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– Large-scale geophysical flows tend to be fully hydrostatic
even in presence of substantial motions



Primitive Equations of GFD

f = 2Wsinj and r0, g constant, nE(z), kE(z)
5 equations for 5 variables u,v,w,r,p



• Scale analysis on x,y – momentum equations:
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Þ Rotation (Coriolis) term 𝛀𝑼 is fundamental to measure the
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• Fluid turbulence at subgeophysical scales (small eddies) can act as
dissipative mechanism: molecular viscosity 𝝂 can be substituted by
a much larger EDDY VISCOSITY 𝝂𝑻 𝒐𝒓 𝝂𝑬

– For water: 𝝂~𝟏𝟎!𝟔𝒎𝟐/𝒔 and 𝝂𝑻~𝟏𝟎!𝟐𝒎𝟐/𝒔

• Even with eddy viscosity, Ekman number remains small (𝑬𝒌~𝟏𝟎%𝟐)
but friction is essential near boundary layers (𝑬𝒌~𝟏)

• 𝑷
𝝆𝟎𝑳𝛀𝑼

= 𝒑𝒓𝒆𝒔𝒔𝒖𝒓𝒆 𝒈𝒓𝒂𝒅𝒊𝒆𝒏𝒕
𝑪𝒐𝒓𝒊𝒐𝒍𝒊𝒔 𝒕𝒆𝒓𝒎

⇒ 𝒊𝒇 𝒕𝒆𝒓𝒎𝒔 𝒂𝒓𝒆 𝒄𝒐𝒎𝒑𝒂𝒓𝒂𝒃𝒍𝒆: 𝑷~𝝆𝟎𝑳𝛀𝑼

• from z-momentum: ⇒ 𝑷~∆𝝆𝒈𝑯
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§ def. Richardson number: 𝑹𝒊 = ∆𝝆𝒈𝑯
𝝆𝟎𝑼𝟐

= 𝒑𝒐𝒕𝒆𝒏𝒕𝒊𝒂𝒍 𝒆𝒏𝒆𝒓𝒈𝒚
𝒌𝒊𝒏𝒆𝒕𝒊𝒄 𝒆𝒏𝒆𝒓𝒈𝒚

… 𝟏/𝝈

ü Exercise: find scales for 𝝆𝟎𝑳𝜴𝑼, ∆𝝆𝒈𝑯, 𝝆𝟎𝒈𝑯 in Ocean and Atmosphere
using Table 4.1
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• After inertial oscillations, homogeneous geostrophic flows are the
second simple case where NSEq. can be solved, and can describe
natural GFD phenomena

• Hypoteses:
– Coriolis term dominates others (= rapidly rotating flows): 𝑹𝒐𝑻 ≪ 𝟏 𝒂𝒏𝒅 𝑹𝒐 ≪ 𝟏

– Homogeneous fluids: 𝛒𝟎 = 𝒄𝒐𝒔𝒕 𝒂𝒏𝒅 𝛒& = 𝟎

– Ignore frictional effect (= far from B.L.): 𝑬𝒌 ≪ 𝟏

• Primitive equations:

• 𝝏𝒛 of x,y-momentum eq. […] :

=> Taylor-Proudman theorem: “horizontal velocity field has no vertical shear
and all the particles on the same vertical move in concert”

GEOSTROPHIC FLOWS

Chapter 7

Geostrophic Flows and Vorticity
Dynamics

SUMMARY: This chapter treats homogeneous flows with small Rossby and Ekman num-
bers. It is shown that such flows have a tendency to display vertical rigidity. The concept
of potential vorticity is then introduced. The solution of vertically homogeneous flows of-
ten involves a Poisson equation for the pressure distribution, and numerical techniques are
presented for this purpose.

7.1 Homogeneous geostrophic flows
Let us consider rapidly rotating fluids by restricting our attention to situations where the Cori-
olis acceleration strongly dominates the various acceleration terms. Let us further consider
homogeneous fluids and ignore frictional effects, by assuming

RoT ! 1, Ro ! 1, Ek ! 1, (7.1)
together with ρ = 0 (no density variation). The lowest-order equations governing such homo-
geneous, frictionless, rapidly rotating fluids are the following simplified forms of equations
of motion, (4.21):

− fv = −
1

ρ0

∂p

∂x
(7.2a)

+fu = −
1

ρ0

∂p

∂y
(7.2b)

0 = −
1

ρ0

∂p

∂z
(7.2c)

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (7.2d)
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where f is the Coriolis parameter.
This reduced set of equations has a number of surprising properties. First, if we take the

vertical derivative of the first equation, (7.2a), we obtain, successively,

−f
∂v

∂z
= −

1

ρ0

∂

∂z

(
∂p

∂x

)
= −

1

ρ0

∂

∂x

(
∂p

∂z

)
= 0,

where the right-hand side vanishes because of (7.2c). The other horizontal momentum equa-
tion, (7.2b), succumbs to the same fate, bringing us to conclude that the vertical derivative of
the horizontal velocity must be identically zero:

∂u

∂z
=

∂v

∂z
= 0. (7.3)

This result is known as the Taylor–Proudman theorem (Taylor, 1923; Proudman, 1953). Phys-
ically, it means that the horizontal velocity field has no vertical shear and that all particles on
the same vertical move in concert. Such vertical rigidity is a fundamental property of rotating
homogeneous fluids.

