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Some mathematical background and formalism

The NABLA operator (or DEL) is, by definition:

d d d . :
V=iV, +jV, + kV,= 4 k— Notice that all symbols in bold
L JVz 3=l dx TJ

dy dz are related to vectors

In which i, j, k are unit vector

Strictly speaking is not a specific operator, but rather a convenient mathematical notation for those three
operators, that makes many equations easier to write.

In fact, by using V/ it is possible to make operations such as:

Gradient: grad s = Z—e + e + e = Vs

. . av. ov. av.
Divergence:divv=—"+-—-2+—>=2=V"-v
Jx dy dz

av, avy) (8vX avz) (0Vy avx)
: — — X
Curl (rotore): curl v = (6y P ey, + P Ix €y + Ix e, =VXv

The divergence is roughly a
measure of a vector field's increase
in the direction it points; but more

accurately, it is a measure of that '\J;/‘ \\ j/ H‘ H

Divergence

field's tendency to converge toward
or repel from a point.
° i / l\\ / m

The curl at a point is proportional to 7oV > 0 v_[w o 7o (V) = 0
the on-axis torque at that point. MEMAG A.A. 2021-2022
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Electromagnetism and Maxwell equations

Maxwell’s equations mathematically describe the physics of electromagnetic fields.

Constitutive relationships quantify material properties.
Combining the two provides the foundations for electromagnetism in the media.

V-D(r,t) = g ==> Gauss eq.

/Vx E(rt) = —Z—f(r, t) ==> Maxwell-Faraday eq. (Faraday low of induction)\

VX B (r,t) = u (](r, t) + Z—f (r, t)) ==> Ampere-Maxwell eq.

V- B(r,t) = 0 ==> Gauss eq. for magnetism

Q- J(r,t) = —Z—;’ (r,t) ==> Electric charge is conserved /

Notice that all
symbols in bold
are related to
vectors

In which:
E is the electric field strength vector (V/m)
B is the magnetic flux density vector (T)

D is the electric displacement vector
(or dipole moment density) (C/m?)

q is the electric charge density (C/m?)
J is the current density vector (A/m?)

r is a generic space vector (m); t is time (s)

From these building blocks, all classic
electromagnetics (e.g. induction, radio waves,
resistivity, circuit theory, ...) can be derived after we
characterize material electrical

properties.

MEMAG A.A. 2021-2022
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Constitutive equations

In addition to the Maxwell’s equations additional equations have to be introduced to relating the
material physical properties to EM fields. For homogeneous and isotropic media they can be written
as linear equations:

1) J(r,t) = GE(r,t)

2) D(r,t) = EE(r,t)

3) B(r,t) = fH(r,t)
In which 5, g‘: ‘LT represent the ELECTRICAL CONDUCTIVITY, the DIELECTRIC PERMITTIVITY and the

MAGNETIC PERMEABILITY, respectively.

Constitutive equations provide a macroscopic (or average behavior) description of how electrons/atoms/
molecules/ions respond to the application of an EM field.

By simplifying:

ELECTRICAL CONDUCTIVITY describes how free electric charges flow to form a current when an electric field is present;

DIELECTRIC PERMITTIVITY describes how constrained electric charges are displaced in response to an electric field;

MAGNETIC PERMEABILITY describes how intrinsic atomic and molecular magnetic moments respond to a magnetic field.

MEMAG A.A. 2021-2022



Constltutwe equations

In free-space values of these 3 parameters are constants and equal to:
e =gy = 109/36n=8.85x10"12 [F/ml= ¢, wn=py=4nx107 [H/M]=p,; o =0cy=0[S/m]=o,

The electromagnetic fields in free space can be completely described either by E and H, or by D
and B, because ¢ = g5 and u = py while in regions where the permittivity and permeability values
vary with position (like in almost all geological materials!) both sets of vectors are needed to
completely describe the electromagnetic fields.

