Chapter 16

The tangent space and the notion of

smoothness

We will always assume K algebraically closed. In this chapter we follow the approach of
Safarevic [S]. We define the tangent space T’ x,p at a point P of an affine variety X C A" as
the union of the lines passing through P and “touching” X at P. It results to be an affine
subspace of A". Then we will find a “local” characterization of T’x p, this time interpreted
as a vector space, the direction of T'x p, only depending on the local ring Ox p: this will

allow to define the tangent space at a point of any quasi—projective variety.

16.1 Tangent space to an affine variety

Assume first that X C A" is closed and P = O = (0,...,0). Let L be a line through P: if
A(ay, ..., ay) is another point of L, then a general point of L has coordinates (tai, ..., ta,),
te K. If I(X) = (Fy,..., F,), then the intersection X N L is determined by the following

system of equations in the indeterminate ¢:
Fi(tay,... ta,) =+ = Fy,(tay, ..., ta,) = 0.

The solutions of this system of equations are the roots of the greatest common divisor G(t) of
the polynomials Fi(taq,...,ta,),..., Fyu(tay, ... ta,) in K|t], i.e. the generator of the ideal
they generate. We may factorize G(t) as G(t) = ct°(t — ay)® ... (t — a5)®, where ¢ € K,
at,...,as # 0, e eq, ..., es are non-negative, and e > 0 if and only if P € X N L. The
number e is by definition the intersection multiplicity at P of X and L. If G(¢) is
identically zero, then L C X and the intersection multiplicity is, by definition, +ooc.
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Note that the polynomial G(t) doesn’t depend on the choice of the generators Fi, ..., F,,
of I(X), but only on the ideal I(X) and on L.

Definition 16.1.1. The line L is tangent to the variety X at P if the intersection
multiplicity of L and X at P is at least 2 (in particular, if L C X). The tangent space to
X at P is the union of the lines that are tangent to X at P; it is denoted Tp x.

We will see now that Tp x is an affine subspace of A". Assume that P € X: then the
polynomials F; may be written in the form F; = L; + G;, where L; is a homogeneous linear

polynomial (possibly zero) and G; contains only terms of degree > 2. Then
Fi(tay, ... ta,) =tLi(ay, ..., a,) + Gi(tay, ..., ta,),

where the last term is divisible by 2. Let L be the line OA, with A = (ay,...,a,). We note
that the intersection multiplicity of X and L at P is the maximal power of ¢ dividing the
greatest common divisor, so L is tangent to X at P if and only if L;(ay,...,a,) = 0 for all
1=1,...,m.

Therefore the point A belongs to T x if and only if
Li(ay,...,an) == Ly(a,...,a,) =0.

This shows that T x is a linear subspace of A", whose equations are the linear components

of the equations defining X.

Example 16.1.2. (i) Tp an = A", because I(A™) = (0).

(ii) If X is a hypersurface, with I(X) = (F'), we write as above F' = L + G; then
To,x = V(L): so Tp x is either a hyperplane if L # 0, or the whole space A™ if L = 0. For
instance, if X is the affine plane cuspidal cubic V(z® — y*) C A?, Tp x = A%

Assume now that P € X has coordinates (y1,...,y,). With an affine transformation
we may translate P to the origin (0,...,0), taking as new coordinates functions on A"
X1 — Y1, .., Ty — Yo This corresponds to considering the K-isomorphism K|z, ..., z,] —

Klx1 —y1, ..., %, — yn), which takes a polynomial F(xq,...,x,) to its Taylor expansion
G(xy— Y1,y Ty — Yn) :F(yl,...,yn)+dpF—|—d§32)F—|—...,

where dg)F denotes the i*" differential of F' at P: it is a homogeneous polynomial of degree

¢ in the variables x; — y1, ..., %, — y,. In particular the linear term is
oF oF

dpF = —(P — P)(z, — yn).

