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Quantum Algorithms

We will study the three historically most important algorithms:

• Simple ones (Deutsch, Deutsch-Jozsa…)
• Grover (search in a data base)
• Shor (factorization)

What is special about quantum algorithms?



Quantum Parallelism
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4.7 Quantum Parallelism and Entanglement

Given an input x, a typical quantum computer computes f(x) in such a way
as

Uf : |x〉|0〉 "→ |x〉|f(x)〉, (4.61)

where Uf is a unitary matrix that implements the function f .
Suppose Uf acts on the input which is a superposition of many states. Since

Uf is a linear operator, it acts simultaneously on all the vectors that constitute
the superposition. Thus the output is also a superposition of all the results;

Uf :
∑

x

|x〉|0〉 "→
∑

x

|x〉|f(x)〉. (4.62)

Namely, when the input is a superposition of n states, Uf computes n values
f(xk) (1 ≤ k ≤ n) simultaneously. This feature, called the quantum paral-
lelism, gives a quantum computer an enormous power. A quantum computer
is advantageous compared to a classical counterpart in that it makes use of
this quantum parallelism and also entanglement.

A unitary transformation acts on a superposition of all possible states in
most quantum algorithms. This superposition is prepared by the action
of the Walsh-Hadamard transformation on an n-qubit register in the state
|00 . . . 0〉 = |0〉 ⊗ |0〉 ⊗ . . .⊗ |0〉 resulting in

1√
2n

(|00 . . . 0〉+ |00 . . .1〉+ . . . |11 . . . 1〉) =
1√
2n

2n−1∑

x=0

|x〉. (4.63)

This state is a superposition of vectors encoding all the integers between 0
and 2n − 1. Then the linearity of Uf leads to

Uf

(
1√
2n

2n−1∑

x=0

|x〉|0〉
)

=
1√
2n

2n−1∑

x=0

Uf |x〉|0〉 =
1√
2n

2n−1∑

x=0

|x〉|f(x)〉. (4.64)

Note that the superposition is made of 2n = en ln 2 states, which makes quan-
tum computation exponentially faster than the classical counterpart in a cer-
tain kind of computation.

What about the limitation of a quantum computer? Let us consider the
CCNOT gate, for example. This gate flips the third qubit if and only if the
first and the second qubits are both in the state |1〉, while it leaves the third
qubit unchanged otherwise. Let us fix the third input qubit to |0〉. It was
shown in §4.3.3 that the third output is |x∧ y〉, where |x〉 and |y〉 are the first
and the second input qubit states, respectively. Suppose the input state is a
superposition of all possible states while the third qubit is fixed to |0〉. This

All values of the function computed at once. Very easy!!
But… measurements will make the wave function collapse 
giving only one output. No advantage

Più in generale
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Analogamente al caso di Deutsch, abbiamo una sovrapposizione degli n+1 qubit:

|~�i ⌘ H⌦(n+1)|~0i |1i = 1p
N
p
2

X

~x2{0,1}n
|~xi

h
|0i � |1i

i
= | ~�xiH |1i . (1.34)

A questa sovrapposizione viene applicato il seguente operatore unitario, dove |~si
rappresenta l’elemento cercato:

Us |~x, yi = |~xi |y � fs(~x)i , con fs(~x) =

8
<

:

0 se ~x 6= ~s

1 se ~x = ~s .
(1.35)

Come già osservato per l’algoritmo precedente, anche in questo caso si ha:

Us |~xi
1p
2

h
|0i � |1i

i
= (�1)fs(~x) |~xi 1p

2

h
|0i � |1i

i
. (1.36)

In questo modo si vede che ignorando l’ultimo qubit, l’operatore Us può essere
visto come un gate Vs che agisce sui primi n qubit. Otteniamo dunque la seguente
relazione:

Vs |~xi = (�1)fs(~x) |~xi ) Vs ⌘ 1� 2 |~si h~s|. (1.37)

Similmente definiamo ora la matrice U� :

U� ⌘ 2| ~�xih ~�x|� 1; (1.38)

Come si può intuire l’applicazione di Vs ed U� corrisponde ad una simmetria

rispetto ai vettori |~s?i e | ~�xi, dove il primo è definito da:

|~s?i ⌘
1p

(N � 1)

X

~x6=~s

|~xi . (1.39)

Ne segue che un’iterazione può essere rappresentata geometricamente come mo-
strato nella figura 1.1. Il vettore | ~�xi viene dunque ruotato di un angolo 2✓ dove
|h~s| ~�xi| = sin ✓ = 1p

N
. Dopo M iterazioni il vettore | ~�xi si troverà ad un angolo

(2M + 1)✓ da |~s?i. A�nché il nostro stato alla fine dell’algoritmo si trovi in |~si,
si deve avere che :

(2M + 1)✓ =
⇡

2
. (1.40)

Considerando la seguente approssimazione:

1p
N

= sin ✓ ' ✓ per N � 1, (1.41)

si vede che:

M ' ⇡

4

p
N. (1.42)

Abbiamo cos̀ı ottenuto un numero di iterazioni che è dell’ordine di
p
N . Questo

fenomeno è un esempio di ”speed up quantistico”.



Quantum Algorithms

The goal of a quantum algorithm is to operate in such a way that the 
parMcular outcome we want to observe has a larger probability to be 
measured than the other outcomes.



Deutsch Algorithm
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Simple Quantum Algorithms

Before we start presenting “useful” but rather complicated quantum algo-
rithms, we introduce a few simple quantum algorithms which will be of help
for readers to understand how quantum algorithms are different from and
superior to classical algorithms. We follow closely Meglicki [1].

5.1 Deutsch Algorithm

The Deutsch algorithm is one of the first quantum algorithms which showed
quantum algorithms may be more efficient than their classical counterparts.
In spite of its simplicty, full use of the superposition principle has been made
here.

Let f : {0, 1}→ {0, 1} be a binary function. Note that there are only four
possible f , namely

f1 : 0 "→ 0, 1 "→ 0, f2 : 0 "→ 1, 1 "→ 1,

f3 : 0 "→ 0, 1 "→ 1, f4 : 0 "→ 1, 1 "→ 0.

The first two cases, f1 and f2, are called constant, while the rest, f3 and f4,
are balanced. If we only have classical resources, we need to evaluate f twice
to tell if f is constant or balanced. There is a quantum algorithm, however,
with which it is possible to tell if f is constant or balanced with a single
evaluation of f , as was shown by Deutsch [2].

Let |0〉 and |1〉 correspond to classical bits 0 and 1, respectively, and consider
the state |ψ0〉 = 1

2 (|00〉− |01〉+ |10〉− |11〉). We apply f on this state in terms
of the unitary operator Uf : |x, y〉 "→ |x, y ⊕ f(x)〉, where ⊕ is an addition
mod 2. To be explicit, we obtain

|ψ1〉 = Uf |ψ0〉

=
1
2
(|0, f(0)〉 − |0, 1⊕ f(0)〉+ |1, f(1)〉 − |1, 1⊕ f(1)〉)

=
1
2
(|0, f(0)〉 − |0,¬f(0)〉+ |1, f(1)〉 − |1,¬f(1)〉),

where ¬ stands for negation. Therefore this operation is nothing but the
CNOT gate with the control bit f(x); the target bit y is flipped if and only if

99



Deutsch Algorithm

First we need to turn the classical function f(x) into a quantum one.

