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Continuous-time linear systems



Homogeneous systems

Consider a homogeneous (i.e. having no input) continuous-time linear time-invariant system:

ẋ(t) = Ax(t), x(0) = x0, (1)

where x ∈ Rn and the initial time is 0 with no loss of generality.
We want to find the solution x(t), t ≥ 0. To this aim, let’s consider the scalar case (i.e., n = 1) first:

ẋ(t) = ax(t), x(0) = x0, x, a ∈ R. (2)

The solution is easily proven to be:
x(t) = eatx0.

In the general case (i.e., n ≥ 1), the solution takes the same form, as shown in the following.
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Homogeneous systems (cont.)

Motivated by the analogy with the scalar

ea =
∞∑

k=0

ak

k!
,

we can define the matrix exponential of a given n× n matrix A by

eA =
∞∑

k=0

Ak

k!
.

The above is a convergent series, since the factorial dominates the exponential for k → ∞. Now, it is easy to
prove that

x(t) = eAtx0

is the solution of (1).
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Homogeneous systems (cont.)

Indeed, it satisfies the initial condition:

x(0) = eA0x0 = Ix0 = x0;

moreover, by taking the derivative, we get:

d

dt

(

eAtx0

)

=
d

dt

(
∞∑

k=0

Aktk

k!

)

=
∞∑

k=1

A
Ak−1tk−1

(k − 1)!
= A

(

eAtx0

)

,

thus it satisfies the differential equation.
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Nonhomogeneous systems

Consider a nonhomogeneous continuous-time linear time-invariant system:

ẋ(t) = Ax(t) +Bu(t), x(0) = x0 (3)

It can be verified that the solution of (3) is:

x(t) = eAtx0 +

∫ t

0
eA(t−τ)Bu(τ)dτ.

Indeed, by taking the Laplace transform of (3), we get

sX(s)− x0 = AX(s) +BU(s) =⇒ (sI −A)X(s) = x0 +BU(s),

and, solving for X(s):
X(s) = (sI −A)−1x0 + (sI −A)−1BU(s),

which is the solution in terms of Laplace transforms.
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Nonhomogeneous systems (cont.)

Now, recalling that L
(
eAt
)
= (sI −A)−1 , and that the Laplace transform of the convolution of two functions is

the product of the individual Laplace transforms, we have

x(t) = L−1 [X(s)] = L−1
[
(sI −A)−1x0

]
+ L−1

[
(sI −A)−1BU(s)

]
= eAtx0 +

∫ t

0
eA(t−τ)Bu(τ)dτ.

We can thus state the following (where the initial time is now t0)

Theorem
The solution of

ẋ(t) = Ax(t) +Bu(t) , x(t0) = x0

takes the form:
x(t) = ϕ (t, t0, x0, u(·)) = eA(t−t0)x0 +

∫ t

t0

eA(t−τ)Bu(τ)dτ.
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Nonhomogeneous systems (cont.)

In the right side of the expression

x(t) = eA(t−t0)x0 +

∫ t

t0

eA(t−τ)Bu(τ)dτ

the first term depends on the initial state x0 , but not on the input, while the second depends on the input u(·),
but not on the initial state. Thus, the whole solution can be decomposed as follows:

• Natural (state) response, i.e. the solution when the input is zero:

u(t) = 0, ∀t ≥ t0 =⇒ xN (t) = eA(t−t0)x0

• Forced (state) response, i.e. the solution when the initial state is zero:

x0 = 0 =⇒ xF (t) =

∫ t

t0

eA(t−τ)Bu(τ)dτ

The whole solution is indeed
x(t) = xN (t) + xF (t).
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Output response

Taking into account the output equation, we have:
{

ẋ(t) = Ax(t) +Bu(t) , x(t0) = x0

y(t) = Cx(t) +Du(t)

and by substituting the state response x(t) in the output equation, we get:

y(t) = CeA(t−t0)x0 +

∫ t

t0

CeA(t−τ)Bu(τ)dτ +Du(t)

• Natural response. By setting u(t) = 0, t ≥ t0 we get:

y(t) = yN (t) = CeA(t−t0)x0

• Forced response. By setting x0 = 0 we get:

y(t) = yF (t) =

∫ t

t0

CeA(t−τ)Bu(τ)dτ +Du(t)

The whole output response is thus given by:

y(t) = yN (t) + yF (t).
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Input-output representation

φ
<latexit sha1_base64="vhMhrcnSI5ARdWPxkpuTeiDIX00=">AAACInicbVC7TgJBFJ3FF64vkNJmIiGxIrtaSEliY4mJPBLYkNnhAhNmH5m5a0I2dNa2+gF+i4WdsdJY+wV+gLsLhYCnOjnn3pyT44ZSaLSsDyO3sbm1vZPfNff2Dw6PCsXjlg4ixaHJAxmojss0SOFDEwVK6IQKmOdKaLuTq9Rv34HSIvBvcRqC47GRL4aCM0ylXjgW/ULZqloZ6DqxF6RcL1Xuf16+Pxv9opHvDQIeeeAjl0zrrm2F6MRMoeASZmYv0hAyPmEj6CbUZx5oJ87Kzmgl0gwDGoKiQtJMhL8fMfO0nnpucukxHOtVLxX/87oRDmtOLPwwQvB5GoRCQhakuRLJCkAHQgEiS5sDFT7lTDFEUIIyzhMxSmZZCpyXXpLS5EGAemaaZrKdvbrUOmmdV+2LqnWTjFgjc+TJCTklZ8Qml6ROrkmDNAknY/JAHsmT8Wy8Gm/G+/w0Zyx+SmQJxtcvEfunvA==</latexit>

u(·)
<latexit sha1_base64="MCYiA5sllJ05UqR/moNxS70kJJg=">AAACJnicbVC7SgNBFJ2Nr2R9JdoINoNBiE3Y1cKUQRvLCOYBSQizk5s4ZPbBzF0hhoDfYKsfYO2H2IkIFn6Ks5sUJnqqwzn3cg7Hi6TQ6DifVmZldW19I5uzN7e2d3bzhb2GDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqPLxG/egdIiDG5wHEHXZ8NADARnaKRWXOrwfognvXzRKTsp6F/izkmxenD/lXt4vaj1Cla20w957EOAXDKt264TYXfCFAouYWp3Yg0R4yM2hLahAfNBdydp4Sk9jjXDkEagqJA0FeH3x4T5Wo99z1z6DG/1speI/3ntGAeV7kQEUYwQ8CQIhYQ0SHMlzBJA+0IBIkuaAxUB5UwxRFCCMs6NGJtpFgJnpRekJNnspqe2bZvt3OWl/pLGadk9KzvXZsQKmSFLDskRKRGXnJMquSI1UiecSPJInsiz9WK9We/Wx+w0Y81/9skCrO8fuh+nyA==</latexit>

y(·)
<latexit sha1_base64="sklelBgDnj+aZzE/GYWmW73Kyng=">AAACJnicbVC7SgNBFJ2Nr2R9JdoINoNBiE3Y1cKUQRvLCOYBSQizk5s4ZPbBzF0hhoDfYKsfYO2H2IkIFn6Ks5sUJnqqwzn3cg7Hi6TQ6DifVmZldW19I5uzN7e2d3bzhb2GDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeqPLxG/egdIiDG5wHEHXZ8NADARnaKTWuNTh/RBPevmiU3ZS0L/EnZNi9eD+K/fwelHrFaxspx/y2IcAuWRat10nwu6EKRRcwtTuxBoixkdsCG1DA+aD7k7SwlN6HGuGIY1AUSFpKsLvjwnztR77nrn0Gd7qZS8R//PaMQ4q3YkIohgh4EkQCglpkOZKmCWA9oUCRJY0ByoCypliiKAEZZwbMTbTLATOSi9ISbLZTU9t2zbbuctL/SWN07J7VnauzYgVMkOWHJIjUiIuOSdVckVqpE44keSRPJFn68V6s96tj9lpxpr/7JMFWN8/wSenzA==</latexit>

t
<latexit sha1_base64="5xQ4amuRFTfkW4TAL+tb9+KYwqE=">AAACH3icbVBLTgJBFOzGH44/0KWbjsTEFZnBhW6MJG5cQiKfBAjpaR7YoeeT7jcmZMIJ3OoBjIfwCO6MO8NtnBlYCFirStV7qUq5oZIGbXtGcxubW9s7+V1rb//g8KhQPG6aINICGiJQgW673ICSPjRQooJ2qIF7roKWO75L/dYTaCMD/wEnIfQ8PvLlUAqOiVTHfqFkl+0MbJ04C1K6/bBuwvcfq9Yv0nx3EIjIAx+F4sZ0HDvEXsw1SqFganUjAyEXYz6CTkJ97oHpxVnTKTuPDMeAhaCZVCwT4e9HzD1jJp6bXHocH82ql4r/eZ0Ih9e9WPphhOCLNAilgizICC2TCYANpAZEnjYHJn0muOaIoCXjQiRilGyyFDgvvSSlyYMAzdSyrGQ7Z3WpddKslJ3Lsl23S9UKmSNPTskZuSAOuSJVck9qpEEEAfJMXsgrfaOf9It+z09zdPFzQpZAZ7+lzaUq</latexit>