PF = G (P)ar = y) o+ 5 (P)(wn = )
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We get that, if [(X) = (F1,..., Fy), then Tp x is the affine subspace of A™ defined by the
equations
dpFlz"':dme:O.

The affine space A", which may identified with K™, can be given a natural structure of
K-vector space with origin P, so in a natural way Tpx is a vector subspace (with origin
P). The functions x; — y1,...,x, — y, form a basis of the dual space (K™)* and their
restrictions generate 7% y. Note moreover that dim7Tpx = dimTpy = k if and only if
n — k is the maximal number of polynomials linearly independent among dpF,...,dpF,,.
If dpFi,...,dpF,_} are these polynomials, then they form a basis of the orthogonal T;l,,x of

the vector space Tpx in (K™)*, because they vanish on Tp x.

16.2 Zariski tangent space

Let us define now the differential of a regular function. Let f € O(X) be a regular function
on X. We want to define the differential of f at P. Since X is closed in A", f is induced
by a polynomial F' € Klx,,...,x,] as well as by all polynomials of the form F + G with
G € I(X). Fix P € X: then dp(F+G) = dpF +dpG so the differentials of two polynomials
inducing the same function f on X differ by the term dpG with G € I(X). By definition,
dpG' is zero along T'p x, so we may define d, f as a regular function on Tp x, the differential
of f at P: it is the function on Tp x induced by dpF'. Since dpF' is a linear combination of

T1— Y1, ..., Ty — Yn, dpf can also be seen as an element of T .

There is a natural map d, : O(X) — T}p x, which sends f to d,f. Because of the rules
of derivation, it is clear that dp(f + g) = dpf + dpg and dp(fg) = f(P)dpg + g(P)dpf. In
particular, if ¢ € K, d,(cf) = cdpf. So d, is a linear map of K-vector spaces. We denote
again by dp the restriction of dp to Ix(P), the maximal ideal of the regular functions on X
which are zero at P. Since clearly f = f(P)+ (f — f(P)) then dpf = dp(f — f(P)), so this
restriction doesn’t modify the image of the map.

Proposition 16.2.1. The map dp : Ix(P) — Tpx is surjective and its kernel is Ix(P)?.

Therefore T, x ~ Ix(P)/Ix(P)* as K-vector spaces.

Proof. Let ¢ € Tp  be a linear form on Tpx. ¢ is the restriction of a linear form on K™:
My —y1) + oo+ A(®n — yn), with Aq,... A, € K. Let G be the polynomial of degree 1
M(z1—11)+ ...+ A2y — yn): the function g induced by G on X is zero at P and coincides

with its own differential, so ¢ = dpg and dp is surjective.
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Let now g € Ix(P) such that d,g = 0, g induced by a polynomial G. Note that dpG may
be interpreted as a linear form on K™ which vanishes on Tp x, hence as an element of Tﬁ x-
So dpG = c1dpFy + ... + cpdpFyy, (C1, - . ., ¢ suitable elements of K). Let us consider the

polynomial G —ci1 Fy — ... — ¢, F,,: since its differential at P is zero, it doesn’t have any term
of degree 0 or 1in o1 — i, ..., T, — Yn, 0 it belongs to I(P)2. Since G — c1Fy — ... — ¢, Fyy,
defines the function g on X, we conclude that g € Ix(P). O

Corollary 16.2.2. The tangent space Tpx is isomorphic to (Ix(P)/Ix(P)?)* as an abstract

K -vector space.

Corollary 16.2.3. Let ¢ : X — Y be an isomorphism of affine varieties and P € X,
Q = ¢(P). Then the tangent spaces Tpx and Ty are isomorphic.

Proof. ¢ induces the comorphism ¢* : O(Y) — O(X), which results to be an isomorphism
such that *Iy(Q) = Ix(P) and ¢*Iy(Q)? = Ix(P)?. So there is an induced homomorphism

Iv(Q)/Iy(Q)* — Ix(P)/Ix(P)*.

which is an isomorphism of K-vector spaces. By dualizing we get the claim. 0

The above map from Tp x to Ty y is called the differential of ¢ at P and is denoted by
dpp.

