Chapter 4
The Normalization Lemma

Even if it is known as Normalization “Lemma”, this is a deep theorem in algebra, with
many applications, not merely a lemma to prove the Nullstellensatz. Later we will see how
it is used to study the dimension of K-algebras (Chapter 8) and its interesting geometric
interpretation (Theorem 17.1.3).

It takes its name from Emmy Noether, who in 1926 proved it under the hypothesis that
K is infinite. The case where K is a finite field was proved by Oscar Zariski in 1943. To
prove the Normalization Lemma, we will first see a couple of results about integral elements
over a ring. Then we will see a proof over an infinite field, rather similar to the original

one. It is less technical than any proof of the general case. For other proofs see [AM] or [L].

Let A C B be rings, where A is a subring of B. In this case we also say that B is an
A-algebra. Note that B has a natural structure of A-module. If B is finitely generated
as A-module, then B is called a finite A-algebra. This means that there exist elements
bi,...,b, € B such that B = bjA + bbA + ... + b, A, i.e. any element of B is a linear
combination with coefficients in A of the generators bq,...,b.: if b € B, then there is an
expression b = a1by + - - - + a,b,, with aq,...,a, € A.

If B is finitely generated as a ring containing A, then B is called a finitely generated
A-algebra. In this case there exists a finite number of elements of B, by,...,b,, such that
B = Alby,...,b], i.e., B is the minimal ring containing A and the elements by, ...,b,. For
any element of B there is an expression as polynomial with coefficients in A in the elements
by, ...,b.. Another way to express that B is a finitely generated A-algebra is saying that B is
(isomorphic to) a quotient of a polynomial ring in a finite number of variables with coefficients
in A. Indeed, if B = A[by,...,b,], we can define a surjective ring homomorphism ¢ mapping

any polynomial f(zy,...,z,) € Alxy,...,z,;] to f(by,...,b.). So, by the homomorphism
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theorem, B ~ Axy,...,xz,|/ ker ¢.
Theorem 4.0.1. Let b € B, let A[b] C B be the A-algebra generated by b: A C A[b] C B.

The following are equivalent:
1. b is integral over A;
2. A[b] is a finite A-algebra;
3. there ezists a subring C' of B, with A[b] C C C B, such that C' is a finite A-algebra.

Proof. 1) = 2) A[b] is generated by all the powers of b as A-module; we will prove that it
is generated by finitely many powers of b. By assumption there is a relation " + a;b" ! +
-+ a, =0, with a, . ..,a, € A. Therefore, for any r > 0, b = —(a, 0" "1+ - +a,b").
By induction on r it follows that all positive powers of b belong to the A-module generated
by 1,b,...,0" L.

2) = 3) It is enough to take C' = A[b].

3) = 1) Let ¢y,...,¢ be generators of C' as A-module: C' = ¢;A+ --- + ¢, A. Then,
for any ¢ = 1,...,7, be; is a linear combination of ¢y, ..., ¢, with coefficients in A. So there

exists an r X r matrix M = (m;;); j=1.., with entries in A such that

bCi = Z mg;Cj, (41)
j=1

ie. (bE, — M)c =0, where ¢ ='(¢;...¢,) and E, is the identity matrix. Multiplying both
members of equation (4.1) at the left by the adjoint matrix *“(bE, — M), we get det(bE, —

M)c; = 0 for any . Since cq, ..., ¢, generate C, there is an expression 1 = ciaq + - - - + ¢, .
Therefore det(bE, — M) = det(bE, —M)-1 = det(bE, — M )ciaq +- - - +det(bE, — M )c,a,, = 0.
The expansion of det(bE, — M) gives a relation of integral dependence of b over A. O

Corollary 4.0.2. If b € B is integral over A, then A[b] is integral extension of A.

Proof. If y € A[b], then Aly] C A[b] C B, where A[b] is a finite A-algebra by 2. of Theorem
4.0.1. The conclusion follows from the characterization 3. of integral elements of the same
Theorem. U

Remark 5. Equation (4.1) says that b is an eigenvalue of the matrix M. The conclusion is
that b is a root of the characteristic polynomial of M. But, since we work over a ring not over
a field, we cannot jump straight to the conclusion. In fact we have to use the assumption

that cq,...,c, generate C' as A-module.
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Remark 6. We will need also the following easy property, known as “Transitivity of
finiteness”. Let A C B. Suppose that N is a finitely generated B-module. Then N is also
an A-module, by restriction of the scalars. Assume also that B is finitely generated as an
A-module. Then N is finitely generated as an A-module. Indeed if yy,...,¥y, generate N
over B and 1, ..., %, generate B as A-module, then the mn products z;y; generate N over

A.
Corollary 4.0.3. Let A C B.

1. Let by,... b, € B be integral over A. Then Alby, ..., b,] is a finite A-module.

2. Transitivity of integral dependence. Let A C B C C' be rings. If B is integral

extension of A and C' is integral extension of B, then C is integral extension of A.

Proof. 1. By induction on n. The case n = 1 is part of Theorem 4.0.1. Assume n > 1,
let A, = Alby,...,0b.]; then by inductive hypothesis A,_; is a finitely generated A-module.
A, = A,_1[b,] is a finitely generated A, _;-module by the case n = 1, since b, is integral
over A and hence also over A,_;. Then the thesis follows by the transitivity of finiteness
(Remark 6).