Next, let us solve the momentum equations in terms of the velocity components, a trivial
task:

u =
−1

ρ0f

∂p

∂y
, v =

+1

ρ0f

∂p

∂x
, (7.4)

with the corollary that the vector velocity (u, v) is perpendicular to the vector (∂p/∂x,
∂p/∂y). Since the latter vector is none other than the pressure gradient, we conclude that
the flow is not down-gradient but rather across-gradient. The fluid particles are not cascading
from high to low pressures, as they would in a nonrotating viscous flow but, instead, are nav-
igating along lines of constant pressure, called isobars (Figure 7-1). The flow is said to be
isobaric, and isobars are streamlines. It also implies that no pressure work is performed either
on the fluid or by the fluid. Hence, once initiated, the flow can persist without a continuous
source of energy.

High

Low
u ∇p

.............
...........
............
..............................................................................

f
2p = p1

p = p2 > p1

Low

Figure 7-1 Example of geostrophic
flow. The velocity vector is everywhere
parallel to the lines of equal pressure.
Thus, pressure contours act as stream-
lines. In the Northern Hemisphere (as
pictured here), the fluid circulates with
the high pressure on its right. The op-
posite holds for the Southern Hemi-
sphere.

Such a flow field, where a balance is struck between the Coriolis and pressure forces,
is called geostrophic (from the Greek, γη = Earth and στρoϕη = turning). The property is
called geostrophy. Hence, by definition, all geostrophic flows are isobaric.



• Solving the x,y-momentum eqs.:

• 𝒖, 𝒗 = H𝒖 ⊥ 𝛁𝒑 the flow is across-gradient (or isobaric):
– NO pressure work is performed either on the fluid or by the fluid: Once

initiated the flow can persist without a continuous energy source 4𝒖 6 𝛁𝒑 = 𝟎
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Such a flow field, where a balance is struck between the Coriolis and pressure forces,
is called geostrophic (from the Greek, γη = Earth and στρoϕη = turning). The property is
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f > 0
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• GEOSTROPHY comes from 𝜸𝜼 = 𝑬𝒂𝒓𝒕𝒉 and 𝝈𝝉𝝆𝝄𝝋𝜼 = 𝒕𝒖𝒓𝒏𝒊𝒏𝒈

• Balance between Coriolis force and pressure gradient

• All geostrophic flows are isobaric:
– Northern hemisphere 𝒇 > 𝟎 : currents flows with H on their right

– Southern hemisphere 𝒇 < 𝟎 : currents flows with H on their left

• IF the flow extends over a meridional span not too wide 𝑳𝒚 ≪ 𝑳𝒙:
𝝏𝒇
𝝏𝒚
→ 𝟎 ⇒ 𝒇 = 𝒄𝒐𝒔𝒕 ⇒ 𝒇 − 𝑷𝑳𝑨𝑵𝑬 and the horizontal divergence is

• Geostrophic flows are naturally non-divergent on the f-plane

⇒ 𝒘 = 𝒄𝒐𝒔𝒕 and, if the fluid is bounded in the vertical by a flat
surface: 𝒘 = 𝟎

• Geostrophic flows are 2-dimensional

GEOSTROPHIC FLOWS
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A remaining question concerns the direction of flow along pressure lines. A quick ex-
amination of the signs in expressions (7.4) reveals that, where f is positive (Northern Hemi-
sphere, counterclockwise ambient rotation), the currents/winds flow with the high pressures
on their right. Where f is negative (Southern Hemisphere, clockwise ambient rotation), they
flow with the high pressures on their left. Physically, the pressure force is directed from the
high pressure toward the low pressure initiating a flow in that direction, but on the rotating
planet, this flow is deflected to the right (left) in the Northern (Southern) Hemisphere. Figure
7-2 provides a meteorological example from the Northern Hemisphere.

If the flow field extends over a meridional span that is not too wide, the variation of the
Coriolis parameter with latitude is negligible, and f can be taken as a constant. The frame of
reference is then called the f-plane. In this case, the horizontal divergence of the geostrophic
flow vanishes:

∂u

∂x
+

∂v

∂y
= −

∂

∂x

(
1

ρ0f

∂p

∂y

)
+

∂

∂y

(
1

ρ0f

∂p

∂x

)
= 0. (7.5)

Hence, geostrophic flows are naturally nondivergent on the f-plane. This leaves no room for
vertical convergence or divergence, as the continuity equation (7.2d) implies:

∂w

∂z
= 0. (7.6)

A corollary is that the vertical velocity, too, is independent of height. If the fluid is limited
in the vertical by a flat bottom (horizontal ground or sea for the atmosphere) or by a flat lid
(sea surface for the ocean), this vertical velocity must simply vanish, and the flow is strictly
two-dimensional.

7.2 Homogeneous geostrophic flows over an irregular bot-
tom

Let us still consider a rapidly rotating fluid, so that the flow is geostrophic, but now over an
irregular bottom. We neglect the possible surface displacements, assuming that they remain
modest in comparison with the bottom irregularities (Figure 7-3). An example would be the
flow in a shallow sea (homogeneous waters) with depth ranging from 20 to 50 m and under
surface waves a few centimeters high.

As shown in the development of kinematic boundary conditions (4.28), if the flow were to
climb up or down the bottom, it would undergo a vertical velocity proportional to the slope:

w = u
∂b

∂x
+ v

∂b

∂y
, (7.7)

where b is the bottom elevation above the reference level. The analysis of the previous section
implies that the vertical velocity is constant across the entire depth of the fluid. Since it must
be zero at the top, it must be so at the bottom as well; that is,

u
∂b

∂x
+ v

∂b

∂y
= 0, (7.8)
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A simplified schematic (top) of the AMOC. 
Warm water flows north in the upper 

ocean (red), gives up heat to the 
atmosphere (atmospheric flow gaining 
heat represented by changing color of 
broad arrows), sinks, and returns as a 

deep cold flow (blue). 