It is convenient to introduce some additional parameters, namely:

5
The relative dielectric permittivity (or dielectric constant) = & = % [dimensionless]

- Hm .
The relative magnetic permeability = i = T [dimensionless]

Considering the two previous relations, both parameters are pure numbers and are not “constant”
in nature, but at the opposite the exhibit, in the general case, a dependency by the frequency (f) of
the oscillating EM field, so:

r(f)_em(f) r(f)_um(f)

For increasing frequenC|es both parameters have a decreasing non linear and complex trend
MEMAG A.A. 2021-2022
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Constltutwe equations

In general, 7, €, i are tensors and can also be nonlinear (for instance, @ = 6(E)). In
this case the response of the material can be in a different direction from the exciting
field and dependent of field strength, frequency,....

Moreover, an additional feature of the properties is that they can depend on the
history of the incident field (hysteresis). To be fully correct, we should therefore
write the constitutive equations in the form:

I ) = j & (BE(t — B)dB

0

D(rt) = j £(BE(t — B)dp

0

B(r,t) = jo ABH( — B)dp

that must be used when the considered physical parameters are DISPERSIVE (i.e.
frequency dependent) and, as already stated the 3 parameters are:

6=0(f) E=E&(f); i =a(f)

By extension, the adjective “dispersive” is used for all the other dependencies (for

instance when the parameters are dependent by the velocity, the phase,...
MEMAG A.A. 2021-2022
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Constitutive equations: electrical permittivity ¢

The permittivity of subsurface materials can vary noticeably (but electric conductivity more and more!), especially
in the presence of free and bound water, and dielectric permittivity is usually a complex, frequency-
dependent quantity with real (storage) and imaginary (loss) components.

Table 2.1 Typical values of relative permittivity (real component) and static conductivity for Charged particiss
common subsurface materials at an antenna frequency of 100 MHz a

'1’/\' (*\/ (’) In the absence of the applied EM field, the bound
charged particles are un-polarised and there is a
net, overall zero charge for the material.

Material Static conductivity, o, (mS/m) Relative permittivity, No applied )
= G ©

Eave electric field @

Air 0 O ® 0O
Clay — dry 1-100
Clay — wet 100—1000 Induced
Conerete — dry —10 dipole moment T ol is th
- e 0-100 _ E ) s the propagating EM pulse travels through the
Concrete — wet 10-1 Applied O<—=0® © material, energy is ‘transferred' to the particles in
Freshwater 0.1-10 electric field _ the form of charge separation/conentration
Freshwater ice 1-0.000001 O<— @ O] (energy storage)on the rising edge of tre pulse.
Seawater 4000 Rising edge of Th . ticles B isicat

e Ise with ener e opposing particles become physically
Seaw ater ice 10—-100 ;s’tli-)ragvew o @ >® © displaced or polarised in relation to their original
Permafrost 0.1-10 position and a localised dipcle momentis induced
Granite — dry 0.001-0.00001 inthematerials.

Granite — fractured
and wet
Limestone — dry

1-10

0.001-0.0000001

woisdsecic (E| ECTRIC PULSE)

Limestone — wet 10100
Sandstone — dry 0.001=0.0000001 Applied (@) D —
Sandstone — wet 0.01-0.001 elz‘c’:tric field = ®\l ’/O As the pulse travels further, energy is released on

A A 5 the trailing edge of the pulse and the ne ghbouring
Shale — saturated 10-100 ) >0 partices start to undergo charge separation and
Sand — dry 0.0001-1 TTEI’"‘"Q ?:99 of polarisation as described above
Sand — wet 0.1-10 Moase 2P o @<=0

release v 4 S

Sand — coastal, dry 0.01-1
Soil — sandy, dry 0.1-100 i B
Soil = sandy, wet 10-100 \—p (ELECTRIC PU LSE)
Soil — loamy, dry 0.1-1
Soil = loamy, wet 10—-100
Soil — clayey, dry 0.1-100 N Figure 2.1 /Conc¢ptual diagram illustrating the process of energy storage/release, ct
Soil — clayey, wet 1()(:—] 000 10-15 polarisatioy and phe development of a dipole moment occurring when an electromag
Soil — average 2 16 (EM) wavg proppgates through a material.

Jol, 2009

POLARIZATION occurs at both the local atomic scale
and at the edges of the material where there are no
neighbouring charges to balance the effect. On the rising edge of the incident pulse, energy is “transferred” to
the particles in the form of charge separation (energy storage) and released in the trailing edge. A dipole
moment is induced and a net dipole moment density D is generated across the polarised charges.

