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Parameter Synthesis



Problem
Given a model, depending on a set of parameters 𝜃 ∈ Θ, and a specification 𝜙

(STL formula), find the parameter combination θ s.t. the system satisfies φ as 
more as possible

Solution Strategy
• rephrase it as a optimisation problem (maximizing 𝜌) 
• evaluate the function to optimise
• solve the optimisation problem 

Parameter Synthesis
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Parametric Chemical Reaction Network (PCRN)

Population CTMC models, i.e. CTMC models in the biochemical reactions style. 

𝑛
𝐗 = (𝑋!! , … , 𝑋!") ∈ ℕ,

𝑓(𝑿, 𝜽).
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Example: SIR epidemic model

State vector: 
Vector of parameters:

infection:                    
recover:          
loss of immunity:

susceptible

recoveredinfected

𝑆 + 𝐼 → 2𝐼 𝑓"(𝑿, 𝜽) = 𝑘"𝑋!𝑋#

𝜽 = (𝑘" , 𝑘$ , 𝑘%)

𝐼 → 𝑅
𝑅 → 𝑆

𝐗 = (𝑋!, 𝑋# , 𝑋&)

𝑓$(𝑿, 𝜽) = 𝑘$𝑋#
𝑓%(𝑿, 𝜽) = 𝑘%𝑋&

ℳ𝜽
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Example: SIRS epidemic model



Stochastic Semantics

𝑃(𝜑) = ℙ{𝐼!(𝑋) = 1}:= 𝑃{𝑥⃗ ∈ 𝑃𝑎𝑡ℎℳ|𝒳(𝑥⃗, 0, 𝜑) = 1}

ℙ{𝑅!(𝑋) ∈ [𝑎, 𝑏]}: = 𝑃{𝑥⃗ ∈ 𝑃𝑎𝑡ℎℳ|𝜌(𝑥⃗, 0, 𝜑) ∈ [𝑎, 𝑏]}



Statistical Model Checking (SMC)
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Parameter Synthesis via Robustness Maximisation 

Robustness Distribution                                                                            

Indicators 
• (the average robustness degree)
• and                                    (the conditional averages) 10



Problem
Find the parameter configuration that maximizes E[Rφ](θ), of which we 

have few costly and noisy evaluations. 

Methodology

1. Sample {(θ(i),y(i)), i = 1,...,n}

2. Emulate (GP Regression): E[Rφ] ∼ GP(μ,k)

3. Optimize the emulation via GP-UCB algorithm, new θ(n+1) 

Parameter Synthesis
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Gaussian Process Regression

Under Gaussian noise                           
predictions have an analytic expression.

Gaussian Processes can be used for Bayesian prediction and classification tasks. 

Idea: put a GP prior on functions; condition on observed data (training set) (𝑥!, 𝑦!); 
we compute a posterior distribution on functions; make predictions. 

Latent function: 𝑓 , GP ;  Noise model: 𝑝(𝑦#|𝑓(𝑥#))

Prediction (latent function 𝑓∗ at 𝑥∗)



(1) Sample
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Collection of the training set {(θ(i),y(i)), i = 1,...,m} for parameters values θ. 



(2) The GP Regression
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We have noisy observations y of the function value distributed around 
an unknown true value f (θ) with spherical Gaussian noise 
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(2) The GP Regression
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We have noisy observations y of the function value distributed around 
an unknown true value f (θ) with spherical Gaussian noise 
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(3) The GP-UCB Algorithm

16

Balance Exploration and Exploitation: we maximise the 95% upper 

quantile of the distribution:
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Balance Exploration and Exploitation: we maximise the 95% upper 

quantile of the distribution:
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