2. Let ¢ € C, then we have an equation ¢" + byc" ' +--- + b, = 0, with b; € B for any
index i. The ring B’ = Alby,...,b,] is a finitely generated A-module by part 1., and B'[c] is
a finitely generated B’-module, since c is integral over B’. Hence B’[c] is a finite A-module,
by transitivity of finiteness (Remark 6), and therefore ¢ is integral over A by Theorem 4.0.1
3). O

We are now ready to prove

Theorem 4.0.4. Normalization Lemma. Let A = Ky1,...,y,] be a finitely generated
K —algebra and an integral domain. Let r := tr.d. Q(A)/K = tr.d. K(y,,...,y,)/K. Then
there exist elements z,, ..., z. € A, algebraically independent over K, such that A is integral
over the K-algebra B = K|z, ..., 2]

Proof. We give a proof by induction on n, assuming that K is infinite.

If n =1, then A = K[y]. There are two possibilities, either r =1 or r = 0; r = 1 if and
only if y is transcendental over K, in this case A = B; r = 0, if and only if y is algebraic
over K, in which case A is an algebraic extension of finite degree of K and B = K.

Let n > 2 and assume the theorem is true for K-algebras with n — 1 generators. Let
¢ : Klxy,...,2,] = A be the surjective homomorphism mapping a polynomial f(z1,...,z,)

to f(y1,...,yn). If ¢ is an isomorphism, then r = n and B = A. So we assume that
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ker ¢ # (0) and r < n: there exists a non-zero polynomial f such that f(y1,...,y,) = 0.
Possibly renaming the variables, we can assume that x,, appears explicitly in f.

If f is monic of degree d with respect to x,, then A = K[yy,...,y,| is a finite module
over K[yi,...,yn 1], generated by 1,y,,...,y4"1. By Theorem 4.0.1, every element of A is
integral over K[y1,...,yn—1]. By inductive assumption, there exists B = K|zy,..., z,| with
21, ...,z algebraically independent over K, such that K[yi,...,y, 1] is integral over B. By
Transitivity of integral dependence (Corollary 4.0.3 2.), also A is integral over B.

It remains the case where in the kernel of ¢ there is no monic polynomial in x,. We
claim that we can “change coordinates” linearly in K[zy,...,z,] in such a way that the
polynomial f becomes monic. This means that there is another surjection K|xq, ..., z,] — A
such that some element of the kernel is monic in z,,.

We consider the linear change of coordinates x; — z; + a;x,, for 1 < ¢ < n —1 and
T, — T, where the a;’s are suitable elements of K we are going to choose. Write f as sum
of its homogeneous components f = f; + lower degree terms, where d = deg f. Under this
transformation, f — f(x1 + @12y, ..., Tpn1 + Gp_12Zn, z,). We claim it is possible to choose
the coefficients a; so that in this new polynomial the coefficient of 22 is non-zero. Just
replacing we get f(x1+a1Zn, ..., Tno1+Ap1Tn, Tn) = fa(T1+ 012, .. Ty + 1T, Ty) +
lower degree terms. Then we expand the top degree term and we get fy(z1+a12y, ..., Th_1+

Un-1Tn, Tp) = fa(ay, ..., an_1,1)z¢ + lower degree terms in z,. Adding gives
d .
flzr+ a1z, ..., ooy + @p1Zn, ) = falas, ..., an—1, 1)z + lower degree terms in x,,.

Thus we just have to choose the a;’s so that fq(aq,...,a,-1,1) # 0. Since fy is a non-
zero homogeneous polynomial of degree d > 1, fy(z1,...,2,-1,1) is a non-zero polynomial
of degree less than or equal to d in x1,...,x, 1. Since the field K is infinite, we are done
thanks to Exercise 1 in Chapter 2. 0

Remarks. This proof has been adapted from MathOverflow, a “question and answer
site for professional mathematicians”: https://mathoverflow.net/questions/92354 /noether-
normalization

The same proof can be found in the book []. The original article of Emmy Noether is
unfortunately in German [N].

A nice article on Normalization Lemma, by Judith Sally, can be found in the book ” Emmy
Noether in Bryn Mawr”, published in the occasion of her 100th birthday ([}5]).

Emmy Noether (1882-1935) is the founder of modern algebra; her story is very interesting
and in some aspects symbolic of the difficulties encountered by women mathematicians. As
quoted in Wikipedia “In a letter to The New York Times, Albert Einstein wrote:
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In the judgment of the most competent living mathematicians, Frdulein Noether was the
most significant creative mathematical genius thus far produced since the higher education of
women began. In the realm of algebra, in which the most gifted mathematicians have been
busy for centuries, she discovered methods which have proved of enormous importance in the
development of the present-day younger generation of mathematicians.

On 2 January 1935, a few months before her death, mathematician Norbert Wiener wrote
“Miss Noether is ... the greatest woman mathematician who has ever lived; and the greatest
woman scientist of any sort now living, and a scholar at least on the plane of Madame Curie.

”»

See also http://www.enciclopediadelledonne.it /biografie/emmy-noether/
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Chapter 5

The projective closure

5.1 Projective closure and its ideal

In this chapter we will identify the affine space A™ with the open subet Uy C P". As

we have seen in Section 2.6, this is possible via the homeomorphisms, inverse each other,

wo : Ug — A" and jy : A" — U,. Similar considerations hold for any index ¢ = 0,...,n.
Given an affine variety X C A" = Uy C P”, in this way it becomes a subet of P" and it

makes sense to consider its closure in the Zariski topology of the projective space.

Definition 5.1.1. The projective closure of X, X, is the closure of X in the Zariski
topology of P™.

Since the map ¢y is a homeomorphism, we have: X NA™ = X because X is closed in A".
The points of X N Hy, where Hy is the hyperplane at infinity Vp(z¢), are called the “points
at infinity” of X in the fixed embedding.

Remark 7. Note that, if K is an infinite field, then the projective closure of A" is P", i.e.
the affine space is dense in the projective space.

