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Proposed problems

1. Let X be a separable Banach space and Y a subspace of X. Show that Y,
endowed with the induced norm, is separable.

2. Let X be a Banach space and Y a finite-dimensional subspace of X. Show that
Y is closed.

3. Let (M, d) be a compact metric space. Show that M is complete and separable.

4. Let (M,d) be a complete metric space and {A,,n € N} a countable family of
open and dense subsets of M. Show that the set

A= ﬂ A,
neN

is dense in M.

5. Let H be a real Hilbert space and a € H a nonzero vector. Show that for every
x € H, we have

dist(z, {a}t) = (Tf’ﬁ)
a

6. Consider the Hilbert speace ¢°° with its usual norm || - ||~ and the sets ¢y =
{(an) € £>° : a, — 0} and ¢ = {(a,) € £*° : a,, & a € R}. Show that ¢y and c are
closed separable subspaces of ¢°°.

7. Consider the Hilbert space £2 and a real sequence (a,) such that a, > 0 for
every n € N and a,, — +00. Show that the set

A= {u€€2 : z:an|un|2 < 1}

neN

is a precompact subset of £2.

8. Let H be a Hilbert space and C7, Cy two nonempty, closed and convex subsets
such that Cy C Cy. Given x € H, call Pg,x the projection of 2 on C; and d(z, C;)
the distance of = from C; (¢ = 1,2). Show that

|Pc,x — Poyz||® <2 (d(z, Cy)? — d(z,Cs)%), Vz € H.

9. Let H be a complex Hilbert space and T' € L(H) an operator such that ||T| < 1.
Show that
(a) Tz = z if and only if (T, r) = ||z||?;
(b) ker(I —T) =ker(I —T%).
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10. Find a Banach space X and a subset S C X such that S is strongly closed but
not weakly closed.

11. Find a Banach space X, a bounded closed subset S C X and a continuous
function f : S — R such that
sup f(z) = +o0.

€S

12. Let X be a Banach space and K C X a compact subset. Show that any
sequence in K which converges weakly, actually converges strongly.
13. Let (X, d) be a metric space. Given two subsets A, B C X, set

dist(A, B) = inf{d(x,y) : x € A,y € B}.

a) Given z € X and positive numbers 0 < p < r, show that there exists 6 > 0
such that
dist(B(z, p), B(x,r)°) > 4.
b) Given a proper, nonempty, closed subset C' C X, show that there exists a
ball B(z,r) in X such that dist(B(z,7),C) > 0.

14. Let X,Y be Banach spaces and T' € £L(X,Y) a compact operator. Let (x,)
be a sequence in X weakly converging to = in X. Show that the sequence (T'z,,)
converges strongly to Tz in Y.
15. Let o > 0 and consider the sewuence of functions given by

un(z) = min{1, |2~ *}xpon(2), neN, zeR
Study the convergence of (u,) in the strong and weak (weak® if p = c0) topology

of LP(RY) for p € [1,00].

16. Let H be a Hilbert space, T' € L(H) and T* the adjoint of T'.
(a) Show that ||[T*T|| = |TT*| = |||
(b) Show that T*T and TT* are selfadjoint operators.

17. Let H be a Hilbert space and {Mj,k € N} a countable collection of finite-
dimensional subspaces of H. Call Py the orthogonal projector on My (k € N) and

set
o0
P= Z 27k p,.
k=1

Show that P is a compact operator in L£(H).

18. Consider the sequence of functions given by

Un(2,y) = (cos (E) + sin (E)) (1+e_"y2), (x,y) e I =[-1,1]x][-1,1], neN.
n n

Study the convenrgence of (u,) in the strong and weak topology of L?(I) (weak*

if p=00).

19. Let H be a complex Hilber space, T € L(H) and (z,) a sequence in H weakly
converging to € H. Show that the sequence (T'z,) converges weakly to Tx.
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20. Given = € R, let B(z,1) be the open unit ball of center x in R. Consider
a sequence () in R and define the sequence of functions u, = Xp(s, 1), Where
x denotes the characteristic function. Study the strong and weak convergence
of the sequence (u,) in the space L?(R) (that is to say establish if the sequence
is converging in such topologies and, in affirmative case, find the limit), in the
following cases:

(a) z, — 0;
(b) |zn| — +oo.

