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Hooke's law

Although Robert Hooke's name is now usually
associated with elasticity and springs, he was
interested in many aspects of science and technology.
His most famous written work is probably the
Micrographia, a compendium of drawings he made of
objects viewed under a magnifying glass.
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Modeling Vibration

The Ingredients:

® Inertia (stores kinetic energy)

® EldS"'lCl"'Y (stores potential energy)

Realistic Addition:

® Dissipation

® mass

. ® to model lots of physical
® stiffness gy stems: engines, water

® damping  towers, building etc...



A mass under a restoring force

From Newtons 2nd Law F - ma
d®x
where a=——
dt
2
therefore — kx = md—:
dt
d®x k
or —— = -—X
dt m

This is the condition for simple harmonic motion



SHM
dx k.
dt° m

An object moves with simple harmonic motion (SHM)
when the acceleration of the object is proportional to
its displacement and in the opposite direction.

Some definitions:

The time ftaken fo make one complete oscillation is the period,
T.

The frequency of oscillation, f = 1/T in s-! or Hertz
The distance from equilibrium to maximum displacement is the

amplitude of oscillation, A.
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The general equation for the curve traced out by the pen
is X =A cos (ot + 9)

where (ot + 0) is the phase of the motion

and o is the phase constant



© SHM - natural frequency ©)

We can show that the expression x = A cos (ot + 9)

2
is a solution of 9% _ _k by differentiating wrt
time dt?> m
x = A cos(wt+9)
V = :—: = —Aw sin(wt +0)
a = dv = —Aw?® cos(wt+d)

dt

or a = —(DZX

Compare this to a = -(k/m)x
k

X = A cos (ot + 0) is a solution if w = m



SHM - IC

We can determine the amplitude of the oscillation (A)
and the phase constant (8) from the initial position x,

and the initial velocity v,
if x=Acos(wt+0)then x, =Acos(d)

if v=-Awsin(nt+d) then v, =-Awsin(d)

The system repeats the oscillation every T seconds

therefore X(t) = x(t+T)
and ACOS((DT + 6) = ACOS((D(T + T) + 6)
= Acos(wt +d+mwT)

The function will repeat when oT = 2x



We can relate o, f and the spring constant k using the
following expressions.

1 o
=T

® is known as the angular frequency and has units of
rad-s-1



X, Vv, a time dependence in SHM

X =Acos(mt)
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NN

V
/\\/ *
a a =-m2Acos(mt)
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v =—wAsin(wt)




Energy of SHM

In SHM the total energy (E) of a system is constant but the
kinetic energy (K) and the potential energy (U) vary wrt.

Consider a mass a distance x from equilibrium and acted upon
by a reSfOT'Ing FOT‘CQ Equilibrium
]

Kinetic Energy {‘ ANAAAAAAA D
K=%mv2 @J_ #iii«z//«' ‘

v = -Awsin(of +0) Potential Energy

K = LmA%0° sin®(ot + ) U = %4 kx?
Substitute w2=k/m x = Acos(wt + 9)

K = LKA® sin®(wt + ) U = 14kA2 cos?(wt +9)
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Total Energy

Total energy E =

K + U

= L kA? (sinz(oof +8) + cos®(wt + 6);

but (sinz((m‘ +8) + cos?(wt + 6))= 1

E = LKkA®

In SHM the total energy of the system is proportional
to the square of the amplitude of the motion



A simple pendulum consists of
a string of length L and a
bob of mass m.

When the mass is displaced
and released from an initial
angle ¢ with the vertical it
will swing back and forth
with a period T.

We are going to derive an
expression for T.

;




Forces on mass:
mg (downwards)
tension (upwards)

When mass is at an angle ¢ to
the vertical these forces have 1
be resolved.

Tangentially:
weight = mg sin ¢ (fowards 0)
tension =T cos 90 = O

2 Erang - mgsinq)
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d%¢

-mgsing =mL ——=
gsing dt?
¢ g..
or gL
For small ¢ sing = ¢
d°¢ g
dt? Lq)
ie SHM with =%

This has the solution

® = ¢, cos (ot + J)
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Period of the motion

T=2n=2n\F
W 9

ie the longer the pendulum the
greater the period

Note: T does not depend upon
amplitude of oscillation

even if a clock pendulum
changes amplitude it will still
Keep time



Period of the motion 106, Tipler Fig 14-16
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This is only true for ¢ < 10° Lot
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If the initial angular displacement is significantly large the small angle
approximation is no longer valid

The error between the simple harmonic solution and the actual solution
becomes apparent almost immediately, and grows as time progresses.

Dark blue pendulum is the simple
approximation, T_ 2n _ ZW\F \
W 9

light blue pendulum shows the numerical
solution of the nonlinear differential

equation of motion.



Damped Oscillations

All real oscillations are subject
to frictional or dissipative
forces.

?’1
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,V\/V'v

AW

These forces remove energy i
from the oscillating system and
reduce A.

A




Consider mass m on the end of a .
spring with a spring constant K

Restoring force = kx when mass is a
distance x from equilibrium {

Drag force o dx/dt e

F =ma

dx  d°x
_kx_bd_-l-=mF |m

2
d_x +Yd_x +(n(2,><=0 where v = b/m and ®? = k/m

dt? dt




Auxiliary equation )

S——

d°x dx
2 v 22 s wix=0 where y=b/m and o, = (k/m)/2
gz Tl T ! ;
In order to find the auxiliary eq. one tries:  x(1)= e ™
1Y -4’
B*—vB +o; =0 1/2:Y \/YZZ :

Yy _VY2_4(’)51- T4 +\/YZ_4(0%.|.
1) y>2my xX(t)=Ae2e 2 +Be?e 2
V4 V4

2)y=2my X(t)=Ae 2 +Bte ?