Now we would like to find a “more local” characterization of T’ x. To this end we consider
the local ring of P in X: Opx. We recall the natural map O(X) — Opx = O(X)(p), the
last one being the localization. It is natural to extend the map dp : O(X) — T}y to Opx
setting

i (L) = 9PYe] — J(P)irg.

g9(P)?
As in the proof of Proposition 16.2.1 one proves that the map dp : Opx — Tp x induces
an isomorphism Mp x/ M% x = Tj§7 x, Wwhere Mp x is the maximal ideal of Opx. So by
duality we have: Tpx ~ (Mpx/Mpy)*. This proves that the tangent space Tpx is a local
tnvariant of P in X.

Definition 16.2.4. Let X be any quasi-projective variety, P € X. The Zariski tangent
space of X at P is the vector space (Mpx /M3 )"

It is an abstract vector space, but if X C A™ is closed, taking the dual of the comorphism
associated to the inclusion morphism X < A", we have an embedding of Tp x into Tpgn =
A" It X C P" and P € U; = A", then Tpx C U;: its projective closure Tp x is called the
embedded tangent space to X at P.
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16.3 Smoothness

As we have seen the tangent space Tpx is invariant by isomorphism. In particular its
dimension is invariant. If X C A" is closed, I(X) = (F1,..., F,), then dimTpxy =n — 1,
where 7 is the dimension of the K-vector space generated by {dpFi, ..., d,F,}.

Since dpF; = gf;’ (P)(x1—vy1)+...+ %(P)(xn —Yn), r is the rank of the following m x n

matrix, the Jacobian matriz of X at P:

ghp) ... sB5(p)
J(P) = .
&n(p) ... Z=(p)

The generic Jacobian matriz of X is instead the following matrix with entries in O(X)

(the entries are the functions on X induced by the partial derivatives of the polynomials F;):

aft ofr
o0x1 Tt Oz
J = e e
O fm Ofm
Ox1 e Oxn

The rank of J is p when all minors of order p 4+ 1 are functions identically zero on X,
while at least one minor of order p is different from zero at some point. Hence, for all P € X
tk J(P) < p, and rk J(P) < p if and only if all minors of order p of J vanish at P. It
is then clear that there is a non-empty open subset of X where dim 7 x is minimal, equal
to n — p, and a proper (possibly empty) closed subset formed by the points P such that
dimTpx > n — p.

Definition 16.3.1. The points of an irreducible variety X for which dim7px = n — p (the
minimal) are called smooth or non-singular (or simple) points of X. The remaining points

are called singular (or multiple). X is a smooth variety if all its points are smooth.
If X is quasi-projective, the same argument may be repeated for any affine open subset.

Example 16.3.2. Let X C A" be the irreducible hypersurface V(F'), with F' ireducible
generator of I(X). Then J = (g_:i"'gTF> is a row matrix. Sork J = 0 or 1. If rk

J = 0, then g—z = 0 in O(X) for all 7. So g_:i € I(X) = (F). Since the degree of g—i is
< deg F' — 1, it follows that g—i = 0 in the polynomial ring. If the characteristic of K is
zero this means that F' is constant: a contradiction. If char K = p, then F' € K[z, ..., zP];
since K is algebraically closed, then all coefficients of F' are p-th powers, so F' = GP for a

suitable polynomial G; but again this is impossible because F' is irreducible. So always rk
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J =1 = p. Hence for P general in X, i.e. for P varying in a suitable non-empty open subset
of X, dim7Tpx = n — 1. For some particular points, the singular points of X, we can have

dim TP,X =n, 1.e. TP,X = A",

So in the case of a hypersurface dim7p x > dim X for every point P in X, and equality
holds in the points of the smooth locus of X. The general case can be reduced to the case

of hypersurfaces in view of the following theorem.

Theorem 16.3.3. Fvery quasi-projective irreducible variety X is birational to a hypersurface

i some affine space.