21. Let H be a Hilbert space endowed with the inner product (-,-) and D a subset
of H such that Isp(D) is dense in H. Show that, given a bounded sequence (z,,) in
H, such that (x,,y) — (xn,y) for any y € D, then x,, — z.

22. Let I =[0,1] € R and consider the Hilbert space X = L?(I,R). Set

(Tu)(z) = / u(t) dt.
0
Show that T € £(X) and find the adjoint T of T'.
23. Consider the set E = {e",n € N} in ¢? defined by
e"(k) = 6n,k-
Show that F is a Hilbert basis in ¢2.

24. Let U be a bounded family in L*(R) and p € C°(R). Show that the family
{p*u,u € U} is equicontinuous.

25. Let H be a Hilbert space and T' € L(H). Show that T is compact if and only
if the adjoint 7™ is compact.

26. Let H be a Hilbert space on C, {eg, k € N} an orthonormal system in H and
(Ar) an element of ¢!(C). Set

Tx = Z Ak (z, ex)eg.
k=1

Show that T is a compact operator in L(H).

27. Consider the Hilbert space E = L?(R",C) and let K € L?(R" x R",C). Define
(Txu)@) = [ K@ yjuly)dy.

Show that Tx € L(E) and that Tk is selfadjoint if and only if K(z,y) = K(y, )

for any pair (z,y) € R™ x R™.

28. Let H be a Hilbert space and (u,) an orthonormal sequence in H. Show that
(un,) converges weakly to zero.
29. Let p € [1,00[ and f € LP(R). Show that for every 6 > 0 we have

meas ({z : |f(z)] > d}) < 67| f][5.
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30. Let £ C R be a measurable set with finite measure, p € ]1, 00|, (u,) a sequence
in LP(F) and v € LP(E) such that u, — u for p < oo or =~ if p = co. Prove that
the sequence (u,,) is equiintegrable.

31. Let H be a real Hilbert space, M C X a closed subspace and P the orthogonal
projector on M. Show that P is selfadjoint.

32. Consider the space X = Cy(R?) = C.(R4)" ™. Given S € X’ define
U= {O C R? open: (S,u)x/ x =0 Vu € X with suppu C O}.
Then introduce

N = U O (domain of nullity of S); supp S = R?\ N (support of S).
oeU

(i) Given a € R? set

T, (u) = u(a).
Show that T, € X’ and find its norm and support.
(ii) Let (an) be a sequence in R%, consider the sequence (S,) = (T,,) and the

series
S=> 37",
n=1

(a) Show that S € X’ and find its norm and support.
(b) Show that there exists a subsequence (S, ) weakly* converging in X’.

33. Consider the sequence of functions given by u,(t) = sin(nt), with n € N and
t € I =[0,2x]. Study the convergence of (u,) in the uniform topology of C(I), in
the strong topology of L (I) and in the weak* topology of L>°(I) (that is to say
establish if the sequence is converging in such topologies and, in affirmative case,
find the limit).

34. Let X = Cy(R?%,R), endowed with the uniform norm, and (a,) a sequence in
R*. Set

2m
(fn,u>£/ u(an cosl,a,sinf)df, VneN, Vue X.
0

Show that f,, € X’ for every n € N and find its norm and support.

Suppose a, — 0+ and study the convergence of the sequence (f,,) in the strong
and weak* topology of X’ (that is to say establish if the sequence converges in such
topologies and, in the affirmative case, find the limit).

35. Given a € R and R > 0, consider the function u defined on R¢ by

o = {2

Establish for which p € [1,+00] we have u € LP(Bga(0, R)).