In homogeneous, isotropic, non dispersive materials = D=cE MEMAG A.A. 2021-2022

Jol, 2009

shifting = POLARIZATION
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Constitutive equations: electrical permittivity ¢

If the charges are free to move and can physically interact (as in the dipolar molecules of free water), then the
displacement and polarisation process (f) converts some of the EM energy into heat during the particle
interactions. As such, a component of energy loss is introduced into the polarisation process that acts out of
phase with the energy storage and release mechanism.

This phenomenon occurs in most materials, and therefore, the permittivity is usually described as a complex
quantity(f), with the real component representing the “instantaneous” energy storage — release
mechanism and the imaginary component representing the energy dissipation.

The frequency dependence of the polarisation process is a manifestation of the permittivity reflaxation
phenomena where the time-dependent displacement mechanism is acting at different rates to the alternating,
applied electric field.

Below the relaxation frequency, the particles are able to ‘react quickly’ to the applied field and stay in phase with
its changes. At, and above, the relaxation frequency, they cannot keep up with the rapidly changing field
and spend most of their time in motion, therefore, producing significant loss of energy as heat to the
surrounding matrix. g >

\ polarisation

\ : Dipolar polarisation

Most materials display a range of permittivity relaxation = overall
decrease in the value of the real component of the permittivity §
and a peaking in the imaginary component as frequency £ | iommmmms \ pommion  Etcione
increases. The peak value of this distribution is called the N\ ~ \—A
relaxation frequency. ' [ |\ { 1

There are more than one relexation frequency due to different PNE e e
relaxation mechanism involving electrones, atoms, dipole moleculas,...
giving a complex overall response different for each material. il Region A eyt o st wih sy nd e

Mixtures if materials and/or inhomogeneous ones exhibit an even morg e (awediom Dk 990, JoI 12009
complex behaviour. MEMAG A.A. 2021-2022

Imaginary | \, Real component ¢’
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Constitutive equations: electrical conductivity o

Simplifying, electrical conductivity o describes the ability of a material to pass free electric charges under the
influence of an applied field. In metals, these charges relate to the free electrons of the metal atoms, whilst in
fluids they are represented by the charges of dissolved anions and cations. These charge carriers rapidly
accelerate to a terminal velocity generating internal conduction currents. As they propagate, they randomly
collide against other atoms, ions or electrons, which produces energy loss in the form of heat.

Depending by the frequency of the EM field, the parameter can assume peculiar behavior.

Charged particles

(®.g. freeogs in a fid) At Jow frequencies (<~1kHz) the conductivity

O ® :ir; lz]hem ib;mn?: a:m%;lb’glgzdme!:tt;t;g is bgsica_lly a measure of the m'ovement' of _charge
Noapplied (@ © o o ad o g0 pot oot & carriers in response to an ap|:_>I|ed electric field, as
electric field O produce heat. described by the Ohm’s law (i.e. the 1st
O ® Constitutive eq. 3=cE) for “ohmic conductors”:
!
As the propagating EM pulse travels O-ef f =0 = O-D C

Applied through the material, energy is
electric field ‘transferred’ to the ionic charges as they

rapidly accelerate on the rising edge cf
the pulse.

During transport the charged parlicles
collidefinteract and convert inertial
energy into heat, which results in an
overall loss of energy.

Applied electric
field

Figure 2.5 Conceptual diagram illustrating the process of conduction in a material

containing free charges such as anions and cations. Jol, 2009 MEMAG A.A. 2021-2022
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Constitutive equations: electrical conductivity o

For intermediate frequencies (>0.1 MHz<~10GHz) the charge response is almost “instantaneous” and the
conduction current is in phase with the electric field E so that:
which is a real value (almost) frequency independent often referred as "STATIC CONDUCTIVITY”.

0O =0pc
At very high frequencies (>10GHz) the inertial effect of the accelerating charges produces a lag in the
physical response and a conduction current that is out of phase with the electric field variations. The conductivity
must now be described by a complex, valued quantity where the imaginary component represents the out-of-
phase component of the current. This typically increases with frequency and adds to the energy storage effect of
the permittivity.

oc(w)=0 —io (w)

Depending by which is the dominant behavior different geophysical methods have been exploited
thus actually analyzing different and complementary parameters of the subsurface.

