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Systems Dynamics



Inputs ("causes”)

ul(t)

u(t) = € R™ y(t) =

um(t)

u(t) S y()

Physical laws, a

Definition of the priori knowledge,

" \ . heuristic
system” entity to . .
considerations,
be analysed ..
statistical

evidence, etc.
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Outputs ("effects”)

Y1 (t)
€ RrP

Mathematical
models: algebraic
and/or
differential
and/or difference
equations
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Dynamic Systems Described by
State Equations



Dynamic Systems

Recalling from the Fundamentals in Control course

What is the meaning of "Dynamic”?

Ju(t Ju(®

to t

Can y(t) be determined in a unique way?

The system is a
dynamic system.

If the answer :

is “NO”

DIA@UNITS - 267MI -Fall 2021 TPGF - L1-p3



Dynamic Systems Described by
State Equations

Dynamic Systems



Dynamic Systems: Examples

u(t)
R — y(t) = R-u(t)
« YVV The system '|s NOT
dynamic
y(t)
o—p
u(t)

u(t), t € [to, 1]
y(to)

s
Q
| |
|
AVAVAY
¥

— y(t), t e [to,tl]

o The system is dynamic
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Dynamic Systems: Examples

y(to) = y(t), t € [to, 1]

The system is dynamic
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State Variables: a Qualitative Definition

State variables

Variables to be known at time ¢t = ¢, in order to be able to
determine the output y(¢), t > ¢, from the knowledge of the input
u(t), t > to:

xi(t),i=1,2,...,n (state variables)

In more rigorous terms —
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Dynamic Systems Described by
State Equations

Formal Definitions



Dynamic Systems: Formal Definitions

A dynamic system is an abstract entity defined in axiomatic way:
S={T,U,Q,X,Y,T,po,n}

: set of time instants provided with an order relation
: set of admissible input values

: set of admissible control functions

: set of admissible state values

: set of admissible output values

H o~ ok D QN

: set of admissible output functions
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Dynamic Systems: Formal Definitions (cont.)

State transition function:

p: TXxTxXxQ—=X = x(t) = ¢t to, zo, u(-))

-

. Consistency: (o, to, zo,u(-)) = xo, Y (to,zo,u(-)) €T x X x Q

N

. Irreversibility: ¢ is defined Vt >ty t €T

w

. Composition:

@(t%t(}?moau(')) = Qﬁ(tz,tl,gﬁ(tl,to,.’to,u(')),u('))
V(to,u(')) eET XQ, Vg, t1,th €T : ty <t; <ty

i

. Causality:

ufto,t)(') = uﬁo,t)(') — (p(tvt07x07u/(')) = gp(t,to,xo,u”(-)),
\V/(t,to,x()) eTxTxX
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Dynamic Systems: Formal Definitions (cont.)

Output function:

- Case 1: strictly proper system:

n: TxX—Y=yt)=ntzl),YVteT

u(t) e U

u(-) € Q

%)

z(t) € X

- Case 2: non strictly proper system:
n: TxXxU—Y = y(t)=ntz{),ul)),VteT

u(t) e U

u(-) € Q
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z(t) e X

y(t) eY

y()er

y(t) eY

y(-) el
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Dynamic Systems: Formal Definitions (cont.)

(x,t) € X x T is defined as event

Given:
* (w0, 1p) initial event

« u(-) input function

One has:

—

(-, to, o, u(-)) state movement

o(t, to, o, u(+)), t > to state trajectory

n(-, o(-, to, xo,u(-))) output movement

n(ta ¢(t7t0ax07u(')))a t >ty OUtPUt trajeCtory
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Dynamic Systems: Formal Definitions (cont.)

7 € X is an equilibrium state if V¢, € T, Ju(-) € Q such that

@(t,to,:ﬁu()) =z, Vt>ty,teT

7 € Y is an equilibrium output if Vt, € T, 37 € X, Ju(-) € Q such
that

n(t, o(t, to,z,u())) =y, Vt > to, t €T

Notice that, in general:

« the specific input function u(-) € Q depends on the choice of
the initial time-instant ¢, € T

- the fact that the state of a dynamic system is at equilibrium
does not imply that the output is at equilibrium as well, unless
n(t,z(t)) does not depend explicitly on time (in which case, the
output function takes on the form n(x(t)))
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Dynamic Systems: Formal Definitions (cont.)

+ A dynamic system is invariant if 7" is an additive algebraic
groupand Vu(-) € Q, V7 € T, letting v (¢) :=u(t —7) € Q, it
follows that

o(t, to, xo,u(-)) = o(t + 1,tg + 7, 20,0 (+)), Vt, 7 €T
y(t) =n(t, ()
+ A dynamic system is discrete-time if T is isomorphous with Z

« A dynamic system is continuous-time if 7' is isomorphous with
R

+ A dynamic system is finite-dimensional (lumped-parameter) if
U,X,Y are finite-dimensional vector spaces

+ A dynamic system is infinite-dimensional
(distributed-parameter) if U, X, Y are infinite-dimensional
vector spaces

DIA@UNITS ~  267MI ~Fall 2021 TPGF - L-pi2



Dynamic Systems Described by
State Equations

Interconnection of Dynamic Systems



Interconnection of Dynamic Systems

We consider interconnected systems
S={T,U,Q,X,Y,T',po,n}
composed of N subsystems
S ={T;,U;, 0, X, Y, Ui 0i,mi}, i=1,2,...N

interacting with each other through their external variables such as
inputs u;(-) € Q; and outputs y;(-) € T;

Assumption. The interconnected system S satisfies the formal
definition of dynamic system
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Interconnection of Dynamic Systems (cont.)

Cascade interconnection

SZ{TZT] :Tz,UZUl,Q:Q],X:XI ><X2,Y:Y2,F:I‘2}
(il}](t),l'z(t)) - <@l(t7t07$1(t0)7u("))7
©2 (t,to,l‘z(to),nl (t,(pl(t,to,l‘l(to),u('))>))

y(t) = ya(t) = ma(t, 22(t))
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Interconnection of Dynamic Systems (cont.)

Parallel interconnection

S:{T:T]:TQ,UZUIZUz,nglzgz,XZXIXXz,Y:YIX)/Q7
F:FIXFZ}

(21(8), 22(8) = (101 (8 to, 71 (t0), u()) 2 (8 to, w2(to), u(-)) )

(11 (1), 10(t)) = (771 (t,z1(t)), ma(t, l‘z(t))>
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Interconnection of Dynamic Systems (cont.)

Feedback interconnection

General scheme:

___________________ S1
1 1
U g T Y1
! l Y1 ! > N : 1
141 i : V2
1 1
X 1
t_:L 772 < 2 @2 4.:_1
Y2 3 T U2
1 1
e e 1 SQ

wi(®) = 1 (32(0), 4 (1), 1)

wa(t) = s (1 (0, 2(0) )
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Interconnection of Dynamic Systems (cont.)

Feedback interconnection

Commonly used scheme:

___________________ S
l :
Uy ! T . U1
I—:’ ®1 < ! X >
V1 s E
= 1/}1 o Tttt T T T T T T T
1 [}
1 i)
Lt L o e
Y2 1 1
1 [}
e e e e e e e e e e e e - —— 1
So

S={T=T=D,U=V,0=0,, X=X, x X, Y =Y, =Ty}

{ (Iﬂl(t),xz(t)) = (901(t;tO;l’l(tO)vwl(yl(')a?ﬂ(')))vSDZ(tvtOvx2(t0)7y1(')))
y(t) = i (t) = m(t, 21 (t))
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Feedback Interconnection: a Notable Example

A notable example of feedback interconnection is the state control
law + state observer scheme (will be dealt with in the Control
Theory course)

v
AS)
3
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Dynamic Systems Described by
State Equations

Finite-dimensional Regular Systems



Finite-dimensional Regular Systems

A dynamic systems is regular if:
- U,Q,X,Y,I" are normed vector spaces
* ¢(+,+,-,-) is a continuous function with respect its arguments

d . . .
. &go(t, to, xo,u(-)) does exist and it is continuous for all values
of the arguments where u(-) is continuous

The state movement (¢, to, zo, u(-)) of a regular finite-dimensional
dynamic system is the unique solution of a suitable vector
differential equation

and
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Finite-dimensional Discrete-time Dynamic Systems (cont.)