36. Let £ C R? be a measurable set, p,q € [1,00[ and u € LP(E) N LY(E). Given
a € [0,1], set
1 1-a «
= + =.
r p q
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Show that v € L"(F) and that

lull oy < Nl ey - 1l 2o

37. Let I = [0, 1] and consider the sequence of functions given by
up(t)y=e™ tel, neN.
Study the convergence of the sequence (u,,) in the following spaces:

(i) C°(I) endowed with the uniform topology;
(#) L'(I) endowed with the strong topology;
(iii) L'(I) endowed with the weak topology;
(iv) L°°(I) endowed with the strong topology;
(v) L°°(I) endowed with the weak* topology.

38. Let E C R be a measurable set with finie measure and let m € L>®(FE). Set
(Tu)(z) =m(z) - u(z) for ae. z € E.
Given p,q € [1,00[, with p > ¢, show that T € L(LP(FE), L%Y(E)) and provide an
estimate of its norm.
39. Let X = C.(R) and T : X — X be a linear application such that
ITulls < fullz; [ Tullie < flulls Vue X.

Given 7 € [1,2], show that there exists T € £(L', L") such that ||T||[’(L17L'V') <1
and T)x =T

40. Consider the sequence of functions given by
un(x,y) = cos(nz)e™™, (x,y) € I =[0,27] x [0,27], ne€N.

(a) Study the equicontinuity of (w,) on I.
(b) Study the convergence of (u,,) in the uniform topology of C(I), in the strong
topology of L>°(I) and in the weak™ topology of L>(I).

41. Let X = Cy(R?% R) endowed with the uniform topology and consider the family
of subsets of R? given by

Ay ={(z,y) eR* 1y > alz|, 2 +¢y* <a 2}, a>0.
Set
Taui/ u(z,y)dedy, « > 0.
A

a

(a) Show that T, € X' for every a > 0 and find its norm and support.
(b) Study the convergence of the family (T, )a>0 in the strong and weak* topol-
ogy of X’ when o« — 0+ and when o — +o0.

42. Let I =[0,1], X = C(I,R) and Y = L*(I). Set

(Tw)(z) = / ") dt.

2

(a) Show that T' € £(X) and establish if T'(B5X) is relatively compact in X.
(b) Show that T € L£(Y) and establish if T(BY) is relatively compact in Y.
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43. Consider the sequence of functions given by

2
up(x,y) = sin <:+$1> e¥/™, (x,y) € I =[0,27] x [0,27], n€N.

(a) Study the equicontinuity of (u,) on I.

(b) Study the convergence of (uy,) in the uniform topology of C(I); in the strong
and in the weak™* topology of L (I).

44. Let X = Cp(R% R) endowed with the uniform norm and consider the family
of subsets of R? given by

Aai{(x,y)€R2:x>0, y > alxl|, x2+y2<a2}, a > 0.
Set
1

Tou=—
« az

u(z,y)dedy, o> 0.

a

(a) Show that T,, € X’ for any a > 0 and find its norm and support.
(b) Establish if the family (T )a>0 converges in the strong and weak™ topology

of X’ when o« — 0+ and, in affirmative case, determine the limit Tj.
(¢) Find norm and support of Tp.

45. Let I =[0,1], X = C(I,R) and «(z) = min{1,2z}. Set

a(z)
@ = [ P d
0
Establish if T € £(X) and if T(B;¥) is relatively compact in X.

46. Consider the following family of Cauchy problems:
v =1 Jrlty t>0
y0)=1+1 neN

(a) Show that for every n € N there exists a solution y, (-) defined on the whole
R*.

(b) Show that the sequence (y,) amdits a subsequence uniformly converging
on each compact subinterval of RT.

47. Consider the sequence of functions given by

un (2, y) = sin <n"f1) (I+e ™), (my)el=[-L1x[-1L1, neN,

(a) Study the equicontinuity of (u,) on I.

(b) Study the convergence of (u,,) in the uniform topology of C(I), in the strong
topology of L>°(I) and in the weak* topology of L>(I).

48. Let I =[0,1], X = C°(I) and m € X. Set

(Thou)(z) =m(x)u(z), weX, zel.

