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Temperature Control of a Continuous Stirred
Tank Reactor (CSTR)
1. Goal of the project
The goal of this project is to develop controllers able to regulate the tempera-
ture inside a Continuous Stirred Tank Reactor (CSTR). As will be explained
in what follows, a CSTR is a highly nonlinear system, with strong dynamic
nature. In order to achieve this objective, both a Proportional Integral Deriva-
tive (PID) controller and a Model Predictive Control (MPC) strategy have been
developed. Some desirable properties of the system are stated in the form of
Signal Temporal Logic (STL) formulas, and it has been verified against different
reference inputs that both control strategies are able to satisfy these desiderata.
Lastly, requirement falsification for the MPC controller has been made minimiz-
ing the robustness over 𝑁 iterations during which parameters of the controller
are considered as control inputs and randomly sampled.

2. Plant model
An exothermic CSTR [2] is a tank reactor extensively used in chemical industries
in order to convert a chemical 𝐴 into a mixed product 𝐴𝐵, via a first order
reaction 𝐴 →𝑘⋅𝐶𝐴

𝐵. The reaction rate per unit volume is modelled as the
product 𝑘 ⋅ 𝐶𝐴, where 𝐶𝐴 is the concentration of 𝐴, and the rate constant
𝑘 = 𝑘(𝑇 ) is computed by the Arrhenius law:

𝑘(𝑇 ) = 𝑘0𝑒− 𝐸𝑎
𝑅⋅𝑇

Under the assumptions that: the CSTR is perfectly mixed, the mass densities
of the feed and product streams are equal and constant (denoted by 𝜌) and
the liquid volume 𝑉 in the reactor is kept constant, the model consists of the
following mole and energy balances on the content of the reactor:

𝑑𝐶𝐴
𝑑𝑡 = 𝑞

𝑉 ⋅ (𝐶𝐴𝑓 − 𝐶𝐴) − 𝑘(𝑇 ) ⋅ 𝐶𝐴

𝑑𝑇
𝑑𝑡 = 𝑞

𝑉 (𝑇𝑓 − 𝑇 ) + −Δ𝐻𝑅
𝜌 ⋅ 𝐶𝑝

𝑘(𝑇 ) ⋅ 𝐶𝐴 + 𝑈𝐴
𝜌 ⋅ 𝐶𝑝 ⋅ 𝑉 (𝑇 − 𝑇𝑐)

Hence the state of the system consists of 𝑋 = [𝐶𝐴, 𝑇 ] (i.e. concentration of the
reactant 𝐴 and reactor temperature, respectively), while 𝑇𝑐 (i.e. the temperature
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of the cooling jacket) is the controlled variable, that can be adjusted within the
interval [250𝐾, 350𝐾]. The values of the constants are stated and explained in
the following table:

Depending on the reactant 𝐴 and on the product that we want to obtain, it
is desirable that the internal temperature of the reactor 𝑇 sets to a constant
reference value (low if we want concentration of 𝐴 to be high, and viceversa).
However, without any form of control, this cannot be easily achieved, due to
the dynamics of the system:

Figure 1: Simulation of the system with constant input 𝑢 = 305𝐾

In what follows, we will also assume that the measurements are noisy, hence
along with the controller also a state estimator will be necessary.

3. PID Control
As a first control strategy, a PID controller has been implemented, whose well-
known standard form of the control function is the following:

𝑢(𝑡) = 𝐾𝑝(𝑒(𝑡) + 1
𝜏𝑖

∫
𝑡

0
𝑒(𝜏)𝑑𝜏 + 𝜏𝑑

𝑑𝑒(𝑡)
𝑑𝑡 )

with 𝑒(𝑡) = 𝑟𝑒𝑓(𝑡) − 𝑇 (𝑡), being 𝑟𝑒𝑓(𝑡) the reference temperature we aim to
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follow.

The actual implementation leverages the following discrete formula:

𝑢(𝑡) = 𝐾𝑝(𝑒(𝑡) + 1
𝜏𝑖

𝑡
∑
𝑖=0

𝑒(𝑖)𝑑𝑡 + 𝜏𝑑
𝑒(𝑡) − 𝑒(𝑡 − 1)

𝑑𝑡 )

being 𝑑𝑡 the time step.

For what concerns the tuning of the parameters [𝐾𝑝, 𝜏𝑖, 𝜏𝑑], mainly trial-and-
error has been used, however, in order to get an initial guess of such parameters
Internal Model Control (IMC) tuning [1] has been used. It works as follows:

• input and output data are obtained by simulation (manually providing
𝑢(𝑡), e.g. multiple step input);

• IMC tuning parameters are obtained via model identification, fitting the
simulation data (i.e. minimizing the sum of squared errors) to the following
first-order plus dead-time (FOPDT) model:

𝜏 𝑑𝑦(𝑡)
𝑑𝑡 = −𝑦(𝑡) + 𝐾 ⋅ 𝑢(𝑡 − 𝜃)

• PID parameters are obtained as (with 𝜏𝑐 = max(0.1𝜏, 0.8𝜃)):

𝐾𝑝 = 1
𝐾 ⋅ 𝜏 + 0.5𝜃

𝜏𝑐 + 0.5𝜃 , 𝜏𝑖 = 𝜏 + 0.5𝜃, 𝜏𝑑 = 𝜏 ⋅ 𝜃
2 ⋅ 𝜏 + 𝜃

In the end, the PID parameter used are 𝐾𝑝 = 1.7, 𝜏𝑖 = 0.8, 𝜏𝑑 = 0.2.