Discrete-time dynamic systems obtain by sampling a
continuous-time regular system

« U, X,Y finite-dimensional normed vector spaces

« Q ={u() : piecewise constantu;(-), i =1,...,m}

« Sampling time AT
u(k) =u(t), to+ kAT <t <to+ (k+ 1)AT, k=0,1,...
y(k) = y(to + kKAT), k=0,1,...

Then:
z(k+1) = fa(z(k), u(k), k)
y(k) = ga(x(k), u(k), k)

where (from composition property of ¢):

fa(z(k),u(k), k) = @(to + (k+ 1)AT, tg + kAT, z(k), u(k))
ga(z(k),u(k), k) = n(x(k),u(k),to + kAT)
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Dynamic Systems Described by
State Equations

An Example



An Example: Continuous-Time Model of a Car Suspension

quarter-car model hypotheses

« vehicle as assembly of four
decoupled parts
- each part consists of
+ the sprung mass: a quarter
of the vehicle mass,
supported by a suspension
actuator, placed between
the vehicle and the tyre
 the unsprung mass: the
wheel/tyre sub-assembly

 the model allows only for
vertical motion: the vehicle
is moving forward with an
almost constant speed

to a simplified quarter-car model
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Continuous-Time Model of a Car Suspension (cont.)

- state variables:
- vertical positions of sprung
and unsprung masses vs.
) R the corresponding
steady-state values

[ « vertical speeds of masses
* inputs: 21(t) 2(t) — 3,
« ground vertical position vs. (1) = zu(t) = Zy
the. steady-state z3(t) = @(t)
+ active actuator force 2a(t) 0
« outputs:
- sprung mass vertical ui(?) z(t) = Zr
acceleration us(t) F(t)
+ contact force between tyre .
and ground () -
Ya(t) ku (22(t) — wi(t))
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Continuous-Time Model of a Car Suspension (cont.)

T
)
T3
T4

i

DIA@UNITS -

2 &

5
®»

g
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Cs

sl
X2
x3
T4

0
0
0

&

- o O
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Continuous-Time Car Suspension: an Example

Assuming

ms = 400.0 kg my = 50.0 kg cs =2.010° Nsm™!
ks =2010*Nm~' k,=2510°Nm™!

the car suspension model becomes

i 0 0 1 0 1 0 0
il | o 0 0 1.0 2 0 0 w
i =500 500 —50 50 | |m| | o 25107 | |us
i [4000 —5400.0 400 —40.0| |as 50100 —2.01072

Z1
w| [-500 500 —50 50| | 0 25107 Ju
wl | o 25100 o0 0} ol T l=2510° 0 :|'|:u2:|

T4

DIA@UNITS -  267MI -Fall 2021 TPGF - U-p24



Sampled-Time Car Suspension Models

Let’s get a sampled-time description of the same dynamic system:

+ How does the sampled-time description correlate with the
continuous-time model?

- What happens if we increase or decrease the sampling rate?
Does the sampled-time model change with the sampling time?

+ Does the sampled-time model describe the behaviour of the
continuous-time dynamic system for any possible choice of the
sampling time value?
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Using 1000 samples per second as sampling rate

DIA@UNITS -

267MI -Fall 2021

zi(k+1) 998107 2.05-107° 9.98-10"* 247-10"°] [z (k)
wk+1)| | 1.97-107 0.99 1.98-107° 9.80-107*| |aa(k)
w3(k+1)|  |—4.89-107% 3.65-107° 9.95-107" 4.91-107°| |z:(k)
xa(k 4+ 1) 3.91-107" ~529  393.107° 0.96 z4(k)
413-107°  1.23.107° ]
247-107° —9.85-107°| |wi(k)
124-107% 2.44.107° ua (k)
4.90 ~1.95-107"
[ (k)
yi(k)| [-500 500 —50 50| |a2(k)
wE)| | 0 25100 0 0| |as(k)
_$4(k3
N 0 25 103} . [ul(k)]
—2.5-10° 0 ua (k)
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Instead, using 1sample per second as sampling rate

yi (k)
y2 (k)
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|

1.17-107"
7.75-107°
—1.79 - 107"
—4.84.107°

107!
107!
107!
-1072

9.00
9.97
6.70
6.46

—50.0  50.0
0 2.5-10°

0

Tl 25.10°

—1.76 -
—4.87 -
—4.90 -
—-1.62.

1072
107?
107"
1072

4.65
1.07

2.91

441-107°

8.96-107°
2.42-107° |

~3.88-1077| r“(k)

—5.0 5.0
0 0

25-107° | |wi(k)
. :

-107°
2107
9.94-1072
1077

1.34-107*

1.29-107°

3.64-107*
—2.95-.107°
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Step Responses Comparison

From u; to y,

60 T T T T T T T
= continuous-time system
—+— sampling rate 1000 SPS
50 I sampling rate 1 SPS
40 i
30 i
5 20 i
10 ¢ -
o —
10| -
—20 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 24

Time [s]
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Step Responses Comparison (cont.)

From u; to y,

500 T T T T T T T
= continuous-time system
—+— sampling rate 1000 SPS
40 - sampling rate 1 SPS

— | | | | | |
300 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 24

Time [s]
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Step Responses Comparison (cont.)

-10* From u; to y,
2 T T T
1 -
0] -
14 4
=
—92 4
-3 4
=4 = continuous-time system | |
—+— sampling rate 1000 SPS
Il sampling rate 1 SPS

— Il Il Il Il Il Il Il Il Il Il Il Il
EE 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 2.2 2.4
Time |[s]
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Step Responses Comparison (cont.)

104 From uz to y,
1 T T T
0.5 - -
L s
—0.5 .
o
B
—1 i
-15H .
—9 |4 - B .
e cONtinuous-time system
—+— sampling rate 1000 SPS
- sampling rate 1 SPS
25 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 24
Time [s]
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Sampled-Time Car Suspension Description (cont.)

Remarks

+ by selecting different sampling rate we obtained different
representations of the same continuous-time dynamic system

- sampling may heavily distort the information, giving a
completely wrong discrete-time representation of the original
continuous-time system: indeed the model obtained using one
sample per second as the sampling rate is wrong!
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Dynamic Systems Described by
State Equations

Continuous-time State Equations



Continuous-time State Equations

ur(t),...,un(t) €R

State equations
(dynamic)

Output
equations
(algebraic)

DIA@UNITS - 267MI -Fall 2021

1 (t) = fi(z (L), ...

En(t) = ful(z1(2),..

y1(t) = g1 (¢), ...

Yp(t) = gp(x1(t), ...

,l'n(t),ul(t), 000

o 7x7z(t),ul(t), e

7xn(t),ul(ﬁ), ..

7];7L(t)7ul(t), -

s U (), 1)

U (1), 1)

y Um (t), t)
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Continuous-time State Equations (cont.)

f(zyu,t) =

g(x,u,t) =

DIA@UNITS - 267MI -Fall 2021

i fn(a:, u,t) |

g1 (:Ea u, t)

L gp(xfuat) ]

eR"”

€ RP
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Linear Dynamic Systems

Consider the continuous-time dynamic system state-space
representation:
{ #(t) = f(a(t), u(t), )
y(t) = g(a(t), u(t),t)
This state-space equation describes a linear system if and only if
the functions f(-) and g(-) are linear with respect to their state
and input vector arguments:

Va,oa €R, Vo, z, € R”, Vu,u, € R™ :

flonxy + aoxs, ayuy + aun, t) = o f(xr, i, t) + o f (@2, us, t)
glouzy + army, ayuy + aoun, t) = ang(xy, ur, t) + aag(z, ua, t)
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Linear Dynamic Systems: Matrix Form

Consider the state-space representation:

and suppose that the linearity assumption holds. Then:

filz,w,t) =an(®)zr + - + an(t)zn + b (Q)ur + - + bim (Hum

fn(l',u,t) = Qnl (t)xl SFooogF ann(t)xn + bnl(t)ul SFocooF bnm(t)um

yr =ci(O)z+ -+ (), + di (Ouy + -+ din (O um

Yp = Cpi1 (t)xl qpooo gF Cpn(t)xn + dpl (t)ul P °0° IF dpm(t)unL

where a;;(t), bi;(t),ci;(t),di;(t) are generic functions of the time
instant ¢.
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Linear Dynamic Systems: Matrix Form (cont.)