t
<latexit sha1_base64="5xQ4amuRFTfkW4TAL+tb9+KYwqE=">AAACH3icbVBLTgJBFOzGH44/0KWbjsTEFZnBhW6MJG5cQiKfBAjpaR7YoeeT7jcmZMIJ3OoBjIfwCO6MO8NtnBlYCFirStV7qUq5oZIGbXtGcxubW9s7+V1rb//g8KhQPG6aINICGiJQgW673ICSPjRQooJ2qIF7roKWO75L/dYTaCMD/wEnIfQ8PvLlUAqOiVTHfqFkl+0MbJ04C1K6/bBuwvcfq9Yv0nx3EIjIAx+F4sZ0HDvEXsw1SqFganUjAyEXYz6CTkJ97oHpxVnTKTuPDMeAhaCZVCwT4e9HzD1jJp6bXHocH82ql4r/eZ0Ih9e9WPphhOCLNAilgizICC2TCYANpAZEnjYHJn0muOaIoCXjQiRilGyyFDgvvSSlyYMAzdSyrGQ7Z3WpddKslJ3Lsl23S9UKmSNPTskZuSAOuSJVck9qpEEEAfJMXsgrfaOf9It+z09zdPFzQpZAZ7+lzaUq</latexit>

u(t)
<latexit sha1_base64="f3PKqNq9WNPmhu7aKDWE0Bogwas=">AAACInicbVC7TgJBFJ31iesLsLSZSEywIbtYaEliY4mJPBJ2Q2aHC0yYfWTmrgnZ8Ata6gf4JZZ2xsrE37B3d6EQ8FQn59ybc3K8SAqNlvVlbGxube/sFvbM/YPDo+NiqdzWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3KT+Z0HUFqEwT1OI3B9NgrEUHCGmRRX8aJfrFg1KwddJ/aCVBplp/rz9uQ0+yWj4AxCHvsQIJdM655tRegmTKHgEmamE2uIGJ+wEfRSGjAftJvkZWf0PNYMQxqBokLSXIS/HwnztZ76XnrpMxzrVS8T//N6MQ6v3UQEUYwQ8CwIhYQ8SHMl0hWADoQCRJY1ByoCypliiKAEZZynYpzOshQ4L70kZcmDEPXMNM10O3t1qXXSrtfsy5p1l45YJ3MUyCk5I1VikyvSILekSVqEkzF5JM/kxXg13o0P43N+umEsfk7IEozvX9rPplU=</latexit>

y(t)
<latexit sha1_base64="4OPASyOqggMK9JEylbpGYKWKOzY=">AAACInicbVC7TgJBFJ31iesLsLSZSEywIbtYaEliY4mJPBJ2Q2aHC0yYfWTmrgnZ8Ata6gf4JZZ2xsrE37B3d6EQ8FQn59ybc3K8SAqNlvVlbGxube/sFvbM/YPDo+NiqdzWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3KT+Z0HUFqEwT1OI3B9NgrEUHCGmTSt4kW/WLFqVg66TuwFqTTKTvXn7clp9ktGwRmEPPYhQC6Z1j3bitBNmELBJcxMJ9YQMT5hI+ilNGA+aDfJy87oeawZhjQCRYWkuQh/PxLmaz31vfTSZzjWq14m/uf1Yhxeu4kIohgh4FkQCgl5kOZKpCsAHQgFiCxrDlQElDPFEEEJyjhPxTidZSlwXnpJypIHIeqZaZrpdvbqUuukXa/ZlzXrLh2xTuYokFNyRqrEJlekQW5Jk7QIJ2PySJ7Ji/FqvBsfxuf8dMNY/JyQJRjfv+HHplk=</latexit>

A continuous-time linear system can be represented as linear operator φ mapping input signals to output
signals. That representation is the input-output representation of linear systems:

φ : U −→ Y

where U is a vector space of input signals
u(·) : R −→ R

m

and Y is a vector space of output signals
y(·) : R −→ R

p

The operator (and thus, the system) can be characterized by the impulse response, i.e. the response of the
system to a particular input called the impulse. Although the concept is far more general, in the following we
consider only the case of causal linear time-invariant systems.
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The Dirac delta

An impulse is a phenomenon with high intensity and very short
duration. To represent it mathematically, we can consider a
function δǫ(t) defined as

δǫ(t) =






0 if t < − ǫ
2

1
ǫ

if − ǫ
2
≤ t ≤ ǫ

2

0 if t > ǫ
2

The support of the function (namely, the interval where the
function is non-zero) is [−ǫ/2, ǫ/2]. For decreasing ǫ, the interval
becomes increasingly small, while the value taken by the function,
i.e. 1/ǫ, becomes increasingly large. Note that the integral of the
function remains equal to 1.

t0
<latexit sha1_base64="ZM3WvVl0hdRo4bctvkhVGSHYWLA=">AAACIXicbVC7SgNBFJ2Nr7gaTbS0GQwBq7CrhSkDglhGNA9IQpid3MQhsw9m7ghhySfY6gcIfoidndiJP+PuJoVJPNXhnHs5h+NFUmh0nG8rt7G5tb2T37X39gsHh8XSUUuHRnFo8lCGquMxDVIE0ESBEjqRAuZ7Etre5Cr124+gtAiDe5xG0PfZOBAjwRkm0h0OnEGx7FSdDHSduAtSrhfeTeXafmsMSla+Nwy58SFALpnWXdeJsB8zhYJLmNk9oyFifMLG0E1owHzQ/TjrOqMVoxmGNAJFhaSZCH8/YuZrPfW95NJn+KBXvVT8z+saHNX6sQgigxDwNAiFhCxIcyWSEYAOhQJEljYHKgLKmWKIoARlnCeiSVZZCpyXXpLS5GGIembbdrKdu7rUOmmdV92LqnObjFgjc+TJCTklZ8Qll6RObkiDNAknY/JEnsmL9Wp9WJ/W1/w0Zy1+jskSrJ9fBuGlQQ==</latexit>

�✏(t− t0)
<latexit sha1_base64="M6aNtsppMaCFUkSyGcWorb3tN3o="></latexit>

t
<latexit sha1_base64="9L08ax7Ye+6cEuwtxAdIHZRt7fE=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSHXuFklW2MtB1Yi9I6fZjWv95PpvWekUj3+0HPPLARy6Z1h3bCtGJmULBJUzMbqQhZHzEhtBJqM880E6cNZ3Qi0gzDGgIigpJMxH+fsTM03rsucmlx/BRr3qp+J/XiXBQcWLhhxGCz9MgFBKyIM2VSCYA2hcKEFnaHKjwKWeKIYISlHGeiFGyyVLgvPSSlCb3A9QT0zST7ezVpdZJ86psX5etulWqVsgceXJKzsklsckNqZJ7UiMNwgmQF/JK3ox349P4Mr7npzlj8XNClmDMfgFh2aZL</latexit>

✏
<latexit sha1_base64="qCfns6qNDlVwkVA8o0TSgoxmKkw=">AAACJnicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHDC7Oxm5q4JIZT+gK1+gJ9A5SfYGWNn70+4u1AIeKqTc+7NOTleKIVBx/myMmvrG5tb2W17Z3dv/yCXP6ybINIcajyQgW56zIAUCmooUEIz1MB8T0LDG94kfuMBtBGBusNRCB2fDZToC84wlpptCI2QgermCk7RSUFXiTsnheu3afXn8WRa6eatbLsX8MgHhVwyY1quE2JnzDQKLmFityMDIeNDNoBWTBXzwXTGaeEJPYsMw4CGoKmQNBXh78eY+caMfC++9Bnem2UvEf/zWhH2S52xUGGEoHgShEJCGmS4FvESQHtCAyJLmgMVinKmGSJoQRnnsRjF0ywEzkovSElyL0AzsW073s5dXmqV1C+K7mXRqTqFconMkCXH5JScE5dckTK5JRVSI5xI8kSeyYv1ar1bH9bn7DRjzX+OyAKs719ukKlz</latexit>

1

✏
<latexit sha1_base64="e6G3eqUsIX/Q29DrP5K7hAbLjPU=">AAACMnicbVC7SgNBFJ31GddX1NJmSBCswq4WWgo2lgrmAUkIdyc3Ojg7u8zcFWXZz7C11Q8QBP9EO7HVf3A3SWEST3U4517O4QSxkpY8792Zm19YXFourbira+sbm+Wt7YaNEiOwLiIVmVYAFpXUWCdJCluxQQgDhc3g5rTwm7dorIz0Jd3H2A3hSsuBFEC51CtvdwYGROpnaQdjK1Wks1656tW8Ifgs8cekeuI9+JXXt5/z3pZT6vQjkYSoSSiwtu17MXVTMCSFwsztJBZjEDdwhe2cagjRdtNh+YzvJRYo4jEaLhUfivj3I4XQ2vswyC9DoGs77RXif147ocFxN5U6Tgi1KIJIKhwGWWFkvgryvjRIBEVz5FJzAQaI0EgOQuRiks80ETgqPSEVyf2IbOa6br6dP73ULGkc1PzDmneRj3jMRiixXVZh+8xnR+yEnbFzVmeC3bFH9sSenRfnw/l0vkanc874Z4dNwPn+Bb0ErYs=</latexit>
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The Dirac delta (cont.)

