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Introduction



Introduction

Roughly speaking, by optimal control we mean the formulation of a control problem in terms of an optimization
problem.

Optimal control problem
Consider the system

ẋ(t) = f(x(t), u(t)) x ∈ R
n, u ∈ R

m

where f(·, ·) ∈ C1 (i.e., is continuously differentiable).
Given the initial time t0 , the initial state x(t0) and the “horizon” T , the optimal control problem is: find the
input

uo(t), t ∈ [t0, T ]

such that the following cost is minimized:

J(x(t0), u(·), t0) =
∫ T

t0

l(x(τ), u(τ))dτ +m(x(T )),

where l : Rn+m → R
+ and m : Rn → R

+ are both continuously differentiable.
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Introduction (cont.)

The meaning of the previous formulation is the following.

At time t0 the state is x(t0). To each control action u(·) corresponds a movement (of the state and the input)
and thus a value of the cost J .

The goal is to choose the control action resulting in the minimum of that cost.
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Introduction (cont.)

Notice that the cost

J(x(t0), u(·), t0) =
∫ T

t0

l(x(τ), u(τ))dτ +m(x(T ))

depends on some design parameters, in particular

• the horizon T ;

• the running cost function l(·, ·);

• the terminal cost function m(·).

Thus, the optimality of uo(·) is relative to those parameters.

A typical choice for the running cost and terminal cost is:

l(x, u) = x⊤Qx+ u⊤Ru

m(x) = x⊤Sx

where Q,S � 0 and R ≻ 0.
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Introduction (cont.)

We thus obtain a quadratic cost:

J(x(t0), u(·), t0) =
∫ T

t0

x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ + x⊤(T )Sx(T ).

Such a choice corresponds to the following goals:

• steer x close to the origin (S);

• keep x close to the origin during the transient (Q);

• achieve the previous goals using a “small” control (R).

In the scalar case (n = 1,m = 1) we have:

l(x, u) = qx2 + ru2

m(x) = sx2
q, s ≥ 0, r > 0

and the choice of q, r, s reflects the relative importance of the three objectives (that are different and
conflicting).
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Introduction (cont.)

Example
Consider the circuit in figure and let q(t) be the charge
of the capacitor at time t. We have

i(t) =
dq(t)

dt
=

dCxC(t)

dt
= CẋC(t)

Thus, by letting u(t) = i(t) and x(t) = xC(t):

ẋ(t) =
u(t)

C

i(t)

R

C xC(t)

We formulate the following control problem: for a given xC(t0) = x̄C 6= 0, minimize both

• the residual charge q(T );

• the energy dissipated by the resistor during the interval [t0, T ].
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Introduction (cont.)

The two objectives can be expressed through the cost

J = sx2
C(T ) +

∫ T

t0

Ri2(τ)dτ, s ≥ 0

Different values of s ≥ 0 correspond to different relative importance of the two objectives. For instance, in the
extreme case when s = 0, the optimal solution is

u(t) = 0, ∀t ∈ [t0, T ]

achieving J = 0. Notice that, by definition, the cost J is positive, thus any input achieving J = 0 is certainly
optimal.
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Two approaches

There exist two different approaches to the optimal control:

• Pontryagin’s maximum principle (Pontryagin (1987));

• Bellman’s dynamic programming (Bellman (1957)).

The former is based on the calculus of variations and provides an open-loop solution. The latter provides a
closed-loop solution, but is often intractable both analytically and numerically (with the notable exception of
the linear-quadratic problem).

In the following we present the dynamic programming approach. Such approach is based on the principle of
optimality.
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The principle of optimality

Consider an optimal control problem over the time interval [0, T ] and suppose the solution is known. Suppose
to follow the optimal trajectory to a time t, arriving at state x(t). Now, consider a new problem, initiated at time
t and state x(t). Under broad assumptions, the solution to the new problem is the remainder of the original
solution.

The Principle of Optimality: From any point on an optimal trajectory, the remaining trajectory is optimal for the
corresponding problem initiated at that point.
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The principle of optimality (cont.)

Example (Shortest path to home) From a given location in the city, find the minimum distance path to home. In
this case, the objective function is the path length (to be minimized). Suppose to solve the problem and start
traveling along the optimal path. The state is the current position. From any intermediate position, the optimal
path is clearly the remaining part of the original optimal path.
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Optimal cost-to-go

Let u[a,b] denote the set of bounded continuous functions u(·) defined in the interval [a, b].

Definition
With reference to the control problem introduced before, the function

Jo(x, t) = min
u[t,T ]

J(x, u(·), t)

= min
u[t,T ]

{∫ T

t

l(x(τ), u(τ))dτ +m(x(T ))

}

where t ∈ [t0, T ] is said the optimal cost-to-go.

In other words, the optimal cost-to-go is the optimal value of the cost for the subproblem starting at time
t ∈ [t0, T ] and state x, and ending at time T .
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Optimal cost-to-go (cont.)

Clearly, Jo(x, t) depends on the initial state of subproblem (i.e., x) and on the time t at which the subproblem
starts (since as t changes, the overall optimization interval changes and the optimal cost may change as well).

In the following, we will focus on how the optimal cost-to-go changes as the initial state x of the subproblem
changes in time. For that reason, we will write Jo(x(t), t).
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Optimal cost-to-go (cont.)

x(t0)
<latexit sha1_base64="E3VUDxUCu4izLlUntbyla38TRnk=">AAACJ3icbVC7TgJBFJ3FF6wv0MbEZiIxwYbsYiEl0cYSE3kYIGR2uOCE2Udm7hqRkPgPtvoBtv6IndHExj9xl6UQ8FQn59ybc3KcQAqNlvVlpFZW19Y30hlzc2t7Zzeb26trP1QcatyXvmo6TIMUHtRQoIRmoIC5joSGM7yI/cYdKC187xpHAXRcNvBEX3CGkXRzX8CudWKaZjebt4rWFHSZ2DOSrxw8fGce386r3ZyRbvd8HrrgIZdM65ZtBdgZM4WCS5iY7VBDwPiQDaAVUY+5oDvjaeMJPQ41Q58GoKiQdCrC348xc7UeuU506TK81YteLP7ntULslztj4QUhgsfjIBQSpkGaKxFNAbQnFCCyuDlQ4VHOFEMEJSjjPBLDaJu5wKT0nBQn93zUk2Q7e3GpZVIvFe3TYukqGrFMEqTJITkiBWKTM1Ihl6RKaoQTlzyRZ/JivBrvxofxmZymjNnPPpmD8fMLWZKm8g==</latexit>

x(t)
<latexit sha1_base64="hKUJWQrQPUgWmq0NZYeTw1r5VYU=">AAACJXicbVC7SgNBFJ2Nr2R9JdoINoNBiE3YjYUpgzaWEcwDkiXMTm7ikNkHM3fFGAL+gq1+gL3/YSeCIPgr7m5SmOipDufcyzkcN5RCo2V9GpmV1bX1jWzO3Nza3tnNF/aaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uEr91C0qLwL/GcQiOx4a+GAjOMJZadyU8MU2zly9aZSsF/UvsOSnWDu6/cg+v5/Vewch2+wGPPPCRS6Z1x7ZCdCZMoeASpmY30hAyPmJD6MTUZx5oZ5L2ndLjSDMMaAiKCklTEX5/TJin9dhz40uP4Y1e9hLxP68T4aDqTIQfRgg+T4JQSEiDNFciHgJoXyhAZElzoMKnnCmGCEpQxnksRvEyC4Gz0gtSktwPUE9n29nLS/0lzUrZPi1XruIRq2SGLDkkR6REbHJGauSS1EmDcDIij+SJPBsvxpvxbnzMTjPG/GefLMD4/gES+6ZP</latexit> x(t1)

<latexit sha1_base64="nvsakVWFTETjGggFd7CAJ7ABhb8=">AAACJ3icbVC7TgJBFJ3FF6wv0MbEZiIxwYbsYiEl0cYSE3kYIGR2uOCE2Udm7hqRkPgPtvoBtv6IndHExj9xl6UQ8FQn59ybc3KcQAqNlvVlpFZW19Y30hlzc2t7Zzeb26trP1QcatyXvmo6TIMUHtRQoIRmoIC5joSGM7yI/cYdKC187xpHAXRcNvBEX3CGkXRzX8CufWKaZjebt4rWFHSZ2DOSrxw8fGce386r3ZyRbvd8HrrgIZdM65ZtBdgZM4WCS5iY7VBDwPiQDaAVUY+5oDvjaeMJPQ41Q58GoKiQdCrC348xc7UeuU506TK81YteLP7ntULslztj4QUhgsfjIBQSpkGaKxFNAbQnFCCyuDlQ4VHOFEMEJSjjPBLDaJu5wKT0nBQn93zUk2Q7e3GpZVIvFe3TYukqGrFMEqTJITkiBWKTM1Ihl6RKaoQTlzyRZ/JivBrvxofxmZymjNnPPpmD8fMLW1Gm8w==</latexit> x(T )
<latexit sha1_base64="oVp+outJPWS7Gw800JuNJQ1Zd70=">AAACJXicbVBLSwJRGL1jL51eWpugzSUJbCMztsil1KalgS9QkTvXT7t458G930QmQn+hbf2A9v2PdhEEQX+lGcdFamd1OOf7OIfjBFJotKwvI7W2vrG5lc6Y2zu7e/vZ3EFD+6HiUOe+9FXLYRqk8KCOAiW0AgXMdSQ0ndFV7DfvQGnhezUcB9B12dATA8EZRlLzvlA7M02zl81bRWsGukrsOclXjh6+M49vl9Vezkh3+j4PXfCQS6Z127YC7E6YQsElTM1OqCFgfMSG0I6ox1zQ3cms75SehpqhTwNQVEg6E+Hvx4S5Wo9dJ7p0Gd7qZS8W//PaIQ7K3YnwghDB43EQCgmzIM2ViIYA2hcKEFncHKjwKGeKIYISlHEeiWG0zEJgUnpBipP7Puppsp29vNQqaZSK9nmxdBONWCYJ0uSYnJACsckFqZBrUiV1wsmIPJFn8mK8Gu/Gh/GZnKaM+c8hWYDx8wvbDKYv</latexit>

In view of the principle of optimality, the optimal cost-to-go has the following property:

Jo(x(t), t) = min
u[t,t1]

{∫ t1

t

l(x(τ), u(τ))dτ + Jo(x(t1), t1)

}

where x(t1) is an intermediate state of the optimal trajectory.

From a teaching perspective, it is convenient to introduce the dynamic programming approach for discrete-time
systems, and subsequently move back to continuous-time systems.
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Hamilton-Jacobi-Bellman equation for discrete-time systems

Consider the discrete-time system:
x(k + 1) = f(x(k), u(k))

and the cost

J(x(k0), u(·), k0) =
N−1∑

k=k0

l(x(k), u(k)) +m(x(N))

and let k0 ≤ k ≤ N .

By applying the principle of optimality, the optimal cost-to-go can be written as:

Jo(x, k) =

cost of the first optimal step
︷ ︸︸ ︷

l(x, uo(x, k))+ Jo (f(x, uo(x, k)), k + 1)
︸ ︷︷ ︸

optimal cost-to-go from the arrival state

But uo(x, k)), being the optimal input at time k if the state is x, is indeed the control value u that minimizes

l(x, u) + Jo (f(x, u), k + 1) .
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)

Thus, we can write
Jo(x, k) = min

u
{l(x, u) + Jo (f(x, u), k + 1)}

which is the Hamilton-Jacobi-Bellman equation for discrete-time systems. The companion boundary condition
is

Jo(x,N) = m(x).

The optimal control is thus

uo(x, k) = argmin
u
{l(x, u) + Jo (f(x, u), k + 1)} . (1)

In other words, for each state x and time k, the optimal control uo(x, k) is the one that minimizes the sum of

1. the running cost of the first step l(x, u), and

2. the optimal cost-to-go from the state reached, at time k + 1, by applying the control u.
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)

The HJB equation admits a “backward in time” solution, starting from the boundary condition at time N :

Jo(x,N) = m(x)

Jo(x,N − 1) = min
u
{l(x, u) + Jo(f(x, u), N)}

Jo(x,N − 2) = min
u
{l(x, u) + Jo(f(x, u), N − 1)}

...
Jo(x, k0) = min

u
{l(x, u) + Jo(f(x, u), k0 + 1)}

The functions on the left side of the previous equations represent the solution of the HJB equation. Solving the
HJB equation allows to compute the optimal control by the (1).
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)

Algorithm Backward solution of the HJB equation
Input: f(·, ·),m(·), l(·, ·), N, k0
Output: Jo(x, k), k = k0, . . . , N

1: Jo(x,N)← m(x)

2: k ← (N − 1)

3: while k ≥ k0 do
4: Jo(x, k)← min

u
{l(x, u) + Jo (f(x, u), k + 1)}

5: k ← (k − 1)

6: end while
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)

Example (Two ovens)

A certain material is passed through two ovens in sequence. The goal is to reach a final temperature x̄ with
minimum energy consumption.