Indeed, let F' be a homogeneous polynomial of degree d vanishing along A" = U,. We
can write F' = Fyad + Fiazd™' + ... + F;, where F; is a homogenecous polynomial of degree
iin xq,...,x, for any i. By assumption, for every P(a,,...,a,) € A", P € Vp(F), ie.
F(1,a,,...,a,) =0="F(a,,...,a,). So *F € I(A"). We claim that I(A") = (0): if n =1,
this follows from the principle of identity of polynomials, because K is infinite. If n > 2,
assume that F'(aq,...,a,) = 0 for all (ay,...,a,) € K™ and consider F'(ay,...,a,_1,z): either
it has positive degree in x for some choice of (ay, ..., a,), but then it has finitely many zeros

against the assumption; or it is constant in = for any choice of (aq, ..., a,), so F' belongs to
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K|[xq,...,x,_1] and we can conclude by induction. So the claim is proved. We get therefore
thatF0:F1:...:Fd:0andF:O.

We want to find the relation between the equations of X C A™ and those of its projective
closure X C P".

Proposition 5.1.2. Let X C A" be an affine variety, X be its projective closure. Then

LL,(X)="1(X):= ("F|F € I(X)).

Proof. Let F' € I;,(X) be a homogeneous polynomial. If P(a,,...,a,) € X, then[1,qa,,...,a,] €
X,s0 F(1,ay,...,a,) =0=F(a,,...,a,). Hence °F € I(X). There exists & > 0 such that
F = (zf)"(*F) (see proof of Proposition 2.6.1), so F' € "I(X). Hence I,(X) C "I(X).
Conversely, if G € I(X) and P(a,,...,a,) € X, then G(a,,...,a,) =0="G(1,a,,...,a,),
so "G € I,(X) (here X is seen as a subset of P*). So "I(X) C I,,(X). Since I,(X) = I,(X)

(see Exercise 1), we have the claim. O
In particular, if X is a hypersurface and I(X) = (F), then I,,(X) = ("F).

Next example, that will occupy the rest of this Chapter, will show that, in general,
from I(X) = (F,,...,F.), it does not follow "I(X) = ("F,,...,"F.). Only in the last
thirty years, thanks to the development of symbolic algebra and in particular of the theory
of Grobner bases, the problem of characterizing the systems of generators of I(X), whose

homogeneization generates "I(X), has been solved.

5.2 An extended example: the skew cubic

The example of the skew cubic is of fundamental importance in algebraic geometry, because
of the many geometrical phenomena that appear, and are developed in different classes of

varieties of which the skew cubic is the first case.

Example 5.2.1 (The skew cubic). In this example we assume that K is infinite. The
affine skew cubic is the following closed subset X of A3: X = V(y — 22 2z — 23) (we use
variables x,v,2). X is the image of the map ¢ : A! — A3 such that ¢(t) = (¢,1%,¢3). Note
that ¢ : A' — X is a homeomorphism (see Exercise 3, Chapter 1). Let a be the ideal
(y — 2% z — 2%). Note that X = V(a). We claim that o« = I(X) = {F € K|z,y,2] |
F(x,2? 2%) = 0 for any x € K}. Proceeding as in Chapter 3, Example 3.1.2, we consider

the development of any polynomial G € K|x,y, 2] in Taylor series around (z,z? x3), and
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we get the claim. We observe also that « is a prime ideal; to see this, we consider the ring
homomorphism K[z, y,2] — K|z] such that F(z,y,z) — F(z,2% 2®%): it is surjective and
its kernel is «, therefore the quotient ring K|[z,y, z|/a is isomorphic to Klz|, which is an

integral domain. Therefore « is prime.

Let X be the projective closure of X in P2, First we will study X geometrically, then we
will determine its homogeneous ideal. We claim that it is the image of the map 1 : P! — P3
such that ¥([\, u]) = [N, N2, Au?, 1®]. We identify A' with the open subset of P! defined
by A # 0 i.e. Uy, and A® with the open subset of P? defined by zy # 0 (U again). Note that
Pl = @, because ¥([1,t]) = [1,t,12,t3] = via the identification of A3 with Uy = (¢,%,13) =
©(t). Moreover v([0,1]) = [0,0,0,1]. So ¥ (P') = X U{[0,0,0,1]}.

Let G be a homogeneous polynomial of K|xg, 21, zs, 23] such that X C Vp(G). Then
G(Lt,t2 ) = 0Vt € K, so GO, Nu,  \p,p1?) = 0Vu € K, VA € K*. Since K is
infinite, then G(A\3, N2y, A\u?, 4i3) is the zero polynomial in A and p, so G(0,0,0,1) = 0 and
Vp(G) D (P, therefore X D ¢ (P').

Conversely, we prove that ¢ (P') is Zariski closed, more precisely
Y(P') = Vp(Fy, 1, Fy) where Fy := 2,2, — @, Fy i= 2,0, — 2y, Fy := 202, — 272

One inclusion is clear: every point of P? of coordinates [A\?, A2, \u?, pi®] satisfies the three
quadratic equations Fy = F; = F;, = 0. Conversely, let Fi(yo,...,y3) =0Vi=1,...,3, ie.
Y1Y3 = Y3, Y1Y2 = YoUs, Yoy2 = Y. We observe that either yo # 0 or y3 # 0, otherwise also
=y =0.