Let remember that all the i
approximations are valid only when the - — T 1| | — result of curve fiing 0| * measurement points

0.12
9| === result of curve fitting |

. ' o
- —m—g2 v et ....Illlgllllitl.

hypotheses on which they are based are —e—ss
matched. : :
There are peculiar materials (e.g. ice,
water, soils as mixtures of solids, liquid
and gaseous components) for which the
general approximations are no longer
valid.

Moreover, there are cases in which some
additional parameters which usually can 180 200 220 280 260 280 300

be neglected must be considered (e.g. Temperature, TLIO)

pressure, temperature,...) = For instance in geothermal studies! MEMAG A.A. 2021-2022
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Constitutive equations: magnetic permeability p

= = w14

0

Magnetic susceptibility y [dimensionless] can be anisotropic, but for weakly to moderately magnetic
materials, the anisotropy is generally negligible.

Water and most soil-forming minerals are nonferromagnetic (i.e. the real relative magnetic permeability y, is
= 1).

When ferromagnetic impurities are present (especially iron, nickel, cobalt and they alloys and compounds
like oxides) the magnetic permeability of the soil mass is proportional to the volume fraction of impurities.

Total magnetization of a material is a vector such as: Mi=M,+M; [A/m]

The induced component M; (induced magnetization) is produced in response to an applied field,
which in geophysical investigations is the Earth’s Magnetic Field (EMF).

The remanent component M, (remanent magnetization) is the “permanent” magnetization that
remains when applied fields are removed.

For weakly to moderately magnetic materials (such as most earth materials), induced magnetization is aligned
with and proportional to H, the earth’s magnetic field (the earth’s field is normally given in nT, units of the
magnetic induction B) so:

Mi= ZH
In this course we will not consider magnetic properties of materials,

which are the base of MAGNETIC METHOD here not described.
MEMAG A.A. 2021-2022
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Electrical permittivity € and conductivity o

er(w) = er(w) — ier (@)

In the general case ¢ and o should be expressed by:

or(w) = or(w) — ioy (w)
In which real parts are noted by () while imaginary ones by (). Pedex (T) refers to the “total complex” ¢ and o
Real and imaginary parts are also referred to as the in-phase and quadrature components, respectively.

or
The two total parameters are related so that: &7 = w

Therefore, both &; and o contain THE SAME INFORMATION are simply two different ways of expressing what is
measured.

In fact, from the physical point of view conductivity and polarization effects CANNOT be DIVIDED, so:
g (w)

Eorf (@) = € (w) +
, . This way is apparent that:
Oef (W) = 0 (w) + we (W) 1) there is more than dielectric polarization
contributing to what we measure as the effective
permittivity or stored energy in the system;
o (] [. o (w) 2) there is more than pure (ohmic) conduction
—ile (w)+ - .
] [ w ] contributing to what we measure as electrical
conductivity or energy loss in the system.

and in terms of “Total effect”:

er(w) = [sl(w) +

w
or(w) = [0 (w) + woe (0)] +i[o (W) + woe (w)]

MEMAG A.A. 2021-2022



Electrical permittivity € and conductivity o

From the previously discussed concepts about permittivity and conductivity (dependence of frequency, complex
nature, impossibility to “divide” the two components) we can consider different approximations taking into
account WHICH mechanisms are more or less efficient in one specific medium and for a specific EM field.

On of the most important parameter is the FREQUENCY of oscillation of E and H.
At frequencies above approximately 100 kHz (Knigth and Endres, 2005) it is commonly assumed that:

g (w) B
— =

0 a'(a)) = Opc

The expressions for the effective parameters then become:

Eef f (w) = SI(CU)

Oerf (W) = opc(w) + we (W)
At the opposite,when ¢ > we (i.e. for low frequencies):

Ocff =0
Such approximations can be a source of confusion in comparing studies of low-frequency and high-frequency electrical properties:
at low frequencies e is considered to be governed by the parameter that is completely neglected in defining e, at high frequencies

while at high frequencies €. is considered to be equivalent to the parameter that is completely neglected in defining €. at low
frequencies.

