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Introduction

This section deals with 3 equations commonly 
used in fluid mechanics:

The mass equation is an expression of the 
conservation of mass principle.

The Bernoulli equation is concerned with the 
conservation of kinetic, potential, and flow energies of 
a fluid stream and their conversion to each other.

The energy equation is a statement of the 
conservation of energy principle.  
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Conservation of Mass

Conservation of mass principle is one of the 
most fundamental principles in nature.
Mass, like energy, is a conserved property, and it 
cannot be created or destroyed during a process.  
For closed systems mass conservation is implicit 
since the mass of the system remains constant 
during a process.
For control volumes, mass can cross the 
boundaries which means that we must keep 
track of the amount of mass entering and leaving 
the control volume.
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Mass and Volume Flow Rates
The amount of mass flowing 
through a control surface per 
unit time is called the mass flow 
rate and is denoted 

The dot over a symbol is used to 
indicate time rate of change.

Mass flow rate across the entire 
cross-sectional area of a pipe or 
duct is obtained by integration

While this expression for      is 
exact, it is not always convenient 
for engineering analyses.  

!m = δ !m
Ac
∫ = ρVn dAc

Ac
∫
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Conservation of Mass Principle

The conservation of mass 
principle can be expressed 
as

Where       and        are the 
total rates of mass flow into 
and out of the CV,              
and dmCV/dt is the rate of 
change of mass within the 
CV.
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where v is the specific volume. This relation is analogous to m ! rV !
V/v, which is the relation between the mass and the volume of a fluid in a
container.

Conservation of Mass Principle
The conservation of mass principle for a control volume can be expressed
as: The net mass transfer to or from a control volume during a time interval
"t is equal to the net change (increase or decrease) in the total mass within
the control volume during "t. That is,

or

(5–10)

where "mCV ! mfinal – minitial is the change in the mass of the control vol-
ume during the process (Fig. 5–6). It can also be expressed in rate form as

(5–11)

where m. in and m. out are the total rates of mass flow into and out of the con-
trol volume, and dmCV/dt is the rate of change of mass within the control
volume boundaries. Equations 5–10 and 5–11 are often referred to as the
mass balance and are applicable to any control volume undergoing any
kind of process.

Consider a control volume of arbitrary shape, as shown in Fig. 5–7. The
mass of a differential volume dV within the control volume is dm ! r dV.
The total mass within the control volume at any instant in time t is deter-
mined by integration to be

Total mass within the CV: (5–12)

Then the time rate of change of the amount of mass within the control vol-
ume can be expressed as

Rate of change of mass within the CV: (5–13)

For the special case of no mass crossing the control surface (i.e., the control
volume resembles a closed system), the conservation of mass principle
reduces to that of a system that can be expressed as dmCV/dt ! 0. This rela-
tion is valid whether the control volume is fixed, moving, or deforming.

Now consider mass flow into or out of the control volume through a differ-
ential area dA on the control surface of a fixed control volume. Let n→ be the
outward unit vector of dA normal to dA and V

→
be the flow velocity at dA rel-

ative to a fixed coordinate system, as shown in Fig. 5–7. In general, the
velocity may cross dA at an angle u off the normal of dA, and the mass flow
rate is proportional to the normal component of velocity V

→

n ! V
→

cos u rang-
ing from a maximum outflow of V

→
for u ! 0 (flow is normal to dA) to a min-

imum of zero for u ! 90° (flow is tangent to dA) to a maximum inflow of V
→

for u ! 180° (flow is normal to dA but in the opposite direction). Making

dmCV

dt
!

d
dt

 !
CV

 r dV

mCV ! !
CV

 r dV

m
#

in # m
#

out ! dmCV/dt  (kg/s)

min # mout ! "mCV  (kg)

aTotal mass entering
the CV during "t

b # aTotal mass leaving
the CV during "t

b ! a Net change in mass
within the CV during "t

b
Water

∆mbathtub =
 min –

 mout = 20 kg
min = 50 kg

mout = 30 kg

FIGURE 5–6
Conservation of mass principle 

for an ordinary bathtub.