1. Make it reversible.
2. Define it on the computational basis to act like the classical circuit 

and extend it by linearity.

Where ⊕ is addition mod 2.
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Deutsch Algorithm

The algorithm is structured as follows.

1. Start with the state         .
2. Apply an Hadamard on both qubits:
3. Apply the operator Uf implementing the function 
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Deutsch Algorithm

4. Apply an Hadamard to the first qubit

100 QUANTUM COMPUTING

f(x) = 1 and left unchanged otherwise. Subsequently we apply a Hadamard
gate on the first qubit to obtain

|ψ2〉 = (UH ⊗ I)|ψ1〉

=
1

2
√

2
[(|0〉+ |1〉)(|f(0)〉 − |¬f(0)〉) + (|0〉 − |1〉)(|f(1)〉 − |¬f(1)〉)] .

The wave function reduces to

|ψ2〉 =
1√
2
|0〉(|f(0)〉 − |¬f(0)〉) (5.1)

in case f is constant, for which |f(0)〉 = |f(1)〉, and

|ψ2〉 =
1√
2
|1〉(|f(0)〉 − |¬f(0)〉) (5.2)

if f is balanced, for which |¬f(0)〉 = |f(1)〉. Therefore the measurement of
the first qubit tells us whether f is constant or balanced.

Let us consider a quantum circuit which implements the Deutsch algorithm.
We first apply Walsh-Hadamard transformation W2 = UH ⊗ UH on |01〉 to
obtain |ψ0〉. We need to introduce a conditional gate Uf , i.e., the controlled-
NOT gate with the control bit f(x), whose action is Uf : |x, y〉 → |x, y⊕f(x)〉.
Then a Hadamard gate is applied on the first qubit before it is measured.
Figure 5.1 depicts this implementation.

FIGURE 5.1
Implementation of the Deutsch algorithm.

In the quauntum circuit, we assume the gate Uf is a black box for which
we do not ask the explicit implementation. We might think it is a kind of
subroutine. Such a black box is often called an oracle. The gate Uf is called
the Deutsch oracle. Its implementation is given only after f is specified.

Then what is the merit of the Deutsch algorithm? Suppose your friend
gives you a unitary matrix Uf and asks you to tell if f is constant or balanced.
Instead of applying |0〉 and |1〉 separately, you may construct the circuit in
Fig. 5.1 with the given matrix Uf and apply the circuit on the input state
|01〉. Then you can tell your friend whether f is constant or balanced with a
single use of Uf .
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Deutsch Algorithm

5. Measure the first qubit

|1〉

|0〉 H

H
𝑈!

H measurement

Calculate the function on both input 
values simultaneously

Interfere the result



Deutsch-Jozsa Algorithm

Simple Quantum Algorithms 101

5.2 Deutsch-Jozsa Algorithm and Bernstein-Vazirani
Algorithm

The Deutsch algorithm introduced in the previous section may be generalized
to the Deutsch-Jozsa algorithm [3].

Let us first define the Deutsch-Jozsa problem. Suppose there is a binary
function

f : Sn ≡ {0, 1, . . . , 2n − 1}→ {0, 1}. (5.3)

We require that f be either constant or balanced as before. When f is constant,
it takes a constant value 0 or 1 irrespetive of the input value x. When it is
balanaced the value f(x) for the half of x ∈ Sn is 0, while it is 1 for the rest of
x. In other words, |f−1(0)| = |f−1(1)| = 2n−1, where |A| denotes the number
of elements in a set A, known as the cardinality of A. Although there are
functions which are neither constant nor balanced, we will not consider such
cases here. Our task is to find an algorithm which tells if f is constant or
balanced with the least possible number of evaluations of f .

It is clear that we need at least 2n−1 + 1 steps, in the worst case with
classical manipulations, to make sure if f(x) is constant or balanced with
100% confidence. It will be shown below that the number of steps reduces to
a single step if we are allowed to use a quantum algorithm.

The algorithm is divided into the following steps:

1. Prepare an (n + 1)-qubit register in the state |ψ0〉 = |0〉⊗n ⊗ |1〉. First
n qubits work as input qubits, while the (n + 1)st qubit serves as a
“scratch pad.” Such qubits, which are neither input qubits nor output
qubits, but work as a scratch pad to store temporary information are
called ancillas or ancillary qubits.

2. Apply the Walsh-Hadamard transforamtion to the register. Then we
have the state

|ψ1〉 = U⊗n+1
H |ψ0〉 =

1√
2n

(|0〉+ |1〉)⊗n ⊗ 1√
2
(|0〉 − |1〉)

=
1√
2n

2n−1∑

x=0

|x〉 ⊗ 1√
2
(|0〉 − |1〉). (5.4)

3. Apply the f(x)-controlled-NOT gate on the register, which flips the
(n + 1)st qubit if and only if f(x) = 1 for the input x. Therefore
we need a Uf gate which evaluates f(x) and acts on the register as
Uf |x〉|c〉 = |x〉|c⊕ f(x)〉, where |c〉 is the one-qubit state of the (n+1)st
qubit. Observe that |c〉 is flipped if and only if f(x) = 1 and left
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we need a Uf gate which evaluates f(x) and acts on the register as
Uf |x〉|c〉 = |x〉|c⊕ f(x)〉, where |c〉 is the one-qubit state of the (n+1)st
qubit. Observe that |c〉 is flipped if and only if f(x) = 1 and left
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5.2 Deutsch-Jozsa Algorithm and Bernstein-Vazirani
Algorithm

The Deutsch algorithm introduced in the previous section may be generalized
to the Deutsch-Jozsa algorithm [3].

Let us first define the Deutsch-Jozsa problem. Suppose there is a binary
function

f : Sn ≡ {0, 1, . . . , 2n − 1}→ {0, 1}. (5.3)

We require that f be either constant or balanced as before. When f is constant,
it takes a constant value 0 or 1 irrespetive of the input value x. When it is
balanaced the value f(x) for the half of x ∈ Sn is 0, while it is 1 for the rest of
x. In other words, |f−1(0)| = |f−1(1)| = 2n−1, where |A| denotes the number
of elements in a set A, known as the cardinality of A. Although there are
functions which are neither constant nor balanced, we will not consider such
cases here. Our task is to find an algorithm which tells if f is constant or
balanced with the least possible number of evaluations of f .

It is clear that we need at least 2n−1 + 1 steps, in the worst case with
classical manipulations, to make sure if f(x) is constant or balanced with
100% confidence. It will be shown below that the number of steps reduces to
a single step if we are allowed to use a quantum algorithm.

The algorithm is divided into the following steps:

1. Prepare an (n + 1)-qubit register in the state |ψ0〉 = |0〉⊗n ⊗ |1〉. First
n qubits work as input qubits, while the (n + 1)st qubit serves as a
“scratch pad.” Such qubits, which are neither input qubits nor output
qubits, but work as a scratch pad to store temporary information are
called ancillas or ancillary qubits.