Letting:
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Time-Invariant Linear Dynamic Systems

In the time-invariant scenario, the matrices A(t), B(t), C(t), D(t)
do not depend on the time-index k, that is are constant matrices

A B,C,D:
ajl
A= 8
Ani
C11
C = 5
Cpl
and thus:

DIA@UNITS - 267MI -Fall 2021

A1n b
;7 B:=

Qnn bnl

Ciny di
;. D= :

Cpn, dpl

blm

bnm

dlm
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Dynamic Systems Described by
State Equations

Discrete-time State Equations



Discrete-time State Equations

x1(k),...,zn(k) €R
;
ul(k),,um(k) eR ! yl(k),...,yp(k) eR
- S L

zi(k+ 1) = fi(@1(k), ..., 2n(k),w1(k), ..., um(k), k)

State equations :
(dynamic) zn(k+ 1) = fu(@i(k), ..., zn(k), ur(k),. .., um(k), k)

Output equations
(algebraic) :
yp(k) = gp(x1(k), ..., zn(k),ur(k), ..., um(k), k)
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Discrete-time State Equations (cont.)

[ Aiwwh) | Compact form
fauk=| 1 |eRr
| falz,u k) |
i . x(k+1) = f(x(k),uk), k)
g1 ("L'au’k) y(k) = g(m(k),u(k), )
g(z,u, k) = €RP
gp(z,u, k) |
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Linear Dynamic Systems

Consider the discrete-time dynamic system state-space
representation:

This state-space equation describes a linear system if and only if
the functions f(-) and g(-) are linear with respect to their state
and input vector arguments:

Va,a €ER, Vo, z, € R", Vuy,up; € R™ :

flonzy + aoxs, ajuy + arun, k) = aq f(x1,ur, k) + co f(22, ua, k)
glarzy + ury, ayuy + apup, k) = arg(zy, ur, k) + aag(aa, ug, k)
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Linear Dynamic Systems: Matrix Form

Consider the state-space representation:

and suppose that the linearity assumption holds. Then:

filz,u, k) = an(k)zy + -+ ain(k)zn + b (B)ur + - - + bim (k) um

fn(xauy k) = anl(k)xl SFecoSF ann(k)mn + bnl(k)ul SFoooF bnm(k)um

y1 =cn(k)r + -+ an(k)x, + di(k)ur + - - + din (B)up,

Yp = Cpi1 (k)xl G e0C qF Cpn(k)xn + dpl (k)ul P 0©0 I dpm(k)um

where a;;(k),b;;(k), ci;(k),d;;(k) are generic functions of the
discrete-time index k.
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Linear Dynamic Systems: Matrix Form (cont.)

Letting:
[an(k) o am(k) bi(k) - bim(k)
AR =| i e i | B®=| i i
L an1 (k) e a'rm(k) bnl (k) b’rml (k)
[culk) - cm(k) di(k) - dim(k)
C(k) == SRS : ;. D(k):= : : :
L cpi(k) - cpn(k) dpi(k) -+ dpm(k)
x1(k) u (k) y1 (k)
sk = | 0 s owme= | i s owk =
xn (k) U (k) yp(k)
One gets:
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Time-Invariant Linear Dynamic Systems

In the time-invariant scenario, the matrices A(k), B(k),C(k), D(k)
do not depend on the time-index k, that is are constant matrices

A B,C,D:
al QA1n bll blm
A= ;. B:= :
(255} Tt Gpn bnl o bnm
Ci1 -+ Cin dll dlm
cp] DRI cpn dpl .. dpm
and thus:

x(k+1) = Az(k) + Bu(k)

y(k) = Cxz(k) + Du(k)
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Dynamic Systems Described by
State Equations

More Definitions and Properties



n
3
t

o

=1

2
a
=

| =

S

n

| =
.2
=

(=
=

7
=

g

S
=

« Time-invariant Dynamic Systems

[T
—~ o~
+
SN—
KD
Jxlﬁ

« Strictly Proper Dynamic Systems

L1-p45
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More Definitions and Properties (cont.)

+ Forced and Free Dynamic Systems

#(1) = f), B0 [ a0 = fa),)

y(t) = g(z(t), }édi{ t) y(t) = g(x(t),t)

ok +1) = fa(®), 3R [ b+ 1)= fa(h), B
y(k) = gla(k), D k) y(k) = g(x(k), k)

It is worth noting that in case the input function u(¢), V¢ or
input sequence u(k), V k are known beforehand, the dynamic
system can be re-written as a free one:

#(t) = f(z(t),u(t),t) = f(x(t), )

y(t) = g(x(t), u(t),t) = g(z(t), 1)
w(k+1) = f(x(k), u(k), k) = f(z(k), k)
y(k) = g(z(k), u(k), k) = g(z(k), k)
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More Definitions and Properties (cont.)

* Free Movement

&(t) = f(z(t), u(?),?)
y(t) :g(I(t)vu(t)at) — {(Il(t)vt)v te [thtl]}
with: free movement

z(ty) =x0; u(t)=0, Vt

z(k+1) = f(z(k), u(k), k)
y(k‘) :g(m(k)vu(k)7k) — {(xl(k)vk)7 ke [ko’kl]}
with: free movement

(ko) = x0; w(k) =0, Vk
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More Definitions and Properties (cont.)

» Forced Movement

&(t) = f(x(t), u(t), )

y(t) = g(z(®),u(®),t) . {(zr(®),1), t € [to,t1]}
with: forced movement
x(to) =X()

w(k+1) = f(x(k), u(k), k)

y(k‘) :g(m(k)vu(k)7k) — {(mf(k)ak>7 ke [k07k1]}
with: forced movement
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Dynamic Systems Described by
State Equations

Discrete-time Systems



Discrete-time Systems

Consider:

2(k +1) = f(a(k), u(k), k) 2(k) =
y(k) = g(a(k),u(k), k) ° © R alk)

Clearly, by iterating the state equations:

(ko) u(ko), ko)

(z(ko + 1), u(ko + 1), ko + 1)

f(@(ko), u(ko), ko), u(ko + 1), ko + 1)

.%‘(k0+2) k’o-‘rZ) ko—l—Z)

(f(z(ko), u(ko), ko), u(ko + 1), ko + 1), u(ko + 2), ko + 2)

and so on. Hence, the state transition function has the form
z(k) = o(k, ko, zo, {u(ko), ..., u(k — 1)})

thus enhancing the causality property.
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Time-invariant Discrete-time Systems

z(ko) = xo, uq(k) = u(k), k € {ko,...,k1}

yields the state sequence z,(k), k € {ko,...,k }. Let’s shift the
initial time by & and the input sequence as well:

z(ko + k) = z0

up(k) = uq(k — k), —
ke{ko+k,... k+k}

xp(k) :ma(kfl_f),
ke{ko+k,.. ki +k}

Uage %b ?xGme °
.. ‘. ... .. .é..........
| k0k0+k k—:() /C()r-ﬁ-]if

Conventionally, we set ko =0.
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Equilibrium Analysis: Equilibrium States and Outputs

+ Astate 7 € R" is an equilibrium state if V%,
J{u(k) e R™ k > ko} such that

.’L‘(k}o) =3

k)y=2,Vk>k
(k) = ak), Ve =k o "0 =T VE> ko

+ An output § € R? is an equilibrium output if V%,
I{u(k) € R™ k > ko} such that

.f(k?o) =X

In general:
 The input sequence {u(k) € R™, k > ky} depends on the initial
time kg

« The fact that the state is of equilibrium does not imply that the
corresponding output coincides with an equilibrium output
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Equilibrium Analysis in the Time-invariant Case

In the time-invariant case, all equilibrium states can be determined
by imposing constant input sequences.

A state 7 € R" is an equilibrium state if 3u € R™ such that

.’L‘(ko) =2

— (k) =2, Vk >k
(k) = @, Yk > ko w(k) =2, VEk > ko

All equilibrium states € R™ can thus be obtained by finding all
solutions of the algebraic equation
z=f(z,u), VueR™
The following sets are also introduced:
Xa={zeR": 7= f(z,0)}

X ={z e R": Ju € R™ such that z = f(z,a)}
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Dynamic Systems Described by
State Equations

State Space Description: Criteria and
Examples



State Space Descriptions

But ... How to determine a state space description?
Recall:

State variables

Variables to be known at time ¢t = ¢, in order to be able to
determine the output y(t), t > o, from the knowledge of the input
u(t), t > to:

zi(t),1=1,2,...,n (state variables)
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State Space Descriptions (cont.)