→

→

Control
volume (CV)

Control surface (CS)

dV

dm
dA

n

V

u

FIGURE 5–7
The differential control volume dV
and the differential control surface 

dA used in the derivation of the
conservation of mass relation.
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Conservation of Mass Principle

For CV of arbitrary shape:
rate of change of mass within the CV

net mass flow rate

Therefore, general conservation of mass for a 
fixed CV is:

It states that the time rate of change of mass 
within the control volume plus the net mass 
flow rate through the control surface is equal 
to zero. 
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Conservation of Mass Principle

The general conservation of mass relation for a 
control volume can also be derived using RTT by 
taking the property B to be the mass m and then b ︎=1 

Using the definition of mass rate:

d
dt

ρ dV
CV
∫ = !m

in
∑ − !m

out
∑ =

dmCV
dt

It is also valid for moving or deforming control 
volumes provided that the absolute velocity is 
replaced by the relative velocity, which is the fluid 
velocity relative to the control surface.
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Steady-Flow Processes

For steady flow, the total amount 
of mass contained in CV is 
constant.
Total amount of mass entering 
must be equal to total amount of 
mass leaving

For incompressible flows,

Special Case: Incompressible Flow
The conservation of mass relations can be simplified even further when the
fluid is incompressible, which is usually the case for liquids. Canceling the
density from both sides of the general steady-flow relation gives

Steady, incompressible flow: (5–22)

For single-stream steady-flow systems it becomes

Steady, incompressible flow (single stream): (5–23)

It should always be kept in mind that there is no such thing as a “conserva-
tion of volume” principle. Therefore, the volume flow rates into and out of a
steady-flow device may be different. The volume flow rate at the outlet of
an air compressor is much less than that at the inlet even though the mass
flow rate of air through the compressor is constant (Fig. 5–11). This is due
to the higher density of air at the compressor exit. For steady flow of liq-
uids, however, the volume flow rates, as well as the mass flow rates, remain
constant since liquids are essentially incompressible (constant-density) sub-
stances. Water flow through the nozzle of a garden hose is an example of
the latter case.

The conservation of mass principle is based on experimental observations
and requires every bit of mass to be accounted for during a process. If you
can balance your checkbook (by keeping track of deposits and withdrawals,
or by simply observing the “conservation of money” principle), you should
have no difficulty applying the conservation of mass principle to engineer-
ing systems.

EXAMPLE 5–1 Water Flow through a Garden Hose Nozzle

A garden hose attached with a nozzle is used to fill a 10-gal bucket. The
inner diameter of the hose is 2 cm, and it reduces to 0.8 cm at the nozzle
exit (Fig. 5–12). If it takes 50 s to fill the bucket with water, determine
(a) the volume and mass flow rates of water through the hose, and (b) the
average velocity of water at the nozzle exit.

SOLUTION A garden hose is used to fill a water bucket. The volume and
mass flow rates of water and the exit velocity are to be determined.
Assumptions 1 Water is an incompressible substance. 2 Flow through the
hose is steady. 3 There is no waste of water by splashing.
Properties We take the density of water to be 1000 kg/m3 ! 1 kg/L.
Analysis (a) Noting that 10 gal of water are discharged in 50 s, the volume
and mass flow rates of water are

(b) The cross-sectional area of the nozzle exit is

Ae ! pr 2
e ! p(0.4 cm)2 ! 0.5027 cm2 ! 0.5027 " 10#4 m2

 m
#

! rV
#

! (1 kg/L)(0.757 L/s) ! 0.757 kg/s 

 V
#

!
V
$t

!
10 gal

50 s
 a3.7854 L

1 gal
b ! 0.757 L/s 

V
#

1 ! V
#

2 → V1A1 ! V2 A2

a
in

V
#

! a
out

V
#   (m3/s)

178
FLUID MECHANICS

ṁ 1 = 2 kg/s

Air
compressor

ṁ2 = 2 kg/s

V̇2 = 0.8 m3/s

V̇1 = 1.4 m3/s

FIGURE 5–11
During a steady-flow process,
volume flow rates are not necessarily
conserved although mass flow 
rates are.

Nozzle

BucketGarden
hose

FIGURE 5–12
Schematic for Example 5–1.
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Mechanical Energy
Mechanical energy can be defined as the form of energy that 
can be converted to mechanical work completely and 
directly by an ideal mechanical device such as an ideal 
turbine.

Flow P/ρ, kinetic V2/g, and potential gz energy are the forms 
of mechanical energy emech= P/ρ + V2/g + gz

Mechanical energy change of a fluid during incompressible 
flow becomes 

In the absence of losses, Δemech represents the work 
supplied to the fluid (Δemech>0) or extracted from the fluid 
(Δemech<0).
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General Energy Equation
One of the most fundamental laws in nature is the 1st law of 
thermodynamics, which is also known as the conservation of energy 
principle.
It states that energy can be neither created nor destroyed during a 
process; it can only change forms
The change in the energy content of a system is equal to the difference 
between the energy input and the energy output, and the conservation 
of energy principle for any system can be expressed simply as:

Falling rock, picks up speed as PE is 
converted to KE.
If air resistance is neglected, 
PE + KE = constant