Show that T;,, € £(X) and that it is compact if and only if m(z) = 0 for every
x el
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49. Let B the closed unit ball in R, endowed with the euclidean norm || - ||. Define
1

un(x) = |sin(||z]]) n € N.

Study the equicontinuity of the family {un, n e N} on B.

50. Consider the sequence of functions given by

ny

e n+l

un(%y):ma (y)el=[-1L1]x[-11], neN

Study the convergence of (u,,) in the uniform topology of C(I), in the strong topol-
ogy and in the weak* topology of L™ (I).
51. Let ¢ € C.(R) and (a,) a sequence in R. Define

un () = p(x — an), z€R, neN.

a) Show that u,, € LP(R) for every p € [1, o0].

b) Study the relative compactness of the sequence (u,,) in the strong and in the
weak topology of L? (weak® if p = o). That is to say: establish if and for which
p € [1,00] there exists a converging subsequence in such topologies.

52. Let I =[0,1] CR and B = {u € C*(I) : ||| 2(r) < 1}.

a) Show that B is an equicontinuous family.

b) Given a sequence (u,) in {u € B : u(0) = 0,u(1) = 1}, show that there exist
u € C°(I) and a subsequence (u,, ) which converges uniformly to w.

c) Show by a counterexample that property b) does not hold in B.

53. Let B the closed unit ball in RY, endowed with the euclidean norm || - ||. Set
up(z) = e 2l pneN.

Study the equicontinuity of the family {un, n e N} on B.

54. Consider the sequence of functions given by

Up(2,y) = min {n |x|7%}s'n< "y )
n\L, = ; 1 — 1)

4 n+1
Study the convergence of (u,) in the strong and weak topology (weak™ if p = 00)
of LP(I).

(ajay)eji[flvl}x[*lal]a n € N.

55. Let ¢ € C.(R) with suppy C [-1,1], ¢ > 0 e [, ¢ dt = 1. Consider the Dirac
sequence given by
pn(t) =np(nt) VteR VneN
and let (a,) be a sequence in R. Set
Un () = pp(x — an) VteR VneN

a) Show that u, € LP(R) for every p € [1, 0] and for every n € N.
b) Considering the cases a,, = n and a,, = n~2, study the convergence of the
sequence (u,) in the strong and weak topology of L? (weak™ if p = c0).

56. Let I =[0,1] CR, X =C%(I) and Y = L'(I). Set

Tu(z) = /: zyu(y) dy.
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a) Show that T' € £(X) and T € L(Y).
b) Establish if T is compact in £(X) and in £(Y), explaining the reasons.

57. Let (pn)nen be a regularizing sequence in R. Study the equiintegrability of the
following families:
a) fn=0pn, nEN;
b) gn = p/n ) ne N;
c) hp =p1*py, neN.
58. Let a > 0 and consider the sequence of functions given by
un(x) = min{l, 2]~ *}xBon)(r), neEN, zc R4,
Study the strong and weak (weak* if p = oco) convergence of (u,) in the spaces
LP(R?) for p € [1,00].
59. Let Q = [~1,1]> C R? and set
2 ,.3y71
0
Fary, 0, 5) = (r12323) ., xiaom5#
0, x1 22 x3 = 0.

- Establish for which p € [1, 0] we have f € LP(R3);
- establish for which p € [1,00] we have f € LP(Q);
- establish for which p € [1, 0] we have f € LP(R?\ Q).
60. Let E C R be a measurable set, p; € [1,00], f; € LPi(E) for i = 1,...,n, and

r € [1, 00] given by
1. Z”: 1
g
Show that .
[[fier ()
i=1
and that the following inequality holds:

11

i=1

< HHfiHLPi(E)-

L™ (E) i=1

61. Let (p,)nen be a regularizing family in R and f € C°(R). Set
fa(@) = (pn* f)(z), xR

Show that the definition is well posed and that the sequence (f,) converges uni-
formly to f on any compact subset K C R.