A "physical” criterion
State variables can be defined as entities associated with storage
of mass, energy, etc. ...

For example:

« Passive electrical systems: voltages on capacitors, currents on
inductors

Translational mechanical systems: linear displacements and
velocities of each independent mass

Rotational mechanical systems: angular displacements and
velocities of each independent inertial rotating mass

Hydraulic systems: pressure or level of fluids in tanks
« Thermal systems: temperatures
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State Space Descriptions: Example 1 (continuous-time)

A mechanical system

a)

mg+Bq+kq=f

1
~ g~ Loyt —f
m m m
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State Space Descriptions: Example 2 (continuous-time)

Electrical systems

— X + —1w

C
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State Space Descriptions: Example 3 (discrete-time)

Student dynamics: 3-years undergraduate course
 percentages of students promoted, repeaters, and dropouts are
roughly constant

« direct enrolment in 2nd and 3rd academic year is not allowed
- students cannot enrol for more than 3 years

+ x;(k): number of students enrolled
inyeariatyeark,i=1,2,3

* u(k): number of freshmen at year k

z1(k+ 1) = Bz (k) + u(k) * y(k): number of graduates at year k
zo(k+1) = aqzi (k) + faza(k) a4 promotion rate during year i,
I3 (l{i + ]) = Ozz.%‘z(k) + Bgl’g(k‘) o; € [0, 1]

* B3;: failure rate during year i,
Bi € [0, 1]

* ~;: dropout rate during year i,
Yi=l—0oi =3 20
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State Space Descriptions: Example 4 (discrete-time)

Supply chain

- S purchases the quantity u(k) of raw material at each month %

A fraction §, of raw material is discarded, a fraction a; is
shipped to producer P

« Afraction «, of product is sold by P to retailer R, a fraction §,
is discarded

+ Retailer R returns a fraction 3; of defective products every
month, and sells a fraction ~; to customers
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State Space Descriptions: Example 4 (discrete-time) (cont.)

+ k: month counter

z1(k + 1) = (1 — ay — 6)z1 (k) + u(k) * z;(k): raw material in
2k +1) = arzy (k) + (1 — an — 63) a2 (k) S
+8513(k) * xp(k): products in P
z3(k + 1) = apza(k) + (1 — B3 — v3)z3(k) « x3(k): products in R
y(k) = 123(k) « y(k): products sold to
customers
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State Space Descriptions (cont.)

A "mathematical” criterion

- Continuous-time case. An input-out differential equation
model of the system is available:

= o, =Y, Ut

den den=17""" dt’

- Discrete-time case. An input-out difference equation model of
the system is available:

yk+n)=pyk+n—1),y(k+n-2),...,y(k),uk),k)

Suitable state variables — without necessarily a physical meaning
- are defined to represent "mathematically” the differential
equation or the difference equation models of the dynamic system
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State Space Descriptions (cont.)

Continuous-time case:

dny - dnfly dﬁy i
dtn_gp dtnfla"wdtay) ’

i(t) = y(t)

dy Ty
xz(t) = a T

Letting:

: N )
Tn(t) = =2 *

T
one gets:

j)[zl‘z

$2:$3
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State Space Descriptions (cont.)

Discrete-time case:

yk+n)=pyk+n—-1),ylk+n-2),...,y(k),u(k), k)
Letting:

21(k) = (k) N

zp(k) == y(k +1) T
= =

Tn(k) =y(k+n—1) Tn

one gets:
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State Space Descriptions (cont.)

Example (discrete-time):

w(k) = 3wk — 1) +2w(k —2) —w(k —3) = 6u(k)

Letting:
x1(k) :=w(k —3) Z
2 (k) == w(k —2) = z:=| 2
z3(k) :=w(k—1) 3
one gets:
.%‘2(](1 + 1) = l‘g(k)
a3(k 4+ 1) = 3z3(k) — 222 (k) + z1 (k) + 6u(k)
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State Space Descriptions (cont.)

The state space description is not unique

+ The fact that physical and non-physical approaches can be
followed to describe the same dynamic system in state-space
form clearly reveals the non-uniqueness of this representation

- Later on some more details will be given concerning equivalent
state space descriptions
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Sampling and Reconstructing



From Continuous-Time to Discrete-Time

Remarks

« Till now we carried out a general treatment of dynamic systems
considering both the continuous-time and the discrete-time
cases

« Since the course is intended to cover data-based system
dynamics, analysis and estimation, from now on only the
discrete-time case will be dealt with

+ However, before doing this, the issue of conversion of a
continuous-time into a discrete-time by sampling has to be
dealt with in some detail
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Sampling and Reconstructing

Sampling and Reconstructing in Time
Domain



From Continuous-Time to Discrete-Time: Signal Taxonomy

Continuous-time vs. discrete-time signals

- continuous-time signal: a function of time (independent
variable) » = x(t), such that the independent variable time is
continuous

- the domain of the function = = z(¢) has the cardinality of the real
numbers set R.

- discrete-time signal: a signal y = y(k), specified only for
discrete values of time (the independent variable)

+ the domain of the function y = y(k) has the cardinality of the
integer numbers set Z.
- a discrete-time signal is usually called sequence
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Signal Taxonomy (cont.)

Analog vs. digital signals

- analog signal: the amplitude of the signal may vary in a

continuous range
- an analog signal can be both continuous-time and discrete-time
signal.

- digital signal: a signal whose amplitude is quantized, i.e. the
amplitude of a digital signal can take only a finite number of
values.

- a digital signal can be both continuous-time and discrete-time
signal.
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Signal Taxonomy: Graphical Summary

continuous-time discrete-time

analog

digital
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Sampling & Digital Coding: Main Issues

e(t) ~ e, = e(kTs) ~ 011010 ...

The conversion of an analog, continuous-time signal e = e(t) to a
digital, discrete-time sequence is subject to two main issues:

+ loss of information, due to the conversion from
continuous-time to discrete-time (more details later)
« quantisation noise and distortion, due to the analog to digital
conversion process
Sampling issues taken into account

- sampling and the loss of information, a glimpse on the
theoretical motivations of, and how to cope with this issue are
discussed topics

* quantisation and coding issues are not taken into account
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Sampling & Digital Coding: Main Issues (cont.)

From now on, consider the sampling procedure simply as a
conversion from an analog, continuous-time signal to an analog,
discrete-time signal.

Moreover, hereafter each time-based signal will be labelled just as
continuous-time or discrete-time signal.

continuous-time discrete-time

analo = ez
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The Ideal Sampler

How to convert a continuous-time signal to a discrete-time one?

x(t) . z(k)
Jg - A/D z(k) ik

t A, k

Periodic sampling using an ideal sampler
+ the aim of the A/D converter is to transform a continuous-time
signal z(t) into a discrete-time sequence (k)

- given a time interval A, called sampling period, applying a
periodic sampling means to extract and collect, creating a
sequence, values of the signal corresponding to time instants,
integer multiples of the sampling period

{z(k)} ez = {z(t) : t=kA, k€ Z}
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The Ideal Sampler (cont.)

An ideal sampler acts as an ideal electrical switch

« the switch commutes between the two states “open” and
“closed”, driven by a periodic pulse signal (called the clock
signal), with the time period equal to the sampling period A;

« when a clock pulse occurs, the switch closes instantaneously,
the actual sample of the input signal can be “copied” into the
sampler output and then the switch commutes
(instantaneously) to the “open” state, waiting for the next clock
pulse.
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The Ideal Sampler (cont.)

on P (k)
Sampling rate

Given the sampling period A, let's define the rate of conversion
from continuous to discrete time using

+ sampling angular frequency
Qs = ZKW [rad/s]

- sampling frequency
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The Reconstructor

Consider now the backward operation: how to characterize the

conversion of a discrete-time signal to a continuous-time one?
T z(t)

An

Reconstruction using a data-holder

+ the purpose of the D/A subsystem is to reconstruct the
sampled signal into a form that resembles the original signal,
before sampling.

+ the simplest D/A subsystem [indeed the most common one] is
the so-called zero-order-hold (ZOH).
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The Reconstructor (cont.)