2. Apply the Walsh-Hadamard transforamtion to the register. Then we
have the state
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unchanged otherwise. We then obtain a state

|ψ2〉 = Uf |ψ1〉

=
1√
2n

2n−1∑

x=0

|x〉 1√
2
(|f(x)〉 − |¬f(x)〉)

=
1√
2n

∑

x

(−1)f(x)|x〉 1√
2
(|0〉 − |1〉). (5.5)

Although the gate Uf is applied once for all, it is applied to all the
n-qubit states |x〉 simultaneously.

4. The Walsh-Hadamard transformation (4.11) is applied on the first n
qubits next. We obtain

|ψ3〉 = (Wn ⊗ I)|ψ2〉 =
1√
2n

2n−1∑

x=0

(−1)f(x)U⊗n
H |x〉 1√

2
(|0〉 − |1〉). (5.6)

It is instructive to write the action of the one-qubit Hadamard gate in
the following form,

UH|x〉 =
1√
2
(|0〉+ (−1)x|1〉) =

1√
2

∑

y∈{0,1}

(−1)xy|y〉,

where x ∈ {0, 1}, to find the resulting state. The action of the Walsh-
Hadamard transformation on |x〉 = |xn−1 . . . x1x0〉 yields

Wn|x〉 = (UH|xn−1〉)(UH|xn−2〉) . . . (UH|x0〉)

=
1√
2n

∑

yn−1,yn−2,...,y0∈{0,1}

(−1)xn−1yn−1+xn−2yn−2+...+x0y0

×|yn−1yn−2 . . . y0〉

=
1√
2n

2n−1∑

y=0

(−1)x·y|y〉, (5.7)

where x ·y = xn−1yn−1⊕xn−2yn−2⊕ . . .⊕x0y0. Substituting this result
into Eq. (5.6), we obtain

|ψ3〉 =
1
2n

(
2n−1∑

x,y=0

(−1)f(x)(−1)x·y|y〉
)

1√
2
(|0〉 − |1〉). (5.8)

5. The first n qubits are measured. Suppose f(x) is constant. Then |ψ3〉
is put in the form

|ψ3〉 =
1
2n

∑

x,y

(−1)x·y|y〉 1√
2
(|0〉 − |1〉)
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5. The first n qubits are measured. Suppose f(x) is constant. Then |ψ3〉
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|ψ3〉 =
1
2n

∑

x,y

(−1)x·y|y〉 1√
2
(|0〉 − |1〉)

Coming back to step 4:
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(|0〉 − |1〉)

As we will see, this operaMon will make the different terms interfere in 
order to read the desired result
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up to an overall phase. Now let us consider the summation

1
2n

2n−1∑

x=0

(−1)x·y

with a fixed y ∈ Sn. Clearly it vanishes since x · y is 0 for half of x and
1 for the other half of x unless y = 0. Therefore the summation yields
δy0. Now the state reduces to

|ψ3〉 = |0〉⊗n 1√
2
(|0〉 − |1〉),

and the measurement outcome of the first n qubits is always 00 . . .0.
Suppose f(x) is balanced next. The probability amplitude of |y = 0〉 in
|ψ3〉 is proportional to

2n−1∑

x=0

(−1)f(x)(−1)x·0 =
2n−1∑

x=0

(−1)f(x) = 0.

Therefore the probability of obtaining measurement outcome 00 . . .0 for
the first n qubits vanishes. In conclusion, the function f is constant if
we obtain 00 . . .0 upon the meaurement of the first n qubits in the state
|ψ3〉, and it is balanced otherwise.

EXERCISE 5.1 Let us take n = 2 for definiteness. Consider the following
cases and find the final wave function |ψ3〉 and evaluate the measurement
outcomes and their probabilities for each case.
(1) f(x) = 1 ∀x ∈ S2.
(2) f(00) = f(01) = 1, f(10) = f(11) = 0.
(3) f(00) = 0, f(01) = f(10) = f(11) = 1. (This function is neither constant
nor balanced.)

The above exercise shows that the measurement gives |00〉 with probability
1 if f is constant and with probability 0 if balanced. If f is neither constant
nor balanced |ψ3〉 is a superposition of several states including |00〉, which is
attributed to “incomplete” interference.

A quantum circuit which implements the Deutsch-Jozsa algorithm is given
in Fig. 5.2. The gate Uf is called the Deutsch-Jozsa oracle.

The Bernstein-Vazirani algorithm is a special case of the Deutsch-Jozsa
algorithm, in which f(x) is given by f(x) = c · x, where c = cn−1cn−2 . . . c0

is an n-bit binary number [4]. Our aim is to find c with the smallest number
of evaluations of f . If we apply the Deutsch-Jozsa algorithm with this f , we
obtain

|ψ3〉 =
1
2n

[
2n−1∑

x,y=0

(−1)c·x(−1)x·y|y〉
]

1√
2
(|0〉 − |1〉).

Example with 3 qubits.

Take y = 110. Then
x·y = x2⊕x1

x x2⊕x1
000 0

001 0

010 1

011 1

100 1

101 1

110 0

111 0
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up to an overall phase. Now let us consider the summation

1
2n

2n−1∑

x=0

(−1)x·y

with a fixed y ∈ Sn. Clearly it vanishes since x · y is 0 for half of x and
1 for the other half of x unless y = 0. Therefore the summation yields
δy0. Now the state reduces to

|ψ3〉 = |0〉⊗n 1√
2
(|0〉 − |1〉),

and the measurement outcome of the first n qubits is always 00 . . .0.
Suppose f(x) is balanced next. The probability amplitude of |y = 0〉 in
|ψ3〉 is proportional to

2n−1∑

x=0

(−1)f(x)(−1)x·0 =
2n−1∑

x=0

(−1)f(x) = 0.

Therefore the probability of obtaining measurement outcome 00 . . .0 for
the first n qubits vanishes. In conclusion, the function f is constant if
we obtain 00 . . .0 upon the meaurement of the first n qubits in the state
|ψ3〉, and it is balanced otherwise.

EXERCISE 5.1 Let us take n = 2 for definiteness. Consider the following
cases and find the final wave function |ψ3〉 and evaluate the measurement
outcomes and their probabilities for each case.
(1) f(x) = 1 ∀x ∈ S2.
(2) f(00) = f(01) = 1, f(10) = f(11) = 0.
(3) f(00) = 0, f(01) = f(10) = f(11) = 1. (This function is neither constant
nor balanced.)

The above exercise shows that the measurement gives |00〉 with probability
1 if f is constant and with probability 0 if balanced. If f is neither constant
nor balanced |ψ3〉 is a superposition of several states including |00〉, which is
attributed to “incomplete” interference.

A quantum circuit which implements the Deutsch-Jozsa algorithm is given
in Fig. 5.2. The gate Uf is called the Deutsch-Jozsa oracle.