Let t0 be a point in the interior of [a, b] and ǫ be such that
[t0 − ǫ/2, t0 + ǫ/2] ⊂ [a, b]. The impulse in t0 , δ(t− t0), can be
seen as the the “limit” for ǫ → 0 of the function δǫ(t− t0).
Intuitively (a formal treatment can be found in Antsaklis and
Michel (2006)), consider the integral

∫ b

a

f(t) δǫ(t− t0)dt,

where f is a continuous function. Then
∫ b

a

f(t) δǫ(t− t0)dt =

∫ t0+
ǫ
2

t0−
ǫ
2

f(t) δǫ(t− t0)dt =

=

∫ t0+
ǫ
2

t0−
ǫ
2

f(t)
1

ǫ
dt =

1

ǫ
f(τ)ǫ = f(τ)

where τ (which exists for the mean value theorem) belongs to the
interval [t0 − ǫ

2
, t0 + ǫ

2
].

t0
<latexit sha1_base64="ZM3WvVl0hdRo4bctvkhVGSHYWLA=">AAACIXicbVC7SgNBFJ2Nr7gaTbS0GQwBq7CrhSkDglhGNA9IQpid3MQhsw9m7ghhySfY6gcIfoidndiJP+PuJoVJPNXhnHs5h+NFUmh0nG8rt7G5tb2T37X39gsHh8XSUUuHRnFo8lCGquMxDVIE0ESBEjqRAuZ7Etre5Cr124+gtAiDe5xG0PfZOBAjwRkm0h0OnEGx7FSdDHSduAtSrhfeTeXafmsMSla+Nwy58SFALpnWXdeJsB8zhYJLmNk9oyFifMLG0E1owHzQ/TjrOqMVoxmGNAJFhaSZCH8/YuZrPfW95NJn+KBXvVT8z+saHNX6sQgigxDwNAiFhCxIcyWSEYAOhQJEljYHKgLKmWKIoARlnCeiSVZZCpyXXpLS5GGIembbdrKdu7rUOmmdV92LqnObjFgjc+TJCTklZ8Qll6RObkiDNAknY/JEnsmL9Wp9WJ/W1/w0Zy1+jskSrJ9fBuGlQQ==</latexit> t

<latexit sha1_base64="9L08ax7Ye+6cEuwtxAdIHZRt7fE=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSHXuFklW2MtB1Yi9I6fZjWv95PpvWekUj3+0HPPLARy6Z1h3bCtGJmULBJUzMbqQhZHzEhtBJqM880E6cNZ3Qi0gzDGgIigpJMxH+fsTM03rsucmlx/BRr3qp+J/XiXBQcWLhhxGCz9MgFBKyIM2VSCYA2hcKEFnaHKjwKWeKIYISlHGeiFGyyVLgvPSSlCb3A9QT0zST7ezVpdZJ86psX5etulWqVsgceXJKzsklsckNqZJ7UiMNwgmQF/JK3ox349P4Mr7npzlj8XNClmDMfgFh2aZL</latexit>

✏
<latexit sha1_base64="qCfns6qNDlVwkVA8o0TSgoxmKkw=">AAACJnicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHDC7Oxm5q4JIZT+gK1+gJ9A5SfYGWNn70+4u1AIeKqTc+7NOTleKIVBx/myMmvrG5tb2W17Z3dv/yCXP6ybINIcajyQgW56zIAUCmooUEIz1MB8T0LDG94kfuMBtBGBusNRCB2fDZToC84wlpptCI2QgermCk7RSUFXiTsnheu3afXn8WRa6eatbLsX8MgHhVwyY1quE2JnzDQKLmFityMDIeNDNoBWTBXzwXTGaeEJPYsMw4CGoKmQNBXh78eY+caMfC++9Bnem2UvEf/zWhH2S52xUGGEoHgShEJCGmS4FvESQHtCAyJLmgMVinKmGSJoQRnnsRjF0ywEzkovSElyL0AzsW073s5dXmqV1C+K7mXRqTqFconMkCXH5JScE5dckTK5JRVSI5xI8kSeyYv1ar1bH9bn7DRjzX+OyAKs719ukKlz</latexit>

a

<latexit sha1_base64="CoQXXmeqSUxjBiZ7WG9NBSM41mk="></latexit>

b

<latexit sha1_base64="onAVmiQDjLyqVLsrhVCIeZ+832I="></latexit>

f(t)

<latexit sha1_base64="k8iSeq6laK/nY0r9olRJPUdxvuo="></latexit>
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The Dirac delta (cont.)

Being f continuous, when ǫ → 0 we have
∫ b

a

f(t) δǫ(t− t0)dt → f(t0).

The Dirac delta distribution δ(t− t0) is defined as the
“function” such that for every continuous function f

defined in [a, b] containing t0 , we have that
∫ b

a

f(t) δ(t− t0)dt = f(t0). (4)

Eq. (4) is called the sifting property of the impulse (or
the sampling property of the impulse).

t0
<latexit sha1_base64="ZM3WvVl0hdRo4bctvkhVGSHYWLA=">AAACIXicbVC7SgNBFJ2Nr7gaTbS0GQwBq7CrhSkDglhGNA9IQpid3MQhsw9m7ghhySfY6gcIfoidndiJP+PuJoVJPNXhnHs5h+NFUmh0nG8rt7G5tb2T37X39gsHh8XSUUuHRnFo8lCGquMxDVIE0ESBEjqRAuZ7Etre5Cr124+gtAiDe5xG0PfZOBAjwRkm0h0OnEGx7FSdDHSduAtSrhfeTeXafmsMSla+Nwy58SFALpnWXdeJsB8zhYJLmNk9oyFifMLG0E1owHzQ/TjrOqMVoxmGNAJFhaSZCH8/YuZrPfW95NJn+KBXvVT8z+saHNX6sQgigxDwNAiFhCxIcyWSEYAOhQJEljYHKgLKmWKIoARlnCeiSVZZCpyXXpLS5GGIembbdrKdu7rUOmmdV92LqnObjFgjc+TJCTklZ8Qll6RObkiDNAknY/JEnsmL9Wp9WJ/W1/w0Zy1+jskSrJ9fBuGlQQ==</latexit> t

<latexit sha1_base64="9L08ax7Ye+6cEuwtxAdIHZRt7fE=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSHXuFklW2MtB1Yi9I6fZjWv95PpvWekUj3+0HPPLARy6Z1h3bCtGJmULBJUzMbqQhZHzEhtBJqM880E6cNZ3Qi0gzDGgIigpJMxH+fsTM03rsucmlx/BRr3qp+J/XiXBQcWLhhxGCz9MgFBKyIM2VSCYA2hcKEFnaHKjwKWeKIYISlHGeiFGyyVLgvPSSlCb3A9QT0zST7ezVpdZJ86psX5etulWqVsgceXJKzsklsckNqZJ7UiMNwgmQF/JK3ox349P4Mr7npzlj8XNClmDMfgFh2aZL</latexit>

✏
<latexit sha1_base64="qCfns6qNDlVwkVA8o0TSgoxmKkw=">AAACJnicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHDC7Oxm5q4JIZT+gK1+gJ9A5SfYGWNn70+4u1AIeKqTc+7NOTleKIVBx/myMmvrG5tb2W17Z3dv/yCXP6ybINIcajyQgW56zIAUCmooUEIz1MB8T0LDG94kfuMBtBGBusNRCB2fDZToC84wlpptCI2QgermCk7RSUFXiTsnheu3afXn8WRa6eatbLsX8MgHhVwyY1quE2JnzDQKLmFityMDIeNDNoBWTBXzwXTGaeEJPYsMw4CGoKmQNBXh78eY+caMfC++9Bnem2UvEf/zWhH2S52xUGGEoHgShEJCGmS4FvESQHtCAyJLmgMVinKmGSJoQRnnsRjF0ywEzkovSElyL0AzsW073s5dXmqV1C+K7mXRqTqFconMkCXH5JScE5dckTK5JRVSI5xI8kSeyYv1ar1bH9bn7DRjzX+OyAKs719ukKlz</latexit>

a

<latexit sha1_base64="CoQXXmeqSUxjBiZ7WG9NBSM41mk="></latexit>

b

<latexit sha1_base64="onAVmiQDjLyqVLsrhVCIeZ+832I="></latexit>

f(t)

<latexit sha1_base64="k8iSeq6laK/nY0r9olRJPUdxvuo="></latexit>
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Impulse response of continuous-time LTI systems

Consider the SISO system
{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

and assume that x(0) = 0. By applying the unit impulse δ(t), we get

y(t) =

∫ t

0
CeA(t−τ)Bδ(τ)dτ +Dδ(t) = CeAtB +Dδ(t)

where the second equality follows from the sifting property. The function

W (t)
.
= CeAtB +Dδ(t)

is called the impulse response of the system.
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Impulse response of continuous-time LTI systems (cont.)

W (t)
<latexit sha1_base64="eiq/Zm+bEzSj7BVgsvFYfn3mkZw=">AAACInicbVBLTgJBFOzBH4w/0I2Jm47EBDdkRheyJLpxiYl8EiCkp3lAh55Put+Y4ITEE7jVA3gCj+HOuDLhMM4MLASsVaXqvVSlnEAKjZb1Y2Q2Nre2d7I5c3dv/+AwXzhqaD9UHOrcl75qOUyDFB7UUaCEVqCAuY6EpjO+TfzmIygtfO8BJwF0XTb0xEBwhonULOFFL1+0ylYKuk7sBSlWT55mueePm1qvYGQ7fZ+HLnjIJdO6bVsBdiOmUHAJU7MTaggYH7MhtGPqMRd0N0rLTul5qBn6NABFhaSpCH8/IuZqPXGd+NJlONKrXiL+57VDHFS6kfCCEMHjSRAKCWmQ5krEKwDtCwWILGkOVHiUM8UQQQnKOI/FMJ5lKXBeeklKkvs+6qlpmvF29upS66RxWbavytZ9PGKFzJElp+SMlIhNrkmV3JEaqRNORuSFvJI34934NL6M7/lpxlj8HJMlGLNfMaKl8A==</latexit>

1
<latexit sha1_base64="I21PCGmJlECr9bciVD9ivcZ40+c=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3e4VSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wXt2aYI</latexit>