Reconstruction using a D/A converter (cont.)

« the ZOH clamps the output signal to a value corresponding to
that of the input sequence at the current clock pulse, until the
next clock pulse arrives.

zt)=x(k), kAn<t<(k+1) Ay keZ

+ the time period Ay is called holding period.

Note that the output signal of a ZOH is a stair-wise signal
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The Reconstructor (cont.)
JJLJJJJ_k” - 2(t) J’%‘[ﬁ

Holding rate '
Given the holding period Ay, let's define the rate of conversion for a
D/A device using

« holding angular frequency

2
Qy = A [rad/s]
- holding frequency
1
fa= KH [HZ]

Usually the sampling and holding frequencies have the same value.

DIA@UNITS - 267MI -Fall 2021 TPGF - L-p76



Sampling and Reconstructing

« What happens if a continuous-time signal is firstly sampled
and then reconstructed? How is the output signal of the ZOH
w.r.t the original continuous-time signal? The same or?

+ Indeed, the output of the ZOH is a stair-wise signal, so the
reconstructed signal is different from the original one:
sampling and reconstruction are just approximately the
opposite function of each other.
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Sampling and Loss of Information

Ty, ke
+ — (1) = 7
a priori knowledge
of the signal features

+ In general, reconstructing the continuous-time signal starting
from the samples is an ill-posed problem: the reconstruction
may be ambiguous.

T

Th1 Th+2

kAs  (E+ DA, (k+2)A,
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Sampling a Sinusoidal Signal

Consider the signal z(t) = sin (Qt) P = %

[\

Select as sampling
period the value

3 37w

A=7P="2
Indeed, it's easy to
determine sinusoidal
signals, with period
P > P, that may
generate the same
values, obtained by
sampling x(t).
Note: the frequency of the ambiguous signal is lower than the
frequency of the original signal. This effect is called frequency
aliasing (or frequency fold-over).
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Sampling a Sinusoidal Signal (cont.)

Reducing the
sampling period
(i.e. increasing the
sampling frequency)
the ambiguity
disappears: no
more frequency
fold-over effect.

P T

A=77139

By choosing properly the sampling period, the frequency aliasing
effect has been avoided. Note: the effective sampling frequency is
much higher than the signal time frequency.
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Ideal Sampler & ZOH: Mathematical Model

+ So far, it has been illustrated by examples that, when sampling
a simple sinusoidal signal, choosing properly the sampling
period grants to avoid the aliasing effect.

+ How to generalize? What is the effect of the sampling
procedure? How does the choice of the sampling period
influence the frequency aliasing effect?

The influence of the sampling period on the aliasing effect will be
explained by modelling the direct connection of an ideal sampler to
a ZOH (A is the sampling period)

Bﬁ» z(k D) h(t)
% —_ ZOH —>
x(t) A a7 h(®) Iﬂm—
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Ideal Sampler & ZOH: Mathematical Model (cont.)
ot
I~
j—z z(kA) h(t)

- ZOH E—

w(t) l o h@mL

The output of the ZOH is a continuous-time signal, expressed as

kA +7) =z(kA), 0<T<A,k=0,1,2,3--- astair-wise signal
R(t) =z(0) [1(t) — 1(t — A)] + 2(A) [1(t — A) = 1(t —2A)] + - -

—+o00
=" a(kA) [1(t — kA) — 1 (t — (k+ 1)A)]
k=0
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Ideal Sampler & ZOH: Mathematical Model (cont.)

Applying the Laplace transform

e—kAs
L1t~ kA)} =—
too —kAs _ —(k+1)As
e e
L{h(®)} = H(s) = Y (kA) -
k=0
As IHee
— 1—e . Zx(kA)e_kAs
o k=0

,j function of input signal

function only of A z(t) and sampling period A
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Ideal Sampler & ZOH: Mathematical Model (cont.)

the Laplace transform of
a transfer function model ideal sampler’s output as
for the ZOH continuous-time signal
1—e 2 X .
H(S) = L 5 Z 1'(kA) e—k‘AS = GZOH(S)X (S)
& k=0
where
1 — e As A +oo
Gzon(s) = ——  X'(s) = Z 2(kA) e 4
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Ideal Sampler & ZOH: Mathematical Model (cont.)

So far, we demonstrated the equivalence between the following two

structures
z(k D) h(t)
z(t) —_— ZOH —>
A
x*(t) h(t)
1— e Bs
z(t) —_ —>
S
A
—+o0
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Ideal Sampler as Impulse Modulator

Note: z*(t) is a continuous-time representation of the ideal
sampler output (indeed a sequence of samples)

+o00
o*(t) = LT {X*(s)} = L7} {Z x(kA) ekAS}

k=0

Now, recalling the main properties of the Dirac delta function

e T =OE=tay )= { ungef. jt:#oo
+o0 €D
/_ 5(t)dt = 1 /_ F)6(t — 7)dt = f(7)

x*(t) can be expressed as

z*(t) = L7 {io z(kA) e_kAs} = f z(kA)§(t — kA)

k=0
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Ideal Sampler as Impulse Modulator (cont.)

+oo >
v(8) =Y w(kA) 5t — kA) u(®) (g 111F

u(t)

= ~ —®O—
iog J—» T w(t) = ult) - Sa(t)
=" a(t)5(t — kA) RO
k=0
+oo
=x(t) - Z It — kA) « 2*(t) can be expressed as the
k=0 result of the modulation of
=z(t) - 6a(t) the original signal z(¢) with a

where

Sa(t) = f 5(t — kA)
(=0
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+ owing to this result, the ideal

sampler is also referred as an
impulse modulator
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Sampling and Reconstructing

Sampling and Reconstructing using
Laplace- and Z- Transform



Laplace- & Z- Transform of Ideal Sampler Output

« Since the output of the impulse modulator may be described
as a continuous-time signal z*(¢) but also as a discrete-time
sequence z(kA), how to correlate such representations?

- Consider the Laplace-transform of 2*(¢) and the Z-transform of
the sequence z(kA)

+oo
L{z* ()} = X*(s) = Y w(kA)e 4
k=0
“+oo
Z{x(kA)} = X(2) = Y _ z(kA)z7*
k=0

It's easy to find that using the substitutions

1
z=e% = log 2z

S = Z
the Laplace transform may be rewritten as Z-transform and
vice-versa.
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Properties of X*(s): X*(s) vs X(s)

Definition: starred transform
The function X*(s) = £ {z*(¢)} is usually called the starred
transform.

Property 1: the starred transform X*(s) vs. X(s)
The starred transform may be expressed as a scaled summation of
infinite copies of the Laplace transform of the original analog

signal X (s) = £ {z(t)}, shifted each other by jQ, (where Qs = %ﬂ
and A is the sampling period)

k=400
X*(s):% > X (s—jkSs) Q= 2" X(s) = L{z(t)}

k=—o0

DIA@UNITS - 267MI -Fall 2021 TPGF - L1-p89



1** Property of Starred Transform - Sketch of Proof

Proof - a sketch.
Recall the ideal sampler output expression

+oo

2 (t) =) @(kA)d(t — kA)

k=0

Remember: the original, analog signal =(¢) is a causal signal. Owing
to this property, the summation may be modified

z(t)=0VE<0 = z*(t) = Jff x(kA)6(t — kA)

k=—0o0

According to this modification, let's redefine also the impulse train

Sa(t) = f 8(t — kA)

k=—o0
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1** Property of Starred Transform - Sketch of Proof (cont.)

Now represent the impulse train as Fourier series

S ] 2
oa(t)= D Ca(k)e™®*  0o="5
k=—oc0

Thus
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1** Property of Starred Transform - Sketch of Proof (cont.)

By substitution of the impulse train expression into the ideal
sampler output x*(¢), we obtain

k=400
:L‘*(t) = x(t) . 5A(t) — % Z z(t) eIkt
k=—o00
Applying the Laplace transform
k=400
X*(s) = LA{z"(t Z / ) K] =5t gy
k=—o0

Let's apply the bilateral Laplace transform to x*(¢):
remember, we rewrote z*(¢) as it is non-causal signal
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1** Property of Starred Transform - Sketch of Proof (cont.)