The Bernstein-Vazirani algorithm is a special case of the Deutsch-Jozsa
algorithm, in which f(x) is given by f(x) = c · x, where c = cn−1cn−2 . . . c0

is an n-bit binary number [4]. Our aim is to find c with the smallest number
of evaluations of f . If we apply the Deutsch-Jozsa algorithm with this f , we
obtain

|ψ3〉 =
1
2n

[
2n−1∑

x,y=0

(−1)c·x(−1)x·y|y〉
]

1√
2
(|0〉 − |1〉).
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1 if f is constant and with probability 0 if balanced. If f is neither constant
nor balanced |ψ3〉 is a superposition of several states including |00〉, which is
attributed to “incomplete” interference.

A quantum circuit which implements the Deutsch-Jozsa algorithm is given
in Fig. 5.2. The gate Uf is called the Deutsch-Jozsa oracle.

The Bernstein-Vazirani algorithm is a special case of the Deutsch-Jozsa
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obtain

|ψ3〉 =
1
2n
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x,y=0
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]

1√
2
(|0〉 − |1〉).
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FIGURE 5.2
Quantum circuit implementing the Deutsch-Jozsa algorithm. The gate Uf is
the Deutsch-Jozsa oracle.

Let us fix y first. If we take y = c, we obtain

∑

x

(−1)c·x(−1)x·c =
∑

x

(−1)2c·x = 2n.

If y "= c, on the other hand, there will be the same number of x such that
c · x = 0 and x such that c · x = 1 in the summation over x and, as a result,
the probability amplitude of |y "= c〉 vanishes. By using these results, we end
up with

|ψ3〉 = |c〉 1√
2
(|0〉 − |1〉). (5.9)

We are able to tell what c is by measuring the first n qubits. Note that this
is done by a single application of the circuit in Fig. 5.2.

EXERCISE 5.2 Consider the Bernstein-Vazirani algorithm with n = 3 and
c = 101. Work out the quantum circuit depicted in Fig. 5.2 to show that the
measurement outcome of the first three qubits is c = 101.
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Grover’s Search Algorithm

Suppose there is a stack of N unstructured files and we want to find a par-
ticular file (or files) out of the N files. To find someone’s phone number in a
telephone directory is an easy structured datebase search problem, while to
find a person’s name who has a particular phone number is a more difficult
unstructured database seach problem, with which we are concerned in this
chapter. It is required to take O(N) steps on average if a classical algorithm
is employed. If we check the files one by one, we will hit the right file with
probability 1/2 after N/2 files are examined. It turns out that this takes only
O(
√

N) steps with a quantum algorithm, first discovered by Grover [1, 2, 3].
Our presentation in this chapter closely follows [4] and [5].

7.1 Searching for a Single File

Suppose there is a stack of N = 2n files, randomly placed, that are numbered
by x ∈ Sn ≡ {0, 1, . . . , N − 1}. Our task is to find an algorithm which picks
out a particular file which satisfies a certain condition.

In mathematical language, this is expressed as follows. Let f : Sn → {0, 1}
be a function defined by

f(x) =
{

1 (x = z)
0 (x &= z), (7.1)

where z is the address of the file we are looking for. It is assumed that
f(x) is instantaneously calculable, such that this process does not require any
computational steps. A function of this sort is often called an oracle as noted
in Chapter 5. Thus, the problem is to find z such that f(z) = 1, given a
function f : Sn → {0, 1} which assumes the value 1 only at a single point.

Clearly we have to check one file after another in a classical algorithm,
and it will take O(N) steps on average. It is shown below that it takes only
O(
√

N) steps with Grover’s algorithm. This is accomplished by amplifying
the amplitude of the vector |z〉 while cancelling that of the vectors |x〉 (x &= z).

We describe the algorithm in several steps.

STEP 1 (Selective phase rotation transform; see §6.6.)

125
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Grover’s search algorithm
We first needs to implement the funcMon f(x) quantum mechanically. We 
define Uf as follows (oracle)

1.6. ALGORITMO DI GROVER 17

Analogamente al caso di Deutsch, abbiamo una sovrapposizione degli n+1 qubit:

|~�i ⌘ H⌦(n+1)|~0i |1i = 1p
N
p
2

X

~x2{0,1}n
|~xi

h
|0i � |1i

i
= | ~�xiH |1i . (1.34)

A questa sovrapposizione viene applicato il seguente operatore unitario, dove |~si
rappresenta l’elemento cercato:

Us |~x, yi = |~xi |y � fs(~x)i , con fs(~x) =

8
<

:

0 se ~x 6= ~s

1 se ~x = ~s .
(1.35)

Come già osservato per l’algoritmo precedente, anche in questo caso si ha:

Us |~xi
1p
2

h
|0i � |1i

i
= (�1)fs(~x) |~xi 1p

2

h
|0i � |1i

i
. (1.36)

In questo modo si vede che ignorando l’ultimo qubit, l’operatore Us può essere
visto come un gate Vs che agisce sui primi n qubit. Otteniamo dunque la seguente
relazione:

Vs |~xi = (�1)fs(~x) |~xi ) Vs ⌘ 1� 2 |~si h~s|. (1.37)

Similmente definiamo ora la matrice U� :

U� ⌘ 2| ~�xih ~�x|� 1; (1.38)

Come si può intuire l’applicazione di Vs ed U� corrisponde ad una simmetria

rispetto ai vettori |~s?i e | ~�xi, dove il primo è definito da:

|~s?i ⌘
1p

(N � 1)

X

~x6=~s

|~xi . (1.39)

Ne segue che un’iterazione può essere rappresentata geometricamente come mo-
strato nella figura 1.1. Il vettore | ~�xi viene dunque ruotato di un angolo 2✓ dove
|h~s| ~�xi| = sin ✓ = 1p

N
. Dopo M iterazioni il vettore | ~�xi si troverà ad un angolo

(2M + 1)✓ da |~s?i. A�nché il nostro stato alla fine dell’algoritmo si trovi in |~si,
si deve avere che :

(2M + 1)✓ =
⇡

2
. (1.40)

Considerando la seguente approssimazione:

1p
N

= sin ✓ ' ✓ per N � 1, (1.41)

si vede che:

M ' ⇡

4

p
N. (1.42)

Abbiamo cos̀ı ottenuto un numero di iterazioni che è dell’ordine di
p
N . Questo

fenomeno è un esempio di ”speed up quantistico”.
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On the computational basis. We see that if 𝑥 is an unmarked item, the 
oracle does nothing to the state. It flips the phase for the marked item. It 
is easy to see that 

Uf |xi = (�1)f(x)|xi

<latexit sha1_base64="iybepAqcvuBunJpUQEbE5W7XoH0=">AAACGXicbVDLSgNBEJyN7/iKevQyGIR4MOyKoB4E0YtHBfOAJIbeSScOzs4uM72irPkCP8Gv8Konb+LVkwf/xd0YUKN1Kqq66a7yIyUtue67kxsbn5icmp7Jz87NLywWlparNoyNwIoIVWjqPlhUUmOFJCmsRwYh8BXW/MujzK9dobEy1Gd0E2ErgJ6WXSmAUqldWK+0u/z2umlA9xTyfV7a9DbOk27peqP/LbcLRbfsDsD/Em9IimyIk3bho9kJRRygJqHA2obnRtRKwJAUCvv5ZmwxAnEJPWykVEOAtpUM4vT5emyBQh6h4VLxgYg/NxIIrL0J/HQyALqwo14m/uc1YuruthKpo5hQi+wQyTRddsgKI9OekHekQSLIPkcuNRdggAiN5CBEKsZpcfm0D280/V9S3Sp72+W90+3iweGwmWm2ytZYiXlshx2wY3bCKkywO/bAHtmTc+88Oy/O69dozhnurLBfcN4+AQyOn0s=</latexit>