Latitude of the 26.5°N AMOC 
observations is indicated. The actual flow 
is considerably more complex. (Bottom) 
The 10-year (April 2004 to March 2014) 

time series of the AMOC strength at 
26.5°N in Sverdrups (1 Sv = 106 m3 s–1). 
This is the 180-day filtered version of the 

time series. Visible are the low AMOC 
event in 2009–2010 and the overall 

decline in AMOC strength over the 10-
year period.

http://www.sciencemag.org/content/348/6241/1255575

M. A. Srokosz, and H. L. Bryden Science 2015;348:1255575Published by AAAS



• Same framework, but with no-flat bottom:

• Bottom elevation (bathymetry / topography): 𝑏 = 𝑏(𝑥, 𝑦)

• 𝑤 = CD
CE
= FD

FE
+ _𝑢 ? 𝛻𝑧 = 0 + 𝑢 FG

FH
+ v FG

FI
+ 𝑤 FG

FD
= 𝑢 FG

FH
+ v FG

FI

• But on the f-plane 𝑤 = cost and since 𝑤 𝑧 = 𝐻 = 0 ⇒ 𝑤 = 0 ∀𝑧

• ⇒ H𝒖 ? 𝛁𝒃 = 𝟎 flow is directed to zones of equal depth: FREE
geostrophic flows can occur only along closed isobaths

• ISOBARS = ISOBATHS

• If bumps or dips exist, the fluid can only go around them: due to
vertical rigidity, fluid particles at all levels must likewise go around:
TAYLOR COLUMNS are permanent tubes of fluid above bumps or
dips

GEOSTROPHIC FLOWS OVER IRREGULAR BOTTOM
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Figure 7-3 Schematic view of a flow
over a sloping bottom. A vertical ve-
locity must accompany flow across iso-
baths.

and the flow is prevented from climbing up or down the bottom slope. This property has
profound implications. In particular, if the topography consists of an isolated bump (or dip) in
an otherwise flat bottom, the fluid on the flat bottom cannot rise onto the bump, even partially,
but must instead go around it. Because of the vertical rigidity of the flow, the fluid parcels at
all levels – including levels above the bump elevation – must likewise go around. Similarly,
the fluid over the bump cannot leave the bump but must remain there. Such permanent tubes
of fluids trapped above bumps or cavities are called Taylor columns (Taylor, 1923).

In flat-bottomed regions a geostrophic flow can assume arbitrary patterns, and the actual
pattern reflects the initial conditions. But, over a bottom where the slope is non-zero almost
everywhere (Figure 7-4), the geostrophic flow has no choice but to follow the depth contours
(called isobaths). Pressure contours are then aligned with topographic contours, and isobars
coincide with isobaths. These lines are sometimes also called geostrophic contours. Note
that a relation between pressure and fluid thickness exists but cannot be determined without
additional information on the flow.

Open isobaths that start and end on a side boundary cannot support any flow, otherwise
fluid would be required to enter or leave through lateral boundaries. The flow is simply
blocked along the entire length of these lines. In other words, geostrophic flow can occur
only along closed isobaths.

f
2

No flow
Wall

Figure 7-4 Geostrophic flow in a
closed domain and over irregular to-
pography. Solid lines are isobaths (con-
tours of equal depth). Flow is permitted
only along closed isobaths.

The preceding conclusions hold true as long as the upper boundary is horizontal. If this
is not the case, it can then be shown that geostrophic flows are constrained to be directed
along lines of constant fluid depth. (See Analytical Problem 7-3.) Thus, the fluid is allowed
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an otherwise flat bottom, the fluid on the flat bottom cannot rise onto the bump, even partially,
but must instead go around it. Because of the vertical rigidity of the flow, the fluid parcels at
all levels – including levels above the bump elevation – must likewise go around. Similarly,
the fluid over the bump cannot leave the bump but must remain there. Such permanent tubes
of fluids trapped above bumps or cavities are called Taylor columns (Taylor, 1923).

In flat-bottomed regions a geostrophic flow can assume arbitrary patterns, and the actual
pattern reflects the initial conditions. But, over a bottom where the slope is non-zero almost
everywhere (Figure 7-4), the geostrophic flow has no choice but to follow the depth contours
(called isobaths). Pressure contours are then aligned with topographic contours, and isobars
coincide with isobaths. These lines are sometimes also called geostrophic contours. Note
that a relation between pressure and fluid thickness exists but cannot be determined without
additional information on the flow.

Open isobaths that start and end on a side boundary cannot support any flow, otherwise
fluid would be required to enter or leave through lateral boundaries. The flow is simply
blocked along the entire length of these lines. In other words, geostrophic flow can occur
only along closed isobaths.
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No flow
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Figure 7-4 Geostrophic flow in a
closed domain and over irregular to-
pography. Solid lines are isobaths (con-
tours of equal depth). Flow is permitted
only along closed isobaths.

The preceding conclusions hold true as long as the upper boundary is horizontal. If this
is not the case, it can then be shown that geostrophic flows are constrained to be directed
along lines of constant fluid depth. (See Analytical Problem 7-3.) Thus, the fluid is allowed
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• Generalization to non-geostrophic flows: “second level” of flows

• Hypoteses:
– Coriolis term DOES NOT dominate others: 𝑹𝒐𝑻~𝟏 𝒂𝒏𝒅 𝑹𝒐~𝟏

– Homogeneous fluids: 𝛒𝟎 = 𝒄𝒐𝒔𝒕 𝒂𝒏𝒅 𝛒& = 𝟎

– Ignore frictional effect (SLIP is allowed […]): 𝑬𝒌 ≪ 𝟏

• Primitive equations:

• IF T.-P. theorem still holds initially, it will hold also at all
future time

• Advection, Coriolis and Pressure terms remain z-independent
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Chapter 7

Geostrophic Flows and Vorticity
Dynamics

SUMMARY: This chapter treats homogeneous flows with small Rossby and Ekman num-
bers. It is shown that such flows have a tendency to display vertical rigidity. The concept
of potential vorticity is then introduced. The solution of vertically homogeneous flows of-
ten involves a Poisson equation for the pressure distribution, and numerical techniques are
presented for this purpose.