ΔEsys = Ein − Eout
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General Energy Equation
The energy content of a closed 
system can be changed by two 
mechanisms: heat transfer Q 
and work transfer W.
Conservation of energy for a 
closed system can be expressed 
in rate form as

Net rate of heat transfer to the 
system: 

Net power input to the system:
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General Energy Equation

Recall general RTT

“Derive” energy equation using B=E and b=e 

Break power into rate of shaft and pressure work
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Work done by Pressure  Forces

When piston moves down ds under the 
influence of F=PA, the work done on the 
system is δWboundary=PAds.
If we divide both sides by dt, we have

For generalized control volumes:

Note sign conventions:  
    is outward pointing normal

Negative sign ensures that work done is 
positive when is done on the system.
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General Energy Equation

Moving integral for rate of pressure work to RHS of 
energy equation results in:

Recall that P/ρ is the flow work, which is the work 
associated with pushing a fluid into or out of a CV per 
unit mass.

to the surface, and the pressure force acting on a differential area dA is
P dA. Again noting that work is force times distance and distance traveled
per unit time is velocity, the time rate at which work is done by pressure
forces on this differential part of the system is

(5–53)

since the normal component of velocity through the differential area dA is
Vn ! V cos u ! V

→
· n→. Note that n→ is the outer normal of dA, and thus the

quantity V
→

· n→ is positive for expansion and negative for compression. The
negative sign in Eq. 5–53 ensures that work done by pressure forces is posi-
tive when it is done on the system, and negative when it is done by the sys-
tem, which agrees with our sign convention. The total rate of work done by
pressure forces is obtained by integrating dW

.
pressure over the entire surface A,

(5–54)

In light of these discussions, the net power transfer can be expressed as

(5–55)

Then the rate form of the conservation of energy relation for a closed sys-
tem becomes

(5–56)

To obtain a relation for the conservation of energy for a control volume,
we apply the Reynolds transport theorem by replacing B with total energy
E, and b with total energy per unit mass e, which is e ! u " ke " pe ! u
" V2/2 " gz (Fig. 5–47). This yields

(5–57)

Substituting the left-hand side of Eq. 5–56 into Eq. 5–57, the general form
of the energy equation that applies to fixed, moving, or deforming control
volumes becomes

(5–58)

which can be stated as

Here V
→

r ! V
→

# V
→

CS is the fluid velocity relative to the control surface, and
the product r(V

→

r · n→) dA represents the mass flow rate through area element
dA into or out of the control volume. Again noting that n→ is the outer normal
of dA, the quantity V

→

r · n→ and thus mass flow is positive for outflow and
negative for inflow.

§The net rate of energy
transfer into a CV by

heat and work transfer
¥ ! § The time rate of

change of the energy
content of the CV

¥ " § The net flow rate of
energy out of the control

surface by mass flow
¥

Q
#
net in " W

#
shaft, net in " W

#
pressure, net in !

d
dt

 !
CV

 er dV " !
CS

 er(V
→

r $ n
→
) dA

dE sys

dt
!

d
dt

 !
CV

 er dV " !
CS

 er(V
→

r $ n
→
)A

Q
#
net in " W

#
shaft, net in " W

#
pressure, net in !

dE sys

dt

W
#

net in ! W
#

shaft, net in " W
#

pressure, net in ! W
#

shaft, net in # !
A
 P(V

→
$ n

→
) dA

W
#

pressure, net in ! # !
A

 P(V
→

$ n
→
) dA ! # !

A 

 
P
r

 r(V
→

$ n
→
) dA

dW
#

pressure ! #P dA Vn ! #P dA(V
→

$ n
→
)
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= +br dV

B = E b = e b = e

dBsys

dt
V

d

dt
CV
! br(    r · n ) dA

CS
!

= +er dV
dEsys

dt
V

d

dt
CV
! er(    r · n ) dA

CS
!

→

→→

FIGURE 5–47
The conservation of energy equation 
is obtained by replacing B in the
Reynolds transport theorem by 
energy E and b by e.
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!Qnet ,in + !Wshaft ,net ,in =
d
dt

ρedV + P
ρ
+ e

⎛
⎝⎜

⎞
⎠⎟
e
"
Vr ⋅
"n( )dA

CS
∫

CV
∫
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General Energy Equation

As with the mass equation, practical analysis is 
often facilitated as averages across inlets and exits 