Uf = I � 2|zihz|
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Grover’s search algorithm
Step 1: Create an iniMally equal weighted superposi6on of all states (this 
is done with N Hadamard gates):

126 QUANTUM COMPUTING

Define the kernel of the selective phase rotation transform Rf by

Kf(x, y) = eiπf(x)δxy = (−1)f(x)δxy, (7.2)

where x, y ∈ Sn. Since Rf maps |z〉 $→ −|z〉, while leaving all the other vectors
unchanged, it can be expressed as

Rf = I − 2|z〉〈z|. (7.3)

Let us consider a state

|ϕ〉 =
N−1∑

x=0

wx|x〉,
∑

x

|wx|2 = 1. (7.4)

Then it is easy to verify

Rf |ϕ〉 = w0|0〉+ . . . + (−1)wz|z〉+ . . . + wN−1|N − 1〉. (7.5)

(In other words, Rf changes the sign of wz while leaving all other coefficients
unchanged.)

STEP 2 Define a unitary matrix

D = WnR0Wn, (7.6)

where Wn is the Walsh-Hadamard transform,

Wn(x, y) =
1√
N

(−1)x·y, (x, y ∈ Sn) (7.7)

and R0 is the selective phase rotation transform defined by

R0(x, y) = eiπ(1−δx0)δxy = (−1)1−δx0δxy. (7.8)

PROPOSITION 7.1 Let

|ϕ0〉 =
1√
N

N−1∑

x=0

|x〉. (7.9)

Then
D = −I + 2|ϕ0〉〈ϕ0|. (7.10)

Moreover

D|ϕ〉 =
N−1∑

x=0

(w̄ − (wx − w̄)) |x〉, (7.11)

where |ϕ〉 is given in Eq. (7.4) and

w̄ =
1
N

N−1∑

x=0

wx (7.12)
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|si
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Grover’s search algorithm
Step 2: Apply the oracle Uf . Geometrically this corresponds to a reflection 
of the state |z⟩ about |𝑠⟩. This transformation means that the amplitude 
in front of the |z⟩ state becomes negative, which in turn means that the 
average amplitude has been lowered.

126 QUANTUM COMPUTING

Define the kernel of the selective phase rotation transform Rf by

Kf(x, y) = eiπf(x)δxy = (−1)f(x)δxy, (7.2)

where x, y ∈ Sn. Since Rf maps |z〉 $→ −|z〉, while leaving all the other vectors
unchanged, it can be expressed as

Rf = I − 2|z〉〈z|. (7.3)

Let us consider a state

|ϕ〉 =
N−1∑

x=0

wx|x〉,
∑

x

|wx|2 = 1. (7.4)

Then it is easy to verify

Rf |ϕ〉 = w0|0〉+ . . . + (−1)wz|z〉+ . . . + wN−1|N − 1〉. (7.5)

(In other words, Rf changes the sign of wz while leaving all other coefficients
unchanged.)

STEP 2 Define a unitary matrix

D = WnR0Wn, (7.6)

where Wn is the Walsh-Hadamard transform,

Wn(x, y) =
1√
N

(−1)x·y, (x, y ∈ Sn) (7.7)

and R0 is the selective phase rotation transform defined by

R0(x, y) = eiπ(1−δx0)δxy = (−1)1−δx0δxy. (7.8)

PROPOSITION 7.1 Let

|ϕ0〉 =
1√
N

N−1∑

x=0

|x〉. (7.9)

Then
D = −I + 2|ϕ0〉〈ϕ0|. (7.10)

Moreover

D|ϕ〉 =
N−1∑

x=0

(w̄ − (wx − w̄)) |x〉, (7.11)

where |ϕ〉 is given in Eq. (7.4) and

w̄ =
1
N

N−1∑

x=0

wx (7.12)
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Grover’s search algorithm
Step 3: Apply the gate

The acMon of the gate is the following

126 QUANTUM COMPUTING

Define the kernel of the selective phase rotation transform Rf by

Kf(x, y) = eiπf(x)δxy = (−1)f(x)δxy, (7.2)

where x, y ∈ Sn. Since Rf maps |z〉 $→ −|z〉, while leaving all the other vectors
unchanged, it can be expressed as

Rf = I − 2|z〉〈z|. (7.3)
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Moreover
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Grover’s search algorithm
In our case we get

126 QUANTUM COMPUTING

Define the kernel of the selective phase rotation transform Rf by

Kf(x, y) = eiπf(x)δxy = (−1)f(x)δxy, (7.2)

where x, y ∈ Sn. Since Rf maps |z〉 $→ −|z〉, while leaving all the other vectors
unchanged, it can be expressed as

Rf = I − 2|z〉〈z|. (7.3)

Let us consider a state

|ϕ〉 =
N−1∑

x=0

wx|x〉,
∑

x

|wx|2 = 1. (7.4)

Then it is easy to verify

Rf |ϕ〉 = w0|0〉+ . . . + (−1)wz|z〉+ . . . + wN−1|N − 1〉. (7.5)

(In other words, Rf changes the sign of wz while leaving all other coefficients
unchanged.)

STEP 2 Define a unitary matrix

D = WnR0Wn, (7.6)

where Wn is the Walsh-Hadamard transform,

Wn(x, y) =
1√
N

(−1)x·y, (x, y ∈ Sn) (7.7)

and R0 is the selective phase rotation transform defined by

R0(x, y) = eiπ(1−δx0)δxy = (−1)1−δx0δxy. (7.8)

PROPOSITION 7.1 Let

|ϕ0〉 =
1√
N

N−1∑

x=0

|x〉. (7.9)

Then
D = −I + 2|ϕ0〉〈ϕ0|. (7.10)

Moreover

D|ϕ〉 =
N−1∑

x=0

(w̄ − (wx − w̄)) |x〉, (7.11)

where |ϕ〉 is given in Eq. (7.4) and

w̄ =
1
N

N−1∑

x=0

wx (7.12)

|si

<latexit sha1_base64="TzlYZT+jeC85HY/99u60LFJ1kLI=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIneGRO2INpaYyEcEQuaWATfs7V1250wI4q+w1crO2PpfLPwv3p0UCr7q5b2ZzJvnR0pact1PJ7e0vLK6ll8vbGxube8Ud/caNoyNwLoIVWhaPlhUUmOdJClsRQYh8BU2/dFl6jfv0VgZ6hsaR9gNYKjlQAqgRLp9sB0Deqiw0CuW3LKbgS8Sb0ZKbIZar/jV6YciDlCTUGBt23Mj6k7AkBQKp4VObDECMYIhthOqIUDbnWSJp/wotkAhj9BwqXgm4u+NCQTWjgM/mQyA7uy8l4r/ee2YBmfdidRRTKhFeoikwuyQFUYmVSDvS4NEkCZHLjUXYIAIjeQgRCLGSTdpH97894ukcVL2KuXz60qpejFrJs8O2CE7Zh47ZVV2xWqszgTT7Ik9sxfn0Xl13pz3n9GcM9vZZ3/gfHwDHb6VPQ==</latexit>

126 QUANTUM COMPUTING

Define the kernel of the selective phase rotation transform Rf by

Kf(x, y) = eiπf(x)δxy = (−1)f(x)δxy, (7.2)

where x, y ∈ Sn. Since Rf maps |z〉 $→ −|z〉, while leaving all the other vectors
unchanged, it can be expressed as

Rf = I − 2|z〉〈z|. (7.3)

Let us consider a state

|ϕ〉 =
N−1∑

x=0

wx|x〉,
∑

x

|wx|2 = 1. (7.4)

Then it is easy to verify

Rf |ϕ〉 = w0|0〉+ . . . + (−1)wz|z〉+ . . . + wN−1|N − 1〉. (7.5)

(In other words, Rf changes the sign of wz while leaving all other coefficients
unchanged.)