7.1 Homogeneous geostrophic flows
Let us consider rapidly rotating fluids by restricting our attention to situations where the Cori-
olis acceleration strongly dominates the various acceleration terms. Let us further consider
homogeneous fluids and ignore frictional effects, by assuming

RoT ! 1, Ro ! 1, Ek ! 1, (7.1)
together with ρ = 0 (no density variation). The lowest-order equations governing such homo-
geneous, frictionless, rapidly rotating fluids are the following simplified forms of equations
of motion, (4.21):

− fv = −
1

ρ0

∂p

∂x
(7.2a)

+fu = −
1

ρ0

∂p

∂y
(7.2b)

0 = −
1

ρ0

∂p

∂z
(7.2c)

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (7.2d)
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where f is the Coriolis parameter.
This reduced set of equations has a number of surprising properties. First, if we take the

vertical derivative of the first equation, (7.2a), we obtain, successively,

−f
∂v

∂z
= −

1

ρ0

∂

∂z

(
∂p

∂x

)
= −

1

ρ0

∂

∂x

(
∂p

∂z

)
= 0,

where the right-hand side vanishes because of (7.2c). The other horizontal momentum equa-
tion, (7.2b), succumbs to the same fate, bringing us to conclude that the vertical derivative of
the horizontal velocity must be identically zero:

∂u

∂z
=

∂v

∂z
= 0. (7.3)

This result is known as the Taylor–Proudman theorem (Taylor, 1923; Proudman, 1953). Phys-
ically, it means that the horizontal velocity field has no vertical shear and that all particles on
the same vertical move in concert. Such vertical rigidity is a fundamental property of rotating
homogeneous fluids.

Next, let us solve the momentum equations in terms of the velocity components, a trivial
task:

u =
−1

ρ0f

∂p

∂y
, v =

+1

ρ0f

∂p

∂x
, (7.4)

with the corollary that the vector velocity (u, v) is perpendicular to the vector (∂p/∂x,
∂p/∂y). Since the latter vector is none other than the pressure gradient, we conclude that
the flow is not down-gradient but rather across-gradient. The fluid particles are not cascading
from high to low pressures, as they would in a nonrotating viscous flow but, instead, are nav-
igating along lines of constant pressure, called isobars (Figure 7-1). The flow is said to be
isobaric, and isobars are streamlines. It also implies that no pressure work is performed either
on the fluid or by the fluid. Hence, once initiated, the flow can persist without a continuous
source of energy.
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u ∇p

.............
...........
............
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f
2p = p1

p = p2 > p1

Low

Figure 7-1 Example of geostrophic
flow. The velocity vector is everywhere
parallel to the lines of equal pressure.
Thus, pressure contours act as stream-
lines. In the Northern Hemisphere (as
pictured here), the fluid circulates with
the high pressure on its right. The op-
posite holds for the Southern Hemi-
sphere.

Such a flow field, where a balance is struck between the Coriolis and pressure forces,
is called geostrophic (from the Greek, γη = Earth and στρoϕη = turning). The property is
called geostrophy. Hence, by definition, all geostrophic flows are isobaric.
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to move up and down, but only as long as it is not being vertically squeezed or stretched.
This property is a direct consequence of the inability of geostrophic flows to undergo any
two-dimensional divergence.

7.3 Generalization to non-geostrophic flows
Let us now suppose that the fluid is not rotating as rapidly, so that the Coriolis acceleration
no longer dwarfs other acceleration terms. We still continue to suppose that the fluid is
homogeneous and frictionless. The momentum equations are now augmented to include the
relative acceleration terms:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
− fv = −

1

ρ0
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∂x
(7.9a)
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+ v

∂v

∂y
+ w

∂v

∂z
+ fu = −

1

ρ0

∂p

∂y
. (7.9b)

Pressure still obeys (7.2c), and continuity equation (7.2d) has not changed.
If the horizontal flow field is initially independent of depth, it will remain so at all fu-

ture times. Indeed, the nonlinear advection terms and the Coriolis terms are initially z-
independent, and the pressure terms are, too, z-independent by virtue of (7.2c). Thus, ∂u/∂t
and ∂v/∂t must be z-independent, which implies that u and v tend not to become depth-
varying and thus remain z-independent at all subsequent times. Let us restrict our attention
to such flows, which in the jargon of geophysical fluid dynamics are called barotropic. Equa-
tions (7.9) then reduce to

∂u

∂t
+ u
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+ v
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∂y
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∂v

∂t
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+ v
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+ fu = −

1

ρ0

∂p

∂y
. (7.10b)

Although the flow has no vertical structure, the similarity to geostrophic flow ends here.
In particular, the flow is not required to be aligned with the isobars, nor is it devoid of vertical
velocity. To determine the vertical velocity, we turn to continuity equation (7.2d),

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

in which we note that the first two terms are independent of z but do not necessarily add up
to zero. A vertical velocity varying linearly with depth can exist, enabling the flow to support
two-dimensional divergence and thus allowing a flow across isobaths.

An integration of the preceding equation over the entire fluid depth yields
(
∂u

∂x
+

∂v

∂y

) ∫ b+h

b
dz + [w]b+h

b = 0, (7.11)
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where f is the Coriolis parameter.
This reduced set of equations has a number of surprising properties. First, if we take the

vertical derivative of the first equation, (7.2a), we obtain, successively,
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where the right-hand side vanishes because of (7.2c). The other horizontal momentum equa-
tion, (7.2b), succumbs to the same fate, bringing us to conclude that the vertical derivative of
the horizontal velocity must be identically zero:

∂u

∂z
=

∂v
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= 0. (7.3)

This result is known as the Taylor–Proudman theorem (Taylor, 1923; Proudman, 1953). Phys-
ically, it means that the horizontal velocity field has no vertical shear and that all particles on
the same vertical move in concert. Such vertical rigidity is a fundamental property of rotating
homogeneous fluids.