Thus

Recall the Laplace transform property
L{"ft)} =F(s—k) VkeC, F(s)=L{f(t)}

Finally \\\\\\\\\)
. 1 b . 2w
X*(s) =« > X(s—jkQs) , keZ, Q==
k=—o00
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Properties of X*(s): Periodicity of the Starred Transform

Property 2: the starred transform is periodic in s, with period ;s

2
X*(s)=X"(s+jnfs), neN, Q= KW
Proof.
+oo ]
X* (s +jnQs) =Y w(kA) e FAlFinos)
k=0

Since Qs - A = 27, applying the Euler’s relationship
e’? = cosf + jsiné

e-jnk}AQS _ e_jnk"z‘” =1 vn, k S N

thus
o0

X" (s 4+ jnf) = Z z(kA)e kA% = X~ (s)
k=0

O

DIA@UNITS -  267MI -Fall 2021 TPGF -  L-po%



Properties of X*(s): Poles of the Starred Transform

Property 3: poles of the starred transform vs poles of X(s)
If X(s) has a pole at s = §,
then X™(s) must have polesats =5+ jkQs, keZ

Proof.

Rewrite the result of “Property 1”
k=+c0

X*(s)=x O X(5- k)

k=—o0

[X(5) + X (5= ) + X (5 - 2%) + -

1
A
+ X (5 4+ ) + X (5 +2j%) + -
If X(s) has a pole at s = 3, then each term of the latter expression
will contribute with a pole at s = 5 — jkQs, k€ Z.

O
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Properties of X*(s): Poles of the Starred Transform (cont.)

Poles map of the starred transform

X(s) } « if X(s) has a polein s = —o; + j, then
L the sampling operation will generate poles
—01 Jih .
% for X*(s)ins=—o; +jQ £ jkQs, keZ
o0 v + on the contrary, if X(s) has a pole in

s = —o1 +j(Q; + Qs), then X*(s) will have
apoleins=—o +jQ

- pole locations in X (s) at
s=—01+j(Q £kQs), ke Zwillresult
in identical pole locations in X™(s)
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Poles of the Starred Transform (cont.)

Primary and complementaries strips in the s-plane

i - consider the s-plane of the starred
Q. transform and divide it into strips
_____________ J,-i
X 2 + the primary strip is defined as the strip for
T which
___>S _________ .QS
\ ) {SZSGC,S:J+]'Q,7%SQS+%}

« if the pole-zero locations for the starred
transform are known in the primary strip,
then the pole-zero locations for X*(s) in
the entire s-plane are known.
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Properties of X*(s): Poles Map of Starred Transform

—oy + (0 +20)

X (5) X 479
- 30,
== _x_ __________________ +J T
- —o1 + (8 + () complementary
Jit stri
X(s) L ) ¥
—o1 + j(—fh + )
) —— _)5 B e i +J %
X —o1+ jih X —o1+jh primary
0 strip
0 = o
X —o1 —Jjth X —o1 — 75k -
- _)Z _________________ I35
—o1 + j({h — §k)
complementary
—oy + (0 — Q)| strip
X 30
----------------------- e
X
—J] +j(91 — 298)
DIA@UNITS -  267MI -Fall 2021

TPGF - L1-p98



Properties of X*(s): Poles of The Starred Transform (cont.)

What about zeros of starred transform?

Indeed, the zeros of X (s) do not uniquely determine the location
of zeros of the starred transform X™(s). However, the zero

locations of X*(s) are periodic, with period jQs (Property 2).
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Sampling and Reconstructing

Sampling, Reconstructing and Aliasing
in the Frequency Domain



Laplace & Fourier Transform of

a Causal, Continuous-time Signal

Consider a causal, continuous-time signal z(¢). The unilateral
Laplace transform of such a signal is defined as

+oo
L{z(t)} = X(s) = /0 x(rT)e T dr

whereas the Fourier transform is

+oo
F{z(t)} = X(Q) = / z(t)e Y dr
Exploiting the signal causality, the Fourier transform may be
rewritten as
00

Fla(t)} = X(@) = / £(t)e %7 dr = L{z(H)}o_j0

0

provided that both transforms exist.
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Sampling and Aliasing in the Frequency Domain

Starred transform result in the frequency domain

Analysing the starred signal z*(¢) by applying the Fourier
transform (instead of the Laplace one), provides the same result:

the Fourier transform of the starred signal may be expressed as a
scaled summation of infinite copies of the Fourier transform of
the original analog signal

1P 2
X@=x > X@Q-kk%), Q=L X(Q) =F{z(t)}

k=—o0
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Band-limited Signals

Suppose that the signal z(t) is a so-called band-limited signal, i.e.
the amplitude spectrum | X (Q2)| of the signal is non zero only if
1| < Qg (where X (Q) = F{z(t)}).

[X ()]

—-Qp +Qp Q

What happens when we acquire such a signal by sampling? In
particular, what if Qs > 2Qg, Qs = 2Qp or Qs < 2Qp ?
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Band-limited Signals (cont.)

Band-limited signal
In rigorous terms, a signal is called a band-limited signal if

k=N
ZE(t) = Q, Sin (th—F Spk) 5 O < Qg VEk

or %
o(t) = /0 o(Q)sin [t + o] d2, Qe[0,
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Sampling and Aliasing in the Frequency Domain (cont.)

QS > ZQB

1X*()]

1
1
i
.
- -Qp +Qp +92s Q

* no overlapping of spectra, so no aliasing

+ to reconstruct the original signal (to isolate the original
spectrum) a realizable (causal) low-pass filter is needed
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Sampling and Aliasing in the Frequency Domain (cont.)

Qs = 208

X ()]

v

—-Q Q
Tp +Qp e &2

« still no overlapping of spectra, so no aliasing

« to reconstruct the original signal (to isolate the original
spectrum) an ideal (non-causal) low-pass filter is needed
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Sampling and Aliasing in the Frequency Domain (cont.)

Qs < 205

|X*(2)]

« overlapping of spectra, so aliasing

+ no way to reconstruct the original signal (to isolate the original
spectrum)
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Sampling and Reconstructing

The Sampling Theorem



Sampling Theorem

Nyquist-Shannon theorem

A continuous-time signal which contains no frequency
components greater than Qg rad/s, is uniquely determined by the
signal samples

{xk:x(kA), kEZ, AZQSZZA7T>2QB}
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Anti-aliasing Filter

z(t) z(t) T
— F(s) A/D ——

« How to guarantee the band limitedness of a signal?

« From a practical point of view, how to restrict the bandwidth of
the signal to the band of interest, with the aim to satisfy the
sampling theorem?

- anti-aliasing filter: a realizable low-pass filter

= 27

Fl)=5, B=[0,9] =27 >20
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Sampling and Reconstructing

Aliasing in the Laplace Transform
Domain



Aliasing in the s-plane

Recall the relationship between the starred transform and the
Laplace transform of the original continuous-time signal

k=400
1 . 2
X*(s) = x k;oo X (5—jkQs), Q5= KW’ X(s) = £ {z(t)}
and the relationship between the starred transform and the
Z-transform of the sampled sequence

1
g=a <~ log 2z

S:Z

The aliasing effect may be analysed also in the s-plane of the
starred transform, exploiting such relations.
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Aliasing in the s-plane (cont.)

Consider two values into the s-plane of the starred transform, such

that
Sp =58+ jkQs, kel

« The sampling relationship z = ¢*2 gives
2p =24 VkEZL

- Different values in the s-plane correspond to the same value in
the z-plane!
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Aliasing in the s-plane (cont.)

« There is no bijective correspondence between s- and z-plane.

Indeed, the s-plane may be divided into horizontal, Qs wide
strips and the s-plane points, belonging to each of these strips,
correspond one-to-one to a unique point into the z-plane.

+ The effect of sampling may be explained as transforming the

DIA@UNITS -

s-plane of the original signal’s Laplace transform into a series
of shifted strips (the s-plane of the starred signal), each of
them with the same zero and pole locations and finally folding
these strips on each other, in order to map the resulting folded
s-plane into the z-plane of the sampled signal's Z-transform.
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Aliasing in the s-plane: Q5 > 2Qg

the primary strip contains the whole set of pole location of the
Laplace transform of the original continuous-time signal
+ no aliasing
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Aliasing in the s-plane: Q5 = 2Qg

+ some pole locations may lay on the border between primary
and complementary strips

« still no aliasing
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Aliasing in the s-plane: Q5 < 2Qg

- overlapping of pole location configurations
- aliasing
Note: the alias appear as poles with time constant values lower that

the original ones!