• x(0): initial temperature of the material;
• x(k): temperature of the material at the exit of oven k;
• u(k): average temperature of oven k + 1.

The dynamics and the cost are thus

x(k + 1) = (1− a)x(k) + au(k)

J = u2(0) + u2(1) + r(x(2)− x̄)2
︸ ︷︷ ︸

terminal cost

, r > 0
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)
The final optimal cost-to-go is

Jo(x, 2) = r(x− x̄)2.

The first iteration leads to

Jo(x, 1) = min
u

{
u2 + Jo(f(x, u), 2)

}
= min

u

{
u2 + r((1− a)x+ au− x̄)2

}
,

and the minumum is attained by

u =
ra(x̄− (1− a)x)

1 + ra2
.

By substitution, we get

Jo(x, 1) =
r((1− a)x− x̄)2

1 + ra2
.

The second iteration leads to:

Jo(x, 0) = min
u

{
u2 + Jo(f(x, u), 1)

}
= min

u

{

u2 +
r((1− a)((1− a)x+ au)− x̄)2

1 + ra2

}

,

and the minimum is attained by

u =
r(1− a)a(x̄− (1− a)2x)

1 + ra2(1 + (1− a)2)
.
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Hamilton-Jacobi-Bellman equation for discrete-time systems (cont.)

Finally, by substitution, we obtain:

Jo(x, 0) =
r((1− a)2x− x̄)2

1 + ra2(1 + (1− a)2)
.

Thus, the optimal input sequence is:

u(0) =
r(1− a)a

(
x̄− (1− a)2x(0)

)

1 + ra2(1 + (1− a)2)
, u(1) =

ra (x̄− (1− a)x(1))

1 + ra2
.

Notice that the optimal input sequence takes a form of a feedback control law (the input u(k) is a function of
the state x(k)).
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HJB equation for continuous-time systems

The idea of solving the optimal control problem “backward in time” applies to the continuous-time systems as
well, albeit the maths are more involved.

x(t0)
<latexit sha1_base64="E3VUDxUCu4izLlUntbyla38TRnk=">AAACJ3icbVC7TgJBFJ3FF6wv0MbEZiIxwYbsYiEl0cYSE3kYIGR2uOCE2Udm7hqRkPgPtvoBtv6IndHExj9xl6UQ8FQn59ybc3KcQAqNlvVlpFZW19Y30hlzc2t7Zzeb26trP1QcatyXvmo6TIMUHtRQoIRmoIC5joSGM7yI/cYdKC187xpHAXRcNvBEX3CGkXRzX8CudWKaZjebt4rWFHSZ2DOSrxw8fGce386r3ZyRbvd8HrrgIZdM65ZtBdgZM4WCS5iY7VBDwPiQDaAVUY+5oDvjaeMJPQ41Q58GoKiQdCrC348xc7UeuU506TK81YteLP7ntULslztj4QUhgsfjIBQSpkGaKxFNAbQnFCCyuDlQ4VHOFEMEJSjjPBLDaJu5wKT0nBQn93zUk2Q7e3GpZVIvFe3TYukqGrFMEqTJITkiBWKTM1Ihl6RKaoQTlzyRZ/JivBrvxofxmZymjNnPPpmD8fMLWZKm8g==</latexit>

x(t)
<latexit sha1_base64="hKUJWQrQPUgWmq0NZYeTw1r5VYU=">AAACJXicbVC7SgNBFJ2Nr2R9JdoINoNBiE3YjYUpgzaWEcwDkiXMTm7ikNkHM3fFGAL+gq1+gL3/YSeCIPgr7m5SmOipDufcyzkcN5RCo2V9GpmV1bX1jWzO3Nza3tnNF/aaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uEr91C0qLwL/GcQiOx4a+GAjOMJZadyU8MU2zly9aZSsF/UvsOSnWDu6/cg+v5/Vewch2+wGPPPCRS6Z1x7ZCdCZMoeASpmY30hAyPmJD6MTUZx5oZ5L2ndLjSDMMaAiKCklTEX5/TJin9dhz40uP4Y1e9hLxP68T4aDqTIQfRgg+T4JQSEiDNFciHgJoXyhAZElzoMKnnCmGCEpQxnksRvEyC4Gz0gtSktwPUE9n29nLS/0lzUrZPi1XruIRq2SGLDkkR6REbHJGauSS1EmDcDIij+SJPBsvxpvxbnzMTjPG/GefLMD4/gES+6ZP</latexit> x(t1)

<latexit sha1_base64="nvsakVWFTETjGggFd7CAJ7ABhb8=">AAACJ3icbVC7TgJBFJ3FF6wv0MbEZiIxwYbsYiEl0cYSE3kYIGR2uOCE2Udm7hqRkPgPtvoBtv6IndHExj9xl6UQ8FQn59ybc3KcQAqNlvVlpFZW19Y30hlzc2t7Zzeb26trP1QcatyXvmo6TIMUHtRQoIRmoIC5joSGM7yI/cYdKC187xpHAXRcNvBEX3CGkXRzX8CufWKaZjebt4rWFHSZ2DOSrxw8fGce386r3ZyRbvd8HrrgIZdM65ZtBdgZM4WCS5iY7VBDwPiQDaAVUY+5oDvjaeMJPQ41Q58GoKiQdCrC348xc7UeuU506TK81YteLP7ntULslztj4QUhgsfjIBQSpkGaKxFNAbQnFCCyuDlQ4VHOFEMEJSjjPBLDaJu5wKT0nBQn93zUk2Q7e3GpZVIvFe3TYukqGrFMEqTJITkiBWKTM1Ihl6RKaoQTlzyRZ/JivBrvxofxmZymjNnPPpmD8fMLW1Gm8w==</latexit> x(T )
<latexit sha1_base64="oVp+outJPWS7Gw800JuNJQ1Zd70=">AAACJXicbVBLSwJRGL1jL51eWpugzSUJbCMztsil1KalgS9QkTvXT7t458G930QmQn+hbf2A9v2PdhEEQX+lGcdFamd1OOf7OIfjBFJotKwvI7W2vrG5lc6Y2zu7e/vZ3EFD+6HiUOe+9FXLYRqk8KCOAiW0AgXMdSQ0ndFV7DfvQGnhezUcB9B12dATA8EZRlLzvlA7M02zl81bRWsGukrsOclXjh6+M49vl9Vezkh3+j4PXfCQS6Z127YC7E6YQsElTM1OqCFgfMSG0I6ox1zQ3cms75SehpqhTwNQVEg6E+Hvx4S5Wo9dJ7p0Gd7qZS8W//PaIQ7K3YnwghDB43EQCgmzIM2ViIYA2hcKEFncHKjwKGeKIYISlHEeiWG0zEJgUnpBipP7Puppsp29vNQqaZSK9nmxdBONWCYJ0uSYnJACsckFqZBrUiV1wsmIPJFn8mK8Gu/Gh/GZnKaM+c8hWYDx8wvbDKYv</latexit>

Recall that, in view of the principle of optimality, the optimal cost-to-go has the following property:

Jo(x(t), t) = min
u[t,t1]

{∫ t1

t

l(x(τ), u(τ))dτ + Jo(x(t1), t1)

}

where x(t1) is an intermediate state of the optimal trajectory.
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HJB equation for continuous-time systems (cont.)

Let t1 = t+ dt. By the mean value theorem there exists α ∈]0, 1[ such that:

Jo(x(t), t) = min
u[t,t+dt]

{l(x(t+ αdt), u(t+ αdt))dt+ Jo(x(t+ dt), t+ dt)}

On the other hand we can write:

Jo(x(t+ dt), t+ dt) = Jo(x(t), t) +
∂Jo(x(t), t)

∂x

dx

dt
dt+

∂Jo(x(t), t)

∂t
dt+ o(dt).

By substituting, simplifying and dividing by dt we get

0 = min
u[t,t+dt]

{

l(x(t+ αdt), u(t+ αdt)) +
∂Jo(x(t), t)

∂x
f(x(t), u(t)) +

∂Jo(x(t), t)

∂t
+

o(dt)

dt

}
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HJB equation for continuous-time systems (cont.)

In the limit as dt→ 0 the higher order term o(dt)/dt disappears and the minimum is taken over the
instantaneous value of u at time t.

Pulling ∂Jo(x(t), t)

∂t
outside the minimum, as it does not depend on u, we obtain

∂Jo(x, t)

∂t
= −min

u

{

l(x, u) +
∂Jo(x, t)

∂x
f(x, u)

}

. (2)

Notice that, as t is fixed, x and u are vectors (and not functions of time), thus the dependency on t has been
dropped.

Equation (2) is a partial differential equation known as the Hamilton-Jacobi-Bellman equation (HJB equation).
The HJB equation must hold for any t ∈ [t0, T [, and is associated to the boundary condition:

Jo(x, T ) = m(x). (3)
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HJB equation for continuous-time systems (cont.)

Based on the HJB equation, the solution to the optimal control problem can be found in two steps:

1. find uo that minimizes {

l(x, u) +
∂Jo(x, t)

∂x
f(x, u)

}

,

having the form:

uo = k

(

x,
∂Jo(x, t)

∂x

)

;

2. solve the HJB equation:
∂Jo(x, t)

∂t
= −

[

l(x, uo) +
∂Jo(x, t)

∂x
f(x, uo)

]

with the boundary condition
Jo(x, T ) = m(x).

Unfortunately, step 2 is typically difficult for nonlinear systems and/or non-quadratic cost.
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Example

As an example, consider the scalar integrator:

ẋ(t) = u(t), x, u ∈ R

t0 = 0

and the cost
J(x(0), u(·), 0) =

∫ T

0

(

u2(τ) + x2(τ) +
1

2
x4(τ)

)

dτ.

Clearly, we have l(x, u) = u2 + x2 +
1

2
x4 and f(x, u) = u thus the first step is minimizing

u2 + x2 +
1

2
x4 +

∂Jo(x, t)

∂x
u

w.r.t. u. Taking the derivative w.r.t. u and equating to zero, we get that the minimizing u, i.e., uo , must satisfy

2uo +
∂Jo(x, t)

∂x
= 0,

thus:
uo = −1

2

Jo(x, t)

∂x
.
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Example (cont.)

We now have to solve

∂Jo(x, t)

∂t
= −

(

1

4

(
∂Jo(x, t)

∂x

)2

+ x2 +
x4

2
− 1

2

(
∂Jo(x, t)

∂x

)2
)

=
1

4

(
∂Jo(x, t)

∂x

)2

− x2 − x4

2

with the boundary condition
Jo(x, T ) = 0.

Despite the apparent simplicity of the optimal control problem, the solution of the above equation is, quoting
from Anderson and Moore (2007), “extraordinarily complex”.
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Observation

Observe that, despite the optimal control problem has been formulated in an open-loop fashion (“find the
optimal control in the form uo(t), t ∈ [t0, T ]”)

