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Model Predictive Control

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)		r(t)

The idea is to use the dynamical model of the process to predict 
its future evolution and optimize consequently the control input signal

		 Σ : 	 !xt = f xt ,ut ,wt( )
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Model Predictive Control

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)		r(t)

		 Σ : 	 !xt = f xt ,ut ,wt( )

		 
!xt ∈Χ⊆ "nc × 0,1{ }nl⎛

⎝
⎞
⎠ 		are	continuous/logical	states	
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Model Predictive Control

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)		r(t)

		 
!ut ∈U ⊆ "mc × 0,1{ }ml⎛

⎝
⎞
⎠ 		are	continuous/logical	inputs	

		 Σ : 	 !xt = f xt ,ut ,wt( )
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Model Predictive Control

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)		r(t)

		 
!wt ∈W ⊆ "ec × 0,1{ }el⎛

⎝
⎞
⎠ 		are	the	external	environmental	inputs	

		 Σ : 	 !xt = f xt ,ut ,wt( )
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Example of Receding Horizon Control

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)		r(t)

		 !xt = f xt ,ut ,wt( )
		 

min yt+k − r(t)
2

k=0

N−1

∑ + ρ ut+k
2

s.t .			xt+k+1 = f xt+k ,ut+k ,wt+k( )
									yt+k = g xt+k( )
									umin ≤ut+k ≤umax									ymin ≤ yt+k ≤ ymax									xt = x(t),	k=0,	!, 	N-1

		uk
L*

	Δt

We consider a discrete-time approximation: 		Σd : 		x(tk )= fd x(tk ),u(tk ),w(tk )( ) , 			∀k>0,	tk+1 −tk = Δt

A run of the system is: 		 ξ = x0u0w0( ) x1u1w1( ) x2u2w2( )…			where			xk = x(tk ),		uk =u(tk ),			wk =w(tk ),
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Receding Horizon Control with STL

 !x = f x( )

Physical Process (Plant)

 !x = f x( )

Model-based Optimizer

input output

measurements

reference

		y(t)		u(t)ϕ

		 !xt = f xt ,ut ,wt( )Bounded-time 
STL formulas

	 
ϕ =! 0,10⎡⎣ ⎤⎦

◊ 1,6⎡⎣ ⎤⎦
ψ

For example:

Vasumathi Raman, Alexandre Donzé, Mehdi Maasoumy, Richard M. Murray, Alberto L. Sangiovanni-Vincentelli, Sanjit A. 
Seshia: Model predictive control with signal temporal logic specifications. CDC 2014: 81-87
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Open-loop Controller Synthesis

Synthesis

Plant Σ

		 x0 ,w0 ,…,wN−1

		ϕ ,Σd , J

		 x0 ,w0 ,…,wN−1

		x , y			 u* =u0
*u1

*!uN−1
*

			

u* = argmin
u∈UN

	J x0 ,u ,w ,ϕ( )
s.t .		ξ x0 ,u ,w( )|=ϕ

			 J x0 ,u ,w ,ϕ( )∈!		is	a	cost	function
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Open-loop Controller Synthesis

Synthesis

Plant Σ

		 x0 ,w0 ,…,wN−1

		ϕ ,Σd , J

		 x0 ,w0 ,…,wN−1

		x , y			 u* =u0
*u1

*!uN−1
*

			

u* = argmin
u∈UN

	J x0 ,u ,w ,ϕ( )
s.t .		ξ x0 ,u ,w( )|=ϕ

			 J x0 ,u ,w ,ϕ( )∈!		is	a	cost	function

Mixed-integer linear 
Programming problem
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Closed-loop Controller Synthesis

		ϕ ,Σd , J

Synthesis

			

uk
L* = argmin

uK
L∈UL

	J xk ,ukL ,wk ,ϕ( )
s.t .		ξ xk ,ukL ,wk( )|=ϕ

		 wk ,…,wk+N−1

	wk

		uk
L*

			 J x0 ,u ,w ,ϕ( )∈!		is	a	cost	function

			 uk
L* =uk

L*uk+1
* !uk+L−1

* Plant Σ
	xk

Controller

	xk
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Closed-loop Controller Synthesis

		ϕ ,Σd , J

Synthesis

			

uk
L* = argmin

uK
L∈UL

	J xk ,ukL ,wk ,ϕ( )
s.t .		ξ xk ,ukL ,wk( )|=ϕ

		 wk ,…,wk+N−1

	wk

		uk
L*

			 J x0 ,u ,w ,ϕ( )∈!		is	a	cost	function

			 uk
L* =uk

L*uk+1
* !uk+L−1

* Plant Σ
	xk

Controller

	xk

Mixed-integer linear 
Programming problem
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Mixed-Integer Linear Programming

		 

min 	cT x
Ax ∼b
x ≥0
xi ∈"			∀i∈Ι

∼= ≤,= ,≤{ }



13

Generating Systems Constraints

		 

Given	an	horizon	1,…N		and	x0 ,w0 ,…,wN−1

x1 = fd x0 ,u0 ,w0( )
x2 = fd x1 ,u1 ,w1( )
!

xN−1 = fd xN−2 ,uN−2 ,wN−2( )
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		

