued)

6. Determine the NK rates from the assumption that the distribution of NKs 
determined from Fenske eq. at total reflux are also valid at minimum reflux.

7. Determine the LK and HK rates from Eqs:

8. Determine Vmin from Eq.:

9. Determine D from Eq.:

DxLK dist = FRLK distFzF, LK

DxHK dist = 1 − FRHK bot FzF, HK

Vmin =෎

𝑖=1

C
α𝑖−ref Dx𝑖 dist
α𝑖−ref− 𝜙

D =෍

𝑖=1

C

Dx𝑖 dist

DxNK 𝑖 dist = DxNK 𝑖 dist, Nmin
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Underwood Equations – Case B Methodology 
(continued)

10. Determine Lmin from Eq.:

11. Determine (L/V)min using:

12. Determine (L/D)min from Eq.:

Done

Lmin = Vmin − D

L/V min = ΤLmin Vmin

L/D min =
L/V min

1 − L/V min
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Underwood Equations – Case C Methodology

Case C:  Exact solution without further assumptions.
1. Specify the LK, HK, NK’s, LNK’s and HNK’s.

2. Determine q for the feed conditions.

3. Determine all ai-ref‘s where the reference component is the HK.

4. Determine ∆VF from Eq.:

5. Solve following Eq. for a single root, φ:

 Note that as an example, a C=5 system could be specified as:

 Choose a guess value for each φ between the a’s.  If one chose the HK as 
the reference for the relative volatilities, a LHK-ref = 1.

ΔVF = F 1 − q

ΔVF =෍

𝑖=1

C
α𝑖−refFzF, 𝑖
α𝑖−ref − 𝜙

𝛼LNK 1−ref < 𝜙1 < 𝛼LNK 2−ref < 𝜙2 < 𝛼LK−ref < 𝜙3 < 𝛼HK−ref < 𝜙4 < 𝛼HNK 1−ref
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Underwood Equations – Case C Methodology 
(continued)

6. Determine the LK and HK rates from Eqs:

7. Determine Vmin from Eq.:

8. Determine D from Eq.:

DxLK dist = FRLK distFzF, LK

DxHK dist = 1 − FRHK bot FzF, HK

Vmin =෎

𝑖=1

C
α𝑖−ref Dx𝑖 dist
α𝑖−ref− 𝜙

D =෍

𝑖=1

C

Dx𝑖 dist
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Underwood Equations – Case C Methodology 
(continued)

9. Determine Lmin from Eq.:

10. Determine (L/V)min using:

11. Determine (L/D)min from Eq.:

Done

Lmin = Vmin − D

L/V min = ΤLmin Vmin

L/D min =
L/V min

1 − L/V min
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Gilliland Correlation – N and NF

Empirical relationship which relates the number of stages, 
N, at finite reflux ratio, (L/D)actual to the Nmin and (L/D)min.
 Nmin is determined from the Fenske equation.

 (L/D)min is determined from the Underwood equations.

Gilliland correlation as modified by Liddle: 

Validly limits of the diagram:

• N. components 2 < NC < 11

• Column Pressure : 0 < P < 40 bar

• Realtive volatility: 1.11 < alk < 4.05

• Reflux ratio min: 0.53 < rmin < 9.09

• Minimum n. stages: 3.4 < Nmin < 60.3

• Thermal conditions: -0.42 < F< 0.72.
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Aspen+ short cut methods

DSTWU

DISTL
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Using Shortcut method: DSTWU

DSTWU:
 DSTWU performs shortcut design calculations for single-feed, two-

product distillation columns with a partial or total condenser.

 It assumes constant molal overflow and constant relative volatilities.
 It is based on equations of: 

 Winn for Minimum number of stages

 Underwood for Minimum reflux ratio

 Gilliland for calculation of reflux ratio for a specified number of stages or the required 
number of stages for a specified reflux ratio

 For the specified recovery of light and heavy key components, DSTWU 
estimates:
 Minimum reflux ratio

 Minimum number of theoretical stages

 DSTWU then estimates one of the following:
 Required reflux ratio for the specified number of theoretical stages

 Required number of theoretical stages for the specified reflux ratio

 DSTWU also estimates the optimum feed stage location and the 
condenser and reboiler duties. 
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Using Shortcut method: DISTL & ConSep

DISTL:
 Distl simulates multistage multicomponent columns with a feed stream 

and two product streams.

 Distl performs shortcut distillation rating calculations using Edmister
approach: assumes constant mole overflow and constant relative 
volatilities. 

ConSep:
 Use ConSep to develop design parameters and perform feasibility studies 

for distillation columns.

 It requires the definition of the splitting of three key components and the 
mapping of the others relative to key components 
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Example: benzene, toluene, cumene 
separation with short-cut methods

Components

Methods

Feed
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Example: benzene, toluene, cumene 
separation with short-cut methods: DSTWU

DSTWU – specifications

DSTWU 
–results
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Example: benzene, toluene, cumene 
separation with short-cut methods: DISTL

DISTL – specifications

DISTL – results
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Example: benzene, toluene, cumene 
separation with RADFRAC & DSTWU

Same components

Same methods

Same Feed

Comparison between RADFRAC and 
DSTWU

RADFRAC specifications
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Example: benzene, toluene, cumene 
separation with RADFRAC & DSTWU

Components mole fraction profiles in RADFRAC



Separation Processes – Maurizio Fermeglia Trieste, 6 April, 2021 - slide 34

Example: benzene, toluene, cumene 
separation with RADFRAC & DSTWU

Sensitivity analysis 
 Vary feed location

 Plot Toluene mole fraction in 
distillate

Result
 Product purity vs feed location