⌃
<latexit sha1_base64="L2S9gFFO8qMz5e9Bt7PZ+7XjR3c=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGUKGAChNwdLjgy+8jMXRNCKO1t9QP8Biu/wM5Y2PgD/oS7YCHgqU7OuTfn5HiRkoYc59PKLCwuLa9kV+219Y3NrVx+u2bCWAusilCF+toDg0oGWCVJCq8jjeB7Cute/yz163eojQyDKxpE2PKhF8iuFECJVGteyp4P7VzBKTpj8Hni/pLC6etL5ft+7+WinbeyzU4oYh8DEgqMabhORK0haJJC4chuxgYjEH3oYSOhAfhoWsNx3RE/iA1QyCPUXCo+FvHvxxB8Ywa+l1z6QDdm1kvF/7xGTN1SayiDKCYMRBpEUuE4yAgtkx2Qd6RGIkibI5cBF6CBCLXkIEQixskwU4GT0lNSmtwJyYxs2062c2eXmie1o6J7XDyqOIVyiU2QZbtsnx0yl52wMjtnF6zKBLtlD+yRPVnP1pv1bn1MTjPW788Om4L19QNUZahY</latexit>

u
<latexit sha1_base64="xLPZQp69O3cZiYTXBAq1YXhxJuU=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpHvXyRatkZaDrxF6Q4u3HtP7zfD6t9QpGrtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhl5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62TZrlkX5fKdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wVkOKZO</latexit>

x
<latexit sha1_base64="RcfLBai13NDKTALeQoFkbYdKaZA=">AAACInicbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XGDC7CMzd41kQ2lrqx/gR1D5AXbGysQ/8CfcBQoBT3Vyzr05J8cNpdBoWV/G2vrG5tZ2Zsfc3ds/OMzmjuo6iBSHGg9koJou0yCFDzUUKKEZKmCeK6HhDm9Sv3EPSovAv8NRCI7H+r7oCc4wlR5M0+xk81bBmoKuEntO8tdvk+rP4+mk0skZmXY34JEHPnLJtG7ZVohOzBQKLmFstiMNIeND1odWQn3mgXbiadkxPY80w4CGoKiQdCrC34+YeVqPPDe59BgO9LKXiv95rQh7JScWfhgh+DwNQiFhGqS5EskKQLtCASJLmwMVPuVMMURQgjLOEzFKZlkInJVekNLkboB6PNvOXl5qldSLBfuyUKxa+XKJzJAhJ+SMXBCbXJEyuSUVUiOcDMgTeSYvxqvxbnwYn7PTNWP+c0wWYHz/Ag4/po0=</latexit>

t0
<latexit sha1_base64="FBDZetLk1J1/0gOSx2VoZPxUmYQ=">AAACI3icbVC9TgJBGNzzF09R0NJmIyGxIndaSEliYiwx8YAELmRv+cANez/Z/daEEJ7BVh9AH8TWzthY+C7eHRQCTjWZ+b7MZIJECo2O821tbG5t7+wW9uz9g+LhUal83NKxURw8HstYdQKmQYoIPBQooZMoYGEgoR2MrzO//QhKizi6x0kCfshGkRgKzjCVPOw7tt0vVZyak4OuE3dBKo3iu6ne2G/Nftkq9AYxNyFEyCXTuus6CfpTplBwCTO7ZzQkjI/ZCLopjVgI2p/mbWe0ajTDmCagqJA0F+Hvx5SFWk/CIL0MGT7oVS8T//O6Bod1fyqixCBEPAtCISEP0lyJdAagA6EAkWXNgYqIcqYYIihBGeepaNJdlgLnpZekLHkQo57Z+Xbu6lLrpHVRcy9rzl06Yp3MUSCn5IycE5dckQa5JU3iEU4EeSLP5MV6tT6sT+trfrphLX5OyBKsn191zaVp</latexit>

u
o(t)

<latexit sha1_base64="DTMOvMe583Gecc2UGJiHEVyqWxo=">AAACJ3icbVC7TgJBFJ3FF6wv0MbEZiIxwYbsYiEl0cYSE3kYQDI7XHDC7CMzd02QkPgPtvoBtv6IndHExj9xl6UQ8FQn59ybc3KcQAqNlvVlpFZW19Y30hlzc2t7Zzeb26trP1QcatyXvmo6TIMUHtRQoIRmoIC5joSGM7yI/cY9KC187xpHAXRcNvBEX3CGkXQT3voFPDFNs5vNW0VrCrpM7BnJVw4evjOPb+fVbs5It3s+D13wkEumdcu2AuyMmULBJUzMdqghYHzIBtCKqMdc0J3xtPGEHoeaoU8DUFRIOhXh78eYuVqPXCe6dBne6UUvFv/zWiH2y52x8IIQweNxEAoJ0yDNlYimANoTChBZ3Byo8ChniiGCEpRxHolhtM1cYFJ6ToqTez7qSbKdvbjUMqmXivZpsXQVjVgmCdLkkByRArHJGamQS1IlNcKJS57IM3kxXo1348P4TE5Txuxnn8zB+PkFwOynLQ==</latexit>

u
<latexit sha1_base64="xLPZQp69O3cZiYTXBAq1YXhxJuU=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpHvXyRatkZaDrxF6Q4u3HtP7zfD6t9QpGrtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhl5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62TZrlkX5fKdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wVkOKZO</latexit>

T
<latexit sha1_base64="PXj68Mer+wywJYtYZ14YSTzjc60=">AAACInicbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwh4ZXAhswOF5gw+8jMXRNCKG1t9QP8CCo/wM5YmfgH/oS7C4WApzo5596ck+OGUmi0rC9jY3Nre2c3s2fuHxweHWdzJw0dRIpDnQcyUC2XaZDChzoKlNAKFTDPldB0R3eJ33wApUXg13AcguOxgS/6gjNMpJppmt1s3ipYKeg6sRckf/s2q/48ns8q3ZyR6fQCHnngI5dM67ZthehMmELBJUzNTqQhZHzEBtCOqc880M4kLTull5FmGNAQFBWSpiL8/ZgwT+ux58aXHsOhXvUS8T+vHWG/5EyEH0YIPk+CUEhIgzRXIl4BaE8oQGRJc6DCp5wphghKUMZ5LEbxLEuB89JLUpLcC1BP59vZq0utk0axYF8XilUrXy6ROTLkjFyQK2KTG1Im96RC6oSTIXkiz+TFeDXejQ/jc366YSx+TskSjO9fz3imaQ==</latexit>

the actual solution takes a closed-loop form:

uo = k

(

x,
∂Jo(x, t)

∂x

)

= k̃(x, t)
u

<latexit sha1_base64="xLPZQp69O3cZiYTXBAq1YXhxJuU=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpHvXyRatkZaDrxF6Q4u3HtP7zfD6t9QpGrtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhl5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62TZrlkX5fKdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wVkOKZO</latexit>

⌃
<latexit sha1_base64="L2S9gFFO8qMz5e9Bt7PZ+7XjR3c=">AAACJHicbVC7TgJBFJ3FF64v0NLETCQmVmRXC+kksbGUKGAChNwdLjgy+8jMXRNCKO1t9QP8Biu/wM5Y2PgD/oS7YCHgqU7OuTfn5HiRkoYc59PKLCwuLa9kV+219Y3NrVx+u2bCWAusilCF+toDg0oGWCVJCq8jjeB7Cute/yz163eojQyDKxpE2PKhF8iuFECJVGteyp4P7VzBKTpj8Hni/pLC6etL5ft+7+WinbeyzU4oYh8DEgqMabhORK0haJJC4chuxgYjEH3oYSOhAfhoWsNx3RE/iA1QyCPUXCo+FvHvxxB8Ywa+l1z6QDdm1kvF/7xGTN1SayiDKCYMRBpEUuE4yAgtkx2Qd6RGIkibI5cBF6CBCLXkIEQixskwU4GT0lNSmtwJyYxs2062c2eXmie1o6J7XDyqOIVyiU2QZbtsnx0yl52wMjtnF6zKBLtlD+yRPVnP1pv1bn1MTjPW788Om4L19QNUZahY</latexit>

x
<latexit sha1_base64="RcfLBai13NDKTALeQoFkbYdKaZA=">AAACInicbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XGDC7CMzd41kQ2lrqx/gR1D5AXbGysQ/8CfcBQoBT3Vyzr05J8cNpdBoWV/G2vrG5tZ2Zsfc3ds/OMzmjuo6iBSHGg9koJou0yCFDzUUKKEZKmCeK6HhDm9Sv3EPSovAv8NRCI7H+r7oCc4wlR5M0+xk81bBmoKuEntO8tdvk+rP4+mk0skZmXY34JEHPnLJtG7ZVohOzBQKLmFstiMNIeND1odWQn3mgXbiadkxPY80w4CGoKiQdCrC34+YeVqPPDe59BgO9LKXiv95rQh7JScWfhgh+DwNQiFhGqS5EskKQLtCASJLmwMVPuVMMURQgjLOEzFKZlkInJVekNLkboB6PNvOXl5qldSLBfuyUKxa+XKJzJAhJ+SMXBCbXJEyuSUVUiOcDMgTeSYvxqvxbnwYn7PTNWP+c0wWYHz/Ag4/po0=</latexit>

k̃(x, t)
<latexit sha1_base64="ETOZIYJEvZrKjRwDp/JvmCeVHYc=">AAACMXicbVDLTgJBEJz1CesL9GLiZSIxwcSQXTzIkejFIybySICQ2aHBCbOPzPSqSEj8Ea96168h8WC8+hPushwE7FOlqjtVXU4ghUbLmhgrq2vrG5uptLm1vbO7l8nu17QfKg5V7ktfNRymQQoPqihQQiNQwFxHQt0ZXMV6/R6UFr53i8MA2i7re6InOMOI6mSyLRSyC3RA849neGqaZieTswrWdOgysGcgVz58+kw/v19WOlkj1er6PHTBQy6Z1k3bCrA9YgoFlzA2W6GGgPEB60Mzgh5zQbdH0+xjehJqhj4NQFEh6ZSEvxcj5mo9dJ1o02V4pxe1mPxPa4bYK7VHwgtCBI/HRtGnMDXSXImoFKBdoQCRxcmBCo9yphgiKEEZ5xEZRi3NGSah56jYueujHifd2YtNLYNasWCfF4o3UYklkkyKHJFjkic2uSBlck0qpEo4eSAv5JW8GR/GxPgyvpPVFWN2c0Dmxvj5BdZDqik=</latexit>

i.e., is a (time-varying) state-feedback.
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Finite-horizon linear-quadratic
optimal control



Finite-horizon linear-quadratic optimal control

The linear-quadratic optimal control problem (LQ problem) is a particular case of the problem defined earlier, in
which:

• the system is linear;

• the cost is quadratic (in both x and u).

Let the system be
ẋ(t) = Ax(t) +Bu(t), t = 0, x(0) = x0

and the cost be

J(x0, u(·), 0) =
∫ T

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ + x⊤(T )Sx(T )

where Q = Q⊤ � 0, S = S⊤ � 0 and R = R⊤ ≻ 0.
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Finite-horizon linear-quadratic optimal control (cont.)

By applying the general method shown before, we have that

min
u

{

l(x, u) +
∂Jo(x, t)

∂x
f(x, u)

}

becomes
min
u

{

x⊤Qx+ u⊤Ru+
∂Jo(x, t)

∂x
(Ax+Bu)

}

︸ ︷︷ ︸

convex function of u

.

The unique absolute minimum can be found by taking the gradient with respect to u and equating to zero. We
get

2u⊤R+
∂Jo(x, t)

∂x
B = 0,

which is equivalent to

Ru = −1

2
B⊤

[
∂Jo(x, t)

∂x

]⊤

.

Finally, recalling that R is positive definite, hence invertible, we get

uo = −1

2
R−1B⊤

[
∂Jo(x, t)

∂x

]⊤

.
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Finite-horizon linear-quadratic optimal control (cont.)

The next step is substituting the minimizer in the HJB equation. We get:

∂Jo(x, t)

∂t
= −x⊤Qx− 1

4

∂Jo(x, t)

∂x
BR−1B⊤

[
∂Jo(x, t)

∂x

]⊤

−

−∂Jo(x, t)

∂x

(

Ax− 1

2
BR−1B⊤

[
∂Jo(x, t)

∂x

]⊤
) (4)

and the boundary condition
Jo(x, T ) = x⊤Sx. (5)

It can be shown (see for instance Anderson and Moore (2007), page 22) that the solution takes the form

Jo(x, t) = x⊤P (t)x

with P (t) symmetric. In other words, the optimal cost-to-go is quadratic in the state. By the boundary condition
(5) we have

x⊤P (T )x = x⊤Sx, ∀x =⇒ P (T ) = S.
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Finite-horizon linear-quadratic optimal control (cont.)

Moreover:
∂Jo(x, t)

∂t
=

∂x⊤P (t)x

∂t
= x⊤Ṗ (t)x

∂Jo(x, t)

∂x
=

∂x⊤P (t)x

∂x
= 2x⊤P (t)

By substituting in (4) we obtain

−x⊤Ṗ (t)x = x⊤Qx− x⊤P (t)BR−1B⊤P (t)x+ 2x⊤P (t)Ax

= x⊤Qx− x⊤P (t)BR−1B⊤P (t)x+ 2x⊤

(
P (t)A+A⊤P (t)

2

)

x

Since the equation above must hold true for all x, we have

Ṗ (t) +Q− P (t)BR−1B⊤P (t) + P (t)A+A⊤P (t) = 0,

which is called the Riccati differential equation.
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Finite-horizon linear-quadratic optimal control (cont.)

If P (t) is a solution of the Riccati differential equation, with boundary condition P (T ) = S, then

Jo(x, t) = x⊤P (t)x t ∈ [0, T ].

Moreover, the optimal control law is

uo(x, t) = −R−1B⊤P (t)x = −K(t)x.

Observe that:

• since R ≻ 0, the control law is well-defined (R−1 does exist);

• since, by definition, Jo(x, t) ≥ 0 it follows that P (t) � 0, ∀t ∈ [0, T ];

• the control law is time-varying, although the system is not;

• K(t) can be pre-computed off-line (by solving the Riccati equation);

• there exists an alternative formulation of the Riccati equation (prove it as exercise):

Ṗ (t) +Q+ P (t) (A−BK(t)) +
(

A⊤ −K⊤(t)B⊤
)

P (t) +K⊤(t)RK(t) = 0.
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Infinite-horizon linear-quadratic optimal control

From a practical point of view, a time-varying control law, defined in [0, T ] is not very useful. Indeed:

• if some disturbances occur such that the state departs form the optimal trajectory, what control should we
apply?