DIA@UNITS -  267MI -Fall 2021 TPGF - L-pli4



Sampling and LTI Systems: from
Continuous-Time to
Discrete-Time Systems




Sampling and LTI Systems: from
Continuous-Time to
Discrete-Time Systems

The Step-Invariant Transform



C2d with Sampler & Hold

Consider the scheme
x(t) l—- A/D |—— zp = z(kA)

Uk u(t)
D/A S

o) ] A/D —w = v )

+ How to obtain a discrete-time description of a linear,
time-invariant, continuous-time dynamic system?

+ Both state variables and outputs are sampled by means of an
ideal sampler

 The inputs to the LTI systems are converted from discrete- to
continuous-time using a ZOH
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C2d with Sampler & Hold (cont.)

« Consider a LTI dynamic system, described by means of state
equations
#(t) =Acx(t) + Bou(t)
y(t) =Cex(t) + D.u(t)
+ The following expression holds
t
z(t) = eAc(t—to) ;. (to) +/ eAC(t_T)BCU(T) dr
to
( from “Fundamentals in Control”) where

A2t2 A3t3
2 T3l

eAet — 1 {(51 - AC)’I} =T+ At +
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C2d with Sampler & Hold (cont.)

« Remember the stairwise behaviour of the output of a ZOH
device

u(t) =uxr =u(kA), kA<t<(k+1)A keZ

+ Evaluate the state movement expression in a time interval
between two successive sampling instants kA and (k + 1)A

z[(k+1)A]) = edeBx (kA)+ {/UQH)A eAt=1) B ) dT} u (kA)
kA

the input u(t) is a constant signal S

during the considered time interval
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C2d with Sampler & Hold (cont.)

* Substitute r = (k + 1)A — 7 into the integral term and rewrite
the last expression,

z[(k+ 1)A]) = ee® 2 (kA) + {/A e" B, dr} u (kA)
0

« By comparison with the expression of the discrete-time state
equations for the dynamic system considered

z[(k+1)A] =Agx (EA) + Bau (kA)
y (EA) =Cyx (kEA) + Dgu (kA)

finally we obtain the continuous to discrete-time conversion
rule, applying ZOH (the so-called step-invariant transform)
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C2d with Sampler & Hold (cont.)

Step-invariant transform
Starting from a continuous-time LTI dynamic system

2(t) =Acz(t) + Beu(t)
y(t) =Cex(t) + Dou(t)

the corresponding discrete-time description, using a ZOH for
inputs and ideal samplers for state and output signals is given by

A
Ag = et B, = / ee" B, dr
0

Cd:CC Dd:Dc
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C2d with Sampler & Hold: an Example

Consider

Y

I
—
(e}
—
8

and let's determine the discrete-time description, by sampling with
ZOH and ideal samplers.

1 1
- 1 1 s s(s
(sT — A)~" = sta _ | s s(s+a)
s(s+a) 0 s 0 1
s+a
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C2d with Sampler & Hold: an Example (cont.)

Applying the step-invariant transform

1(t) — - 1(t) — —e7 . 1(2)
etet = £ {(sT - )7} = a a
0 e . 1(t)
1 —a A
6ACA _ 1 E (1 e )
0 e oA
A
K —ar
. (1 —e ) dr

A
By :/ ee” B.dr =
0

0
A
/ Ke *"dr
0
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Why Do They Call It the Step-Invariant Transform?

z(t) A/D |—— = z(kA)
up u(t) 2 = e
D/A s

y(;l—» A/D ——yr = y(kA)

Step response of the sampled-time LTI system

The considered conversion technique from continuous-time to
discrete-time LTI systems is usually called step invariant
transform, due to a peculiar feature of the conversion rule itself:

+ the conversion rule preserves the step response of the
dynamic system, i.e. the values of the step response of the
discrete-time description of the LTI system are exactly the
samples of the step response of the effective continuous-time
LTI system. [Hint: what is the output of a ZOH if the input is a
discrete-time step sequence?]
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Why Do They Call It the Step-Invariant Transform? (cont.)

Continuous- and discrete-time step responses: a comparison

- Let's consider the continuous-time LTI system

 Chosen as sampling period the value A = 0.1s, the
discrete-time description of the considered LTI system is

x(kﬂ):[l 0.09516]' ® [0.04837]' ®

0 0.9048 0.9516

y(k):[l 0]-x(k)
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Why Do They Call It the Step-Invariant Transform? (cont.)

Continuous- and discrete-time step responses: a comparison (cont.)

- Let's compare visually the step responses of the
continuous-time LTI system and of the discrete-time
description

step response
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Sampling and LTI Systems: from
Continuous-Time to
Discrete-Time Systems

Practical Issues



C2d with Sampler & Hold: Practical Issues

A
Ay = et By = / e B dr
Jo

C'cl:C'c Dd:Dc

+ How does one determine in practice the matrices described
into the step-invariant transform?

« Are exact solutions or approximate expressions available?
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C2d with Sampler & Hold: Practical Issues (cont.)

Exact formulas for the step-invariant transform

Ay =e?d = At =] {(s[ = AC)_I}

A
By :/ e Bedr = A7" - [e*® —I] - B. if A, is nonsingular
0

Approximate expressions

A2ZAT AN
Ag=etB =T+ AN+ +— 1.
2! 3!
A 2 2 A3
AN AZA
By :/ ed"B.dr ~ |A + 4= — - B,
0 2! 3!
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Equivalent State-Space
Representations




Equivalent State-Space Representations

Consider the discrete-time dynamic system state-space
representation:

Let & := Tz, where T' € R™" is a generic non-singular n x n
matrix (det(7) #0).

Then, the equivalent state-space description is given by:

{:z(k 1:Ta;(k 1)

) = Tf(T~"2(k), u(k), k) = f(2(k), u(k), k)
y(k) = g(T~"a(k), u(k), k) =

9(&(k), u(k), k)

by suitably defining functions f and .
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Linear Dynamic Systems




Linear Dynamic Systems

Consider the discrete-time dynamic system state-space
representation:

This state-space equation describes a linear system if and only if
the functions f(-) and g(-) are linear with respect to their state
and input vector arguments:

Va,a €ER, Vo, z, € R", Vuy,up; € R™ :

flonzy + aoxs, ajuy + arun, k) = aq f(x1,ur, k) + co f(22, ua, k)
glarzy + ury, ayuy + apup, k) = arg(zy, ur, k) + aag(aa, ug, k)
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Linear Dynamic Systems: Matrix Form

Consider the state-space representation:

and suppose that the linearity assumption holds. Then:

filz,u, k) = an(k)zy + -+ ain(k)zn + b (B)ur + - - + bim (k) um

fn(xauy k) = anl(k)xl SFecoSF ann(k)mn + bnl(k)ul SFoooF bnm(k)um

y1 =cn(k)r + -+ an(k)x, + di(k)ur + - - + din (B)up,

Yp = Cpi1 (k)xl G e0C qF Cpn(k)xn + dpl (k)ul P 0©0 I dpm(k)um

where a;;(k),b;;(k), ci;(k),d;;(k) are generic functions of the
discrete-time index k.
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Linear Dynamic Systems: Matrix Form (cont.)

Letting:
[an(k) o am(k) bi(k) - bim(k)
AR =| i e i | B®=| i i
L an1 (k) e a'rm(k) bnl (k) b’rml (k)
[culk) - cm(k) di(k) - dim(k)
C(k) == SRS : ;. D(k):= : : :
L cpi(k) - cpn(k) dpi(k) -+ dpm(k)
x1(k) u (k) y1 (k)
sk = | 0 s owme= | i s owk =
xn (k) U (k) yp(k)
One gets:
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Linear Dynamic Systems

Time-Invariant Linear Dynamic Systems



Time-Invariant Linear Dynamic Systems

In the time-invariant scenario, the matrices A(k), B(k),C(k), D(k)
do not depend on the time-index k, that is are constant matrices

A B,C,D:
al QA1n bll blm
A= ;. B:= :
(255} Tt Gpn bnl o bnm
Ci1 -+ Cin dll dlm
cp] DRI cpn dpl .. dpm
and thus:

x(k+1) = Az(k) + Bu(k)

y(k) = Cxz(k) + Du(k)
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Time-Invariant Linear Dynamic Systems: Equilibrium States

Consider a linear time-invariant dynamic system:

x(k+1) = Az(k) + Bu(k)

y(k) = Cx(k) + Du(k)

and consider a constant input sequence u(k) = 4, k > 0. Hence,
one has to solve the following equation for z:

x=Ax+ Bu = (I — A)xr = Bu
The following two cases have to be considered:

cdet(I—A)#0
s det(I—A)=0
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Time-Invariant Linear Dynamic Systems: Equilibrium States

« det (I — A) #0. In this case, one gets:
z=(I-A)"'Bu = & is unique VueR"
Accordingly, the equilibrium output is given by:
j=Ci+Di=|C(I-A)"'B+D|a

Matrix [C(I —A)'B+ D} is defined as static gain.