2
<latexit sha1_base64="NFjwUdayZ+J8pLsXH35XfcKACng=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpXu7li1bJykDXib0gxduPaf3n+Xxa6xWMXLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyPNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzXLJvi5ZdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wXvlKYJ</latexit>

i
<latexit sha1_base64="VwLz3DW7ywVoxt6PHYCiUkAQrSU=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSXfQKJatsZaDrxF6Q0u3HtP7zfDat9YpGvtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhF5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62T5lXZvi5bdatUrZA58uSUnJNLYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPT3PG4ueELMGY/QJO0KZA</latexit>

p
<latexit sha1_base64="F8cGU9SBQRpQI24LPhiQRwwx8kc=">AAACH3icbVC7TgJBFJ3FF64vkNJmIiGxIrtaSEliYwmJPBLYkNnhghNmH5m5a0I2dHa2+gH+jHbGFj/AL/AD3F0oBDzVyTn35pwcN5RCo2XNjdzW9s7uXn7fPDg8Oj4pFE/bOogUhxYPZKC6LtMghQ8tFCihGypgniuh405uUr/zAEqLwL/DaQiOx8a+GAnOMJGa4aBQtqpWBrpJ7CUp10uVx5+376/GoGjk+8OARx74yCXTumdbIToxUyi4hJnZjzSEjE/YGHoJ9ZkH2omzpjNaiTTDgIagqJA0E+HvR8w8raeem1x6DO/1upeK/3m9CEc1JxZ+GCH4PA1CISEL0lyJZAKgQ6EAkaXNgQqfcqYYIihBGeeJGCWbrAQuSq9IafIwQD0zTTPZzl5fapO0L6v2VdVqJiPWyAJ5ckbOyQWxyTWpk1vSIC3CCZAn8kxejFfj3fgwPhenOWP5UyIrMOa/lzymcQ==</latexit>

j
<latexit sha1_base64="TmkbJxF394krjaJlcufgUmA7Gk0=">AAACH3icbVC7TgJBFJ31iesLpLSZSEisyK4WUpLYWEIijwQ2ZHa44MjsIzN3TciGzs5WP8Cf0c7Y4gf4BX6AuwuFgKc6OefenJPjhlJotKyZsbG5tb2zm9sz9w8Oj47zhZOWDiLFockDGaiOyzRI4UMTBUrohAqY50pou+Pr1G8/gNIi8G9xEoLjsZEvhoIzTKTGfT9fsipWBrpO7AUp1Yrlx5+37696v2DkeoOARx74yCXTumtbIToxUyi4hKnZizSEjI/ZCLoJ9ZkH2omzplNajjTDgIagqJA0E+HvR8w8rSeem1x6DO/0qpeK/3ndCIdVJxZ+GCH4PA1CISEL0lyJZAKgA6EAkaXNgQqfcqYYIihBGeeJGCWbLAXOSy9JafIgQD01TTPZzl5dap20Lir2ZcVqJCNWyRw5ckrOyDmxyRWpkRtSJ03CCZAn8kxejFfj3fgwPuenG8bip0iWYMx+AYzapms=</latexit>

m
<latexit sha1_base64="qUn9foWDA8lxSjqEn3FrhErMaqs=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3esVSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wVVvKZE</latexit>

1
<latexit sha1_base64="I21PCGmJlECr9bciVD9ivcZ40+c=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3e4VSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wXt2aYI</latexit>

2
<latexit sha1_base64="NFjwUdayZ+J8pLsXH35XfcKACng=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpXu7li1bJykDXib0gxduPaf3n+Xxa6xWMXLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyPNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzXLJvi5ZdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wXvlKYJ</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

In the MIMO case, W (t) is a p×m matrix: each element wij(t) represents the ensuing response of the ith
output at time t, due to an impulse applied at time 0 to the jth input, for zero initial condition.
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Discrete-time linear systems



Homogeneous systems

Consider a homogeneous discrete-time linear time-invariant system:

x(k + 1) = Ax(k) , x(k0) = x0

where x ∈ Rn .
Clearly, x(k), k > k0 can be determined by iterating the state equation:

x(k0) = x0

x(k0 + 1) = Ax(k0)

x(k0 + 2) = Ax(k0 + 1) = A2x(k0)

...
x(k) = Ak−k0x(k0)

thus we have:
x(k) = Ak−k0x0.
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Nonhomogeneous systems

Now, consider a nonhomogeneous linear discrete-time system:

x(k + 1) = Ax(k) +Bu(k) , x(k0) = x0

Clearly:
x(k0) = x0

x(k0 + 1) = Ax(k0) +Bu(k0)

x(k0 + 2) = Ax(k0 + 1) +Bu(k0 + 1)

= A[Ax(k0) +Bu(k0)] +Bu(k0 + 1)

= A2x(k0) +ABu(k0) +Bu(k0 + 1)

x(k0 + 3) = Ax(k0 + 2) +B(k0 + 2)u(k0 + 2)

= A3x(k0) +A2Bu(k0) +ABu(k0 + 1) +Bu(k0 + 2)

...
x(k) = A(k−k0)x(k0) +

∑k−1
j=k0

A(k−1−j)Bu(j)
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Nonhomogeneous systems (cont.)

We can thus state the following

Theorem
The solution of

x(k + 1) = Ax(k) +Bu(k) , x(k0) = x0

takes the form:

x(k) = ϕ (k, k0, x0, u(·)) = A(k−k0)x0 +

k−1∑

j=k0

A(k−1−j)Bu(j)
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Output response

Taking into account the output equation, we have:

{

x(k + 1) = Ax(k) +Bu(k) , x(k0) = x0

y(k) = Cx(k) +Du(k)

By substituting the state response x(k) in the output equation we get:

y(k) = CA(k−k0)x0 +
∑k−1

j=k0
CAk−1−jBu(j) +Du(k) , k ≥ k0

• Natural response. By setting u(k) = 0, ∀ k ≥ k0 , we get:

y(k) = yN (k) = CA(k−k0)x0 , k ≥ k0

• Forced response. By setting x0 = 0 , we get:

y(k) = yF (k) =

k−1∑

j=k0

CAk−1−jBu(j) +Du(k) , k ≥ k0

The whole response is thus given by:
y(k) = yN (k) + yF (k).
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Input-output representation

A discrete-time linear system can be represented as linear operator φ mapping input signals to output signals.
That representation is the input-output representation of linear systems:

φ : U −→ Y

where U is a vector space of input signals
u(·) : Z −→ R

m

and Y is a vector space of output signals
y(·) : Z −→ R

p

The operator (and thus, the system) can be characterized by the impulse response, i.e. the response of the
system to a particular input called the impulse.

Although the concept is far more general, in the following we consider only the case of causal linear
time-invariant systems.
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Impulse response of discrete-time LTI systems

k
<latexit sha1_base64="uwSEZ/rTHD8giO1c8zGHLoPndB8=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSfdQrlKyylYGuE3tBSrcf0/rP89m01isa+W4/4JEHPnLJtO7YVohOzBQKLmFidiMNIeMjNoROQn3mgXbirOmEXkSaYUBDUFRImonw9yNmntZjz00uPYaPetVLxf+8ToSDihMLP4wQfJ4GoZCQBWmuRDIB0L5QgMjS5kCFTzlTDBGUoIzzRIySTZYC56WXpDS5H6CemKaZbGevLrVOmldl+7ps1a1StULmyJNTck4uiU1uSJXckxppEE6AvJBX8ma8G5/Gl/E9P80Zi58TsgRj9gtSRqZC</latexit>

k0
<latexit sha1_base64="M6V6p/rkO15GcKAoHnBxPz9elbU=">AAACIXicbVC7SgNBFJ2Nr7gaTbS0GQwBq7CrhSkDglhGNA9IQpid3MQhsw9m7ghhySfY6gcIfoidndiJP+PuJoVJPNXhnHs5h+NFUmh0nG8rt7G5tb2T37X39gsHh8XSUUuHRnFo8lCGquMxDVIE0ESBEjqRAuZ7Etre5Cr124+gtAiDe5xG0PfZOBAjwRkm0t1k4AyKZafqZKDrxF2Qcr3wbirX9ltjULLyvWHIjQ8Bcsm07rpOhP2YKRRcwszuGQ0R4xM2hm5CA+aD7sdZ1xmtGM0wpBEoKiTNRPj7ETNf66nvJZc+wwe96qXif17X4KjWj0UQGYSAp0EoJGRBmiuRjAB0KBQgsrQ5UBFQzhRDBCUo4zwRTbLKUuC89JKUJg9D1DPbtpPt3NWl1knrvOpeVJ3bZMQamSNPTsgpOSMuuSR1ckMapEk4GZMn8kxerFfrw/q0vuanOWvxc0yWYP38AvctpTg=</latexit>

1
<latexit sha1_base64="I21PCGmJlECr9bciVD9ivcZ40+c=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3e4VSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wXt2aYI</latexit>

�(k − k0)
<latexit sha1_base64="QZr680WA470z8VgZNoyHr3r60Q8=">AAACK3icbVC7SgNBFJ31GddXoo1gMxgELQy7WphStLGMYB6QLOHu5KpDZh/O3BU0BPwLW/0AG3/FSrH1P9zdWJjEUx3OuZdzOH6spCHH+bBmZufmFxYLS/byyuraerG00TBRogXWRaQi3fLBoJIh1kmSwlasEQJfYdPvn2V+8w61kVF4SfcxegFch/JKCqBU8jo9VAR7/YN+19nvFstOxcnBp4n7S8onWw9fS49vp7VuySp0epFIAgxJKDCm7ToxeQPQJIXCod1JDMYg+nCN7ZSGEKDxBnnrId9NDFDEY9RcKp6L+PdjAIEx94GfXgZAN2bSy8T/vHZCV1VvIMM4IQxFFkRSYR5khJbpHMh7UiMRZM2Ry5AL0ECEWnIQIhWTdJ+xwFHpMSlL7kVkhrZtp9u5k0tNk8ZhxT2qOBfpiFU2QoFtsx22x1x2zE7YOauxOhPslj2xZ/ZivVrv1qf1NTqdsX5/NtkYrO8fGh2pdw==</latexit>

In the discrete-time case, the unit impulse at time k0 is simply:

δ(k − k0) =

{

0, k 6= k0, k ∈ Z

1, k = k0

Felice Andrea Pellegrino 322MI –Spring 2023 L2 –p19



Impulse response of discrete-time LTI systems (cont.)