• what control should be applied for t > T ?

By formulating an infinite horizon control problem, we can get a time-invariant control law which is (under
suitable assumptions) stabilizing.
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Infinite-horizon linear-quadratic optimal control (cont.)

Consider the finite-horizon cost:

J(x0, u(·), 0) =
∫ T

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ + x⊤(T )Sx(T ).

For S = 0 and T →∞ we get

J(x0, u(·), 0) =
∫ ∞

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ.

Felice Andrea Pellegrino 322MI –Spring 2023 L7 –p32



Infinite-horizon linear-quadratic optimal control (cont.)

The following theorem is a useful intermediate result.

Theorem
Given the system

ẋ(t) = Ax(t) +Bu(t)

and finite-horizon cost
J(x0, u(·), 0) =

∫ T

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ,

if the pair (A,B) is reachable, then

1. The solution of the Riccati differential equation, with the boundary condition P (T ) = 0, converges, for
T →∞, to a constant matrix P̄ � 0 that satisfies the algebraic Riccati equation:

0 = A⊤P + PA+Q− PBR−1B⊤P ;

2. the optimal control law converges to

u(x(t)) = −R−1B⊤P̄ x(t) = −K̄x(t).
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Infinite-horizon linear-quadratic optimal control (cont.)

Proof.
We begin by considering a family of finite-horizon control problems, depending on the horizon T . The optimal
cost-to-go will therefore depend on the horizon:

Jo(x(t), t, T ) = min
u[t,T ]

∫ T

t

x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ.

The Riccati differential equation will depend on T as well:
{
−Ṗ (t, T ) = A⊤P (t, T ) + P (t, T )A+Q− P (t, T )BR−1B⊤P (t, T )

P (T, T ) = 0

We already know that the optimal cost-to-go is a quadratic function of the current state:

Jo(x(t), t, T ) = x⊤(t)P (t, T )x(t).

Take a generic t and T̄ ∈ [t, T ]. Since (A,B) is reachable, there exists a control

ū(·) : [t, T̄ ] −→ R
m

such that x(T̄ ) = 0.
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Infinite-horizon linear-quadratic optimal control (cont.)

Now, suppose to apply the following control:

u(τ) =






ū(τ) τ ∈ [t, T̄ ]

0 τ > T̄

(6)

As a consequence, the system reaches the origin at time T̄ and remains there. The cost-to-go for this particular
choice of input is

J(x(t), t, T ) =

∫ T̄

t

x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ +

∫ T

T̄

x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ

︸ ︷︷ ︸

=0

.
= J̄

Clearly, since the control law (6) is not optimal, in general, we will have

Jo(x(t), t, T ) ≤ J̄ .

We have thus shown that Jo(x(t), t, T ) is bounded from above.
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Infinite-horizon linear-quadratic optimal control (cont.)

We can also show that Jo(x(t), t, T ) is monotonically non decreasing (as a function of T ). Indeed, suppose that

Jo(x(t), t, T̃ ) < Jo(x(t), t, T ) for T̃ > T (7)

We could then apply, in the interval [t, T ], the optimal control associated to the horizon T̃ . Let J be the
corresponding cost. We then would have:

{
J ≥ Jo(x(t), t, T ) (because the control may not be optimal for the horizon T )

J ≤ Jo(x(t), t, T̃ ) (because the integrand terms are positive)

Thus we get
Jo(x(t), t, T̃ ) ≥ Jo(x(t), t, T )

which contradicts (7).
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Infinite-horizon linear-quadratic optimal control (cont.)

We can conclude that Jo(x(t), t, T ), being bounded from above and monotonically non decreasing, admits a
limit for T →∞. Since Jo(x(t), t, T ) = x⊤(t)P (t, T )x(t), it follows that P (t, T ) admits a limit for T →∞:

lim
T→∞

P (t, T ) = P̄ (t).

The matrix P̄ (t) is symmetric and positive semidefinite, because it is a limit of symmetric and positive
semidefinite matrices (the solutions af Riccati differential equations).

It remains to prove that P̄ (t) does not depend on t and is thus the solution of the algebraic Riccati equation.

Felice Andrea Pellegrino 322MI –Spring 2023 L7 –p32



Infinite-horizon linear-quadratic optimal control (cont.)

Consider two infinite horizon control problems (for the same A, B, Q, R), defined in [t1,∞] and [t2,∞], where
t1 6= t2 . If the initial state x0 is the same, the optimal cost-to-go must necessarily be the same. Indeed, being
the system time-invariant, the actual optimal control problem is exactly the same in the two cases, i.e., minimize
a cost over an infinite horizon, starting from x0 . As a consequence:

x⊤
0 P̄ (t1)x0 = x⊤

0 P̄ (t2)x0 ∀x0, ∀t1, t2,

which implies that
P̄ (t1) = P̄ (t2) = P̄ .

The fact that the control law becomes

u(x(t)) = −R−1B⊤P̄ x(t) = −K̄x(t).

can be easily verified by substitution.
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Infinite-horizon linear-quadratic optimal control (cont.)

Notice that:

• the control law is a linear time-invariant state feedback;

• the closed-loop system is governed by:

ẋ(t) = (A−BK̄)x(t);

• so far, there is no guarantee that the closed-loop system is asymptotically stable.
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Infinite-horizon linear-quadratic optimal control (cont.)

To obtain an asymptotically stabilizing control law, all the components of the state must affect the cost. Here, a
fundamental role is played by the matrix Q.

The matrix Q can be factorized (possibly, in a non-unique way) as:

Q = C⊤
q Cq .

Indeed, any real symmetric matrix is orthogonally similar to a diagonal matrix, thus a possible factorization is:

Q = U⊤ΛU = U⊤
√
Λ
√
ΛU =

(√
ΛU
)⊤√

ΛU
︸ ︷︷ ︸

Cq

.

The cost can thus be rewritten as

J(x0, u(·), 0) =
∫ ∞

0
x⊤(τ)C⊤

q Cqx(τ) + u⊤(τ)Ru(τ)dτ

=

∫ ∞

0
ỹ⊤(τ)ỹ(τ) + u⊤(τ)Ru(τ)dτ,

where we have introduced a pseudo-output ỹ(t) = Cqx(t).
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Infinite-horizon linear-quadratic optimal control (cont.)

It is intuitive that the need of adequately weighting the state can be expressed in terms of the observability of
the pair (A,Cq). To formalize such intuition, we need some intermediate results.

Lemma
Let

Q = C⊤
q1
Cq1 = C⊤

q2
Cq2 .

Then:
(A,Cq1 ) is observable ⇐⇒ (A,Cq2 ) is observable.

Proof.

Recall that the observability is equivalent to the observability Gramian Wo(t̄) being invertible for some t̄ > 0.

Take t̄ > 0 and let W (1)
o (t̄) and W

(2)
o (t̄) be the observability Gramians of the pair (A,Cq1 ) and (A,Cq2 ),

respectively. We have:

W
(1)
o (t̄) =

∫ t̄

0
eA

⊤τC⊤
q1
Cq1e

Aτdτ =

∫ t̄

0
eA

⊤τC⊤
q2
Cq2e

Aτdτ = W
(2)
o (t̄)
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Infinite-horizon linear-quadratic optimal control (cont.)

The previous lemma allows, when the observability is concerned, to consider the generic factorization C⊤
q Cq of

Q.

Lemma

P̄ is positive definite ⇐⇒ (A,Cq) is observable.

Proof.
(⇐)

By construction P̄ is symmetric and positive semidefinite. We show that if x⊤
0 P̄ x0 = 0 for some x0 6= 0, the

pair (A,Cq) is not observable. If x⊤
0 P̄ x0 = 0 holds true, then the optimal cost Jo(x0) from x0 is zero. As a

consequence, the optimal control must be identically zero for the whole optimal transient from x0 . Thus the
optimal transient from x0 is a natural movement:

ẋ(t) = Ax(t) which implies x(t) = eAtx0.
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Infinite-horizon linear-quadratic optimal control (cont.)

The optimal cost can thus be written as

Jo(x0) =

∫ ∞

0
x⊤
0 eA

⊤τC⊤
q Cqe

Aτx0
︸ ︷︷ ︸

∥

∥CqeAτx0

∥

∥

2

dτ = 0.

Since the integrand is positive, it must be zero for any τ ≥ 0. Thus, for any t̄ > 0, we have:
∫ t̄

0
x⊤
0 eA

⊤τC⊤
q Cqe

Aτx0dτ = x⊤
0

∫ t̄

0
eA

⊤τC⊤
q Cqe

Aτdτ

︸ ︷︷ ︸

Wo(t̄)

x0 = 0.

As a consequence, the observability Gramian is not positive definite for all t ≥ 0, which implies that the pair
(A,Cq) is not observable.
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Infinite-horizon linear-quadratic optimal control (cont.)

(⇒)

Let P̄ ≻ 0 and suppose by contradiction that (A,Cq) is not observable. Then, there exists x0 6= 0 such that:

Cqe
Atx0 = 0, ∀t ≥ 0

(indeed, it is sufficient to pick any nonzero vector belonging to the unobservable subspace). Thus, the cost
achieved by applying a null input from x0 is:

J(x0) =

∫ ∞

0
x⊤
0 eA

⊤τC⊤
q Cqe

Aτx0dτ = 0.

Such a cost, being zero, is necessarily optimal. As a consequence we have:

x⊤
0 P̄ x0 = 0, x0 6= 0

which contradicts the condition P̄ ≻ 0.
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Observation

Observe that if Q ≻ 0, then the observability of (A,Cq) is guaranteed.

Indeed, if C⊤
q Cq ≻ 0, the rank of Cq must be n. As a consequence:

rank











Cq

CqA

...
CqAn−1











= n,

thus the pair is observable.
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Fundamental theorem of linear quadratic control

Theorem
Given the system

ẋ(t) = Ax(t) +Bu(t)

and the cost
J(x(0), u(·), 0) =

∫ ∞

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ,

where Q = Q⊤ = C⊤
q Cq � 0 and R = R⊤ ≻ 0.

If the pair (A,B) is reachable and the pair (A,Cq) is observable, then

1. the optimal control law is
u(x) = −R−1B⊤P̄ x = −K̄x,

where P̄ is the unique positive definite solution of the algebraic Riccati equation

0 = A⊤P + PA+Q− PBR−1B⊤P ;

2. the closed-loop system ẋ(t) = (A−BK̄)x(t) is asymptotically stable.
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Fundamental theorem of linear quadratic control (cont.)

Proof.
As for the point 1, it only remains to prove that the Riccati equation admits a unique positive definite solution.
We will prove this statement after proving point 2, i.e., the stability of the closed-loop.

Consider the Lyapunov function V (x) = x⊤P̄ x, which is positive definite thanks to the previous lemma. Then:

V̇ (x) = ẋ⊤P̄ x+ x⊤P̄ ẋ

= x⊤
(

A⊤ − K̄⊤B⊤
)

P̄ x+ x⊤P̄
(
A−BK̄

)
x

= x⊤
(

A⊤P̄ − K̄⊤B⊤P̄ + P̄A− P̄BK̄
)

x

= x⊤




A⊤P̄ − P̄BR−1B⊤P̄ + P̄A
︸ ︷︷ ︸

−Q

−K̄⊤RK̄




x

= −x⊤
(

Q+ K̄⊤RK̄
)

x

Notice that, being R ≻ 0 we have K̄⊤RK̄ � 0. If Q ≻ 0 we have V̇ ≺ 0 and the stability is proven.
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Fundamental theorem of linear quadratic control (cont.)

Otherwise, we have only V̇ � 0 and we need to prove (according to the Krasowskii criterion), that there are no
perturbed initial conditions such that V̇ (x(t)) = 0 ∀t. Notice that V (x) = Jo(x(t)) and suppose that there
exists an initial state x̄0 6= 0 such that, for the corresponding state movement x̄(t), we have

dJo(x̄(t))

dt
= 0, ∀t.

Since Q � 0 and K̄⊤RK̄ � 0, the integrand must be identically zero, i.e.

x̄⊤(t)Qx̄(t) = 0 ∀t and x̄⊤(t)K̄⊤RK̄x̄(t) = 0 ∀t.

From the latter, and from the fact that R ≻ 0, it follows that K̄x̄(t) = 0 ∀t, thus u(x̄(t)) = 0 ∀t. Hence the state
movement x̄(t) can only be a natural movement:

x̄(t) = eAtx̄0.

By substituting in x̄⊤(t)Qx̄(t) = 0, we obtain:
(

eAtx̄0

)⊤
QeAtx̄0 = x̄⊤

0 eA
⊤tC⊤

q Cqe
Atx̄0 = 0, ∀t.
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Fundamental theorem of linear quadratic control (cont.)