« det (I — A) = 0. In this case, two different situations may occur:

* Joo equilibrium states z, 3 co equilibrium outputs y
* A equilibrium states Z, A equilibrium outputs g
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Equivalent State-Space Representations: LTI

Consider the discrete-time linear time-invariant (LTI) dynamic
system state-space representation:

x(k+1) = Az(k) + Bu(k)
y(k) = Cx(k) + Du(k)

Let #:= T 'z, where T € R™*" is a generic non-singular n x n
matrix (det(7") # 0). Then, the equivalent state-space description is
given by:

E(k4+1) =T 'z(k+1) = T'ATz(k) + T~'Bu(k) = Az (k) + Bu(k)
y(k) = CT#(k) + Du(k) = Ci(k) + Du(k)

Hence:

o(k + 1) = Az(k) + Bu(k) 2k + 1)
{ y(k) = Cx(k) + Du(k) — {
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Linear Dynamic Systems

Linear Systems Obtained by
Linearization



Linear Systems Obtained by Linearization

Basic Concept
« Linear systems are provided with numerous analytical tools
that are not available for nonlinear systems

- Approximating nonlinear systems by linear ones in a
"neighbourhood” of a nominal state movement may result very

useful in practice

Slope of the tangent straight line = fm (f)

Slope of the tangent straight line = fJL (f)

y= f(z)
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Linear Systems Obtained by Linearization (cont.)

« Consider the nonlinear system:

 Moreover, consider a nominal state movement z(k), k > ko
obtained by the initial state z(ky) = 7, and the input sequence
u(k) = u(k), k = ko.

« Let us perturb the initial state and the nominal input sequence,
thus getting a perturbed state movement:
x(ko) = ZTo + 0z ; u(k) = u(k) + du(k) = =x(k) = z(k) + oz (k)

* Hence:

z(k+1)=z(k+1)+dz(k+1) = f(z(k) + dx(k), u(k) + ou(k), k)
~ f(z(k), u(k), k) + fo(2(k),u(k))dx(k) + fu(Z(k), u(k))ou(k)
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Linear Systems Obtained by Linearization (cont.)

DIA@UNITS -

« Since the nominal state sequence z(k) is the solution of the
difference equation z(k + 1) = f(z(k),u(k), k), it follows that

Su(k+1) = fo(@(k), a(k))sx(k) + fu(2(k), a(k))du(k)
= A(k)ox(k) + B(k)du(k)

where A(k) € R™*", B(k) € R"*™, k > ko are defined as:

Foh
61‘1

0fn
Con

8U1
B(k) = fu(@(k),u(k),k) = |
Afn
L aul

267MI -Fall 2021

of
o,
Afn
0% d z(k)=z(k),ulk)=a(k)

h

Oy,

0.

Oum (k) =2 k), u(k)=a(k)
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Linear Systems Obtained by Linearization (cont.)

- Concerning the perturbed output one has:

and then

oy(k) ~  g.(T(k),u(k))ox(k) + gu(T(k), u(k))du(k)
= C(k)ox(k) + D(k)ou(k)

where C(k) € RP*", D(k) € RP*™ k > ko are defined as:
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Linear Systems Obtained by Linearization (cont.)

[ 091 . Ogt
oxy ox,
C(k) = g (z(k),u(k), k) = : :
99 .. 9%
L Oz 0Tn d o(k)=2(k),u(k)=a(k)
[ 99 4
ouy Oy,
D(k) = gu(z(k),u(k),k) = | : :
99 .. 99
L Ouy Oum  o(k)=z(k),u(k)=a(k)

Summing up: the linear system obtained by linearization around a
given nominal state movement z(k), k > ko obtained by the initial
state x(ky) = 7o and the input sequence u(k) = u(k), k > ko is

dx(k+ 1) = A(k)ox(k) + B(k)ou(k)
dy(k) = C(k)dz(k) + D(k)du(k)
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Linear Systems Obtained by Linearization (cont.)

Important Special Case: Time-Invariant Systems

« Consider the nonlinear time-invariant system:
z(k+1) = f(z(k), u(k))
y(k) = g(x(k), u(k))

 Moreover, consider an equilibrium state 7 obtained by the
constant input sequence u(k) = u, k > k.

+ Let us perturb the initial state and the nominal input sequence,
thus getting a perturbed state movement:

x(ko) = Zo + dzo; w(k) =a+ du(k) = z(k) =z + ox(k)
* Hence:

z(k+1)=z+dx(k+1) = f(T+ dx(k),u + du(k))
~ f(z,u) + fo(Z,u)0x(k) + fu(T,u)du(k)
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Linear Systems Obtained by Linearization (cont.)

« Since the equilibrium state z is the constant solution of the
algebraic equation z = f(z,u), it follows that

dx(k+ 1)~ f.(Z,0)dx(k)+ fu(Z,0)du(k)
= Adx(k) + Béu(k)

where A € R™*™ B € R™*™ are constant matrices defined as:

[ 8h | Of
ox; oz,
A= fa:(i‘a ﬂ) =
o O
L Oxy OTn d p(k)=z,u(k)=a
[ 9h . 64
Oouy Ouyy,
B = fu(7,u) =
O O
L Ouy Oum d o(k)=z,u(k)=a
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Linear Systems Obtained by Linearization (cont.)

 Concerning the perturbed output one has:
y=g(@,a); yk)=y+oy(k)

Hence

1

y(k) = g(z(k),u(k)) = 9(2 + z(k), @ + du(k))
9(, @) + 92(T, 0)d2 (k) + 9u (T, @)du(k)

and then

oy(k) ~  g.(Z,0)0x(k) + gu (T, w)du(k)
= Cdx(k) + Déu(k)

where C € RP*™ D c RP*™ are constant matrices defined as:
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Linear Systems Obtained by Linearization (cont.)

[ 91 OS¢
oxy ox,
C=gx (E’ 1_1,) =
99 .. 99
L Oz, 0Tn d k)=z,u(k)=a
[ 991 g
ouy Uy,
D = gu(i‘aa) =
99 .. 99
L Ouy Oum d o(k)=z,u(k)=a

Summing up: the linear time-invariant system obtained by
linearization around a given equilibrium state z obtained by the
constant input sequence u(k) = u, k > ko is

dx(k + 1) = Adz(k) + Bou(k)
oy(k) = Cox(k) + Dou(k)
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Linear Systems Obtained by Linearization: Example

Consider the nonlinear discrete-time system:

zi(k+ 1) = 21 (k) + a(l = fzi(k))z1 (k) = y21(k)z2 (k) + u(k)
2ok + 1) = 22(k) — 622 (k) + na (k)2 (k)
y(k) = 2(k)

Imposing the constant input sequence (k) = 0 the following
equilibrium states are obtained:
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Linear Systems Obtained by Linearization: Example (cont.)

The general expression for matrix A of the linearized system is:

of oh
o 83:] 6332
fr('rau): =
of b
8(1)] axz T,u
[ ava—2a82 —z)
T, 1 -6+ nx .

Substituting the expressions of the specific equilibrium states one

gets:
(I+a) 0
0 1-6

_ 0 =
fC(l):[O] = Ay =
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Linear Systems Obtained by Linearization: Example (cont.)

Finally, the other matrices B, C, and D of the linearized systems are
given by (their values do not depend on the specific equilibrium
states):

o
o ou 1 =
w s = = :B
ou z,°
_ dg  Jg B B A
sw@n=| g2 52| =[o 1], =[o1]=0C
gu(f,ﬂ)Zg‘ZCEUZOTUZOZD
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