Assume g # 0, then, using the three equations, we get

(W0, Y1, Y2, 3] = Wi, Yoy, Yoy Yoys] = (e, vour, Yoy, Yoyrval = [We, Yoyr, Yovi, vi) = ¥ ([yo, 1))

Similarly, if y3 # 0, [yo, Y1, Yo, y3] = ¥ ([y2, y3]). So w(Pl) =X.
The three polynomials Fy, I, F5 are the 2 x 2 minors of the matrix

Lo T1 To
M =
Ty Ty T3

with entries in K[xg, z1, T2, x3]. Let F =y — 2%, G = z — 2® be the two generators of I(X);
P =200, — 22, "G = 221, — 2%, hence Vp("F,"G) = Vp (2o, — 22, 220, — %) # X, because

Vp("F,"G) contains the whole line “at infinity” Vp(xo, 1), which is not contained in X.

We have seen that the projective closure of the affine skew cubic X is X = Vp(Fy, F1, Fy);

we shall prove now the non-trivial fact:

42



Proposition 5.2.2. [,,(X) = (F,, F\, F,).

Proof. For any integer number d > 0, let I;,(X)q := I,(X)NK[xo, 21, T2, 13)4: it is a K-vector
space of dimension < (d”g?’). We define a K-linear map py having I,(X )4 as kernel:

pa : Klxo, x1, T2, x3]a = K[, tt]34

such that pg(F) = F(A\3, N2, Au?, 13). Since py is clearly surjective, we compute

d+3

dim I;,(X) 4 = ( 5

) — (3d+1) = (d* + 64> — 7d) /6.
For d > 2, we define now a second K-linear map
Pd - K[‘TO? Iy, T2, ZL’3]§;§2 — ‘[h(y>d

such that ¢4(G,, G, G,) = G F,+G, F,+G,F,. Our aim is to prove that ¢, is surjective. The
elements of its kernel are called the syzygies of degree d among the polynomials Fy, F}, F,.
Two obvious syzygies of degree 3 are constructed by developing, according to the Laplace

rule, the determinant of the matrix obtained repeating one of the rows of M, for example

Tog T1 To
Lo L1 Lo

Ty Ty T3

It gives xoFp + 21 Fy + x2F5 = 0, so (xo, 21, x2) is a syzygy of degree 3. Similarly (xy, 29, x3).
We put Hy = (2, ,,%,) and Hy = (x,, x,, x5), they both belong to ker ¢3. Note that H;

and H, give rise to syzygies of all degrees > 3, in fact we can construct a third linear map
Vg : K[$0,$1,$2,I’3];®33 — ker g4

putting ¥4(A, B) = HIA+HsB = (x4, Ty, 2,) A+ (2, 25, 235) B = (2, A+2, B, v, A+x,B, x, A+
3 B).

Claim. 4 is an isomorphism.

Assuming the claim, we are able to compute dim ker ¢, = 2(;), therefore

d+1 d
dim [ = -2
imIm pg 3( 5 ) (3)

which coincides with the dimension of I,(X )y previously computed. This proves that ¢, is

surjective for all d and concludes the proof of the Proposition.
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Proof of the Claim. Let (G,,G,,G,) belong to ker¢y. This means that the following

matrix N with entries in K|z, z1, ¥, x3] is non-invertible:

G, G, G,
N:=\1xz, =z, x

Ty Ty X3

Therefore, the rows of N are linearly dependent over the quotient field of the polynomial ring

K(zq,...,xs). Since the last two rows are linearly independent, there exist reduced rational
functions ¢, g—; € K(xo,x,,x,, x3), such that
ai bl albol'[) + a0b1$1
G() = —Xy —xX =
Qg bo aobg

and similarly
albol’l + a0b1$2 albol’g + aobll‘g

Gy = Gy =
! aobo e aobo

The G;’s are polynomials, therefore the denominator agby divides the numerator in each of
the three expressions on the right hand side. Moreover, if p is a prime factor of ag, then p
divides the three products byxg, bpx1, bpxs, hence p divides by. We can repeat the reasoning

for a prime divisor of by, so obtaining that ag = by (up to invertible constants). We get:

a1xo + bix a1x1 + bix a1y + bix
G(): 1 Ob 1 1,G1: 1 lb 1 2,G2: 1 2b 1 37
0 0 0

therefore by divides the numerators

Co ‘= a1Xg + blfﬂl, Cl = a1xy + bll'g, Cy = 122 + bll’g.

Hence by divides also x1cog — xgc; = by (x% — xoxy) = —b1 Fy, and similarly zocg — xoco = by F7,
Toc) — ey = —b1 Fy. But Fy, Fy, Fy are irreducible and coprime, so we conclude that by | b;.
But by and b; are coprime, so finally we get by = ag = 1. O

As an important by-product of the proof of Proposition 5.2.2 we have the minimal free

resolution of the R-module I,(X), where R = K|z, x1, g, 3]:
0— R®* Y5 R 25 [,(X) =0

where v is represented by the transposed of the matrix M and ¢ by the triple of polynomials
(Fy, F1, Fy).
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Exercises 5.2.3. 1. Let X C A™ be a closed subset, X be its projective closure in P".

Prove that I,(X) = I,(X).

2. Find a system of generators of the ideal of the affine skew cubic X, such that, if you

homogeneize them, you get a system of generators for I;,(X).
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Chapter 6

Irreducible components

6.1 Irreducible topological spaces

The aim of this chapter is to introduce the irreducible components of the affine varieties, the
“building blocks” of the algebraic varieties. The idea is that the irreducible varieties are a
generalization in any dimensions of the irreducible hypersurfaces: any hypersurface is a finite
union of irreducible hypersurfaces, similarly any algebraic variety (affine or projective) is a
finite unione of irreducible varieties. The notion of irreducible topological space is typical
of algebraic geometry and is interesting in this context, although it is not so for Hausdorff

topological spaces.

Definition 6.1.1. Let X be a topological space. X is irreducible if it is not empty and
the following condition holds: if X = X; U Xy with X, X5 closed subsets of X, then either
X=X or X =X,.