Next, let us solve the momentum equations in terms of the velocity components, a trivial
task:

u =
−1

ρ0f

∂p

∂y
, v =

+1

ρ0f

∂p

∂x
, (7.4)

with the corollary that the vector velocity (u, v) is perpendicular to the vector (∂p/∂x,
∂p/∂y). Since the latter vector is none other than the pressure gradient, we conclude that
the flow is not down-gradient but rather across-gradient. The fluid particles are not cascading
from high to low pressures, as they would in a nonrotating viscous flow but, instead, are nav-
igating along lines of constant pressure, called isobars (Figure 7-1). The flow is said to be
isobaric, and isobars are streamlines. It also implies that no pressure work is performed either
on the fluid or by the fluid. Hence, once initiated, the flow can persist without a continuous
source of energy.
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Figure 7-1 Example of geostrophic
flow. The velocity vector is everywhere
parallel to the lines of equal pressure.
Thus, pressure contours act as stream-
lines. In the Northern Hemisphere (as
pictured here), the fluid circulates with
the high pressure on its right. The op-
posite holds for the Southern Hemi-
sphere.

Such a flow field, where a balance is struck between the Coriolis and pressure forces,
is called geostrophic (from the Greek, γη = Earth and στρoϕη = turning). The property is
called geostrophy. Hence, by definition, all geostrophic flows are isobaric.
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to move up and down, but only as long as it is not being vertically squeezed or stretched.
This property is a direct consequence of the inability of geostrophic flows to undergo any
two-dimensional divergence.

7.3 Generalization to non-geostrophic flows
Let us now suppose that the fluid is not rotating as rapidly, so that the Coriolis acceleration
no longer dwarfs other acceleration terms. We still continue to suppose that the fluid is
homogeneous and frictionless. The momentum equations are now augmented to include the
relative acceleration terms:
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+ fu = −
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ρ0

∂p
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. (7.9b)

Pressure still obeys (7.2c), and continuity equation (7.2d) has not changed.
If the horizontal flow field is initially independent of depth, it will remain so at all fu-

ture times. Indeed, the nonlinear advection terms and the Coriolis terms are initially z-
independent, and the pressure terms are, too, z-independent by virtue of (7.2c). Thus, ∂u/∂t
and ∂v/∂t must be z-independent, which implies that u and v tend not to become depth-
varying and thus remain z-independent at all subsequent times. Let us restrict our attention
to such flows, which in the jargon of geophysical fluid dynamics are called barotropic. Equa-
tions (7.9) then reduce to
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+ fu = −

1

ρ0

∂p
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. (7.10b)

Although the flow has no vertical structure, the similarity to geostrophic flow ends here.
In particular, the flow is not required to be aligned with the isobars, nor is it devoid of vertical
velocity. To determine the vertical velocity, we turn to continuity equation (7.2d),

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

in which we note that the first two terms are independent of z but do not necessarily add up
to zero. A vertical velocity varying linearly with depth can exist, enabling the flow to support
two-dimensional divergence and thus allowing a flow across isobaths.

An integration of the preceding equation over the entire fluid depth yields
(
∂u

∂x
+

∂v

∂y

) ∫ b+h

b
dz + [w]b+h

b = 0, (7.11)
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together with ρ = 0 (no density variation). The lowest-order equations governing such homo-
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where f is the Coriolis parameter.
This reduced set of equations has a number of surprising properties. First, if we take the

vertical derivative of the first equation, (7.2a), we obtain, successively,
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where the right-hand side vanishes because of (7.2c). The other horizontal momentum equa-
tion, (7.2b), succumbs to the same fate, bringing us to conclude that the vertical derivative of
the horizontal velocity must be identically zero:
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=
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This result is known as the Taylor–Proudman theorem (Taylor, 1923; Proudman, 1953). Phys-
ically, it means that the horizontal velocity field has no vertical shear and that all particles on
the same vertical move in concert. Such vertical rigidity is a fundamental property of rotating
homogeneous fluids.

Next, let us solve the momentum equations in terms of the velocity components, a trivial
task:

u =
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ρ0f
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with the corollary that the vector velocity (u, v) is perpendicular to the vector (∂p/∂x,
∂p/∂y). Since the latter vector is none other than the pressure gradient, we conclude that
the flow is not down-gradient but rather across-gradient. The fluid particles are not cascading
from high to low pressures, as they would in a nonrotating viscous flow but, instead, are nav-
igating along lines of constant pressure, called isobars (Figure 7-1). The flow is said to be
isobaric, and isobars are streamlines. It also implies that no pressure work is performed either
on the fluid or by the fluid. Hence, once initiated, the flow can persist without a continuous
source of energy.
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Such a flow field, where a balance is struck between the Coriolis and pressure forces,
is called geostrophic (from the Greek, γη = Earth and στρoϕη = turning). The property is
called geostrophy. Hence, by definition, all geostrophic flows are isobaric.
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to move up and down, but only as long as it is not being vertically squeezed or stretched.
This property is a direct consequence of the inability of geostrophic flows to undergo any
two-dimensional divergence.