62. Let [ =[—1,1] C R and (u,) a sequence in C?(R) such that
(a) u, is convex on R for every n € N;
(b) There exists K > 0 such that |u,(0)] + |ul,(t)] < K for every ¢t € I and
for every n € N.

(1) Show that the sequence (u/,) is relatively compact in L*(I).
(2) Show that there exists a subsequence (u,, ) and a map u € C°(I) such that
(un, ) converges uniformly to v on I.
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63. Let I =[0,1] C R and {e,,n € N} a Hilber basis L?(I). Set
(em ®en)(z,y) =em(x)en(y); m,neN, (z,y) el x 1.
Show that the family {e,, ® e,; m,n € N} is a Hilbert basis in L?(I x I).

64. Let I =[—1,1] C R and consider the sequence of functions given by:
Up(t) =e " ety te I, neN

Study the convergence of the sequence (u,,) in the following spaces:

i) C°(I) with uniform topology;
i) L'(I) with strong topology;
(m) L(I) with weak topology;
(i) L*°(I) with strong topology;
) L>°(I) with weak* topology.

65. For every n € N set

frn(x) =sin (%) i gn(x) =sin (n2x) i hp(x) =sin ( ne ) i x €]0,2m].

n+1
Study the equicontinuity of the sequences {f,,n € N}, {gn,n € N} e {h,,n € N}
on [0, 27].

66. Let I =[0,1] C R and, for every n € N, consider the subintervals of the form

m= {m,erl[, m=0,1,...,n— 1.
n n

Then set
up(t) = (=1)™ for t € I".

Study the strong and weak convergence of the sequence (u,,) in L?(I).

67. Let D be te unit disk in C. Study the equicontinuity of the following families
of functions in C'(D):

68. Let X = C([0,1],R) and (a,,) a sequence in [0,1]. Set
(fn,u) =ulan), ¥n €N, Yu € X.

Show that f,, € X’ for every n € N and that there exists a subsequence ( f,,, ) which
converges in the topology o(X’, X).

69. Study the equicontinuity of the following families in C(I) (I C R)).
(i) {faw) =" a R}, [=TR;
(i) {falz) = a(l —r)%a e R}, T =[-1,1];
(iif) {fa(z) =27"a €RF,} T=]1,+o00f;
(iv) {fa(z) = ’“7a € R, },1 =10, +00[.
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70. Let p € [1,00][. Consider the space X = LP([0,1]) and set
(Tu) (z) = / u(t) dt.
0

-1

(i) Show that T € £(X) and that [T z(x) < (p%) .

(ii) Given a sequence (u,) in X weakly converging to w in X, show that the
sequence (T'u,,) converges strongly to Tu in X.

71. Let C >0, p € [1,00[, « €]0,1[ and B = {x € R? : ||z|| < 1}. Consider the set

U ={ueC(B):u0)=0,[u(z) - uly)| < Clz —y|* Yo,y € B}.
Show that U is relatively compact in L?(B).

72. Let I =[0,1] and (u,) a sequence in C*(]0,1]) such that
1 (0)] —|—/|u’n(t)|dt <1 VneN.
I

Show that there exist a subsequence (u,, ) and a map u € L'(I) such that u,, — u
strongly in L(I).

73. Let E C R? be ameasurable set such that 0 < m(E) < +oo. For every
p € [1,400[ and for every f € LP(E) set

w11 = (g L f<x>|p);.

Show that N,[-] is a norm on LP(E) and that, if 1 <p < ¢ < +o00, we have
NplfI < Nolf] Vf € LYE).

74. Let X be a Banach space and set C(X) = {T € £L(X) : T is compact}. Show
that IC(X) is closed in L(X).

75. Let X = Cp(R?) and (a,,) a sequence in RT. For every n € N and for every
u € X set
+an
T, (u) = / u(x, nx) dx.
—a,
Show that T, € X’ for every n € N a find its norm and support. Study the
convergence of the sequence (7},) in the strong and weak* topology of X’ in the

Y
cases a, = 1 +n? and a,, = e n.