Equivalently, passing to the complementar sets, X is irreducible if it is non empty and,
for all pair of non—empty open subsets U, V', we have U NV # ().

Note that, by definition, () is not irreducible.

Proposition 6.1.2. X is iwrreducible if and only if any non—empty open subset U of X 1is

dense in X.

Proof. Let X be irreducible, let P be a point of X and let Ip be an open neighbourhood of
P in X. Ip and U are non—empty and open, so Ip N U # 0, therefore P € U. This proves
that U = X.
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Conversely, assume that all open subsets are dense. Let U, V # () be open subsets. Let
P € U be a point. By assumption P € V = X, so VNU # () (U is an open neighbourhood
of P). O

Example 6.1.3. 1. If X = {P} is a unique point, then X is irreducible.

2. Let K be an infinite field. Then A' is irreducible, because proper closed subsets are
finite sets. The same holds for P!.

3. Let f: X =Y be a continuous map of topological spaces. If X 1is irreducible and f is
surjective, then 'Y s irreducible.

4. LetY C X, Y # 0, be a subset endowed with the induced topology. Then Y is
wrreducible if and only if the following holds: if Y C Z1 U Zsy, with Z1 and Zy closed in X,
then either Y C Zy or'Y C Z,; equivalently: if Y NU # 0, YNV # 0, with U, V open
subsets of X, then Y NU NV # (.

Proposition 6.1.4. Let X be a topological space, Y a subset of X. Y 1is irreducible if and

only if Y is irreducible.

Proof. Note first that if U C X is open and UNY = () then UNY = (). Otherwise, if
P cUnNY, let A be an open neighbourhood of P: then ANY # (). In particular, U is an
open neighbourhood of P so UNY # ().

Let Y be irreducible. If U and V are open subsets of X such that UNY # (), VNY # 0,
then UNY # 0 and VNY # B soYNUNV # 0 by the irreducibility of Y. Hence
YN(UNV)#0D. SoY is irreducible. If Y is irreducible, we get the irreducibility of Y in a

completely analogous way. O

Corollary 6.1.5. Let X be an irreducible topological space and let U be a non—empty open
subset of X. Then U is irreducible.

Proof. By Proposition 6.1.2 U = X, which is irreducible. By Proposition 6.1.4 U is irre-
ducible. 0

6.2 Irreducible algebraic varieties
For algebraic sets (both affine and projective) irreducibility can be expressed in a purely
algebraic way.

Proposition 6.2.1. Let X C A" (resp. P™) be an algebraic variety equipped with the Zariski
topology, i.e. the induced topology by the Zariski topology of the affine (or projective) space.
X is irreducible if and only if I(X) (resp. I(X)) is prime.
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Proof. Assume first that X is irreducible, X C A". Let F, G be polynomials in K|z,,...,z,]
such that FFG € I(X): then

V(F)UV(G) = V(FG) > V(I(X)) = X,

hence either X C V(F) or X C V(G). In the former case, if P € X then F(P) = 0, so
F € I(X), in the second case G € I(X); hence I(X) is prime.

Assume now that I(X) is prime. Let X = X; U X5 be the union of two closed subsets.
Then I(X) = I(X;) N I(X2) (see Lesson 4). Assume that X; # X, then [(X;) strictly
contains I(X), otherwise, if I(X) = I(X;), it would follow X; = V(I(X;)) =V ([ (X)) =X
because both are closed. So there exists F' € I(X;) such that F' ¢ I(X). But for every
G e I(X,y), FG € I(X;) N I(X5) = I(X), which is prime: since F' ¢ I(X), then G € I(X).
So I(X3) C I(X), and we conclude that 1(Xs) = I(X), so Xy = X.

If X C P, the proof is similar, taking into account the following Lemma.

Lemma 6.2.2. Let P C K|z, x,,...,x,] be a homogeneous ideal. Then P is prime if and
only if, for every pair of homogeneous polynomials F,G such that FG € P, either F' € P or
GeP.

Proof of the Lemma. Let H, K be any polynomials such that HK € P. Let H = Hy +
Hi+ -+ Hy, K=Ky+ K+ -+ K, (with H; # 0 # K.) be their expressions as sums
of homogeneous polynomials. Then HK = HyKy + (HoK; + H1Ky) + --- + HyK,: the
last product is the homogeneous component of degree d + ¢ of HK. P being homogeneous,
H K. € P; by assumption either H; € P or K, € P. In the former case, HK — HjK =
(H — Hy) K belongs to P while in the second one H(K — K.) € P. So in both cases we can
proceed by induction. 0

We list now some consequences of Proposition 6.2.1.

1. Let K be an infinite field. Then A™ and P™ are irreducible, because I(A") = I;,(P") =
(0)-

2. Let Y C P be closed. Y is irreducible if and only if its affine cone C(Y') is irreducible.

3. Let Y = V(F) C A", be a hypersurface over an algebraically closed field K. If F' is

irreducible, then Y is irreducible.

4. Let K be algebraically closed. There is a bijection between prime ideals of K[z, ..., z,]

and irreducible algebraic subsets of A™. In particular, the maximal ideals correspond to the
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points. Similarly, there is a bijection between homogeneous non-irrelevant prime ideals of

Klzo, 24, ..., z,] and irreducible algebraic subsets of P".

6.3 Irreducible components

Our next task is to prove that any algebraic variety can be written as a finite union of

irreducible varieties.

Definition 6.3.1. A topological space X is called noetherian if it satisfies the following
equivalent conditions:
(i) the ascending chain condition for open subsets;

(ii) the descending chain condition for closed subsets;
(iii) any non—empty set of open subsets of X has maximal elements;
(

iv) any non—empty set of closed subsets of X has minimal elements.