Proof. We observe that we can reduce the proof to the case in which X is affine, closed in A™.
Let m = dim X. We have to prove that the field of rational functions K (X) is isomorphic
to a field of the form K(t1,...,tn11), where ¢y, ..., t,,41 satisfy only one non-trivial relation
F(t1,...,tme1) = 0, where F' is an irreducible polynomial with coefficients in K. This will
follow from the “Abel’s primitive element Theorem” 16.3.5 concerning extensions of fields.
To state it, we need some preliminaries.

Let K C L be an extension of fields. Let a € L be algebraic over K, and let f, € K|x]
be its minimal polynomial: it is irreducible and monic. Let E be the splitting field of f,,.

Definition 16.3.4. An element a, algebraic over K, is separable if f, does not have any
multiple root in F, i.e. if f, and its derivative f/ don’t have any common factor of positive
degree. Otherwise a is inseparable. If K C L is an algebraic extension of fields, it is called

separable if any element of L is separable.

In view of the fact that f, is irreducible in K [z], and that the GCD of two polynomials is
independent of the field where one considers the coefficients, if a is inseparable, then f! is the
zero polynomial. If char K = 0, this implies that f, is constant, which is a contradiction. So
in characteristic 0, any algebraic extension is separable. If char K = p > 0, then f, € K[2?],
and f, is called an inseparable polynomial. In particular algebraic inseparable elements can

exist only in positive characteristic.

Theorem 16.3.5 (Abel’s primitive element Theorem.). Let K C L = K(y1,...,Ym) be an
algebraic finite extension. If L is a separable extension, then there exists o € L, called a

primitive element of L, such that L = K(«) is a simple extension.

For a proof, see for instance [I], or any textbook on Galois theory.

To prove Theorem 16.3.3 we need also a second ingredient, that I state here without
proof.
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Theorem 16.3.6 (Existence of separating transcendence bases). Let K be an algebraically
closed field and E D K a finitely generated field extension of K with tr.d.E/K = m. Then

any set of generators of E over K contains a transcendence basis {x1, ..., T} such that E
is a separable algebraic extension of K(x1,...,Tpm).
Proof. See for instance [Z5]. O

Proof of Theorem 16.3.3. The field of rational functions of X is of the form K (X) = Q(K[X])
K(ty,...,t,), where ty, ..., t, are the coordinate functions on X and tr.d. K(X)/K = m. By
Theorem 16.3.6, possibly after renumbering them, we can assume that the first m coordi-
nate functions ti,...,t, are algebraically independent over K, and K(X) is an separable
algebraic extension of L := K (t1,...,ty). So in our situation we can apply Theorem 16.3.5:
there exists a primitive element a such that K(X) = L(a) = K(t;...,tm,a). Therefore
there exists an irreducible polynomial f € L[z]| such that K(X) = L[z|/(f). Multiplying
f by a suitable element of K[ty ...,t,], invertible in L, we can eliminate the denominator
of f and replace f by a polynomial g € K[ty,...,t,, 2] C Ljz]. Now K[t1,... ,tm,z]/(g) is
contained in L[z]|/(g) = K(X), and its quotient field is again K (X). But K[t ..., tm, x]/(9)
is the coordinate ring of the hypersurface Y € A™! of equation g = 0. It is clear that X
and Y are birationally equivalent, because they have the same field of rational functions.

This concludes the proof. O

One can show that the coordinate functions on Y, ¢1,...,%,,41, can be chosen to be linear
combinations of the original coordinate functions on X: this means that Y is obtained as a

suitable birational projection of X.

Theorem 16.3.7. The dimension of the tangent space at a non-singular point of an irre-

ducible variety X is equal to dim X.