Consider the SISO system
{

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)

and assume that x(0) = 0. By applying the unit impulse δ(k) we get

y(k) =

k−1∑

j=0

CAk−1−jBδ(j) +Dδ(k)

where the summation is assumed to be zero for k = 0. The function

W (k)
.
=







CAk−1B, k > 0

D, k = 0

0, k < 0

is called the impulse response of the system.
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Impulse response of discrete-time LTI systems (cont.)

W (k)
<latexit sha1_base64="8JTcSg/rmZwJrAKd3CbVdry0CuY=">AAACI3icbVBLTgJBFOzBH4w/0I2Jm47EBDdkRheyJLpxiYkDJDAhPc0DO/R80v3GBAmJN3CrB/ACXsOdcWOid3FmYCForSpV76Uq5UVSaLSsTyO3srq2vpEvmJtb2zu7xdJeU4ex4uDwUIaq7TENUgTgoEAJ7UgB8z0JLW90mfqtO1BahMENjiNwfTYMxEBwhonktCqjE7NXLFtVKwP9S+w5KdcP7r8KD68XjV7JyHf7IY99CJBLpnXHtiJ0J0yh4BKmZjfWEDE+YkPoJDRgPmh3krWd0uNYMwxpBIoKSTMRfn9MmK/12PeSS5/hrV72UvE/rxPjoOZORBDFCAFPg1BIyII0VyKZAWhfKEBkaXOgIqCcKYYISlDGeSLGyS4LgbPSC1Ka3A9RT00z3c5eXuovaZ5W7bOqdZ2MWCMz5MkhOSIVYpNzUidXpEEcwokgj+SJPBsvxpvxbnzMTnPG/GefLMD4/gFZiKX7</latexit>

1
<latexit sha1_base64="I21PCGmJlECr9bciVD9ivcZ40+c=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3e4VSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wXt2aYI</latexit>

2
<latexit sha1_base64="NFjwUdayZ+J8pLsXH35XfcKACng=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpXu7li1bJykDXib0gxduPaf3n+Xxa6xWMXLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyPNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzXLJvi5ZdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wXvlKYJ</latexit>

i
<latexit sha1_base64="VwLz3DW7ywVoxt6PHYCiUkAQrSU=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZSXfQKJatsZaDrxF6Q0u3HtP7zfDat9YpGvtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhF5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62T5lXZvi5bdatUrZA58uSUnJNLYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPT3PG4ueELMGY/QJO0KZA</latexit>

p
<latexit sha1_base64="F8cGU9SBQRpQI24LPhiQRwwx8kc=">AAACH3icbVC7TgJBFJ3FF64vkNJmIiGxIrtaSEliYwmJPBLYkNnhghNmH5m5a0I2dHa2+gH+jHbGFj/AL/AD3F0oBDzVyTn35pwcN5RCo2XNjdzW9s7uXn7fPDg8Oj4pFE/bOogUhxYPZKC6LtMghQ8tFCihGypgniuh405uUr/zAEqLwL/DaQiOx8a+GAnOMJGa4aBQtqpWBrpJ7CUp10uVx5+376/GoGjk+8OARx74yCXTumdbIToxUyi4hJnZjzSEjE/YGHoJ9ZkH2omzpjNaiTTDgIagqJA0E+HvR8w8raeem1x6DO/1upeK/3m9CEc1JxZ+GCH4PA1CISEL0lyJZAKgQ6EAkaXNgQqfcqYYIihBGeeJGCWbrAQuSq9IafIwQD0zTTPZzl5fapO0L6v2VdVqJiPWyAJ5ckbOyQWxyTWpk1vSIC3CCZAn8kxejFfj3fgwPhenOWP5UyIrMOa/lzymcQ==</latexit>

j
<latexit sha1_base64="TmkbJxF394krjaJlcufgUmA7Gk0=">AAACH3icbVC7TgJBFJ31iesLpLSZSEisyK4WUpLYWEIijwQ2ZHa44MjsIzN3TciGzs5WP8Cf0c7Y4gf4BX6AuwuFgKc6OefenJPjhlJotKyZsbG5tb2zm9sz9w8Oj47zhZOWDiLFockDGaiOyzRI4UMTBUrohAqY50pou+Pr1G8/gNIi8G9xEoLjsZEvhoIzTKTGfT9fsipWBrpO7AUp1Yrlx5+37696v2DkeoOARx74yCXTumtbIToxUyi4hKnZizSEjI/ZCLoJ9ZkH2omzplNajjTDgIagqJA0E+HvR8w8rSeem1x6DO/0qpeK/3ndCIdVJxZ+GCH4PA1CISEL0lyJZAKgA6EAkaXNgQqfcqYYIihBGeeJGCWbLAXOSy9JafIgQD01TTPZzl5dap20Lir2ZcVqJCNWyRw5ckrOyDmxyRWpkRtSJ03CCZAn8kxejFfj3fgwPuenG8bip0iWYMx+AYzapms=</latexit>

m
<latexit sha1_base64="qUn9foWDA8lxSjqEn3FrhErMaqs=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3esVSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wVVvKZE</latexit>

1
<latexit sha1_base64="I21PCGmJlECr9bciVD9ivcZ40+c=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JbMjscMEJs4/M3DUhG0orW/0A/4LK1s7Y8g3+hLsLhYCnOjnn3pyT44ZSaLSsmZHb2Nza3snvmnv7B4dHheJxUweR4tDggQxU22UapPChgQIltEMFzHMltNzRXeq3nkBpEfgPOA7B8djQFwPBGSZS3e4VSlbZykDXib0gpduPaf3n+Wxa6xWNfLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyLNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzauyfV226lapWiFz5MkpOSeXxCY3pEruSY00CCdAXsgreTPejU/jy/ien+aMxc8JWYIx+wXt2aYI</latexit>

2
<latexit sha1_base64="NFjwUdayZ+J8pLsXH35XfcKACng=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpXu7li1bJykDXib0gxduPaf3n+Xxa6xWMXLcf8MgDH7lkWndsK0QnZgoFlzAxu5GGkPERG0InoT7zQDtx1nRCLyPNMKAhKCokzUT4+xEzT+ux5yaXHsNHveql4n9eJ8JBxYmFH0YIPk+DUEjIgjRXIpkAaF8oQGRpc6DCp5wphghKUMZ5IkbJJkuB89JLUprcD1BPTNNMtrNXl1onzXLJvi5ZdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wXvlKYJ</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

.

.

.<latexit sha1_base64="GtE5Qlbt0wpPgEhyO4Ho3j3G1cM=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGERB4JEDI7XHBk9pGZuyRkQ2lvqx/gN1D5BXbGwsYf8CfcXSgEPNXJOffmnBwnkEKjZX0ZmbX1jc2t7La5s7u3f5DLH9a1HyoONe5LXzUdpkEKD2ooUEIzUMBcR0LDGd4kfmMESgvfu8NxAB2XDTzRF5xhLNXbo56PupsrWEUrBV0l9pwUrt+m1Z/Hk2mlmzey7Z7PQxc85JJp3bKtADsRUyi4hInZDjUEjA/ZAFox9ZgLuhOldSf0LNQMfRqAokLSVIS/HxFztR67TnzpMrzXy14i/ue1QuyXOpHwghDB40kQCglpkOZKxDsA7QkFiCxpDlR4lDPFEEEJyjiPxTAeZiFwVnpBSpKT3Samacbb2ctLrZL6RdG+LFpVq1AukRmy5JicknNikytSJrekQmqEkwfyRJ7Ji/FqvBsfxufsNGPMf47IAozvX8FaqJU=</latexit>

In the MIMO case, W (k) is a p×m matrix: each element wij(k) represents the ensuing response of the ith
output at time k, due to an impulse applied at time 0 to the jth input, for zero initial condition.
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Modal analysis (continuous-time)



State response

We have seen that the state response of the system

ẋ(t) = Ax(t) +Bu(t)

takes the form:

x(t) = eA(t−t0)x0 +

∫ t

t0

eA(t−τ)Bu(τ)dτ

Without loss of generality, we can take t0 = 0 thus obtaining

x(t) = eAtx0 +

∫ t

0
eA(t−τ)Bu(τ)dτ

The matrix A plays a fundamental role and is responsible of the qualitative behavior of the response. In the
following we will analyze the qualitative behavior, starting with the simple case of A being diagonalizable.
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Modal analysis, diagonalizable A

If A is diagonalizable by a similarity transformation we can write:
{

A = TΛT−1

Λ = T−1AT

where Λ is a diagonal matrix having diagonal elements {λ1, λ2, . . . , λn}, where λi is the ith eigenvalue of A.
The columns of the matrix T are eigenvectors ti of matrix A. The inverse of T , S = T−1 can be partitioned
row-wise

T = [t1 t2 . . . tn], T−1 = S =











s⊤1

s⊤2
...

s⊤n











.

Thus, A may be rewritten as:

A = [t1 t2 . . . tn]













λ1 0 0 0 . . .

0 λ2 0 0 . . .

0 0 λ3 0 . . .

...
...

...
. . .

...
0 0 0 . . . λn























s⊤1

s⊤2
...

s⊤n











. (5)
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Modal analysis, diagonalizable A (cont.)