STEP 2 Define a unitary matrix

D = WnR0Wn, (7.6)

where Wn is the Walsh-Hadamard transform,

Wn(x, y) =
1√
N

(−1)x·y, (x, y ∈ Sn) (7.7)

and R0 is the selective phase rotation transform defined by

R0(x, y) = eiπ(1−δx0)δxy = (−1)1−δx0δxy. (7.8)

PROPOSITION 7.1 Let

|ϕ0〉 =
1√
N

N−1∑

x=0

|x〉. (7.9)

Then
D = −I + 2|ϕ0〉〈ϕ0|. (7.10)

Moreover

D|ϕ〉 =
N−1∑

x=0

(w̄ − (wx − w̄)) |x〉, (7.11)

where |ϕ〉 is given in Eq. (7.4) and

w̄ =
1
N

N−1∑

x=0

wx (7.12)
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Since the average 
amplitude has been 
lowered by the first 
reflection, this 
transformation boosts 
the negative amplitude 
of |z⟩ to roughly three 
times its original value, 
while it decreases the 
other amplitudes.



Grover’s search algorithm
Step 3: go to step 2 an repeat the application of Uf and D a sufficient 
number of times. Let us call Gf = D Uf . 

Grover’s Search Algorithm 129

where
∑N−1

x=0 |wx|2 = 1 and

w̄ =
1
N




N−1∑

x=0,x "=z

wx − wz



 (7.16)

is the average value of the coefficients of the state Rf |ϕ〉.
This result shows that the amplitude of |z〉 has increased upon the operation

of Uf while that of |x〉 (x #= z) has decreased, assuming that all the weights
wx are positive. Thus repeated applications of Uf increase the amplitude of
|z〉 so that this particular state is observed with probability close to 1 when
the system is measured. Let us find the state obtained after Uf is applied k
times on the initial state |ϕ0〉.

PROPOSITION 7.2 Let us write

Uk
f |ϕ0〉 = ak|z〉+ bk

∑

x "=z

|x〉 (7.17)

with the initial condition
a0 = b0 =

1√
N

.

Then the coefficients {ak, bk} for k ≥ 1 satisfy the recursion relations

ak =
N − 2

N
ak−1 +

2(N − 1)
N

bk−1, (7.18)

bk = − 2
N

ak−1 +
N − 2

N
bk−1 (7.19)

for k = 1, 2, . . ..

Proof. It is easy to see the recursion relations are satified for k = 1 by making
use of Eqs. (7.15) and (7.16). Let Uk−1

f |ϕ0〉 = ak−1|z〉+ bk−1
∑

x "=z |x〉. Then

Uk
f |ϕ0〉 = Uf


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∑
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



= −bk−1
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N
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where
∑N−1

x=0 |wx|2 = 1 and

w̄ =
1
N




N−1∑

x=0,x "=z

wx − wz



 (7.16)

is the average value of the coefficients of the state Rf |ϕ〉.
This result shows that the amplitude of |z〉 has increased upon the operation

of Uf while that of |x〉 (x #= z) has decreased, assuming that all the weights
wx are positive. Thus repeated applications of Uf increase the amplitude of
|z〉 so that this particular state is observed with probability close to 1 when
the system is measured. Let us find the state obtained after Uf is applied k
times on the initial state |ϕ0〉.

PROPOSITION 7.2 Let us write

Uk
f |ϕ0〉 = ak|z〉+ bk

∑

x "=z

|x〉 (7.17)

with the initial condition
a0 = b0 =

1√
N

.

Then the coefficients {ak, bk} for k ≥ 1 satisfy the recursion relations

ak =
N − 2

N
ak−1 +

2(N − 1)
N

bk−1, (7.18)

bk = − 2
N

ak−1 +
N − 2

N
bk−1 (7.19)

for k = 1, 2, . . ..

Proof. It is easy to see the recursion relations are satified for k = 1 by making
use of Eqs. (7.15) and (7.16). Let Uk−1

f |ϕ0〉 = ak−1|z〉+ bk−1
∑
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Uk
f |ϕ0〉 = Uf


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|x〉


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= (−I + 2|ϕ0〉〈ϕ0|)


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∑

x "=z

|x〉





= −bk−1

∑

x "=z

|x〉+ ak−1|z〉+
2√
N

(N − 1)bk−1|ϕ0〉 −
2ak−1√

N
|ϕ0〉

= −bk−1

∑

x "=z

|x〉+ ak−1|z〉+
2
N

(N − 1)bk−1

∑

x

|x〉 − 2ak−1

N

∑

x

|x〉

=
[
N − 2

N
ak−1 +

2(N − 1)
N

bk−1

]
|z〉

130 QUANTUM COMPUTING

+
[
− 2

N
ak−1 +

N − 2
N

bk−1

]∑

x "=z

|x〉,

and proposition is proved.

PROPOSITION 7.3 The solutions of the recursion relations in Proposition
7.2 are explicitly given by

ak = sin[(2k + 1)θ], bk =
1√

N − 1
cos[(2k + 1)θ], (7.20)

for k = 0, 1, 2, . . ., where

sin θ =
√

1
N

, cos θ =
√

1− 1
N

. (7.21)

Proof. Let ck =
√

N − 1bk. The recursion relations (7.18) and (7.19) are
written in a matrix form,
(

ak

ck

)
= M

(
ak−1

ck−1

)
, M =

(
(N − 2)/N 2

√
N − 1/N

−2
√

N − 1/N (N − 2)/N

)
=
(

cos 2θ sin 2θ
− sin 2θ cos 2θ

)
.

Note that M is a rotation matrix in R2, and its kth power is another rota-
tion matrix corresponding to a rotation angle 2kθ. Thus the above recursion
relation is easily solved to yield
(

ak

ck

)
= Mk

(
a0

c0

)
=
(

cos 2kθ sin 2kθ
− sin 2kθ cos 2kθ

)(
sin θ
cos θ

)
=
(

sin[(2k + 1)θ]
cos[(2k + 1)θ]

)
.

Replacing ck by bk proves the proposition.