The previous equation implies that the observability Gramian Wo(t) of the pair (A,Cq) is not positive definite,
which contradicts the observability of (A,Cq). Thus, the sought state movement does not exist and, by the
Krasowskii criterion, the closed-loop system is asymptotically stable.

To prove that the Riccati equation admits a unique positive definite solution, suppose that two positive definite
solutions P̄1 ≻ 0 and P̄2 ≻ 0 exist. We can write

(
P̄1 − P̄2

)
Acl1 +A⊤

cl2

(
P̄1 − P̄2

)
=
(
P̄1 − P̄2

) (
A−BK̄1

)
+

+
(

A⊤ − K̄⊤
2 B⊤

) (
P̄1 − P̄2

)
=
(
P̄1 − P̄2

) (

A−BR−1B⊤P̄1

)

+

+
(

A⊤ − P̄2BR−1B⊤
) (

P̄1 − P̄2

)
=
(

P̄1A+A⊤P̄1 − P̄1BR−1B⊤P̄1

)

−

−
(

P̄2A+A⊤P̄2 − P̄2BR−1B⊤P̄2

)

= −Q+Q = 0.
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Fundamental theorem of linear quadratic control (cont.)

Thus:
A⊤

cl2

(
P̄1 − P̄2

)
+
(
P̄1 − P̄2

)
Acl1 = 0,

which is of the form:
AX +XB = C,

known as the Sylvester equation. Such an equation admits a unique solution if and only if A and −B have no
common eigenvalues, i.e.:

λi(A) + λj(B) 6= 0 ∀i, j.

Clearly, the condition is true, since all the eigenvalues of both Acl1 and Acl2 have strictly negative real part.
Thus, we have

P̄1 − P̄2 = 0.
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Observations

Notice that:

• the algebraic Riccati equation can be solved by means of suitable numerical algorithms; in Matlab, the
whole linear quadratic regulator problem can be solved by

K = lqr(A, B, Q, R);

• the sublevel sets of x⊤P̄ x are positively invariant under the control law u = −K̄x.
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Examples

Example 1

Consider the scalar system
ẋ(t) = x(t) + u(t), x ∈ R, (A = 1, B = 1)

and the cost
J =

∫ ∞

0
x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)dτ.

The corresponding algebraic Riccati equation is

A⊤P̄ + P̄A+Q− P̄BR−1B⊤P̄ = 0,

where P̄ is a scalar. We get:

P̄ + P̄ +Q− P̄ 2

R
= 0 =⇒ P̄ 2

R
− 2P̄ −Q = 0,

thus, solving for P̄ :

P̄ =
2±

√

4 + 4
Q

R
2

R

= R

(

1±
√

1 +
Q

R

)

.
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Examples (cont.)

Observe that if R > 0 and Q > 0 there exists a unique positive solution (in the scalar case, “positive
(semi)definite” is equivalent to “greater than (or equal to ) zero”).

We now consider three cases:

1. Q = 3, R = 1

In this case we have:
P̄ = 1 +

√
1 + 3 = 3 =⇒ K̄ = R−1B⊤P̄ = 3

thus the closed loop eigenvalue is

Acl = A−BK̄ = 1− 1 · 3 = −2 < 0.

2. Q = 8, R = 1

In this case we have:
P̄ = 1 +

√
1 + 8 = 4 =⇒ K̄ = R−1B⊤P̄ = 4

thus the closed loop eigenvalue is

Acl = A−BK̄ = 1− 4 = −3 < 0.
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Examples (cont.)

3. Q = 15, R = 1

In this case we have:
P̄ = 1 +

√
1 + 15 = 5 =⇒ K̄ = R−1B⊤P̄ = 5

thus the closed loop eigenvalue is

Acl = A−BK̄ = 1− 5 = −4 < 0.

Observe that the time constant decreases as
Q/R increases, thus larger Q/R means
shorter transients.

Re
<latexit sha1_base64="PWbf+vAi37UqbNXuKwjPzfp+qXY="></latexit>

Im
<latexit sha1_base64="S2bo7ZU4wFe5BkJpJJhfjsrjpDw="></latexit>

−2
<latexit sha1_base64="MRGhPAtxRA9glVhZxd1uA3QZ734="></latexit>

−3
<latexit sha1_base64="r8l4XSFYxTQJcADcR7W71bDgwGo="></latexit>

−4
<latexit sha1_base64="niBLCKBuKfnrnsGEdF4iazH8Qhw="></latexit>

Q

R
<latexit sha1_base64="yRulyuFPZiKzoaZEytlEzuBkFX8="></latexit>

Question: for Q = 0 we get P̄ = 2R and K̄ = 2, but clearly, the optimal control is identically zero. Thus the
obtained solution leads to a non-optimal control law. Why?
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Examples (cont.)

Example 2

Consider the system

ẋ(t) =
[

b1 b2

]
[

u1(t)

u2(t)

]

, Q = q > 0, R−1 =

[

ρ1 0

0 ρ2

]

.

The algebraic Riccati equation
A⊤P̄ + P̄A+Q− P̄BR−1B⊤P̄ = 0

becomes

q − P̄
[

b1 b2

]
[

ρ1 0

0 ρ2

][

b1

b2

]

P̄ = 0

or
q − P̄ 2

(
b21ρ1 + b22ρ2

)
= 0,

whose positive solution is
P̄ =

√
q

b21ρ1 + b22ρ2
,
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Examples (cont.)

leading to the gain matrix

K̄ = R−1B⊤P̄ =

[

ρ1 0

0 ρ2

][

b1

b2

]
√

q

b21ρ1 + b22ρ2
=








ρ1b1

√
q

b21ρ1 + b22ρ2

ρ2b2

√
q

b21ρ1 + b22ρ2







.

Notice how the magnitude of the components of the gain matrix depends on ρ1 and ρ2 .
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Examples (cont.)
Example 3

Consider a mass-spring system as in figure.
The equation of motion is

ms̈(t) + ks(t) = u(t). m
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u(t)
<latexit sha1_base64="7JWI9k6THw0+5v5KUm8ONXbRtMo="></latexit>

s(t)
<latexit sha1_base64="1/FB78tUhypA4pwbvvlgqWiZGoM="></latexit>

k
<latexit sha1_base64="xwtPUX4GqgcKNPxiImbM02oqQOk="></latexit>

{
x1(t) = s(t)

x2(t) = ṡ(t)
=⇒







ẋ1(t) = x2(t)

ẋ2(t) = −
k

m
x1(t) +

u(t)

m

Letting, for simplicity, k = 1, ω2 =
1

m
we get

ẋ(t) =

[

0 1

−ω2 0

]

x(t) +

[

0

ω2

]

u(t).

By letting the cost be
J =

∫ ∞

0
x2
1(t) + ru2(t)dt,
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Examples (cont.)

the matrices that define the LQ problem are:

A =

[

0 1

−ω2 0

]

, B =

[

0

ω2

]

, Q =

[

1 0

0 0

]

︸ ︷︷ ︸
[

1

0

]
[

1 0
]

, R = r.

The pair (A,B) is reachable:

rank
[

B AB
]

= rank

[

0 ω2

ω2 0

]

= 2.

The pair (A,Cq) is observable:

rank

[

Cq

CqA

]

= rank

[

1 0

0 1

]

= 2.
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Examples (cont.)

The Riccati equation
A⊤P + PA+Q− PBR−1B⊤P = 0

becomes
[

0 −ω2

1 0

][

p11 p12

p12 p22

]

+

[

p11 p12

p12 p22

][

0 1

−ω2 0

]

+

[

1 0

0 0

]

−

−1

r

[

p11 p12

p12 p22

][

0

ω2

]
[

0 ω2
]
[

p11 p12

p12 p22

]

=

[

0 0

0 0

]

.

Hence, we get
[

−2ω2p12 + 1 p11 − ω2p22

p11 − ω2p22 2p12

]

− ω4

r

[

p212 p12p22

p12p22 p222

]

=

[

0 0

0 0

]

,

corresponding to the three independent equations:
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Examples (cont.)

1− 2ω2p12 −
ω4

r
p212 = 0 (8)

p11 − ω2p22 −
ω4

r
p12p22 = 0 (9)

2p12 −
ω4

r
p222 = 0 (10)

From (8) we get:

p12 =
2ω2 ±

√

4ω4 +
rω4

r

−2ω
4

r

=

−r ± r

√

1 +
1

r

ω2
,

and from (10) we see that p12 ≥ 0, thus we choose the solution

p12 =

−r + r

√

1 +
1

r

ω2
.
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Examples (cont.)

Now, observe that, for P to be positive definite, it is necessarily p22 > 0. Hence, from (10) we obtain

p22 =

√

2p12
r

ω4
= · · · = r

ω3

√
√
√
√2

(√

1 +
1

r
− 1

)

.

Finally, from (9) :

p11 = ω2p22 +
ω4

r
p12p22 = · · · = r

ω

√
√
√
√2

(

1 +
1

r

)(√

1 +
1

r
− 1

)

.

The gain matrix is thus:

K = R−1B⊤P =
1

r

[

0 ω2
]
[

p11 p12

p12 p22

]

=
[

k1 k2

]

where

k1 =

√

1 +
1

r
− 1

k2 =
1

ω

√
√
√
√2

(√

1 +
1

r
− 1

)
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Examples (cont.)

The locus of the eigenvalues of A−BK , as r varies, is reported in figure. Notice that:

• the eigenvalues are always complex conjugate;

• as r →∞, the two eigenvalues converge to the purely imaginary eigenvalues of the open-loop system.

Re
<latexit sha1_base64="r02j/QJC+Hl/GLTJf2qwrI2GOo0=">AAACMHicbVC7TsNAEDzzDOHlQImETkRIVJENBemIRENJEAlISRStLxs4cT5bd2sEslLyF7TwAVRUfAdUiBZ+AjuhIIGtRjO7O6MJYiUted6bMzU9Mzs3X1goLi4tr6y6pbWmjRIjsCEiFZnzACwqqbFBkhSexwYhDBSeBVeHuX52jcbKSJ/SbYydEC607EsBlFFd120T3pCOTAgqPcFBseuWvYo3HP4X+D+gfPDyXP+623w+7pacQrsXiSRETUKBtS3fi6mTgiEpVPaxnViMQVzBBbYyqCFE20mH0Qd8O7FAEY/RcKn4kMTfFymE1t6GQbYZAl3aSS0n/9NaCfWrnVTqOCHUIjciqXBoZIWRWSfIe9IgEeTJkUvNBRggQiM5CJGRSVbSmOEo9BiVO/cisoNiMe/On2zqL2juVvy9ym7dK9eqbDQFtsG22A7z2T6rsSN2zBpMsGt2zx7Yo/PkvDrvzsdodcr5uVlnY+N8fgOGe60D</latexit>

Im
<latexit sha1_base64="mp1b+aaXX+QxdoGQudthg/E2CLA=">AAACMHicbVA9SwNBFNzzM55fiZaCLAbBKtxpYToDNtopGBWSEN5tnrq4u3fsvhPlSOm/sNUfYGXl79BKbPVPeJdYGHWqYeY9ZpgoUdJRELx6Y+MTk1PTpRl/dm5+YbFcWTp2cWoFNkWsYnsagUMlDTZJksLTxCLoSOFJdLlb+CdXaJ2MzRHdJNjRcG7kmRRAudQtl9uE12Riq0Fl+7rvd8vVoBYMwP+S8JtUd56fDj9vV58OuhWv1O7FItVoSChwrhUGCXUysCSFwr7fTh0mIC7hHFs5NaDRdbJB9T5fTx1QzBO0XCo+EPHnRwbauRsd5Zca6ML99grxP6+V0lm9k0mTpIRGFEEkFQ6CnLAy3wR5T1okgqI5cmm4AAtEaCUHIXIxzUcaCRyWHpGK5F5Mru/7xXbh76X+kuPNWrhV2zwMqo06G6LEVtga22Ah22YNtscOWJMJdsXu2D178B69F+/Nex+ejnnfP8tsBN7HF4S1rQI=</latexit>

r
<latexit sha1_base64="QooCDIO04ZEC0B043KOwGkQOTxU="></latexit>
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Choice of the design parameters

Normalization

Often the matrices Q and R are taken to be diagonal, i.e.

Q =











q1 0 · · ·
0 q2
...

. . .

qn











, qi ≥ 0 and R =











r1 0 · · ·
0 r2
...

. . .

rm











, ri > 0

thus the cost is:

J =

∫ ∞

0

[
q1x

2
1(τ) + q2x

2
2(τ) + · · ·+ qnx

2
n(τ) + r1u

2
1(τ) + · · ·+ rmu2

m(τ)
]
dτ.

However, it is often the case that the individual components of the state and the input take on values in
different intervals, possibly differing of several orders of magnitude. As a consequence, is important to
normalize the contributions of the individual components.
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Choice of the design parameters (cont.)

