


Differentiation:
Passibm %Qﬂkmiquﬁs

o By hand
& Numerical
@ Sjmbotia‘

o Automatic Differentiation



D Eﬂfﬂf erenbLakion:
bj hawnd

o The derivative is computed “offline’,
the result is then coded

o As downe with the original
bo\twpropaga&mm

o You do nobk wank to do ik



Differentiation:
numertcal

a You can apgroxima&e the derivakive
of o Tl he) —gw)
— wikh
axi h

value of h

for a small

o Pros: easy to ngtemenﬁ



Differentiation:
numerccal
Cons: numerieal ims&ab&ti&v

Sum of a small number to a
Possabbj {arga one. Sub&ra&&mh Oﬂf v V\umbers

~ of similar magnitude

fc+ he) = f)

€ 56 ch h
Nia,
b oo lloy, |
“ are fa: ‘;H - Q:) "eeluce
r Fop
e"fec@ I | |
Division b3 a humber near zero



Differentiation:
numertcal

Cons: tampuEaEEc:Mai. cosk

Lek T: R" - R, We can c:ompu,ﬁe the Jacobiawn makbrix:

9

dXZ

o

de

Each derivakive

U

raqmrm 2 evaluakiowns

of the function... o

of)
ox

of
0x

0]
0x

..for a total of
2win evaluakions



54 bolic

o You can use a svmbotm
differentiation engine ko compute
exac&i.v the derivative

o Available in mulkiple Libraries and
CAS (e.g., Mathematica, SimPy, ...)

3 Pros: no appraxi,ma&om!



Differentiakion:
svmbotic

o Cons: difficull o manage selection
(if) and loops (for, while)

o Cons: the symbolic representation of
the derivative can grow too large!



Automatic
Dibferentiakion

o A way to obtain the exact value of
the derivakive ab a cerkain PQEME

o The computation is augmented by
leeping track some additional
values for all inktermediate steps of
the computation



Automatic
Dibferentiakion

8 Two (main) WaAYS of F?erforming
automatic differentiation:

8 Forward mode
(AKA Tangent Linear mode)

8 Reverse mode
(AKA Adjoint or Cotangent Linear
Mode)



A (first)

We will use a function g: |
defined as follows:

g(x) = cos(5x?)

Ruhning Exam F?LQ

— |

Bub, since we usu&ti.j have
mul&pt@. E,M,Fm&s and Quﬁpuﬁs...



A (second)
Ruhihing xam Fi@.

We will use a function f: R* — |
defined as follows:

Jx1, %) = (f1(x1, %), (%, X))
With:

11 (x1, %)) = X%, + COS X;

f‘z(xl,xZ) — XS + ln xl i X2



C‘.Qmpuﬁaﬁamat
graph

We can represent the function g
with a graph where every
intermediate operation is

assigned ko a variable




Computational
grapk

The same can be done with f;




Forward-Mode
AutoDitf

o The information “moves” from the
inputs to the outputs

o Su[z’pose Ehalk we wank ko derive w.r.k.
the E;Mpu& X;

® Then, each variable v, has an
ov;
associakted value V. which is 0_l
X -
]



Forward-Mode
AutoDitf

® We compute all v, keeping track of
the values
(obtaining the forward primal trace)

® We can compute all V; using only the
values in the primal trace and the
already computed vy for k <i



Forward wmode

Forward Primal Trace

Vg =2

V== 2

Vy = Jv; = 5 X A

V3 = cos v, = cos 20 = 0.408

Forward Tangent Trace

\.}O=1
; _0v1_2 5
b= — =2vy=4
aVO
av ov, v av
\./'2__2_ 2 1_ 2V1:5VO:20

g 0\/0 = avl aVO 5 avl
oy | Omdv, Vs

Vi ==
: dvo 0\/2 Gvo aV2

—_— —_—— —V2 == — Sin(Vz)\'/z ==yl 18259



Forward wmode

Now we must decide if
we want to differentiake
MJ‘.& xl or X-

pc}rward ‘Primat Trace F»“orw&rd TQV\SQV\E Trace

o sl (we select x)
Vo =3 Vo =
0
v, =cosv_; =—0.416 . il v_y = —sin(v_)v_; = — 0.909
vy, =Inv_, = 0.693 ov_j
¢ ! v, |
Vo=V Va= 06 = P q.=——v el
% T 2 aV 1 . Vi :
= v ov
V4 VO 27 : \./3 — V2 \./_1 o _2 V.O = Vo\.}_l —_ 3
V5 — Vl + V3 — gv—l 0
v = vy + vy = 27.693 by = =i =
Vo
V7 = Ve — Vg = 24.693 4 0vs 0vs .
‘ Ve=—V, +—1V. = v £, =2.090
5 - 1 a 3 199 3 L
L T : The derivatives
The two OM&FM&S Ve = —_ Vgt _av2 Vy =V = 0.5
| 4
na ov ov

()v6 8\/0



Forward-pmode:
things to notice

J #F i we can compute the derivative
of all outputs w.rt. x;

o To compule wrt. each input variable
we nausk repeo& the process mu,&i;[zote
Fines



Forward-pmode:
things to notice

o ALl derivative are of simple “basic”
operations (sums, products,
trigonometric functions)

o We can compute any composition of
them via the forward-mode diff

o The value obkained is the exact value
of the derivakivex

*There can still be floating point approximations, but they are of a different kind
wrt the one obtained when computing the derivative humerically



Forward-pmode:
things to notice

o There is no obstacle in F?erﬂformw\g
the derivabkion wikh Loaps and
condikionals

o For the forward mode we can
actually compute the derivatives at
the same time as the computation of
the forward primal trace



Forward mode:

Jacobian

Let T: R" - R™, We can compu&e the Jacobian wakrix:

Each “pass” allow us ko
compule a column of the
Jacobian makrix...