The proof of the equivalence is standard (compare with the properties defining noetherian

rings).

Example 6.3.2. A" is noetherian: if the following is a descending chain of closed subsets

of A"
YiDOYD---DY,D...,
then
IYy)cI(Yy)C---CI(Yy)C...
is an ascending chain of ideals of K|z, ..., x,], hence it is stationary from a suitable m on;

therefore V(I(Yy,)) =Y = V(I (Yint1)) = Y1 = - .

Similarly P™ is noetherian.

Proposition 6.3.3. Let X be a noetherian topological space and Y be a non—empty closed
subset of X. Then'Y can be written as a finite union Y =Y, U---UY, of irreducible closed
subsets. The mazximal Y;’s in the union are uniquely determined by Y and are called the

“trreducible components” of Y. They are the mazximal irreducible subsets of Y .

Proof. By contradiction. Let S be the set of the non—empty closed subsets of X which are
not a finite union of irreducible closed subsets: assume S # (). By noetherianity S has
minimal elements, fix one of them Z. Z is not irreducible, so Z = Z; U Zy, Z; # Z for
1=1,2. So Z1,Z5 ¢ S, hence Z, Zy are both finite unions of irreducible closed subsets, so

such is Z: a contradiction.
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Now assume that Y = Y, U---UY,, with Y¥; € Y; if ¢ # j and Y] irreducible closed
for all i. If there is another similar expression Y =Y/ U---UY{, Y/ € Y/ for i # j, then
Y/ CYTU.. Y, soY! = J_,(Y{ NY;), hence Y] C Y; for some 4, and we can assume
i = 1. Similarly, Y1 C Y}, for some j, so Y/ C Y1 C Y/, s0 j = 1 and ¥; = Y/. Now let
Z=Y -Y,=Y,U---UY,=Y]U---UY/ and proceed by induction. O

Corollary 6.3.4. Any algebraic variety in A™ (resp. in P") can be written in a unique way

as the finite union of its irreducible components.

Note that the irreducible components of X are its maximal irreducible algebraic subsets.
They correspond to the minimal prime ideals over I(X). Since I(X) is radical, these minimal

prime ideals coincide with the primary ideals appearing in the primary decomposition of
I(X).

6.4 Quasi—projective varieties

Often the irreducible closed subsets of A™ are called affine varieties, i.e., the term variety is

reserved to the irreducible ones. Similarly for the irreducible closed subsets of P".

Definition 6.4.1. A locally closed subset in P" is the intersection of an open and a closed
subset. An irreducible locally closed subset of P" is called a quasi—projective variety: it is

open in an irreducible closed subset Z of P", therefore it is dense in Z.

We conclude this chapter with the (non-trivial) proof of the irreducibility of the product

of irreducible affine varieties.

Proposition 6.4.2. Let X C A" and Y C A™ be irreducible affine varieties. Then X XY

is an irreducible subvariety of A",

Proof. Let X xY = Wy U W, with Wy, W closed. For any P € X, the map {P} xY — Y
which takes (P,Q) to @ is a homeomorphism, so {P} X Y is irreducible. {P} x Y =
Win({P} xY))uUWyn ({P} xY)), so di € {1,2} such that {P} x Y C W;. Let
Xi={PeX|{P}xY CW,},i=12 Notethat X = X, UX,.
Claim. X; is closed in X.

Let XY(Q)={P e X | (P,Q) e W;}, Q €Y. We have: (X x {Q})NW; = X{(Q) x {Q} ~
XQ); X x{Q} and W; are closed in X x Y, so X*(Q) x {Q} is closed in X x Y and also in
X x{Q}, so X'(Q) is closed in X. Note that X; = [,y X'(Q), hence X; is closed, which

proves the Claim.
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Since X is irreducible, X = X; U X5 implies that either X = X; or X = X5, so either
XxY =W or XxY =W, U

Exercises 6.4.3. 1. Let X # () be a topological space. Prove that X is irreducible if and

only if all non—empty open subsets of X are connected.

2. Prove that the cuspidal cubic Y C A% of equation x* — y* = 0 is irreducible. (Hint:

express Y as image of A! in a continuous map...)
3. Give an example of two irreducible subvarieties of P* whose intersection is reducible.

4. Find the irreducible components of the following algebraic sets over the complex field:
a) V(y' — 2% y' — 2%y? + ay® — 2%) C A%
b) V(y* — zz,2% — y®) C A3

5. Let Z be a topological space and let {U,}ne; be an open covering of Z such that
U, NUgs # 0 for o # B and that all U,’s are irreducible. Prove that Z is irreducible.
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Chapter 7

Dimension

7.1 Topological dimension

There are a few equivalent ways to give the definition of dimension for algebraic varieties.
In this section we will first see a topological definition, then an algebraic characterization.

In a later lesson, we will see a more geometrical interpretation.

Let X be a topological space.

Definition 7.1.1. The topological dimension of X is the supremum of the lengths of the
chains of distinct irreducible closed subsets of X, where by definiton the following chain has
length n:
XoCXiCXoC---CX,.
The topological dimension of X is denoted by dim X. It is also called combinatorial or

Krull dimension.
Example 7.1.2. 1. dim A = 1: the maximal length chains of irreducible closed subsets

all have the form {P} C Al.