76. Let I = [0,1] and H an equicontinuous subset of CY(I). Show that H is
equicontinuous.

77. Let I = [0,1], B, = B(0,r) the ball in R¢ of center zero and radius r, p € [1, o],
X, =LP(By) and Y = C°(I,R). Given u € X, and ¢ € I, set

(Tu)(t) = /B uly) dy.

Show that T € L(X,,Y) for every p and establish for which p it is compact.
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78. For (z,y) € I =[—1,1] x [—1,1], consider the sequence of functions given by

un (2, y) = (cos (n”fl) sin (nx)) (1+e ™), neN.

Study the convergence of (u,) in the strong and weak topology (weak* if p = 00)
of LP(I).

79. Let (a,) and (b,) sequence in R and set R, = [ — an,an] X [ — by, b,] C R?
and

un(x,y) iXRn(xuy% ($7y) ERQ’
Study the convergence of (u,) in the strong and weak topology of L!(R?) and in

the strong and weak* topology of L>°(R?) in the following cases:

_ — -1
1. a, =n, b, =n"",

2. ap =n, b, =n"72;
__n _ 1.

3. an—nﬂ,bn—n ;
. n . n

4. an = 757> bn = 77+

80. Let X = Cy(R? R), endowed with the uniform norm, and (a,), (b,) sequences
in R*. Define

27
(fn,u>i/ u(an cos0,b,sinf)df, neN, ueX.
0

Show that f,, € X’ for every n € N and find its norm and support.
Suppose a, — 1,b, — 0 and study the convergence of the sequence (f,) in the
strong and weak* topology of X'.

81. Let I =[0,1], M > 0 and (uy,) a sequence in C'(I) such that
L [;|lun(t)]* < M VneN;
2. u(t)+t>0Vtel,VneN.

Show that the sequence (u,) is relatively compact in L(T).

82. Let (x,) be a sequence in a Hilbert space H endowed with the inner product
(-,-). Show that, if the sequence ({x,,y)) converges for every y € H, then the
sequence (x,) converges weakly.

83. Let I = [0,1] and call X the Banach space C(I), endowed with the uniform
norm. Introduce the space

Y = {u € X, u differentiable on I with ' € X}
and set
lully = llufloo + [4']lo0, u € Y-
Prove that (Y, - ||v) is a Banach space.
Let o be a nonzero element of X and set
(Tu)(z) = a(z)u'(z) weY, zel.

(i) Prove that T' € £(Y, X) and find its norm.
(ii) Establish if T" is compact and justify the answer.
11



84. Let H be a Hilbert space. For T € L(H) denote by R(T) and N(T), re-
spectively, the range and the kernel of T'. Calling T* the adjoint of T', prove that
N(T) = (R(T*))* and (R(T)) = (N(T*))*.

85. Let B, = B(0,7) be the ball in R? of center zero and radius 7 and X = Cp(R).
Let m be a map in C(R), with m(z) > 0 for every = € R, and, for every ¢ > 0, set

Ty(uw) =t~ | m(y)u(y)dy.
B

Prove that T; € X’ for every ¢ > 0 and find its norm and support. Study the
convergence of T as t — 0+ in the strong and weak™ topology of X'.

86. Let I = [0,1] and (uy,), (v,) be two bounded sequences in L?(I). Assume in
addition that the maps I 3 = — u,(z) and I > = — v,(z) are continuous and
monotone non decreasing for every n € N; then define

fn(xyy)iun(x)vn(y), (x,y) EQiIXI.

Prove that f, lies in L?(Q) for every n € N and that the sequence (f,,) is relatively
compact in L1(Q).

87. Let I =[0,1], @ = I x I and (ay), (bs) sequences in ]0,1]. Define the family
of sets R, = [0, a,] x [0,b,] C Q and set

up(z,y) = (1 +sin(nz))(1 + e ™)xr, (z,y), (2,y)€ Q.