Proof. 1t is enough to prove the claim under the assumption that X is affine. Let Y be an
affine hypersurface birational to X (which exists by the previous theorem) and ¢ : X --» Y
be a birational map. There exist open non-empty subsets U C X and V C Y such that
¢ : U — V is an isomorphism. The set of smooth points of Y is an open subset W of Y
such that W NV is non-empty and dim7py = dimY = dim X for all P € W NV. But
e '(WNV) CU is open non-empty and dimTg x = dim X for all Q € o= (W N V). This

proves the theorem. O

We will denote by X, the closed set, possibly empty, of singular points of X, and by

Xgm the smooth locus of X, i.e. the open non empty subset of its smooth points.
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Corollary 16.3.8. The singular points of an affine variety X closed in A™ with dim X = m,
are the points P of X where the Jacobian matriz J(P) has rank strictly less than n — m.

To find the singular points of a projective variety, it is useful to remember the following

Euler relation for homogeneous polynomials.

Proposition 16.3.9 (Euler’s formula). Let F(xy,...,z,) be a homogeneous polynomial of
degree d. Then dF = xoF,, + -+ + x,F,,, where, for every i = 0,...,n, F,, denotes the

(formal) partial derivative of F with respect to x;.

Proof. Since d = degF, we have F(tzo,...,tx,) = t*F(xg,...,x,). To get the desired

formula it is enough to derive with respect to ¢ and then put ¢t = 1. 0]
Let now X C P" be a hypersurface with I,(X) = (F(xo,...,z,)), degF = d.

Proposition 16.3.10. Let K be a field of characteristic p; assume that p =0 or d does not
divide p. Then the singular points of X are the common zeros of the partial derivatives of
F, 1.€. Xsing = VP(Fxm ce ;Fxn>

Proof. We denote by f(x1,...,z,) the dehomogenized *°F = F(1,zy,...,x,) of F with
respect to xyg. We observe that, for i = 1,...,n, “(F,,) = f.,, and that *F,, = df — x1fs, —
-+« —pfr,, in view of Proposition 16.3.9. So, if P € Uy, f(P) = f,(P)=---= f.,(P) =0
if and only if F,,(P)=---=F,, (P)=0. O

Therefore, to look for the singular points of an affine hypersurface X, one has to consider
the system of equations defined by the equation of X and its partial derivatives, whereas
in the projective case it is enough to consider the system of the partial derivatives, be-
cause Euler’s relation garantees that by consequence also the equation of the hypersurface
is satisfied.

For an affine variety X of higher codimension n — m, one has to impose the vanishing
of the equations of X and of the minors of order n — m of the Jacobian matrix. In the
projective case, using again Euler’s relation, one can check that the singular points are
those that annihilate the homogeneous polynomials Fi,..., F,. generating [,(X) and also

the minors of order n — m of the homogeneous r x (n + 1) Jacobian matrix (OF;/0x;);.

Euler formula is useful also to write the equations of the embedded tangent space Tp x
to a projective variety X at a point P. Assume first that X C P™ is a hypersurface Vp(F),
F € K|xyg,...,x,]. Assume that P € Uy, and use non-homogeneous coordinates u; = ;/xg
on Uy, so that X N Uy is the zero locus of °F = F(1,uy,...,u,) = f(u,...,u,). If P
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has non-homogeneous coordinates aq, ..., a,, the affine tangent space Tp xny, has equation

Yoy gj (P)(u; — a;) = 0. By definition Tp x is its projective closure, so it is

"~ OF
Tpx = {[zo...,Tn] | Z%(l,al,...,an)(:ﬁi—aixo) =0}.
i=1 ’

From Euler formula, using that F(1,a4,...,a,) = 0, we get that

" OF oF
2 a_xl<1’ ap,... 7an)(_aix0) = a—%(l, ai,... ,an)xo.

We conclude that Tp x is defined by the equation Y., g—fi(P)xi = 0.

If X is the projective variety with ideal I;,(X) = (F7, ..., F,), then, repeating the previous
argument, we get that its tangent space is defined by the linear polynomials ), g—i’:(P)xi,
fork=1,...,r.