Assume that
|xi| ≤ xi,max i = 1, . . . , n

|ui| ≤ ui,max i = 1, . . . ,m

Letting

qi =
q̃i

x2
i,max

and ri =
r̃i

u2
i,max

the cost becomes

J =

∫ ∞

0
q̃1

x2
1(τ)

x2
1,max
︸ ︷︷ ︸

0÷1

+ · · ·+ r̃1
u2
1(τ)

u2
1,max
︸ ︷︷ ︸

0÷1

+ . . . dτ

thus q̃i and r̃i do weight contributions in the range [0, 1].
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Choice of the design parameters (cont.)

As a matter of fact, the LQ control is frequently employed in an iterative fashion (thus refining the design
parameters Q and R until a satisfactory control system is obtained). In that case, the Bryson’s rule provides a
choice for the first iteration. It consist of choosing q̃i = 1 and r̃i = 1, thus obtaining

Q =















1

x2
1,max

1

x2
2,max

. . .
1

x2
n,max















, R =















1

u2
1,max

1

u2
2,max

. . .
1

u2
m,max















.
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Choice of the design parameters (cont.)

Output weighting

Let the system have an output transform:
{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
y ∈ R

p

and suppose we want the output y to appear in the cost. We can simply choose:

Q = C⊤Q̄C, Q̄ � 0, Q̄ ∈ R
p×p.

It it easy to check that the cost becomes

J =

∫ ∞

0
y⊤(τ)Q̄y(τ) + u⊤(τ)Ru(τ)dτ.

Notice that:

• such a choice guarantees that Q � 0;
• the pair A,Cq where C⊤

q Cq = Q = C⊤Q̄C must be observable;
• the state must be accessible for performing the feedback.
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Linear quadratic control with prescribed degree of stability

It is possible to formulate a variant of the linear quadratic control problem such that the eigenvalues of
A−BK̄ lie to the left of a given −α, for a given α > 0.

Re
<latexit sha1_base64="r02j/QJC+Hl/GLTJf2qwrI2GOo0=">AAACMHicbVC7TsNAEDzzDOHlQImETkRIVJENBemIRENJEAlISRStLxs4cT5bd2sEslLyF7TwAVRUfAdUiBZ+AjuhIIGtRjO7O6MJYiUted6bMzU9Mzs3X1goLi4tr6y6pbWmjRIjsCEiFZnzACwqqbFBkhSexwYhDBSeBVeHuX52jcbKSJ/SbYydEC607EsBlFFd120T3pCOTAgqPcFBseuWvYo3HP4X+D+gfPDyXP+623w+7pacQrsXiSRETUKBtS3fi6mTgiEpVPaxnViMQVzBBbYyqCFE20mH0Qd8O7FAEY/RcKn4kMTfFymE1t6GQbYZAl3aSS0n/9NaCfWrnVTqOCHUIjciqXBoZIWRWSfIe9IgEeTJkUvNBRggQiM5CJGRSVbSmOEo9BiVO/cisoNiMe/On2zqL2juVvy9ym7dK9eqbDQFtsG22A7z2T6rsSN2zBpMsGt2zx7Yo/PkvDrvzsdodcr5uVlnY+N8fgOGe60D</latexit>

Im
<latexit sha1_base64="mp1b+aaXX+QxdoGQudthg/E2CLA=">AAACMHicbVA9SwNBFNzzM55fiZaCLAbBKtxpYToDNtopGBWSEN5tnrq4u3fsvhPlSOm/sNUfYGXl79BKbPVPeJdYGHWqYeY9ZpgoUdJRELx6Y+MTk1PTpRl/dm5+YbFcWTp2cWoFNkWsYnsagUMlDTZJksLTxCLoSOFJdLlb+CdXaJ2MzRHdJNjRcG7kmRRAudQtl9uE12Riq0Fl+7rvd8vVoBYMwP+S8JtUd56fDj9vV58OuhWv1O7FItVoSChwrhUGCXUysCSFwr7fTh0mIC7hHFs5NaDRdbJB9T5fTx1QzBO0XCo+EPHnRwbauRsd5Zca6ML99grxP6+V0lm9k0mTpIRGFEEkFQ6CnLAy3wR5T1okgqI5cmm4AAtEaCUHIXIxzUcaCRyWHpGK5F5Mru/7xXbh76X+kuPNWrhV2zwMqo06G6LEVtga22Ah22YNtscOWJMJdsXu2D178B69F+/Nex+ejnnfP8tsBN7HF4S1rQI=</latexit>

−α
<latexit sha1_base64="XwY9golgxqnr60TwoYuMWPs45DE="></latexit>

ẋ = Ax+Bu

Q = C⊤
q Cq � 0

R ≻ 0

(A,B) reachable
(A,Cq) observable
α > 0 assigned

Although the stability is a Boolean property (a system is either stable or unstable), historically the wording
“degree of stability” is employed (Anderson and Moore (1969)).
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Linear quadratic control with prescribed degree of stability (cont.)

Lemma
If the matrix M ∈ R

n×n has eigenvalues λi , i = 1, . . . , n then the matrix M + αI has eigenvalues λi + α,
i = 1, . . . , n.

Proof.
Let λi and vi be an eigenvalue and the associated eigenvector of M , respectively. Then:

Mvi = λivi.

On the other hand:
(M + αI) vi = Mvi + αIvi = λivi + αvi = (λi + α) vi,

meaning that λi + α is an eigenvalue of M + αI .
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Linear quadratic control with prescribed degree of stability (cont.)

Consider the auxiliary cost:

J(x0, u(·), 0) =
∫ ∞

0
e2ατ

[

x⊤(τ)Qx(τ) + u⊤(τ)Ru(τ)
]

dτ

and define:
x̃(t) = eαtx(t) auxiliary state
ũ(t) = eαtu(t) auxiliary input

We have

˙̃x(t) = αeαtx(t) + eαtẋ(t) = eαt[

.
=Ã

︷ ︸︸ ︷

(A+ αI)x(t) +Bu(t)] =

= Ãx̃(t) +Bũ(t)

It follows that the cost can be written as

J(x0, u(·), 0) =
∫ ∞

0
x̃⊤(τ)Qx̃(τ) + ũ⊤(τ)Rũ(τ)dτ (11)
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Linear quadratic control with prescribed degree of stability (cont.)

We now consider an LQ problem for the auxiliary system

˙̃x(t) = Ãx̃(t) +Bũ(t)

and the cost (11). Observe that

(A,B) reachable =⇒ (Ã, B) reachable

as it follows immediately by the PBH test, since
[

A+ αI − λI B
]

=
[

A− (λ− α)I B
]

.

Analogously, it can be shown that

(A,Cq) observable =⇒ (Ã, Cq) observable

Thus, the auxiliary problem satisfies the hypotheses of the fundamental theorem of the LQ control.
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Linear quadratic control with prescribed degree of stability (cont.)

Its solution is
ũo(t) = −R−1B⊤P̄αx̃(t) = −K̄αx̃(t),

where P̄α is the positive definite solution of the algebraic Riccati equation:

Ã⊤P̄α + P̄αÃ+Q− P̄αBR−1B⊤P̄α = 0.

Moreover, the eigenvalues of
(

Ã−BK̄α

)

have strictly negative real part (we denote by λi(M) the ith
eigenvalue of M ):

Re
(

λi

(

Ã−BK̄α

))

< 0 ∀i,

which implies, for the previous lemma:

Re
(
λi

(
A−BK̄α

))
< −α ∀i.
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Linear quadratic control with prescribed degree of stability (cont.)

In practice, the procedure is the following.

Given A,B,Q = C⊤
q Cq � 0, R ≻ 0, with (A,B) reachable and (A,Cq) observable, perform the steps:

1. choose α > 0;

2. compute Ã = A+ αI ;

3. solve the Riccati equation
Ã⊤P̄α + P̄αÃ+Q− P̄αBR−1B⊤P̄α = 0;

4. implement the control law
u(t) = −R−1B⊤P̄αx(t) = −K̄αx(t).
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Linear quadratic control with prescribed degree of stability (cont.)

Example

ẋ(t) = x(t) + u(t), x ∈ R

The Riccati equation for Ã = A+ α = 1 + α is

(1 + α)P̄α + P̄α(1 + α) +Q− P̄αR
−1P̄α = 0,

whose positive solution is

P̄α = R

[

(1 + α) +

√

(1 + α)2 +
Q

R

]

.

Thus we have

K̄α = R−1B⊤P̄α = (1 + α) +

√

(1 + α)2 +
Q

R

and, finally

A−BK̄α = 1− (1 + α)−
√

(1 + α)2 +
Q

R
= −α−

√

(1 + α)2 +
Q

R
< −α.
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Frequency domain properties of the linear quadratic regulator

Consider the following schemes, where K has been obtained by solving an LQR problem.

u
<latexit sha1_base64="xLPZQp69O3cZiYTXBAq1YXhxJuU=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpHvXyRatkZaDrxF6Q4u3HtP7zfD6t9QpGrtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhl5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62TZrlkX5fKdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wVkOKZO</latexit>

Z
<latexit sha1_base64="AgKqAqf4YTIQZnEeJ7MlEHNfklU=">AAACInicbVDNTsJAGNziH1ZU0KOXjcTEE2nRRI4kXjxiIj8JNGS7fMCG7bbZ/WpCGl7BeNMH8GX0ZjyZ+DC2wEHAOU1mvi8zGT+SwqDjfFu5re2d3b38vn1QODw6LpZOWiaMNYcmD2WoOz4zIIWCJgqU0Ik0sMCX0PYnt5nffgRtRKgecBqBF7CREkPBGWZSTyjsF8tOxZmDbhJ3Scr163fdKTjPjX7JyvcGIY8DUMglM6brOhF6CdMouISZ3YsNRIxP2Ai6KVUsAOMl87IzehEbhiGNQFMh6VyEvx8JC4yZBn56GTAcm3UvE//zujEOa14iVBQjKJ4FoZAwDzJci3QFoAOhAZFlzYEKRTnTDBG0oIzzVIzTWVYCF6VXpCx5EKKZ2badbueuL7VJWtWKe1Wp3qcj1sgCeXJGzsklcckNqZM70iBNwsmYPJEX8mq9WR/Wp/W1OM1Zy59TsgLr5xebSKYl</latexit>

A
<latexit sha1_base64="9n1S+6M1Uhw0jwcBFfpfmHfw4y4=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmQXC+nE2FhCIo8ENmR2uOCE2Udm7pqQDaWVrX6Af0Fla2ds+QZ/wl2gEPBUJ+fcm3Ny3FAKjZY1NTIbm1vbO9ldc2//4PAolz9u6CBSHOo8kIFquUyDFD7UUaCEVqiAea6Epju8S/3mEygtAv8BRyE4Hhv4oi84w0Sq3XZzBatozUDXib0ghZuPSe3n+WxS7eaNbKcX8MgDH7lkWrdtK0QnZgoFlzA2O5GGkPEhG0A7oT7zQDvxrOmYXkSaYUBDUFRIOhPh70fMPK1Hnptcegwf9aqXiv957Qj7ZScWfhgh+DwNQiFhFqS5EskEQHtCASJLmwMVPuVMMURQgjLOEzFKNlkKnJdektLkXoB6bJpmsp29utQ6aZSK9lWxVLMKlTKZI0tOyTm5JDa5JhVyT6qkTjgB8kJeyZvxbnwaX8b3/DRjLH5OyBKM6S8KPKYa</latexit>

B
<latexit sha1_base64="vUTIT0lTAGGdgs+8Q5NgLn3YUAI=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmQXC+kk2lhCIo8ENmR2uOCE2Udm7pqQDaWVrX6Af0Fla2ds+QZ/wl2gEPBUJ+fcm3Ny3FAKjZY1NTIbm1vbO9ldc2//4PAolz9u6CBSHOo8kIFquUyDFD7UUaCEVqiAea6Epju8S/3mEygtAv8BRyE4Hhv4oi84w0Sq3XZzBatozUDXib0ghZuPSe3n+WxS7eaNbKcX8MgDH7lkWrdtK0QnZgoFlzA2O5GGkPEhG0A7oT7zQDvxrOmYXkSaYUBDUFRIOhPh70fMPK1Hnptcegwf9aqXiv957Qj7ZScWfhgh+DwNQiFhFqS5EskEQHtCASJLmwMVPuVMMURQgjLOEzFKNlkKnJdektLkXoB6bJpmsp29utQ6aZSK9lWxVLMKlTKZI0tOyTm5JDa5JhVyT6qkTjgB8kJeyZvxbnwaX8b3/DRjLH5OyBKM6S8L96Yb</latexit>