As a consequence, eAt can be written as:

eAt =

∞∑

k=0

Ak tk

k!
=

∞∑

k=0

(TΛT−1)k
tk

k!
=

∞∑

k=0

(TΛT−1TΛT−1 . . . TΛT−1)
︸ ︷︷ ︸

k times

tk

k!

=
∞∑

k=0

TΛkT−1 t
k

k!
= T (

∞∑

k=0

Λk tk

k!
)T−1

thus
eAt = TeΛtT−1

By expliciting the columns ti of T e the rows s⊤i of S = T−1 we get:

eAt = [t1 t2 . . . tn]













eλ1t 0 0 0 . . .

0 eλ2t 0 0 . . .

0 0 eλ3t 0 . . .

...
...

...
. . . 0

0 0 0 . . . eλnt























s⊤1

s⊤2
...

s⊤n











=
n∑

i=1

tis
⊤
i eλit.
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Modal analysis, diagonalizable A (cont.)

By defining n matrices of size n× n

Zi = tis
⊤
i , i = 1, . . . , n

we can state the following

Property
If A is diagonalizable, the state transition matrix eAt can be written as the sum of constant matrices Zi , each
multiplied by the function eλit

eAt =
n∑

i=1

Zi e
λit. (6)

The natural state response can thus be expressed as

xN (t) =
n∑

i=1

Zi e
λitx(0) =

n∑

i=1

ti (s
⊤
i x(0))eλit =

n∑

i=1

ti αi(x(0))e
λit (7)

where αi(x(0)) = s⊤i x(0), i = 1, 2, . . . , n are scalars obtained as the dot product of each left eigenvector and
the initial condition x0 . The functions

eλit

are the modes of the system.
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Modal analysis, diagonalizable A (cont.)

t

eλt

λ < 0

λ = 0

λ > 0

If λ ∈ R, the mode eλt is an exponential mode that, for increasing t, has the following behavior:

• if λ > 0 the mode diverges;

• if λ < 0 the mode vanishes;

• if λ = 0 the mode is constant.
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Modal analysis, diagonalizable A (cont.)

In general, A may have complex eigenvalues (i.e. eigenvalues whose imaginary part is non zero). It is
well-known that if λ, v is an eigenpair of A, the complex conjugate pair λ∗, v∗ is an eigenpair of A too.

Without loss of generality, assume that λ1 , λ2 , . . . , λr , where r ≤ n, are real numbers and λr+1 , . . . , λn are
complex numbers, ordered pairwise λi+1 = λ∗

i , or

σ(A) = { λ1, λ2, . . . λr
︸ ︷︷ ︸

real

, λr+1, λ
∗
r+1

︸ ︷︷ ︸

conjugate

, λr+3, λ
∗
r+3

︸ ︷︷ ︸

conjugate

, . . . , λn−1, λ
∗
n−1

︸ ︷︷ ︸

conjugate

}.

Then it follows that Zi e Zi+1 are conjugate if λi and λi+1 are. As a consequence:

eAt =
r∑

i=1

Zie
λit +

n−1∑

r+1 (step 2)

(Zie
λit + Z∗

i e
λ∗

i t)

Decomposing λi and Zi in real and imaginary part we get:

λi = µi + jωi

Zi = Mi + jNi.
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Modal analysis, diagonalizable A (cont.)

From Euler’s formula
eλit = eµit[cos(ωit) + j sin(ωit)]

and its simple to check that the imaginary contributions cancel each other thus

eAt =
r∑

i=1

Zie
µit+

+

n−1∑

r+1 (step 2)

2eµit[Mi cos(ωit)−Ni sin(ωit)].

The following fundamental property holds.

Property
Each conjugate pair of eigenvalues λ = µ+ jω and λ∗ = µ− jω produces the complex modes eλt and eλ

∗t ,
that result in real modes of the form:

eµt cos(ωt) and eµt sin(ωt).
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Modal analysis, diagonalizable A (cont.)

t

eµt sin(ωt) for µ > 0.

t

eµt sin(ωt) for µ < 0.

t

eµt sin(ωt) for µ = 0.

The state transition matrix is thus governed by real exponential terms associated to real eigenvalues and
oscillating (“pseudo-periodic”) modes associated to the conjugate pairs of eigenvalues. Depending on the real
part of the conjugate pairs the following behaviors may occur:

• if µ > 0 the amplitude of the oscillation diverges;
• if µ < 0 the amplitude of the oscillation vanishes;
• if µ = 0 the amplitude of the oscillation is constant.
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Modal analysis, non-diagonalizable A

If A is non-diagonalizable, we need to resort to the following

Theorem (Jordan normal form)
For every matrix A ∈ Cn×n , there exists a non-singular change of basis matrix T ∈ Cn×n such that

J = T−1AT =











J1 0 . . . 0

0 J2 . . . 0

...
...

. . .
...

0 0 . . . Js











, where

Ji =












λi 1 0 . . .

0 λi

. . . 0

...
...

. . . 1

0 . . . . . . λi












is a Jordan block with each λi an eigenvalue of A and s equal to the number of independent eigenvectors of
A. The matrix J is unique up to a reordering of the blocks and is called the Jordan normal form of A.
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Modal analysis, non-diagonalizable A (cont.)

Note
There may be several Jordan blocks associated to the same eigenvalue. Sometimes the Ji are referred to as
the Jordan mini-blocks, and the diagonal block composed of all the mini-blocks associated to the same
eigenvalue is called a Jordan block.

Notice that the ith block Ji ∈ Rνi×νi may be written as

Ji =













λi 0 0 0 . . .

0 λi 0 0 . . .

0 0 λi 0 . . .

...
...

...
. . . 0

0 0 0 . . . λi













︸ ︷︷ ︸

=λi I

+













0 1 0 0 . . .

0 0 1 0 . . .

0 0 0 1 . . .

...
...

...
. . . 1

0 0 0 . . . 0













︸ ︷︷ ︸
.
=Ji0

thus
Ji = Λi + Ji0.
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Modal analysis, non-diagonalizable A (cont.)

Since J = T−1AT , the state transition matrix may be written as

eAt = TeJtT−1 (8)

where

eJt =













eJ1t 0 0 0 . . .

0 eJ2t 0 0 . . .

0 0 eJ3t 0 . . .

...
...

...
. . .

...
0 0 0 . . . eJst













.

Now, let us consider the block eJit = e(Λit+Ji0t) . It is easy to check that, if the square matrices M and N are
such that MN = NM , i.e. if they commute, then e(M+N) = eMeN . From the definition of Λi and Ji0 it follows
that they commute: ΛiJi0 = Ji0Λi , hence

eJit = eλiIteJi0t. (9)
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Modal analysis, non-diagonalizable A (cont.)
The powers of Ji0 are obtained, by “moving upwards the 1s”, for instance:

Ji0 =













0 1 0 0 . . .

0 0 1 0 . . .

0 0 0 1 . . .

...
...

...
. . . 1

0 0 0 . . . 0













, J2
i0 =













0 0 1 . . . 0

0 0 0 1 :

0 0 0 . . . :

...
...

...
. . .

...
0 0 0 . . . 0













. . .

J
νi−1
i0













0 0 0 . . . 1

0 0 0 . . . 0

0 0 0 . . . 0

...
...

...
. . .

...
0 0 0 . . . 0













, J
νi
i0













0 0 0 . . . 0

0 0 0 . . . 0

0 0 0 . . . 0

...
...

...
. . .

...
0 0 0 . . . 0













.

Moreover, Jp
i0 = 0, ∀p ≥ νi . Thus, the series corresponding to eJi0t is actually a sum of a finite number of

terms

eJi0t =

νi−1
∑

j=0

1

j!
Jj
i0t

j .
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Modal analysis, non-diagonalizable A (cont.)

By inspecting the form of each of the terms of eJi0t =

νi−1
∑

j=0

1

j!
Jj
i0t

j , it is easy to check that

eJi0t =


















1 t t2

2!
t3

3!
. . . tνi−1

(νi−1)!

0 1 t t2

2!
. . . tνi−2

(νi−2)!

0 0 1 t . . . tνi−3

(νi−3)!

...
...

...
. . .

. . .
...

0 0 0 0
. . . t

0 0 0 0 . . . 1


















On the other hand:

eλiIt =











eλit 0 0 . . .

0 eλit 0 . . .

...
...

. . .
...

0 0 . . . eλit











.
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Modal analysis, non-diagonalizable A (cont.)
Thus, the ith block of eJt takes the form

eJit =

νi−1
∑

j=0

Jj
i0

tj

j!
eλit = eλit


















1 t t2

2!
t3

3!
. . . tνi−1

(νi−1)!

0 1 t t2

2!
. . . tνi−2

(νi−2)!

0 0 1 t . . . tνi−3

(νi−3)!

...
...

...
. . .

. . .
...

0 0 0 0
. . . t

0 0 0 0 . . . 1


















(10)

or

eJit =


















eλit teλit t2

2!
eλit t3

3!
eλit . . . tνi−1

(νi−1)!
eλit

0 eλit teλit t2

2!
eλit . . . tνi−2

(νi−2)!
eλit

0 0 eλit teλit . . . tνi−3

(νi−3)!
eλit

...
...

...
. . .

. . .
...

0 0 0 0
. . . teλit

0 0 0 0 . . . eλit


















(11)
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Modal analysis, non-diagonalizable A (cont.)

Back to the exponential matrix, letting S = T−1 , by partitioning T (column-wise) and S (row-wise) – according
to the size of the diagonal blocks – we get:

eAt = [T1 T2 . . . Ts]













eJ1t 0 0 0 . . .

0 eJ2t 0 0 . . .