Which is qood when n is small work. m

of

o
& —

1 axl

o

0x 1

of,,

. Ox; |

Jf)
o0x

o

0x,,

of,,
ox

...using a a btotal of
n evaluakions



Forward wode:
Jacobian-vector F'rc:)c{u,&

Lek f: R" -5 R™ and Llet r € R". We can tmmpuﬁe Fhe prodw&:& Jr
without computing the Jacobian makrix

ofy I
ox 1 aX2
o df
0x 1 0x 0
Ofi.: dl]
ox 1 ox 2

9
0x,,

g
0x,,

fm
0x,,

Start the computation of
the Forward Tangent Trace
with X, =r,x, =1,,...
=i



Pual Numbers

The forward-mode differentiation can be interpreted as working
with an extension of the real numbers, called dual numbers

Dual numbers are of the form: V + V€

Where € # 0 but €¢2=0

Notice Ehak addikion and mu&ipuaaﬁon woTks as expea&eci:

vV+ve)+ (u+ue)=w+u+O+ue

(v + ve)(u + tie) = vu + vite + vue + viie?

=vu+ (vit + vu)e



Pual Numbers

Suppose that for each function f the following holds:

fw + ) = ) + Fw)ve

Then two applications of the previous property
give us the chain rule:

f(g(v +ve)) = f(g(v) + g'(v)ve)
= f(gv) + f(g(v)g'(v)ve



Reverse-Mode
AutoDitf

® Fix one of the outputs y;

o In reverse-mode we add ko each

: a)’j
variable the adjoint v, = o
Vi

® Notice that this time we change the
variable w.rk. the derivative is
computed instead of keeping it fixed



Reverse mode

Forward Primal Trace

Vg =2

v1=v§=22=4

vy, =5V =5%x4 =20

V3 = cos v, = cos 20 = 0.408

Reverse Adjoint Trace

V3 —
0 dy 0v

y=r =2 "3 — 5 sin(y,) = — 0.913
0\/2 0v3 0\/2

0 dy ov ov

V1 o _y — y 2 — V2—2 == 5?2 Pt = 4565
avl 0\/2 0\/1 aVl
0 dy ov v

e O e P — = 2v,7, = — 18.259
dvy  0v; dv, vy



Forward Primal Trace

G
Vg =9
v =cosv_; = — 0416
v, =Inv_; = 0.693
V3 =V_1V5 =0
M—% 27
Vs = vy + v = 5.584 %
Vi =V, tv, — 03
V7 = Vg — Vo = 24.693

The two au&yu&s
01 and y,)

Reverse Ad joint Trace

Reverse mode

Now we muskt decide

e the c:-u,?:FM& Ehat
i we waht to differentiake
=
i @ - dy; vy Ca 0V, 4 (we select y)
. 0vg  0vy 0vg T ove 0V
b =%=6y10v6_v0v6_
2 6\/4 0V6 8\/4 66\/’4
o dy; 0y, 0vs _d gya o
8 5 s — VAR
dv;  0vs 0y 0vs The derivatives
9y . 9y, 0V Mg _ ay, 0y,
J7. P =here — alhd —
vV,  0vg OV o0V, 0x, - 0x;
v—%—ayla%——%— "
s le 0\/5 avl avl * g
vzahzahé‘@ 0)’10V4=_%+v%__ e
) 6\/0 0V3 aVO 0\24 aVO 36\/0 40\)0 ,b
B - dy; 0vs
o5 dv_l dvl dv_l ()vz 0v_1 0\/3 aV_l
gy U yeR s S g ; -
1 el + V3 = —sin(v_;) + vy = 2.090
ov_, ov_,



Reverse~Mode:
things to notice

® By setting 3, =1 and J, =0 for all
J #F i we can compute the derivakives
of the output y; wrt. all hputs

o To &ompuﬁe w..b. each ou&pu&
variable we musk repeo& the process
mui.&i;pi@. Finaes



things to notice

o The other observations done for
forward-mode autodiff also holds
for the reverse-mode autoditf

o You might have noticed that the
proa&dure used is a generalisation
of the one employed b'j
bm:wprapagaﬁom



Reverse mode:

Jacobian

Let T: R" - R™, We can compu&e the Jacobian wakrix:

A

0X5 0Xx,,

% %

0X, 0x,,

Each “pass auc@m us ko a' a a'
compute a row of the In In L
0x;  0Ox, 0x,,

Jacobian makrix...

Which is qood when m is small wartb. n

...using a a btotal of

m evaluakions



Reverse mode:
Eramsposad Jacobian-vector
erac&u&

Let : R" - R™ and let r € R". We can compute the product b
without computing the transpose of the Jacobian matrix

i w9
ox;  0Ox;
dh I
ox 2 aX2
gl S0
Xy 50X

fm

ox 1

I
ox )
G

0x,,

Start the computation of
the Reverse Adjoint Trace
with y, =r,9, =1, ...

e, Y=T