K
<latexit sha1_base64="09BEOUQNeHHjzN2YlVKLhkLEuC4=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmQXC+kksTGxgUQeCWzI7HDBCbOPzNw1IRtKK1v9AP+CytbO2PIN/oS7QCHgqU7OuTfn5LihFBota2pkNja3tneyu+be/sHhUS5/3NBBpDjUeSAD1XKZBil8qKNACa1QAfNcCU13eJv6zSdQWgT+A45CcDw28EVfcIaJVLvv5gpW0ZqBrhN7QQo3H5Paz/PZpNrNG9lOL+CRBz5yybRu21aITswUCi5hbHYiDSHjQzaAdkJ95oF24lnTMb2INMOAhqCokHQmwt+PmHlajzw3ufQYPupVLxX/89oR9stOLPwwQvB5GoRCwixIcyWSCYD2hAJEljYHKnzKmWKIoARlnCdilGyyFDgvvSSlyb0A9dg0zWQ7e3WpddIoFe2rYqlmFSplMkeWnJJzcklsck0q5I5USZ1wAuSFvJI34934NL6M7/lpxlj8nJAlGNNfG4qmJA==</latexit>

−
<latexit sha1_base64="9mx4W+cshG6gyX0GsK9MVjrKVXY="></latexit>

G(s)
<latexit sha1_base64="BEbklGAcWmYDumm3b9c7WeNpPmU="></latexit>

x
<latexit sha1_base64="YpuSuSyANgnaQq6rvnfRux7+iPI="></latexit>

u
<latexit sha1_base64="xLPZQp69O3cZiYTXBAq1YXhxJuU=">AAACH3icbVC7TgJBFJ31iesLtDQxE4mJFdnFQjpJbCwhkUcCGzI7XHDC7CMzd03IhtLKVj/Av6CytTO2fIM/4e5CIeCpTs65N+fkuKEUGi1rZmxsbm3v7Ob2zP2Dw6PjfOGkqYNIcWjwQAaq7TINUvjQQIES2qEC5rkSWu7oLvVbT6C0CPwHHIfgeGzoi4HgDBOpHvXyRatkZaDrxF6Q4u3HtP7zfD6t9QpGrtsPeOSBj1wyrTu2FaITM4WCS5iY3UhDyPiIDaGTUJ95oJ04azqhl5FmGNAQFBWSZiL8/YiZp/XYc5NLj+GjXvVS8T+vE+Gg4sTCDyMEn6dBKCRkQZorkUwAtC8UILK0OVDhU84UQwQlKOM8EaNkk6XAeeklKU3uB6gnpmkm29mrS62TZrlkX5fKdatYrZA5cuSMXJArYpMbUiX3pEYahBMgL+SVvBnvxqfxZXzPTzeMxc8pWYIx+wVkOKZO</latexit>

K
<latexit sha1_base64="09BEOUQNeHHjzN2YlVKLhkLEuC4=">AAACH3icbVC7TgJBFJ3FF64v0NLETCQmVmQXC+kksTGxgUQeCWzI7HDBCbOPzNw1IRtKK1v9AP+CytbO2PIN/oS7QCHgqU7OuTfn5LihFBota2pkNja3tneyu+be/sHhUS5/3NBBpDjUeSAD1XKZBil8qKNACa1QAfNcCU13eJv6zSdQWgT+A45CcDw28EVfcIaJVLvv5gpW0ZqBrhN7QQo3H5Paz/PZpNrNG9lOL+CRBz5yybRu21aITswUCi5hbHYiDSHjQzaAdkJ95oF24lnTMb2INMOAhqCokHQmwt+PmHlajzw3ufQYPupVLxX/89oR9stOLPwwQvB5GoRCwixIcyWSCYD2hAJEljYHKnzKmWKIoARlnCdilGyyFDgvvSSlyb0A9dg0zWQ7e3WpddIoFe2rYqlmFSplMkeWnJJzcklsck0q5I5USZ1wAuSFvJI34934NL6M7/lpxlj8nJAlGNNfG4qmJA==</latexit>

−
<latexit sha1_base64="9mx4W+cshG6gyX0GsK9MVjrKVXY="></latexit>

G(s)
<latexit sha1_base64="BEbklGAcWmYDumm3b9c7WeNpPmU="></latexit>

x
<latexit sha1_base64="YpuSuSyANgnaQq6rvnfRux7+iPI="></latexit>

v
<latexit sha1_base64="frTEFd8CtemCUKuacmiadzZYwjg="></latexit>

X(s) = (sI −A)−1 B
︸ ︷︷ ︸

.
=G(s)

U(s)

i.e., G(s) is the transfer matrix from the input u to the
state x.

Thus
L(s) = K (sI −A)−1 B = KG(s)

is the open-loop transfer matrix (obtained by opening
the loop and computing the transfer matrix from u to v).
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Frequency domain properties of the linear quadratic regulator (cont.)

The transfer function
J(s) = I + L(s)

is called the return difference. Consider now the algebraic Riccati equation:

Q = −A⊤P − PA+K⊤RK.

By adding and subtracting sP to the right member we get:

Q = sP − sP −A⊤P − PA+K⊤RK

= P (sI −A) + (−sI −A⊤)P +K⊤RK.

Multiplying each member by G⊤(−s) = B⊤(−sI −A⊤)−1 (to the left) and by G(s) = (sI −A)−1B (to the
right) we obtain

G⊤(−s)QG(s) = G⊤(−s)

K⊤R
︷ ︸︸ ︷

P (sI −A)(sI −A)−1B+

+B⊤(−sI −A⊤)−1(−sI −A⊤)P
︸ ︷︷ ︸

RK

(sI −A)−1B+

+G⊤(−s)K⊤RKG(s).
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Frequency domain properties of the linear quadratic regulator (cont.)

Hence we have
G⊤(−s)QG(s) = L⊤(−s)R+RL(s) + L⊤(−s)RL(s),

and, by adding R to both members

R+G⊤(−s)QG(s) = R(I + L(s)) + L⊤(−s)R(I + L(s))

= (I + L⊤(−s))
︸ ︷︷ ︸

J⊤(−s)

R (I + L(s))
︸ ︷︷ ︸

J(s)

and, finally we obtain the so-called Kalman’s equality:

J⊤(−s)RJ(s) = R+G⊤(−s)QG(s).

The Kalman’s equality allows to establish the stability margins guaranteed by the LQR.
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Frequency domain properties of the linear quadratic regulator (cont.)

We consider, in the following, the single-input case (m = 1), thus the Kalman’s equality is scalar. By letting
s = jω we obtain

J⊤(−jω)RJ(jω) = R+G⊤(−jω)Q(jω)

and, since J(s) and G(s) are rational:

J∗(jω)RJ(jω) = R+G∗(jω)QG(jω), (12)

where we denote by M∗ the conjugate transpose of M . Recalling that Q = C⊤
p Cp , we have

G∗(jω)QG(jω) = ‖CpG(jω)‖2 ≥ 0.

On the other hand, J∗(jω)RJ(jω) = R ‖J(jω)‖2 . Thus, since R > 0, we get, from (12):

R ‖J(jω)‖2 ≥ R.

Then, we obtain
‖1 + L(jω)‖2 ≥ 1

and, finally:
|1 + L(jω)| ≥ 1, ∀ω ∈ R.
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Frequency domain properties of the linear quadratic regulator (cont.)

The condition |1 + L(jω)| ≥ 1 implies that the Nyquist plot of L(s) does not enter the disk of radius 1 centered
in −1.

As a consequence, the LQR guarantees:
• a vector margin of stability of at least 1;
• a positive gain margin of +∞;
• a negative gain margin of at least
20 log10(0.5) ≈ −6 dB;

• a phase margin of at least ±60◦ . Re
<latexit sha1_base64="r02j/QJC+Hl/GLTJf2qwrI2GOo0=">AAACMHicbVC7TsNAEDzzDOHlQImETkRIVJENBemIRENJEAlISRStLxs4cT5bd2sEslLyF7TwAVRUfAdUiBZ+AjuhIIGtRjO7O6MJYiUted6bMzU9Mzs3X1goLi4tr6y6pbWmjRIjsCEiFZnzACwqqbFBkhSexwYhDBSeBVeHuX52jcbKSJ/SbYydEC607EsBlFFd120T3pCOTAgqPcFBseuWvYo3HP4X+D+gfPDyXP+623w+7pacQrsXiSRETUKBtS3fi6mTgiEpVPaxnViMQVzBBbYyqCFE20mH0Qd8O7FAEY/RcKn4kMTfFymE1t6GQbYZAl3aSS0n/9NaCfWrnVTqOCHUIjciqXBoZIWRWSfIe9IgEeTJkUvNBRggQiM5CJGRSVbSmOEo9BiVO/cisoNiMe/On2zqL2juVvy9ym7dK9eqbDQFtsG22A7z2T6rsSN2zBpMsGt2zx7Yo/PkvDrvzsdodcr5uVlnY+N8fgOGe60D</latexit>

Im
<latexit sha1_base64="mp1b+aaXX+QxdoGQudthg/E2CLA=">AAACMHicbVA9SwNBFNzzM55fiZaCLAbBKtxpYToDNtopGBWSEN5tnrq4u3fsvhPlSOm/sNUfYGXl79BKbPVPeJdYGHWqYeY9ZpgoUdJRELx6Y+MTk1PTpRl/dm5+YbFcWTp2cWoFNkWsYnsagUMlDTZJksLTxCLoSOFJdLlb+CdXaJ2MzRHdJNjRcG7kmRRAudQtl9uE12Riq0Fl+7rvd8vVoBYMwP+S8JtUd56fDj9vV58OuhWv1O7FItVoSChwrhUGCXUysCSFwr7fTh0mIC7hHFs5NaDRdbJB9T5fTx1QzBO0XCo+EPHnRwbauRsd5Zca6ML99grxP6+V0lm9k0mTpIRGFEEkFQ6CnLAy3wR5T1okgqI5cmm4AAtEaCUHIXIxzUcaCRyWHpGK5F5Mru/7xXbh76X+kuPNWrhV2zwMqo06G6LEVtga22Ah22YNtscOWJMJdsXu2D178B69F+/Nex+ejnnfP8tsBN7HF4S1rQI=</latexit>

−1
<latexit sha1_base64="FO75DuHOIPTO2JZ3vXZPtk6SpMU="></latexit>

−2
<latexit sha1_base64="m7YfbS7zDlE39HN6LKy2M7wJKDA="></latexit>

60
�

<latexit sha1_base64="MnwUYsc/3Iq3eMyS2Ent8v4w+Es="></latexit>

L(jω)
<latexit sha1_base64="l44ywgq4o2mH8twtVlwHGAsCku4="></latexit>

In the multi-input case (m > 1), it can be shown that the given margins are guaranteed for each input channel
separately.
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Frequency domain properties of the linear quadratic regulator (cont.)

We conclude by showing (for the single-input case) that the magnitude of the Bode plot of the complementary

sensitivity function T (s) =
L(s)

1 + L(s)
cannot fall faster than 20dB/decade. Indeed, by the matrix inversion

lemma1 we can write:

T (jω) = 1− 1

1 + L(jω)

= 1−
(
1 +K(jωI −A)−1B

)−1

= K (jωI −A+BK)−1 B

Thus, we have
lim

ω→∞

T (jω)
1

jω

= lim
ω→∞

jωT (jω) = KB = −RB⊤PB,

meaning that |T (jω)| decreases as fast as
∣
∣
∣
∣

1

jω

∣
∣
∣
∣ i.e., at a rate of 20dB/decade.

The (slow) −20dB/decade magnitude decrease is the main drawback of the state feedback LQR controllers.
Indeed, it may not be sufficient to reject high-frequency disturbances and/or to guarantee robustness against
unmodeled dynamics.

1also known as Woodbury identity: (A + BCD)−1 = A−1 − A−1B
(

C−1 + DA−1B
)

−1

DA−1 .
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Linear quadratic control for discrete-time systems

Finite horizon

Consider the system
x(k + 1) = Ax(k) +Bu(k)

and the cost

J(x(0), u(·), 0) =
N−1∑

0

(

x⊤(k)Qx(k) + u⊤(k)Ru(k)
)

+ x⊤(N)Sx(N)

where Q � 0, R ≻ 0, S � 0 and N is an assigned horizon.

It can be shown that:

1. the optimal cost-to-go is
Jo(x, k) = x⊤P (k)x,

where P (k) is the solution of the Riccati difference equation:






P (k) = Q+A⊤P (k + 1)A−A⊤P (k + 1)B
(

R+B⊤P (k + 1)B
)−1

B⊤P (k + 1)A

P (N) = S
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Linear quadratic control for discrete-time systems (cont.)

2. the optimal control law is:
uo(k) = −K(k)x(k)

where
K(k) =

(

R+B⊤P (k + 1)B
)−1

B⊤P (k + 1)A.

Observe that the Riccati equation can be easily solved backwards from time N .

Infinite horizon

As for the infinite horizon case, the results are analogous to the continuous-time case, as summarized by the
following theorem.
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Linear quadratic control for discrete-time systems (cont.)