7.3 Generalization to non-geostrophic flows
Let us now suppose that the fluid is not rotating as rapidly, so that the Coriolis acceleration
no longer dwarfs other acceleration terms. We still continue to suppose that the fluid is
homogeneous and frictionless. The momentum equations are now augmented to include the
relative acceleration terms:
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Pressure still obeys (7.2c), and continuity equation (7.2d) has not changed.
If the horizontal flow field is initially independent of depth, it will remain so at all fu-

ture times. Indeed, the nonlinear advection terms and the Coriolis terms are initially z-
independent, and the pressure terms are, too, z-independent by virtue of (7.2c). Thus, ∂u/∂t
and ∂v/∂t must be z-independent, which implies that u and v tend not to become depth-
varying and thus remain z-independent at all subsequent times. Let us restrict our attention
to such flows, which in the jargon of geophysical fluid dynamics are called barotropic. Equa-
tions (7.9) then reduce to
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Although the flow has no vertical structure, the similarity to geostrophic flow ends here.
In particular, the flow is not required to be aligned with the isobars, nor is it devoid of vertical
velocity. To determine the vertical velocity, we turn to continuity equation (7.2d),

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

in which we note that the first two terms are independent of z but do not necessarily add up
to zero. A vertical velocity varying linearly with depth can exist, enabling the flow to support
two-dimensional divergence and thus allowing a flow across isobaths.

An integration of the preceding equation over the entire fluid depth yields
(
∂u

∂x
+

∂v

∂y

) ∫ b+h

b
dz + [w]b+h

b = 0, (7.11)



• Although the flow has NO VERTICAL SHEAR, this remains the only
similarity with geostrophic flows: Barotropic flows are not required
to be aligned with isobars, neither be non-divergent on the
horizontal plane, so they can develop a vertical velocity 𝒘 ≠ 𝟎

• Integrating continuity eq. over the entire fluid depth […]:

l
𝒃

𝒃K𝒉𝝏𝒖
𝝏𝒙 +

𝝏𝒗
𝝏𝒚 +

𝝏𝒘
𝝏𝒛 𝒅𝒛 = 𝟎

Ø NEW CONTINUITY EQUATION:

with 𝜂 = 𝑏 + ℎ − 𝐻 and 𝜕E𝜂 = 𝜕Eℎ

BAROTROPIC FLOWS

7.3. NON-GEOSTROPHIC FLOWS 193

Reference surface

h(x, y, t)

k

z = 0

η

u

!b(x, y)

!

"

H
Figure 7-5 Schematic diagram of un-
steady flow of a homogeneous fluid
over an irregular bottom and the attend-
ing notation.

where b is the bottom elevation above a reference level and h is the local and instantaneous
fluid layer thickness (Figure 7-5). Because fluid particles on the surface cannot leave the sur-
face and particles on the bottom cannot penetrate through the bottom, the vertical velocities
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Equation (7.11) then becomes, using the surface elevation η = b + h − H :
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which supersedes (7.2d) and eliminates the vertical velocity from the formalism.
Finally, since the fluid is homogeneous, the dynamic pressure, p, is independent of depth.

In the absence of a pressure variation above the fluid surface (e.g., uniform atmospheric
pressure over the ocean), this dynamic pressure is

p = ρ0gη, (7.15)

where g is the gravitational acceleration according to (4.33). With p replaced by the preceding
expression, equations (7.10) and (7.14) form a 3-by-3 system for the variables u, v and η. The
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Shallow-water model
in case of flat bottom b(x,y)=0

3 unknowns in 3 equations



Example of absolute dynamic topography (in cm) of the Mediterranean 
Sea on 1 June 2009 using the Rio et al. (2007) synthetic mean dynamic 
topography. http://www.goceitaly.asi.it/GoceIT/index.php?Itemid=94

Geostrophy and altimetry
Variation of 𝜂 with x,y measured
from satellite gives info on 
geostrophic currents
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• Geostrophic flows are non-divergent on the f-plane, with 2d-
divergence equal to zero: let’s investigate the role of the horizontal
divergence in barotropic flows

• Subtract y-derivative of x-mom.eq from x-derivative of y-mom.eq of
barotropic flow system (or the shallow-water model) […]

§ def. ambient vorticity 𝑓

§ def. relative vorticity 𝜁 = FM
FH
− FN
FI
(the vertical component of ∇×_𝑢)

§ def. total vorticity 𝑓 + 𝜁

• C
CE

𝑓 + 𝜁 + FN
FH
+ FM
FI

𝑓 + 𝜁 = 0 ⇒ 𝑡𝑜𝑡𝑎𝑙 𝑣𝑜𝑟𝑡𝑖𝑐𝑖𝑡𝑦 𝑟𝑢𝑙𝑒𝑑 𝑏𝑦 ℎ𝑜𝑟𝑖𝑧. 𝑑𝑖𝑣.

• CO
CE
+ ℎ FN

FH
+ FM
FI

= 0 ⇒ 𝑓𝑙𝑢𝑖𝑑 𝑐𝑜𝑙𝑢𝑚𝑛 ℎ𝑒𝑖𝑔𝑡ℎ 𝑟𝑢𝑙𝑒𝑑 𝑏𝑦 ℎ𝑜𝑟𝑖𝑧. 𝑑𝑖𝑣.