0 0 eJ3t 0 . . .

...
...

...
. . .

...
0 0 0 . . . eJst























S⊤
1

S⊤
2

...
S⊤
s











, (12)

where Ti ∈ Cn×νi e S⊤
i ∈ Cνi×n .

Thus

eAt =
s∑

i=1

[Tie
JitS⊤

i ], (13)

and, by using (10),

eAt =
s∑

i=1

νi−1
∑

j=0

TiJ
j
i0S

⊤
i

tj

j!
eλit.
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Modal analysis, non-diagonalizable A (cont.)

Finally, by letting Zij = TiJ
j
i0S

⊤
i

1
j!

we obtain

eAt =
s∑

i=1

νi−1
∑

j=0

Zijt
jeλit. (14)

If there exist Jordan blocks of size greater than one, associated to the eigenvalue λ, in the matrix eAt , the
following modes will appear:

eλt, teλt, t2eλt, . . . , t(ν(λ)−1)eλt

where ν(λ) denotes the degree of the eigenvalue λ, i.e. the size of the largest Jordan block associated to λ.
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Modal analysis, non-diagonalizable A (cont.)

Example. Let the Jordan form of a matrix A be



















2 1 0 0 0 0 0 0

0 2 0 0 0 0 0 0

0 0 2 1 0 0 0 0

0 0 0 2 1 0 0 0

0 0 0 0 2 0 0 0

0 0 0 0 0 5 0 0

0 0 0 0 0 0 5 1

0 0 0 0 0 0 0 5




















Then, its eigenvalues are 2 and 5, having degree ν(2) = 3 and ν(5) = 2, respectively. The modes of eAt are:

e2t, te2t, t2e2t, e5t, te5t.
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Modal analysis (discrete-time)



State response

We have seen that the state response of the system

x(k + 1) = Ax(k) +Bu(k)

takes the form:

x(k) = A(k−k0)x0 +

k−1∑

j=k0

A(k−1−j)Bu(j)

Without loss of generality we can take k0 = 0 thus obtaining

x(k) = Akx0 +

k−1∑

j=0

A(k−1−j)Bu(j)

The transition matrix Ak can be computed simply as a matrix product repeated k − 1 times, but this is of little
interest. Instead, to reveal the properties of the response, we can perform a modal analysis, similarly to the
continuous-time case. We will first consider the case of diagonalizable A.
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Modal analysis, diagonalizable A

If A is diagonalizable by a similarity transformation, we can write:
{

A = TΛT−1

Λ = T−1AT

where Λ is a diagonal matrix having diagonal elements {λ1, λ2, . . . , λn}, where λi is the ith eigenvalue of A.
The columns of the matrix T are eigenvectors ti of matrix A. The inverse of T , S = T−1 can be partitioned
row-wise

T = [t1 t2 . . . tn], T−1 = S =











s⊤1

s⊤2
...

s⊤n











.

Thus, A may be rewritten as:

A = [t1 t2 . . . tn]













λ1 0 0 0 . . .

0 λ2 0 0 . . .

0 0 λ3 0 . . .

...
...

...
. . .

...
0 0 0 . . . λn























s⊤1

s⊤2
...

s⊤n











. (15)
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Modal analysis, diagonalizable A (cont.)

Since
Ak = TΛT−1TΛT−1 . . . TΛT−1

︸ ︷︷ ︸

k times

= TΛkT−1, (16)

we get

Ak = [t1 t2 . . . tn]













λk
1 0 0 0 . . .

0 λk
2 0 0 . . .

0 0 λk
3 0 . . .

...
...

...
. . .

...
0 0 0 . . . λk

n























s⊤1

s⊤2
...

s⊤n











. (17)
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Modal analysis, diagonalizable A (cont.)

By defining the matrices
Zh = ths

⊤

h ,

we can state the following

Property
If A is diagonalizable, the state transition matrix Ak can be written as the sum of constant matrices Zh , each
multiplied by the discrete mode λk

h

Ak =
n∑

h=1

ths
⊤

h λk
h =

n∑

h=1

Zhλ
k
h. (18)

As in the continuous-time case, we can distinguish the two cases of the eigenvalue λ being real or complex.
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Modal analysis, diagonalizable A (cont.)

For λ ∈ R, the mode λk has the following behavior:
• if |λ| > 1 the mode diverges;
• if |λ| < 1 the mode vanishes;
• if |λ| = 1 the mode has constant amplitude.

k

λk

0 < λ < 1

λ = 1

λ > 1

λk for 0 < λ < 1, λ = 1 and λ > 1.

Based on the sign of λ, there is the further distinction:

• if λ > 0 the mode is positive;
• if λ < 0 the mode has alternated sign;
• if λ = 0 the mode is null.
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Modal analysis, diagonalizable A (cont.)

If some eigenvalue is complex we can, as before, order the eigenvalues:

σ(A) = { λ1, λ2, . . . λr
︸ ︷︷ ︸

real

, λr+1, λ
∗
r+1

︸ ︷︷ ︸

conjugate

, λr+3, λ
∗
r+3

︸ ︷︷ ︸

conjugate

, . . . , λn−1, λ
∗
n−1

︸ ︷︷ ︸

conjugate

}

By taking the real and imaginary part of Zh and expressing λh in polar form we have

λh = ρh ejθh

Zh = Mh + jNh.

From Euler’s formula
λk
h = ρkhe

jθhk = ρkh[cos(θhk) + j sin(θhk)]

it can be obtained (with a rather long maths)

Ak =
r∑

h=1

Zhλ
k
h +

n−1∑

r+1 (step 2)

2ρkh[Mh cos(θhk)−Nh sin(θhk)]
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Modal analysis, diagonalizable A (cont.)

The following important property follows:

Property
Each conjugate pair of eigenvalues λ and λ∗ produces complex modes that result in real sequences of the
form:

ρk cos(θk) and ρk sin(θk).
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Modal analysis, diagonalizable A (cont.)

k

ρk sin(θk) for ρ > 1.

k

ρk sin(θk) for 0 < ρ < 1.

k

ρk sin(θk) for ρ = 1.

The state transition matrix is thus governed by real exponential terms associated to real eigenvalues and
oscillating (“pseudo-periodic”) modes associated to the conjugate pairs of eigenvalues. Depending on the
modulus of the eigenvalue, the following behaviors may occur:

• if ρ > 1 the amplitude of the oscillation diverges;

• if ρ < 1 the amplitude of the oscillation vanishes;

• if ρ = 1 the amplitude of the oscillation is constant.
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Modal analysis, non-diagonalizable A

As for the continuous-time case, if A is non-diagonalizable, we may resort to the Jordan form

A = TJT−1 =⇒ Ak = TJkT−1 (19)

where
J = diag{J1, J2, . . . , Js}

is the Jordan normal form of A.

Recalling the definition of the binomial coefficient
(k

i

)

=
k!

i!(k − i)!
, the kth power of the block Jh can be

written as

Jk
h = (λhI + Jh0)

k =

= λk
hI +

(k

1

)

λk−1
h

Jh0 +
(k

2

)

λk−2
h

J2
h0 + · · ·+

( k

k − 1

)

λ1
hJ

k−1
h0 + Jk

h0 =

=
k∑

i=0

(k

i

)

λk−i
h

Ji
h0.
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Modal analysis, non-diagonalizable A (cont.)

Recall that Jk
h0 = 0 ∀k ≥ νh (νh being the size of the block Jh0). Moreover, by definition,

(k

i

)

= 0 if k < i. Then

Jk
h =

νh−1
∑

i=0

(k

i

)

λk−i
h

Ji
h0. (20)

Observe that, for k ≥ i, the binomial coefficient
(k

i

)

=
k!

i!(k − i)!
=

k(k − 1)(k − 2) . . . (k − i+ 1)

i!

.
= pi(k),

is a polynomial of degree i in the variable k. Thus, similarly to the continuous-time case, we get:

Ak =
s∑

h=1

νh−1
∑

i=0

Zhipi(k)λ
k−i
h

, (21)

where Zhi = ThJ
i
h0S

⊤

h .
If there exist Jordan blocks of size ≥ 1, associated to λ, in the matrix Ak , the following modes will appear:

λk,
(k

1

)

λk−1,
(k

2

)

λk−2, . . . ,
( k

ν − 1

)

λk−ν+1

where ν = ν(λ) is the degree of λ.
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Modal analysis, non-diagonalizable A (cont.)

Example. Let the Jordan form of a matrix A be











3 1 0 0 0

0 3 0 0 0

0 0 3 1 0

0 0 0 3 1

0 0 0 0 3












Then, the sole eigenvalue λ = 3 has a degree deg(λ) = 3 and, as a consequence, the modes of Ak are:

3k,
(k

1

)

3k−1,
(k

2

)

3k−2
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Transfer function
(continuous-time)



Transfer function

Consider the time-invariant dynamic system:
{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

and let x(0) = x0 . By applying the Laplace transform to both sides of the first equation we get:

sX(s)− x0 = AX(s) +BU(s) =⇒ (sI −A)X(s) = x0 +BU(s)

which implies
X(s) = (sI −A)−1x0 + (sI −A)−1BU(s) (22)

By substituting X(s) in the Laplace transform of the output equation we get

Y (s) = C(sI −A)−1x0 +
[
C(sI −A)−1B +D

]
U(s) (23)

Letting x0 = 0 , it follows that:

Y (s) =
[
C(sI −A)−1B +D

]
U(s) = W (s)U(s)

and W (s) is called the transfer function.
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Transfer function (cont.)