2. dim A™: a chain of length n is
{0} =V(zy,...,x,) CV(xy,...,2y) C - CVi(x,) CA™
Note that V' (zy,...,z,) is irreducible for any ¢ < n, because the ideal (z;,..., z,) is
prime. Indeed K[x,,...,x,]|/{x:, ..., x;) ~ K|x,,,,...,x,], which is an integral domain.
Therefore we get that dim A™ > n. We will see shortly that proving equality is non

trivial. We note also that, from every chain of irreducible closed subsets of A", passing

to their ideals, we get a chain of the same length of prime ideals in K[x,,...,x,].
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3. Let X be irreducible. Then dim X = 0 if and only if X is the closure of every point of
it.
We prove now some useful relations between the dimensions of X and of its subspaces.

Proposition 7.1.3. 1. IfY C X is a subspace of the topological space X with the induced
topology, then dimY < dim X. In particular, if dim X is finite, then also dimY is

finite. In this case, the number dim X —dimY s called the codimension of Y in X.
2. If X =, Ui is an open covering, then dim X = sup;{dim U;}.

3. If X is noetherian and Xy,..., X are its irreducible components, then dim X =

sup,; dim Xj;.
4. If Y C X is closed, X is irreducible, dim X is finite and dim X = dim Y, then Y = X.

Proof. 1. Let Yy C Y] C --- C Y, be a chain of irreducible closed subsets of Y. Then taking
closures we get the following chain of irreducible closed subsets of X: YoCY,C---CY,.
Note that, for any index i, ¥; N Y = Y, because Y; is closed into Y, so if Y; = Y 4,
then Y; = Y;,1. Therefore the two chains have the same length and we can conclude that
dimY < dim X.

2. Let Xy € X; C --- C X, be a chain of irreducible closed subsets of X. Let P € X,
be a point: there exists an index ¢ € I such that P € U;. SoVk =0,...,n X, NU; # 0:
it is an irreducible closed subset of U;, irreducible because open in X, which is irreducible.
Consider

XonU;,cXinNnU; C---C X,NU;;

it is a chain of length n, because X, NU; = X,,: in fact X, NU; is open in X}, hence dense.
Therefore, for any chain of irreducible closed subsets of X, there exists a chain of the same
length of irreducible closed subsets of some U;. So dim X < supdimU;. By 1., equality
holds.

3. Any chain of irreducible closed subsets of X is completely contained in an irreducible
component of X. The conclusion follows as in 2.

4. It Yy CY, C--- CY, is a chain of irreducible closed subsets of Y of maximal length,
then it is also a maximal length chain in X, because dim X = dim Y. Hence X =Y,,, because
X is irreducible, and we conclude that X C Y. 0

Corollary 7.1.4. dimP" = dim A".
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Proof. The equality follows from P" = Uy U - --UU,, and the homeomorphism of U; with A"
for all 7. 0

If X is noetherian and all its irreducible components have the same dimension r, then
X is said to have pure dimension r. Note that the topological dimension is invariant by
homeomorphism. By definition, a curve is an algebraic set of pure dimension 1; a surface is

an algebraic set of pure dimension 2.

7.2 Dimension of algebraic varieties

We want to study the dimensions of affine algebraic sets. The following definition results to

be very important.

Definition 7.2.1. Let X C A" be an algebraic set. The coordinate ring of X is
K[X| = Klz,,...,z,]/1(X).

It is a finitely generated reduced K—algebra, i.e. there are no non—zero nilpotents, because
I(X) is radical (see Exercise 3, Chapter 3).

There is the canonical epimorphism Klz,,...,z,] — K[X] such that F — [F]|. The
elements of K[X]| can be interpreted as polynomial functions on X: to a polynomial F, we
can associate the function f: X — K such that P(a,,...,a,) = F(a,,...,a,).

Two polynomials F', G define the same function on X if, and only if, F(P) = G(P) for
every point P € X, ie. if F — G € I(X), which means exactly that F' and G have the same
image in K[X].

K[X] is generated as K-algebra by [z,],...,[z,]: they can be interpreted as coordinate
functions on X. We will denote them by t,,...,t,. In fact ¢, : X — K is the function which
associates to P(ay,...,a,) the coordinate a,. Note that the function f can be interpreted as

F(t,,...,t,): the polynomial F evaluated at the n— tuple of the coordinate functions.
In the projective space we can do an analogous construction. If Y C P" is closed, then

by definition the homogeneous coordinate ring of Y is
S(Y) := Klxg, 2y, ..., 2,/ I,(Y).

Also S(Y) is a finitely generated reduced K—algebra, but its elements cannot be interpreted
as functions on Y. They are functions on the cone C'(Y').

We note that, from the fact that I;(Y") is homogeneous it follows that also S(Y) is a
graded ring, with the graduation induced by the polynomial ring. Indeed, if F — G € I,,(Y),
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and FF = Fy+ ...+ F;, G = Gg+ ... + G, are their decompositions in homogeneous
components then it follows that Fy — Gy € I,(Y), F1 — Gy € I,(Y), and so on. Therefore
S(Y) = Ba>05(Y)a, where S(Y'), is the subgroup of the classes of homogeneous polynomials
of degree d.

Definition 7.2.2. Let R be aring. The Krull dimension of R is the supremum of the lengths
of the chains of prime ideals of R

PoCcPrC---CP,.
Similarly, the heigth of a prime ideal P is the sup of the lengths of the chains of prime ideals
contained in P: it is denoted htP.
Proposition 7.2.3. Let K be an algebraically closed field. Let X be an affine algebraic set
contained in A". Then dim X = dim K[X]. In particular dim A" = dim Kz, ..., z,].

Proof. By the Nullstellensatz and its Corollary 3.2.9 the chains of irreducible closed subsets
of X correspond bijectively to the chains of prime ideals of K|z, ..., x,| containing I(X), and

therefore also to the chains of prime ideals of the quotient ring K[X] = Klz,,...,z,]/1(X).
U

The dimension theory for commutative rings contains some important theorems about
the dimension of K-algebras. The following theorem states the basic properties in the case

of integral domains and the algebraic characterization of dimension for affine varieties.