Study the convergence of (u,,) in the strong and weak topology of L'(Q) and in the
strong and weak* topology of L>°(Q) in the following cases:

_ -2 _ —1.
1. a,=n"%b,=1—n"",
1

2. ap=1-n"2b,=1—-n""L

88. Let H be a complex Hilbert space with inner product (-, -). Prove that we have
Az, y) = (lz +y? =z = yI?) —illle +iy|* — lz — ayl*) Ve,y e H.

89. Let I = [0,1] and call X the Banach space C(I), endowed with the uniform
norm. Let g € C(I x I) and set

(M) = [ sty weX. ael

(i) Prove that T' € £(X) and estimate its norm.
(ii) Establish if T is compact and justify the answer.
(iii) Compute the norm of T in the case g(x,y) = e” Y.

90. Let X = Cy(R?) and, for every n € N, consider the set
R, =]-n,n[x]—n"tn [ CR2%

Given u € X and n € N set
1

(Thu)(z) = */ e~ u(a, y) dady.
n n

Prove that T;,, € X' for every n € N and find its norm and support. Study the
convergence of the sequence (7},) in the strong and weak™ topology of X’.
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91. Let Q = [0,1] C R and consider (u,), (vy), two relatively compact sequences
in L2(Q). Define

fu(z) = up(z)vp(x), €@, neN.
Prove that f, lies in L*(Q) for every n € N and that the sequence (f,,) is relatively
compact in L(Q).

92. Let ¢ : RT — R* be map of class C! such that ¢(0) = 0 and 1 < ¢/(t) < 2 for
every t > 0. Let I = [0,1] and (u,) a sequence in L'(R).
(

(i) Prove that the sequence (v,) defined by v,(t) = un(p(t)) for t € I and

n € N lies in L(1).

(i) Assuming that u, — u strongly in L*(R), study the convergence of (v,) in
the strong and weak convergence of L*(I).

(iii) Assuming that u, — u weakly in L!(R), study the convergence of (v,) in
the strong and weak convergence of L*(I).

93. Let Q = [0,1] x [0,1] and X the Banach space C°(Q), endowed with the
uniform norm. Set

1
(Thu) i/ ne " u(z,z?)dz, uc X.
0

Prove that T;, € X’ for every n € N and find its norm and support. Study the
convergence of (T,) in the strong and weak* topology of X'.

94. Let H be a Hilbert space, T € L(H) and (T,,) a sequence in L(H).

(i) Prove that T,, — T if and only if T;* — T*.
(#i) Prove that the sequence (T,z) converges weakly to Tz for every x € H if
and only if the sequence (T z) converges weakly to T*x for every z € H.

95. Let I =[0,1] CR and X = C(I). Given a map m € L*(I), set

Tu(e) = [ " my)uly) dy.

Prove that T € L£(X) and establish if T is compact in £(X), justifying the
answer.

96. Let Q = [0, l]d C R. Consider two relatively compact families U and V in
C°(Q) and define

F={f:f(zx)=sin(u(z) v(zr)), r€ QuelUwvecV}.
Prove that F is a relatively compact family in C°(Q).

97. Let I=[0,1] CR,p>1and X = L>°(I). Given a map m € LP(I), set

/ mly
Prove that T' € £(X) and establish if T is compact in £(X), justifying the answer.
98. Let X be the Banach space Cy(R?), endowed with the uniform norm, and let

(gn) be a sequence in Cy(R?) such that

0< gn(m,y) <1427 +y°)"" V(z,y) eR*VneN
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and
gn — g in Cy(R?).
Set
(Thu) = / gn(z, )u(z, ) de, wue X.
R

Prove that T;,, € X' for every n € N and find its norm and support. Study the
convergence of (T},) in the strong and weak* topology of X’.

99. Let f € L*(R) and set
() = [ flo=y)aty) dy.
Establish for which indices p, g € [1,4+00] we have T € L(LP(R), L1(R)).
100. Let I = [0,1] C R, X = C°(I) and Y = L'(I). Set
Tu(x) = /Ow xyu(y) dy.

a) Prove that T € £(X) and T € L(Y).
b) Establish if T is compact in £(X) and in £(Y"), justifying the answer.
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