Let’s analyze the structure of the transfer function:

W (s) =














w11(s) · · · w1m(s)

...
...

wi1(s) · · · wim(s)

...
...

wp1(s) · · · wpm(s)














W (s) is a p×m matrix. If x0 = 0, the ith component of the output vector is given by:

Yi(s) =
m∑

r=1

wir(s)Ur(s) = wi1(s)U1(s) + wi2(s)U2(s) + · · ·

Thus:
x(0) = 0

ur(t) = 0, r 6= j
=⇒ wij(s) =

Yi(s)

Uj(s)
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Transfer function (cont.)

In particular, if we take uj(t) = δ(t), we have

Uj(s) = L [uj(t)] = L [δ(t)] = 1

hence
wij(s) =

Yi(s)

Uj(s)
= Yi(s)

In other words, wij(s) is the Laplace transform of the ith component of the output response to the unit
impulse applied to the jth input. Thus

wij(s) = L [wij(t)]

where wij(t) is the ijth element of the impulse response matrix W (t).

Since the above holds for any pair i, j, it follows that

W (s) = L [W (t)]

hence, the transfer function is the Laplace transform of the impulse response.
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Transfer function (cont.)

Impulse response and transfer function
The impulse response and transfer function of the system

{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

are given, respectively, by
W (t) = L−1

[
C(sI −A)−1B +D

]

and
W (s) = C(sI −A)−1B +D
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Transfer function (cont.)

In the following, we show that the entry wij(s) of a transfer function is a proper rational function (a rational
function is a ratio of polynomials; it is proper if the degree of the numerator is less than or equal to the degree
of the denominator; it is strictly proper if strict inequality holds).

Indeed:

W (s) = C (sI −A)−1 B +D

and

(sI −A)−1 =












s− a11 −a12 · · · −a1n

−a21 s− a22
...

...
. . .

−an1 · · · s− ann












−1
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Transfer function (cont.)

The inverse can be expressed as:

(sI −A)−1 =
1

det (sI −A)
K(s)

where K(s) is the matrix of the algebraic complements (each of which is the determinant of an
(n− 1)× (n− 1) minor of sI −A).

Clearly:

• ϕ(s)
.
= det (sI −A) is a polynomial of degree n (the characteristic polynomial of A)

• K(s) = [kij(s)] , i, j = 1, . . . , n , where kij(s) is a polynomial of degree < n, ∀ i, j

As a consequence,

(sI −A)−1 =
K(s)

ϕ(s)

is an n× n matrix of strictly proper rational functions.
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Transfer function (cont.)

Therefore:
W (s) = C (sI −A)−1 B +D = C

K(s)

ϕ(s)
B +D =

M(s)

ϕ(s)
+D =

N(s)

ϕ(s)

where the entries of N(s) are polynomials of degree ≤ n :

deg (nij(s)) ≤ n

The strict inequality holds if and only if the corresponding entry of D is zero, i.e. dij = 0.

In summary, W (s) is strictly proper (all its entries are strictly proper) if and only if D = 0 (i.e. the system is
strictly proper).
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Transfer function of equivalent dynamic systems

Given
{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

let x̂
.
= T−1x , where T ∈ Rn×n is a generic non-singular n× n matrix ( det(T ) 6= 0 ). Then, an equivalent

state-space description is given by:
{

˙̂x(t) = T−1ẋ(t) = T−1ATx̂(t) + T−1Bu(t) = Âx̂(t) + B̂u(t)

y(t) = CT x̂(t) +Du(t) = Ĉx̂(t) +Du(t)

In other words:
{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)
⇐⇒

{
˙̂x(t) = Âx̂(t) + B̂u(t)

y(t) = Ĉx̂(t) +Du(t)
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Transfer function of equivalent dynamic systems (cont.)

Ŵ (s) = Ĉ(sI − Â)−1B̂ + D̂

= (CT )
(
sI − T−1AT

)−1
(T−1B) +D

= CT
(
sT−1T − T−1AT

)−1
T−1B +D

= CT
[
T−1(sI −A)T

]−1
T−1B +D

= CT
[

T−1 (sI −A)−1 T
]

T−1B +D

= C (sI −A)−1 B +D

= W (s)

Hence, the transfer function is invariant to change of basis.
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Transfer function (discrete-time)



Transfer function

Consider the time-invariant dynamic system:
{

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)

and let x(0) = x0 . By applying the Z-transform to both sides of the first equation we get:

z [X(z)− x0] = AX(z) +BU(z) =⇒ (zI −A)X(z) = z x0 +BU(z)

which implies
X(z) = (zI −A)−1z x0 + (zI −A)−1BU(z) (24)

By substituting X(z) in the Z-transform of the output equation we get

Y (z) = C(zI −A)−1z x0 +
[
C(zI −A)−1B +D

]
U(z) (25)

Letting x0 = 0 , it follows that:

Y (z) =
[
C(zI −A)−1B +D

]
U(z) = W (z)U(z)

and W (z) is called the transfer function.
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Transfer function (cont.)

Let’s analyze the structure of the transfer function:

W (z) =














w11(z) · · · w1m(z)

...
...

wi1(z) · · · wim(z)

...
...

wp1(z) · · · wpm(z)














W (z) is a p×m matrix. If x0 = 0, the ith component of the output vector is given by:

Yi(z) =
m∑

r=1

wir(z)Ur(z) = wi1(z)U1(z) + wi2(z)U2(z) + · · ·

Thus:
x(0) = 0

ur(k) = 0, r 6= j
=⇒ wij(z) =

Yi(z)

Uj(z)
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Transfer function (cont.)

In particular, if we take uj(k) = δ(k), we have

Uj(z) = Z [uj(k)] = Z [δ(k)] = 1

hence
wij(z) =

Yi(z)

Uj(z)
= Yi(z)

In other words, wij(z) is the Z-transform of the ith component of the output response to the unit impulse
applied to the jth input. Thus

wij(z) = Z [wij(k)]

where wij(k) is the ijth element of the impulse response matrix W (k).

Since the above holds for any pair i, j, it follows that

W (z) = Z [W (k)]

hence, the transfer function is the Z-transform of the impulse response.
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Transfer function (cont.)

Impulse response and transfer function
The impulse response and transfer function of the system

{

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)

are given, respectively, by
W (k) = Z−1

[
C(zI −A)−1B +D

]

and
W (z) = C(zI −A)−1B +D
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Transfer function (cont.)

In the following, we show that the entry wij(z) of a transfer function is a proper rational function (a rational
function is a ratio of polynomials; it is proper if the degree of the numerator is less than or equal to the degree
of the denominator; it is strictly proper if strict inequality holds).

Indeed:

W (z) = C (zI −A)−1 B +D

and

(zI −A)−1 =












z − a11 −a12 · · · −a1n

−a21 z − a22
...

...
. . .

−an1 · · · z − ann












−1
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Transfer function (cont.)

The inverse can be expressed as:

(zI −A)−1 =
1

det (zI −A)
K(z)

where K(z) is the matrix of the algebraic complements (each of which is the determinant of an
(n− 1)× (n− 1) minor of zI −A).

Clearly:

• ϕ(z)
.
= det (zI −A) is a polynomial of degree n (the characteristic polynomial of A)

• K(z) = [kij(z)] , i, j = 1, . . . , n , where kij(z) is a polynomial of degree < n, ∀ i, j

As a consequence,

(zI −A)−1 =
K(z)

ϕ(z)

is an n× n matrix of strictly proper rational functions.
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Transfer function (cont.)

Therefore:
W (z) = C (zI −A)−1 B +D = C

K(z)

ϕ(z)
B +D =

M(z)

ϕ(z)
+D =

N(z)

ϕ(z)

where the entries of N(z) are polynomials of degree ≤ n :

deg (nij(z)) ≤ n

The strict inequality holds if and only if the corresponding entry of D is zero, i.e. dij = 0.

In summary, W (z) is strictly proper (all its entries are strictly proper) if and only if D = 0 (i.e. the system is
strictly proper).
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Transfer function of equivalent dynamic systems

Given
{

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)

Let x̂ := T−1x , where T ∈ Rn×n is a generic non-singular n× n matrix ( det(T ) 6= 0 ). Then, the equivalent
state-space description is given by:

{

x̂(k + 1) = T−1x(k + 1) = T−1ATx̂(k) + T−1Bu(k) = Âx̂(k) + B̂u(k)

y(k) = CT x̂(k) +Du(k) = Ĉx̂(k) +Du(k)

In other words:
{

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)
⇐⇒

{

x̂(k + 1) = Âx̂(k) + B̂u(k)

y(k) = Ĉx̂(k) +Du(k)
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Transfer function of equivalent dynamic systems (cont.)

Ŵ (z) = Ĉ(zI − Â)−1B̂ + D̂

= (CT )
(
zI − T−1AT

)−1
(T−1B) +D

= CT
(
zT−1T − T−1AT

)−1
T−1B +D

= CT
[
T−1(zI −A)T

]−1
T−1B +D

= CT
[

T−1 (zI −A)−1 T
]

T−1B +D

= C (zI −A)−1 B +D

= W (z)

Hence, the transfer function is invariant to change of basis.
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Example

Given the LTI discrete-time system, having two inputs and one output:






x(k + 1) =

[

0 1

−1 −2

]

x(k) +

[

0 −1/2

1 1/2

]

u(k)

y(k) = [−3 3]x(k)

the transfer function is a 1× 2 matrix:

W (z) = [−3 3]

[

z −1

1 z + 2

]−1 [

0 −1/2

1 1/2

]

= [−3 3]
1

(z + 1)2

[

z + 2 1

−1 z

][

0 −1/2

1 1/2

]

=

[

−
3

z + 1

3(z − 1)

(z + 1)2

] [

0 −1/2

1 1/2

]

=

[
3(z − 1)

(z + 1)2
3

z + 1

]
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