We note that the affine tangent space, when X is affine, or the embedded tangent space,
when X is projective, to X at P is the intersection of the tangent spaces to the hypersurfaces

containing X.

Now we would like to study a variety X in a neighbourhood of a smooth point. We
have seen that P is smooth for X if and only if dim7px = dim X. Assume X affine: in
this case the local ring of P in X is Opx ~ O(X),(p). But by Theorem 7.2.4, we have:
dim Opx = htMpx = htlx(P) = dim O(X) = dim X and dim Tpx = dimx Mpx/ M7 x.
Therefore P is smooth if and only if

dimp MP,X/M?{X =dimOpx

(the first one is a dimension as K-vector space, the second one is a Krull dimension). By
Nakayama’s Lemma (Theorem 14.3.1) a basis of Mpx /M3 y corresponds bijectively to a
minimal system of generators of the ideal Mp x. Indeed, since the residue field of Op x is
isomorphic to K, we can interpret any scalar in K as an element [a|r,, € Opx/Mpx,
and the product giving the structure of K-vector space to Mp x/ M2P7  operates as follows:
[a] mp x [m]M%X = [am]M%X (the definition is well posed). Now, given elements fi,..., f. €
Mpx, we call @ = (f1,..., f-) the ideal they generate. We apply Nakayama’s Lemma
with notations as in Theorem 14.3.1, where the module M is the maximal ideal Mpx, its
submodule NV is the ideal «, and the ideal I is again Mp x.

Therefore P is smooth for X if and only if Mp x is minimally generated by r elements,

where r = dim Op x, in other words if and only if Op x is a regular local ring.
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For example, if X is a curve, P is smooth if and only if T x has dimension 1, i.e. Mpx
is principal: Mpx = (1).

Observe that the set of common zeros of the functions in Mp yx is precisely the point P.
The fact that Mp x is principal generated by ¢ means that P is defined in X by the only
equation t = 0 in a suitable neighborhood of P. This is called a local equation of P. If P is
a singular point, then the minimal number of generators of Mp x is bigger than one, equal

to the dimension of the tangent space Tpx. So to define P we need more than one local

equation.

Let P be a smooth point of X and dim X = n. Functions uy,...,u, € Opx are called
local parameters at P if uy,...,u, € Mpx and their residues @, ..., 4, in MP,X/M%;,X
(= 1% ) form a basis, or equivalently if uy, ..., u, is a minimal set of generators of Mp x.

Recalling the isomorphism
dp : Mpyx/M%X — T;,X

we deduce that wuq,...,u, are local parameters if and only if dpuy,...,dpu, are linearly
independent linear forms on 7 x (which is a vector space of dimension n), if and only if the

system of linear equations on Tp x
dptiy = ... =dptt, =0

has only the trivial solution P (which is the origin of the vector space Tpx).

Let uq,...,u, be local parameters at P. There exists an open affine neighborhood of P
on which wuy, ..., u, are all regular. We replace X by this neighborhood, so we assume that
X is affine and that uq,...,u, are polynomial functions on X. Let X; be the closed subset
V(u;) of X: it has codimension 1 in X, because u; is not identically zero on X (uy,...,u,

is a minimal set of generators of Mp x).

Proposition 16.3.11. In this notation, P is a smooth point of X;, for alli=1,...,n, and
M Trx, = {P}.

Proof. Assume that U; is a polynomial inducing u;, then X; = V(U;) N X = V(I (X) + (U;)).
So I(X;) D I(X) + (U;). By considering the linear parts of the polynomials of the previous
ideal, we get: Tpx, C Tpx NV (dpU;). By the assumption on the u;, it follows that Tpx N
V(dpUy)N---NV(dpU,) = {P}. Since dim Tp x = n, we can deduce that Tpx NV (dpU;) is
strictly contained in Tp x, and dimTpx NV (dpU;) =n—1. SodimTpx, <n—1=dimX;,
hence P is a smooth point on X;, equality holds and Tpx, = Tpx NV (dpU;). Moreover
NTpx, ={P}. O
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Note that (), X; has no positive-dimensional component Y passing through P: otherwise

the tangent space to Y at P would be contained in Tpx, for all i, against the fact that
NTpx, ={P}.
Definition 16.3.12. Let X be a smooth variety. Subvarieties Y7,...,Y, of X are called

transversal at P, with P € (Y}, if the intersection of the tangent spaces Tpy, has dimension

as small as possible, i.e. if codimy, , ((Try;) = Y codimxY;.