2_
1y laebr, Ly wted Yt

3) y<2my X(t)=Ae2e 2 +Be?e




Initial conditions

and the constants can be deftermined applying the initial
conditions, e.g. x(0)=x, and v(0)=0.

vy |

1) x(t)=e g [(XZO - Z:‘O ]e‘”* +("20 ¥ ‘2‘0 ]e“”* overdamped
) (6)) 1

vy
2)x(t)=e 2’ X +Y>2<O’r} critically damped

vyl
) x(t)=e > (xo)cos (of+£§<°]sin(o‘r} underdamped

i ®

2
2_
with oo:\/4®° Y = .|@f — ¥
2 2




Energy of a damped oscillator

1
Generally E = émoozl‘\2 energy E o« amplitude A2

if amplitude is decreasing exponentially then energy will also
decrease exponentially

-yt
Xo | X(t)=x,e 2 cos(wt)
\ /\ TN . max displacement when cos=1
3 Vi Xt o
\/ \L M X(1) = X, e 2
g AL

1 v

E= é |"|'\(D2 (Xoe_z )2




Quality factor - Q

A damped oscillator is often described by its quality-factor or

Q-factor
w,m  w,

b v

Q=

this can be related to the fractional energy lost per cycle



In a weakly damped system the energy lost / cycle is small

dE = AE and dt =T
AE=-yET




Driven oscillations

Consider the steady state
behaviour of a mass oscillating on
a spring under the influence of a
driving force.

The mass oscillates at the same
frequency of the driving force
with a constant amplitude x,.

mass  driving force

e
R

The oscillations are out of phase,
le the displacement lags behind
the driving force.

displacement



mass  driving force

Force = F cos(wt) has +ve peaks at
t =0, 2/, 41/ O......... )R\Y/ /ﬁ\/ m /?

S
£
+ve peaks of the displacement g
occur at t = At, (2n/w)+At, (47/®) 2
+AT e
2mAt

. the displacement x = x, cos(wt -¢) where ¢=wAt=

This describes a displacement with the same frequency as
the driving force, has constant amplitude and a phase lag ¢
with respect to the driving force.




Equation of motion for a driven oscillator is

2
d”x + Yd_x +m§x =5cos(m’r) where v = b/m and ®2 = k/m

dt? dt m

Solution of this equation is X = X,cos(wt - ¢)

To determine the x, and ¢ we need fo substitute the solution
into the equation of motion.

We need i—: = —0X,Sin(ot - ¢)

2
:1‘;( = —w°x,cos(wt - ¢)



d°x dx > F
F + Yd—T + (DOX = ECOS((DT)

_ u)zxocos((x)'l' — ) —yoX,Sin(wt - ¢) + ngocos((x)'l' —-¢) = 5COS(Uﬂ')

m
((ng —w° )x,cos(wt — ) —ywX,sin(wt-¢) = %Cos(ﬂ)f)

This equation must be true at all times.

To solve for x, and ¢ we need fo consider two situations.
l. (ot -9) =0 ~.sinfmt - 9) =0 and cos(wt)=cos ¢

2. (ot - 0) =7/2 ..cos(wt - ) =0 and cos(wt)=cos(n/2 +
0)



This leaves us with two simultaneous equations:

Remember cos(g +¢)=-sing

2 2
(wo_{D)xo

The solutions are

F,/m

— YWX,

Xo =

tan¢ =

Wy

\/(oog — %)% + w%y°

2

(0, -

)

[m]

Amplitude

Fo cos(9)
m

l:—°COS(E +0)
m 2

and cos2A + sin2dA =1

Resonance

0 0.05 0.1

fo=0.15915494327376 Hz

0.15
Frequency [Hz]

0.2

0.25 0.3

[6ap] aseyd

-180

Q= 3.3333333333333



Absorbed power

The average rate at which power is absorbed equals the
average power delivered by the driving force, to replace the
energy dissipated by the drag force.

Over a period it is:

- = Y20)2
<P> B 2n:y (0)2 _ (D2)+ 0%

0
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Small damping,

/ large Q

Large damping,
small Q

(1)0 m

YZG)Z
(“)2 — wz) + 7w’

When damping is small oscillator
absorbs much more energy from
driving force.

Resonance peak is narrow

When damping is large oscillator
resonance curve is broad

. Ao Af 1
For small damping = = ¢ “Q

0




AMPLITUDE

PHASE (degrees)

1 llllllll 1 lllllllI

1 1 lllllll

h=1/4
1/2

T IIIIIIII T IIIIIIII

1 10
FREQUENCY (Hz)

T IIIIIIII T IIIIIIII
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@ At very high frequencies (w>>wo), |A(w)l*1, and
6=, so the displacement from equilibrium is
the negative of the forcing displacement, that
is moving so rapidly that the mass cannot
follow the motion at all.

© At very low frequencies (w<<wo ) we have
IXo(w)|=w2/wo2, so that the amplitude of the
response falls off quadratically with frequency.
From the time domain representation, we see
that this response is proportional to the
negative of the forcing acceleration