• C
CE

ℎ ? 𝑑𝑆 = 0 ⇒ 𝑝𝑎𝑟𝑐𝑒𝑙P𝑠 𝑣𝑜𝑙𝑢𝑚𝑒 𝑖𝑠 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑒𝑑 𝑖𝑛 𝑡𝑖𝑚𝑒

• Combining the above equations... […]

VORTICITY DYNAMICS



• Kelvin’s theorem for 2-d rotating flows: “in barotropic flows
without friction the circulation is conserved”

• This conservation principle has the same meaning of that of the
angular momentum for an isolated system
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• Kelvin’s theorem for 2-d rotating flows: “in barotropic flows
without friction the circulation is conserved”

• This conservation principle has the same meaning of that of the
angular momentum for an isolated system

• IF both circulation and volume are conserved, so is their ratio,
allowing to eliminate dependency on cross-section

• where

• and 𝑞 is called POTENTIAL VORTICITY, or “circulation per volume”,
thus obtaining the conservation of potential vorticity

• For rapidly rotating flows: 𝑹𝒐 = 𝑼
𝛀𝑳
≪ 𝟏 ⇒ 𝒇 + 𝜻 ~ 𝛀 + 𝑼

𝑳
~ 𝛀 ⇒ 𝒒 = 𝒇

𝒉

• and, IF 𝒇 = 𝒄𝒐𝒔𝒕 each fluid column must conserve its height 𝒇: and
in particular, if the upper boundary is flat, fluid parcels must follow
the isobaths => barotropic flows become geostrophic

VORTICITY DYNAMICS
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homogeneous geophysical flows, when a parcel of fluid is squeezed laterally (ds decreasing),
its vorticity must increase (f + ζ increasing) to conserve circulation.

Now, if both circulation and volume are conserved, so is their ratio. This ratio is par-
ticularly helpful, for it eliminates the parcel’s cross-section and thus depends only on local
variables of the flow field:

d

dt

(
f + ζ

h

)
= 0, (7.24)

where

q =
f + ζ

h
=

f + ∂v/∂x − ∂u/∂y

h
(7.25)

is called the potential vorticity. The preceding analysis interprets potential vorticity as circu-
lation per volume. This quantity, as will be shown on numerous occasions in this book, plays
a fundamental role in geophysical flows. Note that equation (7.24) could have been derived
directly from (7.18) and (7.20) without recourse to the introduction of the variable ds.

Let us now go full circle and return to rapidly rotating flows, those in which the Coriolis
force dominates. In this case, the Rossby number is much less than unity (Ro = U/ΩL " 1),
which implies that the relative vorticity (ζ = ∂v/∂x − ∂u/∂y, scaling as U/L) is negligible
in front of the ambient vorticity (f , scaling as Ω). The potential vorticity reduces to

q =
f

h
(7.26)

which, if f is constant – such as in a rotating laboratory tank or for geophysical patterns of
modest meridional extent – implies that each fluid column must conserve its height h. In
particular, if the upper boundary is horizontal, fluid parcels must follow isobaths, consistent
with the existence of Taylor columns (Section 7.2). If f is variable (see also Section 9.4)
and topography flat, the same constraint (7.26) tells us that the flow cannot cross latitudinal
circles, while in the general case, the flow must follow lines of constant f/h.

Before closing this section, let us derive a germane result, which will be useful later.
Consider the dimensionless expression

σ =
z − b

h
, (7.27)

which is the fraction of the local height above the bottom to the full depth of the fluid, or, in
short, the relative height above bottom (0 ≤ σ ≤ 1). This expression will later be defined as
the so-called σ-coordinate (see Section 20.6.1). Its material time derivative is

dσ

dt
=

1

h

d

dt
(z − b) −

z − b

h2

dh

dt
. (7.28)

Since dz/dt = w by definition of the vertical velocity and because w varies linearly from
db/dt at the bottom (z = b) to d(b + h)/dt at the top (z = b + h), we have

dz

dt
= w =

db

dt
+

z − b

h

dh

dt
. (7.29)
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The Ekman models

Vagn Walfrid Ekman (1874 –1954)

Swedish  oceanographer.
http://en.wikipedia.org/wiki/Vagn_Walfrid_Ekman

• Prandtl hypothesis on Boundary Layers

• 𝑬𝒌 → 𝟏 close to the wall - 𝑬𝒌 ≪ 𝟏 far from the wall

• study of iceberg’s motion (Nansen/Fram à Bjerknes à Ekman) 

Fridtjof Nansen (1861 –1930)

Norwegian scientist, explorer, diplomat.

Nobel Peace Prize 1922
https://en.wikipedia.org/wiki/Fridtjof_Nansen

http://en.wikipedia.org/wiki/Vagn_Walfrid_Ekman
https://en.wikipedia.org/wiki/Fridtjof_Nansen
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• As seen from the scale analysis of the primitive eqs. vertical friction
has a very minor role in the balance of forces (𝑬𝒌 ≪ 𝟏) and may be
omitted

• But we lost something, since the frictional terms have the highest
derivative order => when 𝑬𝒌 ≪ 𝟏 not all the BCs can be applied, the
result is that SLIPPING ON THE BOUNDARY is allowed

• Prandtl hypothesis: the fluid has 2 distinct behaviors:
– far from the boundary (INTERIOR, vertical scale H), friction can be

neglected (𝑬𝒌 ≪ 𝟏): 𝑬𝒌 = 𝝊𝑻
𝛀𝑯𝟐

~ 𝟏𝟎#𝟐𝒎𝟐/𝒔

𝟏𝟎#𝟒𝒔#𝟏E 𝟏𝟎𝟑𝒎 𝟐 ~ 𝟏𝟎F𝟒

– across a short distance near the boundary (BOUNDARY LAYER, vertical
scale d), friction acts to bring the finite interior velocity to zero at the wall
(𝑬𝒌~𝟏): 𝑬𝒌 = 𝝊𝑻

𝛀𝒅𝟐
~𝟏 ⇒ 𝒅 = 𝝊𝑻

𝛀
~𝟏𝟎𝒎 ⇒ 𝒅 ≪ 𝑯

• Because of the Coriolis effect, the frictional layer of the geophysical
flows, called EKMAN LAYER, greatly differs from the BL in non-
rotating flows (𝜹), which does not have a thickness and grows
downstream (𝜹 ∝ 𝒙)