µ xt( ) 	 ≤ 	Mt zt
µ( )−εt

−µ xt( ) 	 ≤ 	Mt 1− ztµ( )−εt

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

Where 𝑀! are sufficiently large positive numbers and
𝜖! are sufficiently small positive numbers to bound 𝜇 𝑥! 𝑎𝑤𝑎𝑦 𝑓𝑟𝑜𝑚 𝑧𝑒𝑟𝑜



17

Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

		

ψ = ¬ϕ

zt
ψ =1− ztϕ



		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 

ψ = ∧i=1
m ϕi

zt
ψ ≤ zti

ϕi ,i =1,!,m
zt
ψ ≥1−m+ zti

ϕi

i=1

m

∑



		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ 	 | 	◊[a ,b]ϕ 	 | 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 

ψ = ∨i=1
m ϕi

zt
ψ ≥ zti

ϕi ,i =1,!,m
zt
ψ ≤ zti

ϕi

i=1

m

∑



		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ 	 | 	◊[a ,b]ϕ 	 | 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 

at
N =min t +a,N( ) 					btN =min t +b,N( ) 		
Compute		ztψ 		such	that:

ψ = ∧
i=at

N

bt
N

ϕi ∧ ∨ j=1
N l j ∧ ∧

i=⌢aj
N

⌢
bj
N

ϕi
⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟



		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ 	 | 	◊[a ,b]ϕ 	 | 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 

at
N =min t +a,N( ) 					btN =min t +b,N( ) 		
Compute		ztψ 		such	that:

ψ = ∨
i=at

N

bt
N

ϕi ∧ ∨ j=1
N l j ∧ ∨

i=⌢aj
N

⌢
bj
N

ϕi
⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟



		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ 	 | 	◊[a ,b]ϕ 	 | 	ϕ1U[a ,b]ϕ2
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Boolean Encoding of STL constraints

		

Given	a	formula	ϕ 	we	introduce	a	variable	ztϕ

ztϕ =1⇔ξ xt ,u,w( )|=ϕ
We	recursively	generate	the	MILP	constraints	
corresponding	to	z0ϕ

		 

Compute		ztψ 		such	that:

ψ =ϕ1U a ,b⎡⎣ ⎤⎦
ϕ2 =! 0,a⎡⎣ ⎤⎦

ϕ1 ∧◊ a ,b⎡⎣ ⎤⎦
ϕ2 ∧◊ a ,a⎡⎣ ⎤⎦

ϕ1Uϕ2( )

ϕ1Uϕ2 t
= zt

ϕ2{ ∨ zt
ϕ1 ∧ ϕ1Uϕ2 t+1( ) , 			t=1,…,N-1

zN
ϕ2

⎧
⎨
⎪

⎩⎪
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Algorithm for Open-Loop
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Quantitative Encoding of STL constraints 

	
rt
µ = µ xt( )

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

	rt
ψ = −rt

ϕ
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Quantitative Encoding of STL constraints 

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

		

pti
ϕi =1

i=1

m

∑

rt
ψ ≤ rti

ϕi ,i =1,...,m
rti
ϕi − 1− pti

ϕi( )M ≤ rt
ψ ≤ rti

ϕi +M 1− pti
ϕi( )

Binary variable

𝑟.
/ = min

0
(𝑟.!
1!)
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Quantitative Encoding of STL constraints 

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

		

pti
ϕi =1

i=1

m

∑

rt
ψ ≥ rti

ϕi ,i =1,...,m
rti
ϕi − 1− pti

ϕi( )M ≤ rt
ψ ≤ rti

ϕi +M 1− pti
ϕi( )

𝑟.
/ = max

0
(𝑟.!
1!)
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Quantitative Encoding of STL constraints 

		 
ϕ ::= µ xt( ) >0	|¬ϕ 	 | 	ϕ1 ∧ϕ2 	| 	ϕ1 ∨ϕ2 	| 	![a ,b]ϕ1 	| 	◊[a ,b]ϕ1 	| 	ϕ1U[a ,b]ϕ2

As defined before
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Model Predictive Control for Closed-Loop

Transient Phase applies 
until an initial control 
sequence of length H has 
been computed

Stationary Phase
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Case Study: Building Climate Control

�Building a thermal model

�a resistor capacitor circuit with n nodes, 
m rooms 
n − m are walls. 

� 𝑇!" temperature of room 𝑟"
�𝑤",$ wall between rooms i and j 

�𝑇%",$ temperature of wall 𝑤",$
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Building Climate Model



𝑑
𝑑𝑡
𝑥& = 𝑓 𝑥& , 𝑢& , 𝑤& ,

Where state vector 𝑥& representing the temperature of the nodes in the 
thermal network 
𝑢& is the input vector representing the air mass flow rate and discharge air 
temperature of conditioned air into each thermal zone 
𝑤& stores the estimated disturbance values, aggregating various unmodelled 
dynamic 
𝑦& is the output vector, representing the temperature of the thermal zones. 
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Building Climate Model
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Simulation Building Model

Simulated temperature, measured temperature and unmodelled dynamics of a thermal zone in Bancroft library on UC 
Berkeley campus. 
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MPC for Building Climate Control

Maintaining a comfort temperature given by 𝑇&
'()* whenever the room is 

occupied while minimizing the cost of heating. 
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MPC for Building Climate Control
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BluSTL tool
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Limitations and other recent works

§ Solving MILP problems is NP-hard

§ Only physical systems with linear dynamics