We have proved that the application of Uf k times on |ϕ0〉 results in the
state

Uk
f |ϕ0〉 = sin[(2k + 1)θ]|z〉+ 1√

N − 1
cos[(2k + 1)θ]

∑

x "=z

|x〉. (7.22)

Measurement of the state Uk
f |ϕ0〉 yields |z〉 with the probability

Pz,k = sin2[(2k + 1)θ]. (7.23)

It is instructive to visualize what is going on with a simple example. Let
us take n = 4, for which N = 2n = 16. The probabilities (ak, bk) are given by

a2
0 = b2

0 = 1/16, a2
k = sin2[(2k + 1)θ], b2

k =
cos2[(2k + 1)θ]

16− 1
,

where θ = sin−1(1/4). Figure 7.1 shows the probability distributions for
k = 1, 2, 3 and 4 where we have chosen z = 10.
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where
∑N−1

x=0 |wx|2 = 1 and

w̄ =
1
N




N−1∑

x=0,x "=z

wx − wz



 (7.16)

is the average value of the coefficients of the state Rf |ϕ〉.
This result shows that the amplitude of |z〉 has increased upon the operation

of Uf while that of |x〉 (x #= z) has decreased, assuming that all the weights
wx are positive. Thus repeated applications of Uf increase the amplitude of
|z〉 so that this particular state is observed with probability close to 1 when
the system is measured. Let us find the state obtained after Uf is applied k
times on the initial state |ϕ0〉.

PROPOSITION 7.2 Let us write

Uk
f |ϕ0〉 = ak|z〉+ bk

∑

x "=z

|x〉 (7.17)

with the initial condition
a0 = b0 =

1√
N

.

Then the coefficients {ak, bk} for k ≥ 1 satisfy the recursion relations

ak =
N − 2

N
ak−1 +

2(N − 1)
N

bk−1, (7.18)

bk = − 2
N

ak−1 +
N − 2

N
bk−1 (7.19)

for k = 1, 2, . . ..

Proof. It is easy to see the recursion relations are satified for k = 1 by making
use of Eqs. (7.15) and (7.16). Let Uk−1

f |ϕ0〉 = ak−1|z〉+ bk−1
∑

x "=z |x〉. Then

Uk
f |ϕ0〉 = Uf



ak−1|z〉+ bk−1

∑

x "=z

|x〉





= (−I + 2|ϕ0〉〈ϕ0|)



−ak−1|z〉+ bk−1

∑

x "=z

|x〉


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= −bk−1

∑

x "=z

|x〉+ ak−1|z〉+
2√
N

(N − 1)bk−1|ϕ0〉 −
2ak−1√

N
|ϕ0〉

= −bk−1

∑
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|x〉+ ak−1|z〉+
2
N

(N − 1)bk−1

∑

x

|x〉 − 2ak−1

N

∑

x

|x〉

=
[
N − 2

N
ak−1 +

2(N − 1)
N

bk−1

]
|z〉
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use of Eqs. (7.15) and (7.16). Let Uk−1

f |ϕ0〉 = ak−1|z〉+ bk−1
∑

x "=z |x〉. Then

Uk
f |ϕ0〉 = Uf



ak−1|z〉+ bk−1

∑

x "=z

|x〉





= (−I + 2|ϕ0〉〈ϕ0|)



−ak−1|z〉+ bk−1

∑

x "=z

|x〉





= −bk−1

∑

x "=z

|x〉+ ak−1|z〉+
2√
N

(N − 1)bk−1|ϕ0〉 −
2ak−1√

N
|ϕ0〉

= −bk−1

∑

x "=z

|x〉+ ak−1|z〉+
2
N

(N − 1)bk−1

∑

x

|x〉 − 2ak−1

N

∑

x

|x〉

=
[
N − 2

N
ak−1 +

2(N − 1)
N

bk−1

]
|z〉

Gk�1
f

<latexit sha1_base64="TTXrcnpVlAcKMgVFqEFreqNk+AM=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJhshGkYAuggLKIJEHSkx0vmzCKeezdbdGiix/BS1UdIiWj6HgX7CNCwhMNZrZ1c6OF0ph0LY/rNLC4tLySnm1sra+sblV3d7pmCDSHNo8kIHuecyAFAraKFBCL9TAfE9C15teZH73AbQRgbrBWQiuzyZKjAVnmEq3l8PxXTw9cpJhtWbX7Rz0L3EKUiMFWsPq52AU8MgHhVwyY/qOHaIbM42CS0gqg8hAyPiUTaCfUsV8MG6cB07oQWQYBjQETYWkuQg/N2LmGzPzvXTSZ3hv5r1M/M/rRzg+dWOhwghB8ewQCgn5IcO1SJsAOhIaEFmWHKhQlDPNEEELyjhPxSitppL24cx//5d0jutOo3523ag1z4tmymSP7JND4pAT0iRXpEXahBOfPJIn8mwl1ov1ar19j5asYmeX/IL1/gX0JJSQ</latexit>

Gk
f

<latexit sha1_base64="mJsQ8mwa3e+OzcvHB8J1Q0kYXH0=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrIREtBFUEAZJJxESkJ0vmzCKeeH7tZIkZVvoIWKDtHyORT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7S0vLK6Vl6vbGxube9Ud/daJoy1QFeEKtQdjxtUMkCXJCnsRBq57ylse5OrzG8/ojYyDO5oGmHf5+NAjqTglEru9WB0PxlUa3bdzsEWiVOQGhRoDqpfvWEoYh8DEoob03XsiPoJ1ySFwlmlFxuMuJjwMXZTGnAfTT/Jw87YUWw4hSxCzaRiuYi/NxLuGzP1vXTS5/Rg5r1M/M/rxjQ67ycyiGLCQGSHSCrMDxmhZdoCsqHUSMSz5MhkwATXnAi1ZFyIVIzTWippH87894ukdVJ3TusXt6e1xmXRTBkO4BCOwYEzaMANNMEFARKe4BlerKn1ar1Z7z+jJavY2Yc/sD6+AUG0kxI=</latexit>

Gf

<latexit sha1_base64="41lXuJixs49EyGNxsxt3eLSWLQA=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJKCLoIAyCPKQkig6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCSItsCkCFeiOyw0q6WOTJCnshBq55ypsu5PL1G8/oDYy8O9oGmLf42NfjqTglEi3V4PRoFyxq3YGtkicnFQgR2NQ/uoNAxF56JNQ3JiuY4fUj7kmKRTOSr3IYMjFhI+xm1Cfe2j6cRZ1xo4iwylgIWomFctE/L0Rc8+Yqecmkx6nezPvpeJ/Xjei0Vk/ln4YEfoiPURSYXbICC2TDpANpUYiniZHJn0muOZEqCXjQiRilJRSSvpw5r9fJK2TqlOrnt/UKvWLvJkiHMAhHIMDp1CHa2hAEwSM4Qme4cV6tF6tN+v9Z7Rg5Tv78AfWxze78ZI1</latexit>



Grover’s search algorithm

130 QUANTUM COMPUTING

+
[
− 2

N
ak−1 +

N − 2
N

bk−1

]∑

x "=z

|x〉,

and proposition is proved.