EKMAN LAYER



THE BOTTOM EKMAN LAYER
• The bottom exerts a frictional stress against the flow bringing its

interior velocity gradually to zero within a thin layer above the wall
𝒅 ≪ 𝑯

• Hypotheses:
– Interior flow is uniform and geostrophic: 𝑹𝒐𝑻 ≪ 𝟏 𝒂𝒏𝒅 𝑹𝒐 ≪ 𝟏

– Homogeneous fluid: 𝛒𝟎 = 𝒄𝒐𝒔𝒕 𝒂𝒏𝒅 𝛒& = 𝟎

– Flat bottom

• Primitive equations:

• Boundary conditions:

• Interior flow is uniform, no horizontal gradient

• […]
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(4.21a) through (4.21c):

− fv = −
1

ρ0

∂p

∂x
+ νE

∂2u

∂z2
(8.13a)

+ fu = −
1

ρ0

∂p

∂y
+ νE

∂2v

∂z2
(8.13b)

0 = −
1

ρ0

∂p

∂z
, (8.13c)

where f is the Coriolis parameter (taken as a constant here), ρ0 is the fluid density, and νE is
the eddy viscosity (taken as a constant for simplicity). The horizontal gradient of the pressure
p is retained because a uniform flow requires a uniformly varying pressure (Section 7.1). For
convenience, we align the x–axis with the direction of the interior flow, which is of velocity
ū. The boundary conditions are then

Bottom (z = 0) : u = 0, v = 0, (8.14a)
Toward the interior (z " d) : u = ū, v = 0, p = p̄(x, y). (8.14b)

By virtue of equation (8.13c), the dynamic pressure p is the same at all depths; thus, p =
p̄(x, y) in the interior flow as well as throughout the boundary layer. In the interior flow
(z " d, mathematically equivalent to z → ∞), equations (8.13a) and (8.13b) relate the
velocity to the pressure gradient:

0 = −
1

ρ0

∂p̄

∂x
,

f ū = −
1

ρ0

∂p̄

∂y
= constant.

Substitution of these derivatives in the same equations, which are now taken at any depth,
yields

− fv = νE
d2u

dz2
(8.15a)

f (u − ū) = νE
d2v

dz2
. (8.15b)

Seeking a solution of the type u = ū + A exp(λz) and v = B exp(λz), we find that λ obeys
ν2λ4 + f2 = 0; that is,

λ = ± (1 ± i )
1

d

where the distance d is defined by
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THE BOTTOM EKMAN LAYER
• Solutions:

• Considerations:
– As expected, the Ekman depth corresponds to 𝑬𝒌~𝟏

– Although the driving interior flow is along x, we have a transversal velocity
(along y) which is not negligible

– Close to wall 𝒛 → 𝟎 𝒐𝒓 𝒛
𝒅
≪ 𝟏 ⇒ 𝒖~𝒗~4𝒖𝒛/𝒅 …the velocity near the bottom is at

45 degree to the left of the interior velocity (with f>0) […]

– Where 𝒖 reaches its maximum at 𝒛 = 𝟑𝝅
𝟒 𝒅 the velocity is 𝒖 = 𝟏. 𝟎𝟕4𝒖 that is,

larger than its interior value

– The net transport of fluid transverse to the main flow is 𝑽 = ∫𝟎
.𝒗𝒅𝒛 = 4𝒖𝒅/𝟐

while 𝑼 = −4𝒖𝒅/𝟐
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Figure 8-4 The velocity spiral in the bottom Ekman layer. The figure is drawn for the Northern
Hemisphere (f > 0), and the deflection is to the left of the current above the layer. The reverse holds
for the Southern Hemisphere.

d =

√
2νE

f
. (8.16)

Here, we have restricted ourselves to cases with positive f (Northern Hemisphere). Note
the similarity to (8.12). Boundary conditions (8.14b) rule out the exponentially growing
solutions, leaving

u = ū + e−z/d
(
A cos

z

d
+ B sin

z

d

)
(8.17a)

v = e−z/d
(
B cos

z

d
− A sin

z

d

)
, (8.17b)

and the application of the remaining boundary conditions (8.14a) yields A = −ū, B = 0, or

u = ū
(
1 − e−z/d cos

z

d

)
(8.18a)

v = ū e−z/d sin
z

d
. (8.18b)

This solution has a number of important properties. First and foremost, we notice that the
distance over which it approaches the interior solution is on the order of d. Thus, expression
(8.16) gives the thickness of the boundary layer. For this reason, d is called the Ekman depth.
A comparison with (8.12) confirms the earlier argument that the boundary-layer thickness is
the one corresponding to a local Ekman number near unity.

The preceding solution also tells us that there is, in the boundary layer, a flow transverse
to the interior flow (v "= 0). Very near the bottom (z → 0), this component is equal to the
downstream velocity (u ∼ v ∼ ūz/d), thus implying that the near-bottom velocity is at 45
degrees to the left of the interior velocity (Figure 8-4). (The boundary flow is to the right of
the interior flow for f < 0.) Further up, where u reaches a first maximum (z = 3πd/4), the
velocity in the direction of the flow is greater than in the interior (u = 1.07ū). ( Viscosity can
occasionally fool us!)
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(8.16) gives the thickness of the boundary layer. For this reason, d is called the Ekman depth.
A comparison with (8.12) confirms the earlier argument that the boundary-layer thickness is
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The preceding solution also tells us that there is, in the boundary layer, a flow transverse
to the interior flow (v "= 0). Very near the bottom (z → 0), this component is equal to the
downstream velocity (u ∼ v ∼ ūz/d), thus implying that the near-bottom velocity is at 45
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the interior flow for f < 0.) Further up, where u reaches a first maximum (z = 3πd/4), the
velocity in the direction of the flow is greater than in the interior (u = 1.07ū). ( Viscosity can
occasionally fool us!)
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