
 

 

Site percolation on a triangular lattice  - adapted from 

Problem	13.2	of Gould-Tobochnik II ed  

OR 
Problem 12.3 in the III edition  

http://www.opensourcephysics.org/items/detail.cfm?ID=7375  

 

PROBLEM 

The	value	of	pc	depends	on	the	symmetry	of	the	lattice	and	on	its	dimension.	In	addition	to	 
the	square	lattice,	the	most	common	two-dimensional	lattice	is	the	triangular	(hexagonal)	lattice.	
The	essential	difference	between	the	square	and	triangular	lattices	is	in	the	number	 
of	nearest	neighbors.	

Write	a	program	to	simulate	random	site	percolation	on	a	triangular	lattice.	Assume	that 

  

(How	do	you	define	the	existence	of	a	spanning	cluster?	Describe	your	visual	“algorithm”	for	determining	if	a	
spanning	cluster	exists.	) 

 

CHAPTER 13. PERCOLATION 447

Figure 13.4: An example of a spanning cluster of probability pL on a L = 8 lattice. How many
other ways are there of realizing a spanning cluster of L sites?

at which spanning first occurs for each spanning criteria. Repeat this process for a total of
ten configurations and find the average value of pc(L). (Remember that each configuration
corresponds to a different set of random numbers.) Are your results for pc(L) using the three
spanning criteria consistent with your expectations?

b. Repeat part (a) for L = 16 and 32. Is pc(L) better defined for larger L, that is, are the values
of pc(L) spread over a smaller range of values? How quickly can you visually determine the
existence of a spanning cluster? Describe your visual “algorithm” for determining if a spanning
cluster exists.

The value of pc depends on the symmetry of the lattice and on its dimension. In addition to
the square lattice, the most common two-dimensional lattice is the triangular lattice. As discussed
in Chapter 8, the essential difference between the square and triangular lattices is in the number
of nearest neighbors.
∗Problem 13.2. Site percolation on the triangular lattice
Modify Program site to simulate random site percolation on a triangular lattice. Assume that
a connected path connects the top and bottom sides of the lattice (see Fig. 13.5). Do you expect
pc for the triangular lattice to be smaller or larger than the value of pc for the square lattice?
Estimate pc(L) for L = 4, 16, and 32. Are your results for pc consistent with your expectations?

In bond percolation each lattice site is occupied, and only a fraction of the sites have connec-
tions or bonds between them and their nearest neighbor sites (see Fig. 13.6). Each bond either
is occupied with probability p or not occupied with probability 1 − p. A cluster is a group of
sites connected by occupied bonds. The wire mesh described in Section 13.1 is an example of
bond percolation if we imagine cutting the bonds between the nodes rather than removing the
nodes themselves. An application of bond percolation to the description of gelation is discussed in
Problem 13.3.
∗Problem 13.3. Bond percolation on a square lattice Suppose that all the lattice sites of a square
lattice are occupied by monomers, each with functionality four, i.e., each monomer can react to
form a maximum of four bonds. This model is equivalent to bond percolation on a square lattice.
Also assume that the presence or absence of a bond between a given pair of monomers is random
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Figure 13.5: Example of a spanning cluster on a L = 4 triangular lattice. The bonds between the
occupied sites are drawn to clarify the symmetry of the lattice.

Figure 13.6: Two examples of bond clusters. The occupied bonds are shown as bold lines.

and is characterized by a probability p. For small p, the system consists of only finite polymers
(groups of monomers) and the system is in the sol phase. For some threshold value pc, there will
be a single polymer that is infinite in spatial extent. We say that for p ≥ pc, the system is in the
gel phase. How does a bowl of jello, an example of a gel phase, differ from a bowl of broth? Write
a program to simulate bond percolation on a square lattice and determine the bond percolation
threshold. Are your results consistent with the exact result, pc = 1/2?