Since e=u+ke+pe = u+V2/2+gz

!Qnet ,in + !Wshaft ,net ,in =
d
dt

ρedV + !m P
ρ
+ e

⎛
⎝⎜

⎞
⎠⎟out

∑
CV
∫ − !m

P
ρ
+ e

⎛
⎝⎜

⎞
⎠⎟in

∑
!m = ρ

"
V ⋅ "n( )dAc

AC
∫

!Qnet ,in + !Wshaft ,net ,in =

= d
dt

ρedV + !m P
ρ
+ u + V

2

2
+ gz

⎛
⎝⎜

⎞
⎠⎟out

∑
CV
∫ − !m

P
ρ
+ u + V

2

2
+ gz

⎛
⎝⎜

⎞
⎠⎟in

∑
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The Bernoulli Equation
If we neglect piping losses, and have a system without 
pumps or turbines, we get Bernoulli equation, in terms of 
pressure, velocity and elevation heads: 

It can also be derived using Newton's second law of 
motion, and written as:

The three terms correspond to:  static, dynamic, and 
hydrostatic pressure. 

P + ρ
V 2

2
+ ρgz = constant
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The Bernoulli Equation
The sum of the static, dynamic, and hydrostatic pressures is called 
the total pressure. The Bernoulli equation states that the total 
pressure along a streamline is constant. 
The sum of the static and dynamic pressures is called the 
stagnation pressure, and it is expressed as  

Pstag = P + ρ
V 2

2

For flow along a straight line, R → ! and thus relation (Eq. 5–44) reduces
to P/r " gz # constant or P # $ rgz " constant, which is an expression
for the variation of hydrostatic pressure with vertical distance for a station-
ary fluid body. Therefore, the variation of pressure with elevation in steady,
incompressible flow along a straight line is the same as that in the stationary
fluid (Fig. 5–26).

Unsteady, Compressible Flow
Similarly, using both terms in the acceleration expression (Eq. 5–33), it can
be shown that the Bernoulli equation for unsteady, compressible flow is

Unsteady, compressible flow: (5–44)

Static, Dynamic, and Stagnation Pressures
The Bernoulli equation states that the sum of the flow, kinetic, and potential
energies of a fluid particle along a streamline is constant. Therefore, the
kinetic and potential energies of the fluid can be converted to flow energy
(and vice versa) during flow, causing the pressure to change. This phenome-
non can be made more visible by multiplying the Bernoulli equation by the
density r,

(5–45)

Each term in this equation has pressure units, and thus each term represents
some kind of pressure:

• P is the static pressure (it does not incorporate any dynamic effects); it
represents the actual thermodynamic pressure of the fluid. This is the
same as the pressure used in thermodynamics and property tables.

• rV2/2 is the dynamic pressure; it represents the pressure rise when the
fluid in motion is brought to a stop isentropically.

• rgz is the hydrostatic pressure, which is not pressure in a real sense
since its value depends on the reference level selected; it accounts for the
elevation effects, i.e., of fluid weight on pressure.

The sum of the static, dynamic, and hydrostatic pressures is called the total
pressure. Therefore, the Bernoulli equation states that the total pressure
along a streamline is constant.

The sum of the static and dynamic pressures is called the stagnation
pressure, and it is expressed as

(5–46)

The stagnation pressure represents the pressure at a point where the fluid is
brought to a complete stop isentropically. The static, dynamic, and stagna-
tion pressures are shown in Fig. 5–27. When static and stagnation pressures
are measured at a specified location, the fluid velocity at that location can
be calculated from

(5–47)V #B2(Pstag $ P)

r

Pstag # P " r 
V 2

2
  (kPa)

P " r 
V 2

2
" rgz # constant (along a streamline)

!  
dP
r

" !  
%V
%t

 ds "
V

2

2
" gz # constant
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Stationary fluid

A

z z

B

C

D

PB – PA =  PD – PC

Flowing fluid

FIGURE 5–26
The variation of pressure with

elevation in steady, incompressible
flow along a straight line is the 

same as that in the stationary fluid 
(but this is not the case for a 

curved flow section).

Static
pressure, P

Stagnation
pressure, Pstag

Stagnation
point

2(Pstag – P)√

Dynamic
pressure

Pitot
tube

Piezometer

––
2

V

 =V

V2

r

r

FIGURE 5–27
The static, dynamic, and 

stagnation pressures.
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The Bernoulli Equation

Limitations on the use of the Bernoulli Equation

Steady flow: d/dt = 0

Frictionless flow

No shaft work:  wpump=wturbine=0

Incompressible flow:  ρ = constant

No heat transfer:  qnet,in=0

Applied along a streamline (except for irrotational 
flow)
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The Bernoulli Equation

The Bernoulli equation is an 
approximate relation 
between pressure, velocity, 
and elevation and is valid in 
regions of steady, 
incompressible flow where 
net frictional forces are 
negligible.

Equation is useful in flow 
regions outside of boundary 
layers and wakes.