Figure 2: PID control for reference temperature of 355𝐾
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4. MPC Control
As a second control strategy, Model Predictive Control has been tried. The
objective of this controller is to find 𝑢⋆, at each time 𝑡, such that:

min
𝑢⋆

𝐻
∑
𝑖=0

𝑄 ⋅ ||𝑟𝑒𝑓(𝑡) − 𝑦𝑡+𝑖||2 + 𝑅 ⋅ ||𝑢⋆
𝑡+1||2

s.t. 𝑥𝑡+𝑘+1 = 𝑓(𝑥𝑡+𝑘, 𝑦𝑡+𝑘), 𝑦𝑡+𝑘 = 𝑔(𝑥𝑡+𝑘), 250 ≤ 𝑢𝑡+𝑘 ≤ 350

where 𝑓, 𝑔 are the equations describing the system’s dynamics, 𝐻 is the length
of the receding horizon.

Parameters of this controller have been set by trial and error to: 𝑄 = 2.0, 𝑅 =
0.01, 𝐻 = 10.0.

Figure 3: MPC control for reference temperature 𝑟𝑒𝑓 = 375

5. Extended Kalman Filter
In order to emulate a real sensor, in both control strategies a random normal
noise has been added to the state of the system, and this led to the necessity of
including a state observer. The Extended Kalman Filter (EKF) has been used,
given the non-linear dynamics of the CSTR system. In order to implement it,
at each step of the simulation it was necessary to linearize the dynamics of the
system, that is, evaluate the Jacobian of the ODEs describing the CSTR at the
predicted state, which is:

𝐹𝑘 ∶= 𝜕𝑓
𝜕𝑥 ∣

�̂�𝑘|𝑘+1,𝑢𝑘

= [ − 𝑞
𝑉 − 𝑘(𝑇 ) −𝑘0 ⋅ 𝐸𝑎

𝑅 ⋅ 1
𝑇 2 ⋅ 𝑒 𝐸𝑎

𝑅⋅𝑇 ⋅ 𝐶𝐴
− ∆𝐻𝑅

𝜌⋅𝐶𝑝
⋅ 𝑘(𝑇 ) − 𝑞

𝑉 − ∆𝐻𝑅
𝜌⋅𝐶𝑝

⋅ 𝐶𝐴 ⋅ ( 𝐸𝑎
𝑅 ⋅ 1

𝑇 2 ⋅ 𝑒 𝐸𝑎
𝑅⋅𝑇 ) + 𝑈𝐴

𝜌⋅𝐶𝑝⋅𝑉
] ∣

�̂�𝑘|𝑘+1,𝑢𝑘
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For brevity I will not report all the equations for the prediction and update
steps of the EKF, however the parameters has been set to: 𝑄𝑘 = [10−2 0

0 10−4],

𝑅𝑘 = [10−4 0
0 10−2]

Performance measures of both controllers (equipped with EKF) against fourteen
different reference inputs can be found in Appendix A.

6. Requirements of the system
As already stated before, it is important that, at least from a certain point on,
the system strictly follows the constant reference temperature it is fed with. For
this reason, the following requirements are asked:

• oscillations in the reactor temperature (𝑜(𝑡) = |𝑇 (𝑡) − 𝑇 (𝑡 − 1)| ∀𝑡) are
admitted in the first time steps, however within the first half of the simu-
lation time they should be contained within 5𝐾, formally:

𝜙1 = FG[0.0, 𝑁
2 ](𝑜(𝑡) < 5.0)

• in the second half of the simulation, oscillations in the reactor temperature
should be contained within 3𝐾 (i.e. only small oscillations are admitted
in the second part of the simulation), formally:

𝜙2 = G[ 𝑁
2 ,𝑁](𝑜(𝑡) < 3.0)

• in the last part of the simulation, the temperature should closely follow
the reference temperature, i.e. the difference 𝑑(𝑡) = |𝑇 (𝑡) − 𝑟𝑒𝑓(𝑡)| should
not exceed 3𝐾, formally:

𝜙3 = G[ 2
3 𝑁,𝑁](𝑑(𝑡) < 3.0)

where 𝑁 is the final time step.

In order to verify these properties, fourteen different constant references have
been provided to the system, and the robustness has been computed both for
the PID and the MPC control, resulting always positive, hence witnessing that
the requirements are satisfied. Detailed result can be found in the Appendix B.

7. Falsification
As last step, falsification of the property 𝜙3 in the case of MPC control has been
performed. In order to do so, the parameters 𝑄 and 𝑅 of the controller were
considered as control inputs of the system, so that the falsification procedure
was as follows:
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minSTL = 'inf'
params = [2.0, 0.001]
for i = 1,...,N:

Q ~ N(2.0, 1)
R ~ N(0.001, 0.01)
T = simulate_mpc(Q, R, ref)
stl = compute_robustness(T, phi_3)
if stl < minSTL:

minSTL = stl
params = [Q, R]

if minSTL < 0:
break

That is, for 𝑁 = 100 iterations the system is simulated, randomly sampling at
every iteration parameters 𝑄, 𝑅. If parameters falsifying the requirement are
found, they are stored and the procedure stops.

Results of the falsification can be found in Appendix C.
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Appendix
A. Controllers’ performance
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B. Verification Results
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C. Falsification Results
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