IStsS

ICIS

o
=
a.clg.
S 4
=
= =
o ©
.
L 3
Q. o
S\
i -
[

Image Processing for Phys

Y

._...4,. \Q«NY\:GM& JH oy =

s

|
o
Al
“TRENE



Overview

* General remarks on optimization

* Least squares principle

— Application examples
* Lagrange multipliers

— Application examples
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Image Processing Problems

* Image processing problems can be formulated as linear/nonlinear equations
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* In many cases “true” solution does not exist (random noise!) or is hard to

calculate (inverse problem)
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* Find “best-guess” approximation
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* Need understanding of “approximation”

* Need understanding of “best” approximation
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Estimation

°* Estimator and Estimate
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* Cost function I(Y ) X//b )

— Measures how well our estimate compares to the original
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— Find Minima of cost function

— Optimization theory
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Least squares principle

1. Introduction. The method of least squares is the automobile of modern statistical
analysis: despite its limitations, occasional accidents, and incidental pollution, it and its
numerous variations, extensions, and related conveyances carry the bulk of statistical
analyses, and are known and valued by nearly all. But there has been some dispute,
historically, as to who was the Henry Ford of statistics. Adrien Marie Legendre published
the method in 1805, an American, Robert Adrain, published the method in late 1808 or
early 1809, and Carl Friedrich Gauss published the method in 1809.
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Least squares principle

* Problem formulation
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Global /Local Minima/Maxima

* Find extremal point of function global maximum

local maximum
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local minimum
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* Convex problems:

— local minimum is also global

minimum
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* All linear problems are convex!
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Linear least squares

* Problem formulation AxN
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* Minimize cost function

S = lﬁ/'a H(X/Q;/Z
S 1y - ?x‘f’&)’}

Utowlvo» (N pwv\oﬁzi\" Vin /&j

/o

MinimizaTre reolnee s

1o 901(/1'»/\7 L (fncwr
okl

east square optimization



Example: Expectation value

N

* Given a set of random numbers, find an estimate for the expectation value of

the underlying probability distribution
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Example: Linear regression

* Given a set of measurements, find the parameters of a linear regression model
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Example: Deconvolution
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Example: Deconvolution

* Search for optimal filter W that minimizes least squares 7““*”‘ P s T
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Example: Deconvolution

* Search for optimal filter W that minimizes least squares
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General linear least squares
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General linear least squares
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Weighted least squares T

* Problem: sensitivity to outliers 12
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* Solution: penalize problematic values using weights
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Solving least squares problems

* Many approaches to solution exist
— Pseudo inverse
— Singular value decomposition (SVD)
— QR decomposition
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— |terative methods

* Choice depends on
~— Robustness
— Speed

— Memory consumption
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Overfitting & ill-defined problems

* Guess can only be as good as the underlying model

* Too complicated models can lead to too complicated solutions
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Example: Image registration

* Problem formulation: estimate the parameters of a transform s.t. the difference

between original and distorted image is minimal
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Example: Image registration

* Problem formulation: estimate the parameters of a transform s.t. the difference

between original and distorted image is minimal .
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Summary

* Approximate solutions can be found using estimation

* Approximation quality can be quantified by cost function

* Optimum solution is found by minimizing the cost function
* Least square estimator minimizes squared residues

* Lagrange multipliers can be used to implement additional

constraints

* lterative schemes allow solution of hard problems
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