Theorem 7.2.4. Let K be any field. Let A be a finitely generated K —algebra and an integral

domain.

1. dim A = tr.d.Q(A)/K, where Q(A) is the quotient field of A. In particular dim A is
finite.

2. Let P C A be any prime ideal. Then dim A = htP + dim A/P.

Proof. We postpone the proof to next chapter. It relies on the Normalization Lemma and on
the Cohen-Seidenberg theorems about the structure of prime ideals for integral extensions
of K-algebras. 0

Corollary 7.2.5. Let K be an algebraically closed field.
1. dim A" = dimP" = n.

2. If X is an irreducible affine variety, then dim X = tr.d. K(X)/K, where K(X) denotes
the quotient field of K[X].
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3. If X C A™ is an irreducible affine variety, then dim X = n — htI(X).
Proof. 1. dim K|x,,...,z,| =trd.K(zy,...,2,)/K =n.

2. follows immediately from Theorem 7.2.4, 1.
3. is Theorem 7.2.4, 2, applied to the case A = K[xz,,...,z,] and P = [(X). O

Note that the homogeneous coordinate ring of P" is K|[xy,...,x,], whose dimension is
n + 1, strictly bigger than the dimension of P". Similarly, if Y is a projective algebraic
variety, then dim S(Y') = dim C'(Y"), the affine cone over Y.

Corollary 7.2.5 tells us how to compute the dimension of an affine irreducible variety over
an algebraically closed field K. If X is a reducible affine variety, and X = X; U---U X, is
its decomposition as union of irreducible components, then dim X is the maximum of the

dimensions dim Xj;.

The following is the characterization of the algebraic varieties of codimension 1 in A™.

Proposition 7.2.6. Let X C A" be an affine variety over an algebraically closed field. Then

X is a hypersurface if and only if X is of pure dimension n — 1.

Proof. Let X C A™ be a hypersurface, with I(X) = (F) = (Fy...Fy), where Fi,..., F
are the (distinct) irreducible factors of F' all of multiplicity one. Then X = V(F,...F;) =
V(Fy)U...UV(Fy); therefore V(F}),..., V(Fy) are the irreducible components of X, whose
ideals are (F}), ..., (Fs). So it is enough to prove that ht(F;) = 1, fori = 1,...,s.

If P C (F;) is a prime ideal, then either P = (0) or there exists G € P, G # 0. In
the second case, let A be an irreducible factor of G belonging to P: A € (F;) so A = HF;.
Since A is irreducible, either H or Fj is invertible; F; is irreducible, so H is invertible, hence
(A) = (F;) C P. Therefore either P = (0) or P = (F;), and ht(F;) = 1.

Conversely, assume that X is irreducible of dimension n — 1. Since X # A", there
exists F' € I(X), F' # 0, with irreducible factorization F' = Fj ... Fs. Hence X C V(F) =
V(F1)U...UV(F;). By the irreducibility of X, X C V/(F}), which is irreducible of dimension
n — 1, by the first part. So X = V(F;) (by Proposition 7.1.3, 4). O

This proposition does not generalise to higher codimension. There exist codimension 2
algebraic subsets of A" whose ideal is not generated by two polynomials. An example in A®
is the curve X parametrised by (¢3,¢4,¢°). It is possible to show that a system of generators

2 — 2%y. One can easily show

of I(X) is formed by the three polynomials 2% — yz,y* — 2z, 2
that I(X) cannot be generated by two polynomials. For a proof and a discussion of this
example, and more generally of the ideals of the curves admitting a parametrization of the

form z = t" y =t"2, 2 = t"3 see [], Chapter V.
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Proposition 7.2.7. Let X C A}, Y C A} be irreducible closed subsets, over an algebraically
closed field K. Then dim X XY =dim X +dimY.

Proof. Let r = dim X, s = dimY; let ¢,,...,t, (resp. u,,...,u,,) be coordinate functions
on A" (resp. A™). We can assume that ¢,,...,t, is a transcendence basis of Q(K[X]) and
Uy, ..., u, a transcendence basis of Q(K[Y]). By definition, K[X x Y] is generated as K—
algebra by t,,...,t,, u,,...,u,: we want to show that ¢,,...,t., u,,...,u, is a transcendence
basis of Q(K[X x Y]) over K. Assume that F(x,,...,2,,¥,...,¥,) is a polynomial which
vanishes on t,,...,t,., u,,...,u,, i.e. F' defines the zero function on X x Y. Then, V P € X,
F(P;y,...,y,)iszeroon Y ie. F(P;u,,...,u,) =0. Since u,, ..., u, are algebraically inde-
pendent, every coefficient a;(P) of F(P;y,,...,y,) is zero, V P € X. Since t,,...,t, are alge-
braically independent, the polynomials a;(xy, . .., z,) are zero, so F(xy, ..., z,, 4, ...,y,) = 0.
Soty,...,t., uy,...,u, are algebraically independent. Since this is certainly a maximal alge-

braically free set, it is a transcendence basis. 0

Exercises 7.2.8. 1. Prove that a proper closed subset of an irreducible curve is a finite

set. Deduce that any bijection between irreducible curves is a homeomorphism.

2. Let X C A? be the cuspidal cubic of equation: ® —y? = 0, let K[X] be its coordinate
ring. Prove that all elements of K[X] can be written in a unique way in the form
f(x) + yg(x), where f,g are polynomials in the variable z. Deduce that K[X] is not

isomorphic to a polynomial ring.
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