We also can consider continuum percolation models. For example, we can place disks at
random into a two-dimensional box. Two disks are in the same cluster if they touch or overlap. A
typical continuum (off-lattice) percolation configuration is depicted in Fig. 13.7. One quantity of
interest is the quantity φ, the fraction of the area (volume in three dimensions) in the system that
is covered by disks. In the limit of an infinite size box, it can be shown that

φ = 1 − e−ρπr2
, (13.1)

where ρ is the number of disks per unit area, and r is the radius of a disk (see Xia and Thorpe).
Equation (13.1) is significantly inaccurate for small boxes because disks located near the edge of
the box might have a significant fraction of their area located outside of the box. Program site
can be modified to simulate continuum percolation. Instead of placing the disks on regular lattice
sites, place them at random within a square box of area L2. The relevant parameter is the density
ρ, the number of disks per unit area, instead of the probability p. Because the disks overlap, it is
convenient to replace the BOX SHOW statement in Program site with

BOX SHOW occup$ at x(i)-0.5,y(i)-0.5 using "or"
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in Chapter 8, the essential difference between the square and triangular lattices is the number of
nearest neighbors.

∗Problem 12.2. Site percolation on the triangular lattice

Modify PercolationApp to simulate random site percolation on a triangular lattice. Assume that
a connected path connects the top and bottom sides of the lattice (see Figure 12.5). Do you
expect pc for the triangular lattice to be smaller or larger than the value of pc for the square
lattice? Estimate pc(L) for increasing values of L. Are your results for pc consistent with your
expectations? As we will discuss in the following, the exact value of pc for the triangular lattice is
pc = 1/2.

In bond percolation each lattice site is occupied, but only a fraction of the sites have connec-
tions or occupied bonds between them and their nearest neighbor sites (see Figure 12.6). Each
bond either is occupied with probability p or not occupied with probability 1 − p. A cluster is a
group of sites connected by occupied bonds. The wire mesh described in Section 12.1 is an example
of bond percolation if we imagine cutting the bonds between the nodes rather than removing the
nodes themselves. An application of bond percolation to the description of gelation is discussed in
Problem 12.3.

For bond percolation on the square lattice, the exact value of pc can be obtained by introducing
the dual lattice. The nodes of the dual lattice are the centers of the squares between the nodes in
the original lattice (see Figure 12.7). The occupied bonds of the dual lattice are those that do not
cross an occupied bond of the original lattice. Because every occupied bond on the dual lattice
crosses exactly one unoccupied bond of the original lattice, the probability p̃ of an occupied bond
on the dual lattice is 1− p, where p is the probability of an occupied bond on the original lattice.
If we assume that the dual lattice percolates if and only if the original lattice does not and vice
versa, then pc = 1−pc or pc = 1/2. This assumption holds for bond percolation on a square lattice
because if a cluster spans in the original lattice in both directions, then because the occupied dual
lattice bonds can only cross unoccupied bonds of the original lattice, the dual lattice clusters are
blocked from spanning. An example is shown in Figure 12.7. This argument does not work for
cubic lattices in three dimensions, but it can be used for site percolation on a triangular lattice to
yield pc = 1/2.

∗Problem 12.3. Bond percolation on a square lattice

Suppose that all the lattice sites of a square lattice are occupied by monomers, each with function-
ality four, that is, each monomer can form a maximum of four bonds. This model is equivalent
to bond percolation on a square lattice. Assume that the presence or absence of a bond between
a given pair of monomers is random and is characterized by the probability p. For small p, the
system consists of only finite polymers (groups of monomers) and the system is in the sol phase.
For some threshold value pc, there will be a single polymer that spans the lattice. We say that for
p ≥ pc, the system is in the gel phase. How does a bowl of jello, an example of a gel, differ from
a bowl of broth? Write a program to simulate bond percolation on a square lattice and determine
the bond percolation threshold. Are your results consistent with the exact result, pc = 1/2?

We also can consider continuum percolation models. For example, we can place disks at
random into a two-dimensional box. Two disks are in the same cluster if they touch or overlap. A
typical continuum (off-lattice) percolation configuration is depicted in Figure 12.8. One quantity