Taking Tp x as ambient variety, one gets the relation:
dim m TP,Yi Z Z dim Tp,yi — (7’ — 1) dim TP,X;
hence

COdimTP’X (m Tp7yi) = dim TP,X — dim m Tp,yi S Z(dlm TP,X — dim TP,Yz') =

= codimyy,  (Tpy,) < Y _ codimy;.

If equality holds, P is a smooth point for Y; for all ¢, moreover we get that P is a smooth
point for the set (Y;.

For example, if X is a surface and P € X is smooth, there is a neighbourhood U of
P such that P is the transversal intersection of two curves in U, corresponding to local

parameters uy, us. If P is singular we need three functions wuy, us, uz to generate the maximal

ideal Mp x.

16.4 Tangent cone

To conclude this chapter I want to mention the tangent cone to a variety X at a point P.
To introduce it we consider first the case where X is a closed affine variety X C A" and
P = 0(0,...,0). The tangent cone to X at O, TCo x, is the union of the lines through
O which are “limit positions” of secant lines to X. To formalize this idea, we consider in
A" = A" x A' the closed set X of pairs (a,t), with a = (a1, ...,a,) € A" and t € A", such
that at € X. Let ¢ : X — A!, ¢ : X — A" be the projections. If X # A" X results to be
reducible: X = X; U X5, where X5 = {(a,0) | a € A"}, X; = o=1(Al\ 0). We consider the
restrictions 1,17 of the projections to X,. (0 (X'l) results to be the closure of the union of
the secant lines of X through O. The tangent cone TCop x is by definition v, (¢ (0)).

Let us write the equations of TCp x. We note first that the equations of X are of the

form F(at,..., a,t) =0 where F' € I(X). Write F' as sum of its homogeneous components
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F = F, + -+ Fy, where F}, is the non-zero component of minimal degree, and k > 1
because O € X. Then F(at) = t*F(a) + - -- + t*F,(a). The equation of the component X,
inside X is t = 0. The equations of the tangent cone are Fj, = 0 for all F e I(X), they
are given by the initial forms of the polynomials of I(X), i.e. the non-zero homogeneous
components of minimal degree. Since all equations are homogeneous, it is clear that we get
a cone. Moreover T'Cp x C Tp x, and equality holds if and only if O is a smooth point of X.

As in the case of the tangent space, we can extend the definition to any point, by transla-
tion, and then find a characterization that allows to prove that the tangent cone is invariant
by isomorphism.

In the particular case n = 2, with X a curve defined by the equation F(z,y) = 0, the
tangent cone at O is defined by the vanishing of the initial form Fi(z,y). Being a homo-
geneous polynomial in two variables, it factorizes as a product of k linear forms (counting
multiplicities), defining k lines: the tangent lines to X at O.

For instance, in the case of the cuspidal cubic V(z2® — 4?) the tangent cone at the origin
has equation 32 = 0: it is the line y = 0 “counted with multiplicity 2. If X is the cubic of
equation 22 — y? + 23 = 0, the tangent cone consists in the two distinct lines z — y = 0 and
x 4+ y = 0: the cubic is nodal.

The tangent cone allows to define the multiplicity of a point on X and to start an analysis

of the singularities.

Exercises 16.4.1. 1. Assume char K # 2. Find the singular points of the following surfaces
in A3:

2. 2% +y? = 2%
3. ay + 2+ 2 = 0.

2. Suppose that char K # 3. Determine the singular locus of the projective variety in
IP5 given by the equations:
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