Exercises 4

key words: Topological vector spaces with a topology defined by a countable
number of seminorms, spaces C™(€2), C*°(€2). Inductive limit topology, spaces
Ci(Q), C5°(€2). Convolution. Mollifiers.

1) (Borel’s theorem) Let (ay,), be a sequence in R. Let ¢ € D(] — 2,2[) such
that ¢(x) =1 for |z| < 1.

e Show that there exists a sequence (A;)r in R such that, if we set

ag

fr(z) = Em"g@(/\w),

then

Sup\f;gj)(fv)\ <27% forall0<j<k-—1.
xeR

e Deduce that the series ), fx(x) defines a function f(z) € C*° such that,
for all 7, f)(0) = aj.

2) Let ©2 be an open set in R™. Let m and k be two positive integers, with £ > m.
Let P(x,0:) = 3_|4/=m @a(®)0; be a differential operator with as € S (o))

e Prove that P(z,d,) is continuous from C*(Q) to C*~™(Q).

3) Show that there exists no function § € CJ(R) such that ¢ * f = f for all
f € CI(R).
4) Let ¢ € D(R™), h € R™\ {0}. For all n € N, we set
h
pn(z) = n(p(z + ) = p(z)).

e Prove that (¢, ), converges, in the sense of D, to a function to be deter-
mined.

5) (Poincaré inequality) Let ¢ € D(R™), Q an open bounded set in R".

e Prove that, for i =1,2,...,n,
| let@Pde==2 [ wip@)npla)da.

e Prove that there exist C' > 0 such that, for all ¢ € D(Q),
/ ()2 dz < CZ/ 10,0 ()[? d.
Q oy 40

6) Costruct a sequence (¢k)x in D(R) such that
e for each point z € R, the sum ), ¢i(z) is a finite sum;

e for each point z € R, Y, pr(z) = 1.



6) Costruct a sequence () in D(R) such that

9
e for each point = € R, the sum ), pr(x) is a finite sum; O L_{ / X/)I/O
e for each point z € R, ), ¢i(x) = 1. 96(): {
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4) Let ¢ € D(R"), h € B™\ {0}. For all n € N, we set ]Kctaf‘qjﬁ - Lv\f’, ( yjj

T e S L
g e Y et O ST
Kﬁ ¥ K compact st
Yu, w6 < <
md Y, — W (W&Lyé%’)
mﬁmv
ad qd‘ﬂ,l — PD\P

wM .

a) VM} kﬁ‘ (&)= /u.( \f(x+ %’) - LF(}())
Y, e ACR™)

A 1D
N el el B
o AD

M(f@*%}—f(x«}) = {(xa) -

Lo (P +‘Z%) - ‘(’(1()) = Q\‘F(GA

MR

W_\K“&" Rus 1% a uwdf,w R el
i (o 108wt

MO\ xe R, —
&W(@) nelle B, € [ Xt
-
ol s | K-t = o
3

B TN >«+9/|,L]

" /Q/\
Z HLFI(VQ“\,_\—

= 1™



3) Show that there exists no function § € CJ(R) such that § * f = f for all
f e AR).
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