The assumptions are valid for the frequency range of the studies but result in two sets of expressions containing different
sets of parameters. As we start to consider the value of broadband measurements of electrical properties to extract information
about the near surface of the earth, the resulting artificial division into “high frequency” and “low frequency” can impede
our ability to understand the underlying mechanisms governing the measured response. MEMAG A.A. 2021-2022
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EM fields characteristics A oreste machots s
Maxwell equations describe a coupled set of E and B fields /

varying with time as a corollary it is apparent that
changing electric fields create magnetic fields which in turn

induce electric fields. Time-varying B

For instance, if we start considering a time-varing current J = it

in turn creates a magnetic field B, = which in turn induces an O — C@
electric field E, = which in turn causes the electric charge to move

thus produc/ng acurrentl, = ... Current flows in response to E Creates electric field E
This continuing succession of one field inducing the other, Daniels, 2004

results in fields that move through the medium: how?

It depends on the relative magnitude of losses, and the fields may diffuse or
propagate as waves

Mathematically, the wave character is seen by rewriting Maxwell’s equations to
eliminate either the electric or magnetic field. Combining Faraday’s law and Ampere’s
law and considering the constitutive equations we obtain the transverse vector wave

equations:
OE aZE When material properties are
VXVXE+ ,LtO'a— T UE— Ot2 =0 assumed isotropic, frequency-
and independent (i.e. not dispersive),
VXV xH OH 0%H 0 and linear..
XVXHA+UTC— + Us——= =
K ot H ot? MEMAG A.A. 2021-2022
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EM fields characteristics

Let now consider for simplicity Maxwell equations in the free

space and without sources:

V-E=0 —)
V-B=0 —)
0B
VXE=—— ==
ot
O0E

VXB:MOSOE ‘

OE. OE, OE

z =O;
> e )

OB, OB, OB

> T @
GE. CE, B,

& & o (3)
CE, CE, _ OB, @)
&z x o’

CE, OE, _ 3B, . ()
&x Oy ot
%_%=#0 0%»(6)
&B, OB, CE,

= _g }[05()?»(7)
éB, &B CE

In cartesian coordinates

Let now search for their solutions in which (for instance)
E is along y and B along z:

—_—

E=Ej, (9)
B=B:. (10)
Since E,, E, and B,, B, are null, (1) and (2) will become:
OE
X0, (11)
oy
L o (12)
Oz

eq. (4) does not give any contribution, while (3) and (5)
become, respectively:

cE

>=0, (13)
'z

cE OB
Yy _ _ z .

= = ;(14)

Moreover, eq. (8) does not give any contribution, while
(6) and (7) become, respectively:

2

—=0 15

S-=0, (15)
OB E,

- a; = Ho&o P) (16)

MEMAG A.A. 2021-2022



EM fields characteristics

Let now analyze in detail the consequences of such equations:

From eq. (11), (13) and (14) we conclude that E does not
change in the yzplane while it varies along axis x when a
magnetic field varying with time is present.

From eq. (12), (15) and (16) we conclude that even B does not
change in the plane xy, but it varies along axix x when an
electric field varying with time is present.

Let now derive both members of eq. (14) for coordinate x:

) 2 2
a4 Lo 2B 5 TE_ B
ox ot ox® oxor
And similarly both members of eq. (16) for ¢
oB oE O’B O°E
16) ——== 1 g, —= —_— = —r
(16) x % P Taa HH T
By comparing such two eq., rewriting & B, /E}x@i as 0° B, / otox
we obtain:
O'E, O'E,
—— My, ———=0
ox ot (17)
Doing the same for the magnetic field B we obtain:
2 2
8 BZ _/u g E = O
ot T o (18)

Both equations (17) and (18) satisfy the general wave eq.
(in this case mono-dimensional):

So both E and B oscillate on planes perpendicular to axis x
along which they propagate with a PLANAR WAVE.
Waves are POLARIZED (in our example E along y and and

B along 2), but we can generalize the equations as:
Yy

E

O°E e O’E 0

B 00 A2 Vo 1
83‘4 aﬂ Where: ¢ =
0°B O°B Ho&y
P =0

MEMAG A.A. 2021-2022
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