PROPOSITION 7.3 The solutions of the recursion relations in Proposition
7.2 are explicitly given by

ak = sin[(2k + 1)θ], bk =
1√

N − 1
cos[(2k + 1)θ], (7.20)

for k = 0, 1, 2, . . ., where

sin θ =
√

1
N

, cos θ =
√

1− 1
N

. (7.21)

Proof. Let ck =
√

N − 1bk. The recursion relations (7.18) and (7.19) are
written in a matrix form,
(

ak

ck

)
= M

(
ak−1

ck−1

)
, M =

(
(N − 2)/N 2

√
N − 1/N

−2
√

N − 1/N (N − 2)/N

)
=
(

cos 2θ sin 2θ
− sin 2θ cos 2θ

)
.

Note that M is a rotation matrix in R2, and its kth power is another rota-
tion matrix corresponding to a rotation angle 2kθ. Thus the above recursion
relation is easily solved to yield
(

ak

ck

)
= Mk

(
a0

c0

)
=
(

cos 2kθ sin 2kθ
− sin 2kθ cos 2kθ

)(
sin θ
cos θ

)
=
(

sin[(2k + 1)θ]
cos[(2k + 1)θ]

)
.

Replacing ck by bk proves the proposition.

We have proved that the application of Uf k times on |ϕ0〉 results in the
state

Uk
f |ϕ0〉 = sin[(2k + 1)θ]|z〉+ 1√

N − 1
cos[(2k + 1)θ]

∑

x "=z

|x〉. (7.22)

Measurement of the state Uk
f |ϕ0〉 yields |z〉 with the probability

Pz,k = sin2[(2k + 1)θ]. (7.23)

It is instructive to visualize what is going on with a simple example. Let
us take n = 4, for which N = 2n = 16. The probabilities (ak, bk) are given by

a2
0 = b2

0 = 1/16, a2
k = sin2[(2k + 1)θ], b2

k =
cos2[(2k + 1)θ]

16− 1
,

where θ = sin−1(1/4). Figure 7.1 shows the probability distributions for
k = 1, 2, 3 and 4 where we have chosen z = 10.
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Measurement of the state Uk
f |ϕ0〉 yields |z〉 with the probability
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It is instructive to visualize what is going on with a simple example. Let
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where θ = sin−1(1/4). Figure 7.1 shows the probability distributions for
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FIGURE 7.1
Probability distribution of Uk

f |ϕ0〉, where z is chosen as 10. The number k of
iteration is (a) 1, (b) 2, (c) 3 and (d) 4. Observe that Pz,k takes its maximum
value " 1 when k = 3.

It should be noted that ak does not increase monotonically with k, but
there is a k (= 3 in the present case) that maximizes Pz,k = a2

k.

STEP 4 Our final task is to find the k that maximizes Pz,k. A rough estimate
for the maximizing k is obtained by putting

(2k + 1)θ =
π

2
→ k =

1
2

( π
2θ
− 1
)

. (7.24)

The previous example gave k = 3, which is consistent with this estimate:

θ = sin−1(1/4) " 0.25268→ k " 2.6.

This can be refined as the following proposition.

PROPOSITION 7.4 Let N % 1 and let

m =
⌊ π
4θ

⌋
, (7.25)
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The previous example gave k = 3, which is consistent with this estimate:
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where !x" stands for the floor of x. The file we are searching for will be
obtained in Um

f |ϕ0〉 with the probability

Pz,m ≥ 1− 1
N

(7.26)

and
m = O(

√
N). (7.27)

Proof. Equation (7.25) leads to the inequality π/4θ − 1 < m ≤ π/4θ. Let us
define m̃ by

(2m̃ + 1)θ =
π

2
→ m̃ =

π

4θ
− 1

2
.

Observe that m and m̃ satisfy

|m− m̃| ≤ 1
2
, (7.28)

from which it follows that

|(2m + 1)θ − (2m̃ + 1)θ| =
∣∣∣(2m + 1)θ − π

2

∣∣∣ ≤ θ. (7.29)

Considering that θ ∼ 1/
√

N is a small number when N * 1 and sinx is
monotonically increasing in the neighborhood of x = 0, we obtain

0 < sin |(2m + 1)θ − π/2| < sin θ

or
cos2[(2m + 1)θ] ≤ sin2 θ =

1
N

. (7.30)

Thus it has been shown that

Pm,z = sin2[(2m + 1)θ] = 1− cos2[(2m + 1)θ] ≥ 1− 1
N

. (7.31)

It also follows from θ > sin θ = 1/
√

N that

m =
⌊ π
4θ

⌋
≤ π

4θ
≤ π

4
√

N. (7.32)

It is important to note that this quantum algorithm takes only O(
√

N)
steps and this is much faster than the classical counterpart which requires
O(N) steps.

Figure 7.2 shows the quantum circuit which implements Grover’s search
algorithm. We gave working space for oracles explicitly.
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This is the number of times we 
repeat the algorithm, which 
grows with the square root of N 
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where !x" stands for the floor of x. The file we are searching for will be
obtained in Um

f |ϕ0〉 with the probability

Pz,m ≥ 1− 1
N

(7.26)

and
m = O(

√
N). (7.27)

Proof. Equation (7.25) leads to the inequality π/4θ − 1 < m ≤ π/4θ. Let us
define m̃ by

(2m̃ + 1)θ =
π

2
→ m̃ =

π

4θ
− 1

2
.

Observe that m and m̃ satisfy

|m− m̃| ≤ 1
2
, (7.28)

from which it follows that

|(2m + 1)θ − (2m̃ + 1)θ| =
∣∣∣(2m + 1)θ − π

2

∣∣∣ ≤ θ. (7.29)

Considering that θ ∼ 1/
√

N is a small number when N * 1 and sinx is
monotonically increasing in the neighborhood of x = 0, we obtain

0 < sin |(2m + 1)θ − π/2| < sin θ

or
cos2[(2m + 1)θ] ≤ sin2 θ =

1
N

. (7.30)

Thus it has been shown that

Pm,z = sin2[(2m + 1)θ] = 1− cos2[(2m + 1)θ] ≥ 1− 1
N

. (7.31)

It also follows from θ > sin θ = 1/
√

N that

m =
⌊ π
4θ

⌋
≤ π

4θ
≤ π

4
√

N. (7.32)

It is important to note that this quantum algorithm takes only O(
√

N)
steps and this is much faster than the classical counterpart which requires
O(N) steps.

Figure 7.2 shows the quantum circuit which implements Grover’s search
algorithm. We gave working space for oracles explicitly.
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It also follows from θ > sin θ = 1/
√

N that

m =
⌊ π
4θ
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It is important to note that this quantum algorithm takes only O(
√

N)
steps and this is much faster than the classical counterpart which requires
O(N) steps.

Figure 7.2 shows the quantum circuit which implements Grover’s search
algorithm. We gave working space for oracles explicitly.
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Thus it has been shown that
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It also follows from θ > sin θ = 1/
√

N that
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It is important to note that this quantum algorithm takes only O(
√

N)
steps and this is much faster than the classical counterpart which requires
O(N) steps.

Figure 7.2 shows the quantum circuit which implements Grover’s search
algorithm. We gave working space for oracles explicitly.

Next we will show how to implement the gates