Theorem
Given the system

x(k + 1) = Ax(k) +Bu(k)

and the cost

J =
∞∑

0

(

x⊤(k)Qx(k) + u⊤(k)Ru(k)
)

, Q = C⊤
q Cq � 0, R = R⊤ ≻ 0,

if the pair (A,B) is reachable and the pair (A,Cq) is observable, then

1. the optimal control law is
u(x) =

(

R+B⊤P̄B
)−1

B⊤P̄A = −K̄x,

where P̄ is the unique positive definite solution of the algebraic Riccati equation

P̄ = Q+A⊤P̄A−A⊤P̄B
(

R+B⊤P̄B
)−1

B⊤P̄A;

2. the closed-loop system x(k + 1) = (A−BK̄)x(k) is asymptotically stable;
3. the optimal cost is Jo(x) = x⊤P̄ x.
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Optimal set-point control



Optimal set-point control via state feedback

Consider the system (strictly proper, for simplicity):
{

ẋ(t) = Ax(t) +Bu(t)

z(t) = Gx(t)

So far, we have considered regulation problems, i.e., the goal was to regulate the state (or a controlled output)
to zero.

Now we consider a different problem: we want the controlled output z to converge optimally to a given nonzero
constant set-point r, corresponding to an equilibrium pair (xeq, ueq), for which z = r.

Let the cost be
J =

∫ ∞

0
z̃⊤(t)Q̄z̃(t) + ũ⊤(t)Rũ(t)dt (13)

where z̃
.
= z − r and ũ = u− ueq .

The equilibrium pair (xeq, ueq) must satisfy the equation
{

Axeq +Bueq = 0

Gxeq = r
⇐⇒

[

A B

G 0

]

︸ ︷︷ ︸
.
=M

[

xeq

ueq

]

=

[

0

r

]

(14)
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Optimal set-point control via state feedback (cont.)

Regarding the existence of solutions, we distinguish three cases:

1. when the number of inputs m is strictly smaller than the number p of controlled outputs, the system is
said to be underactuated, and the previous equation may not have a solution (there are more equations
than unknowns);

2. when the number of inputs is equal to the number of outputs, equation (14) admits a solution for any
r 6= 0 only if M is nonsingular; in that case the solution is:

[

xeq

ueq

]

= M−1

[

0

r

]

;

3. when the number of inputs is strictly larger than the number of outputs we have an overactuated system
and equation (14) admits generally multiple solutions. In that case, if M is full-row rank, a solution can be
found via the pseudoinverse:

[

xeq

ueq

]

= M⊤
(

MM⊤
)−1

[

0

r

]

.
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Optimal set-point control via state feedback (cont.)

To reduce the optimal set-point problem to a regulation problem, we consider an auxiliary system with state:

x̃
.
= x− xeq

whose dynamics are






˙̃x = Ax+Bu = A(x− xeq) +B(u− ueq) + (Axeq +Bueq)
︸ ︷︷ ︸

=0

z̃ = Gx− r = G(x− xeq) +

=0
︷ ︸︸ ︷

(Gxeq − r)

Thus we obtain {
˙̃x = Ax̃+Bũ

z̃ = Gx̃

which, along with the cost (13), defines an optimal regulation problem. Let K be the corresponding optimal
gain. We have:

ũ(t) = −Kx̃(t).
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Optimal set-point control via state feedback (cont.)
Back to the original input and state variables u and x, we have

u(t) = −K(x(t)− xeq) + ueq.

Observing that the solution of (14) can be written in the form

xeq = Fxr, ueq = Fur,

for suitably defined matrices Fx and Fu , we conclude that the control architecture can be represented as in
figure.

ẋ = Ax+Bu
<latexit sha1_base64="VD3rYpZbxP2bFiUc0JQ7cT8PL2I="></latexit>

Fu
<latexit sha1_base64="RbaIZ9U2BkLbB4azTALspqGRZ4k="></latexit>

Fx
<latexit sha1_base64="9+DrCMi2O9y41DnmVEnOh5atPmA="></latexit>

K
<latexit sha1_base64="ToGXmC0CJTQJgmiCKw59uOSe6Mw="></latexit>

xeq
<latexit sha1_base64="tOKPgGrLqtTgN5g/f5APmHa314E="></latexit>

ueq
<latexit sha1_base64="VZMSOXci72QbgkmWnS0swS2tsxg="></latexit>

u
<latexit sha1_base64="Dx1qH4EgaMKwIetZfo8fsfstQUQ="></latexit>

z
<latexit sha1_base64="wl+E5WKA5eaHudmQukkZtrYdgdg="></latexit>

x
<latexit sha1_base64="sEZQ8OWkYmwPrlERCTHFPaOw5aM="></latexit>

−
<latexit sha1_base64="ZD7Fi14BGT05bGLnHYFBMYEaRcs="></latexit>

r
<latexit sha1_base64="zUhG0y0DvL/6RHjL7kphoW4f5Rw="></latexit>

It can be shown that, for a single controlled output, if A has an eigenvalue at the origin, and the mode is
observable through z, then ueq = 0, thus Fu = 0 and the feed-forward term Fur is absent.
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Optimal set-point control via output feedback

When the state is not accessible, we can employ the control law:

u(t) = −K(x̂(t)− xeq) + ueq.

where x̂ is the state estimate produced by an observer:

˙̂x = (A− LC)x̂+Bu+ Ly = (A− LC −BK)x̂+BKxeq +Bueq + Ly.

˙̄x = −(A− LC −BK)x̂+ (A−BK)xeq − Ly = (A− LC −BK)x̄− L(y − Cxeq)

˙̄x = (A− LC −BK)x̄− L(y − Cxeq) (15)
u = Kx̄+ ueq (16)
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Optimal set-point control via output feedback (cont.)

The closed-loop system is governed by

[

ẋ

˙̄x

]

=

[

A BK

−LC A− LC −BK

][

x

x̄

]

+

[

Fu

LCFx

]

r (17)

corresponding to the following control scheme:

Fu
<latexit sha1_base64="RbaIZ9U2BkLbB4azTALspqGRZ4k="></latexit> ueq

<latexit sha1_base64="VZMSOXci72QbgkmWnS0swS2tsxg="></latexit>

u
<latexit sha1_base64="Dx1qH4EgaMKwIetZfo8fsfstQUQ="></latexit>

z
<latexit sha1_base64="wl+E5WKA5eaHudmQukkZtrYdgdg="></latexit>

−
<latexit sha1_base64="ZD7Fi14BGT05bGLnHYFBMYEaRcs="></latexit>r

<latexit sha1_base64="zUhG0y0DvL/6RHjL7kphoW4f5Rw="></latexit>

y
<latexit sha1_base64="NWFCuJSh5Nj9nWdEp5MvrzWb93g="></latexit>

x = Ax+Bu

y = Cx
<latexit sha1_base64="heInj2c/Qv/1hLnImFBGstbjk2o="></latexit>

˙̄x = (A− LC −BK)x̄+ Lv

u = Kx̄
<latexit sha1_base64="o3IAARVs5NEP0QU+JiEy7P+Ai0I="></latexit>

CFx
<latexit sha1_base64="Rtzmlq/xfdA27KuMG/Sv62fL95s="></latexit>

Cxeq
<latexit sha1_base64="4vBd+CTPXgyz2Wy0CFLVUlTwLkc="></latexit>
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Optimal set-point control via output feedback (cont.)

If z = y (i.e., the controlled output and the measured output coincide) we have G = C , thus Cxeq = r. As a
consequence, the scheme becomes:

Fu
<latexit sha1_base64="RbaIZ9U2BkLbB4azTALspqGRZ4k="></latexit> ueq

<latexit sha1_base64="VZMSOXci72QbgkmWnS0swS2tsxg="></latexit>

u
<latexit sha1_base64="Dx1qH4EgaMKwIetZfo8fsfstQUQ="></latexit> z

<latexit sha1_base64="wl+E5WKA5eaHudmQukkZtrYdgdg="></latexit>−
<latexit sha1_base64="ZD7Fi14BGT05bGLnHYFBMYEaRcs="></latexit>r

<latexit sha1_base64="zUhG0y0DvL/6RHjL7kphoW4f5Rw="></latexit>

˙̄x = (A− LC −BK)x̄+ Lv

u = Kx̄
<latexit sha1_base64="o3IAARVs5NEP0QU+JiEy7P+Ai0I="></latexit>

x = Ax+Bu

z = Cx
<latexit sha1_base64="/s2GfEDLqyGN9Ln1hxo4XJUhpqI="></latexit>

If, in addition, Fu = 0, we obtain the usual feedback configuration:

u
<latexit sha1_base64="Dx1qH4EgaMKwIetZfo8fsfstQUQ="></latexit> z

<latexit sha1_base64="wl+E5WKA5eaHudmQukkZtrYdgdg="></latexit>−
<latexit sha1_base64="ZD7Fi14BGT05bGLnHYFBMYEaRcs="></latexit>r

<latexit sha1_base64="zUhG0y0DvL/6RHjL7kphoW4f5Rw="></latexit>

˙̄x = (A− LC −BK)x̄+ Lv

u = Kx̄
<latexit sha1_base64="o3IAARVs5NEP0QU+JiEy7P+Ai0I="></latexit>

x = Ax+Bu

z = Cx
<latexit sha1_base64="/s2GfEDLqyGN9Ln1hxo4XJUhpqI="></latexit>
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Optimal control and linear
programming



Minimum-time

Consider the single-input system

x(k + 1) = Φx(k) + Γu(k), Φ ∈ R
n×n, Γ ∈ R

n×1

and let the initial state x(0) = α be assigned. We want to find the minimum number of steps N and an input
sequence {u(0), u(1), . . . , u(N − 1)} such that:

x(N) = β assigned
|u(k)| ≤ 1 ∀k = 0 . . . N − 1

A possible approach is:

1. fix N (for instance N = 1);
2. minimize the cost

J(N) = max
0≤k≤N−1

|u(k)|

over {u(0), u(1), . . . , u(N − 1)}, subject to the constraint

ΦNα+

N−1∑

k=0

ΦN−k−1Γu(k) = β; (18)
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Minimum-time (cont.)

3. increase N until we get J(N) ≤ 1.

The problem of step 2 can be formulated as a linear programming problem in the following way. Let M be an
auxiliary variable such that

{
M ≥ u(k), k = 0 . . . N − 1

M ≥ −u(k), k = 0 . . . N − 1
(19)

Then the problem becomes
minM subject to (18) and (19),

and must be solved iterating over N until we obtain a cost M ≤ 1.
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Minimum-time (cont.)

The Matlab function linprog can be employed for solving linear programming problems. Precisely,

linprog(f,A,b,Aeq,Beq)

solves the problem
min
x

f⊤x s.t. Ax ≤ b, Aeqx = beq .

Thus, the vector of the decision variables will be:

x =













u(0)

u(1)

...
u(N − 1)

M













.

Since M = f⊤x, we set
f =

[

0 0 . . . 0 1
]⊤

.
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Minimum-time (cont.)

By the inequality constraints (19) we have

A =























1 0 . . . −1
0 1 0 . . . −1
...

. . .
...

1 −1
−1 0 . . . −1
0 −1 0 . . . −1
...

. . .
...

−1 −1























, b =























0

0

...
0

0

0

...
0























.

Finally, by the equality constraint (18), we have

Aeq =
[

ΦN−1Γ ΦN−2Γ . . . ΦΓ Γ 0
]

beq = β − ΦNα
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Minimum-time (cont.)

Another possibility to solve the minimum-time problem is that of finding the minimum N such that the
following problem is feasible:

min
u(0),...,u(N−1)

0 (dummy objective function)

s.t.

−1 ≤ u(k) ≤ 1 k = 0, . . . , N − 1

ΦNα+
∑N−1

k=0 ΦN−k−1Γu(k) = β

Suggested reading: Zadeh and Whalen (1962).
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Minimum-time (cont.)
In the previous setting, linear state constraints can be introduced, for instance the box constraints (figure below,
left):

−γ ≤ x(k) ≤ γ, k = 0, . . . , N

where the ≤ denotes a component-wise inequality.

Or more general constraints (figure below, right) such as:

c⊤i x(k) ≤ ci0, k = 0, . . . , N, i = 1, . . . , R
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Minimum-time (cont.)

To add those constraints to the linear programming problem, observe that:

x(k) = Φkx(0) +

k−1∑

i=0

Φk−1−iΓu(i).

In other words:
x(0) = Ix(0)

x(1) = Φx(0) + Γu(0)

...

or, in compact form:












x(0)

x(1)

x(2)

...
x(N)













=













I

Φ

Φ2

...
ΦN













x(0) +













0 . . .

Γ 0 . . .

ΦΓ Γ 0 . . .

. . .
. . .

ΦN−1Γ . . . ΦΓ Γ























u(0)

u(1)

...
u(N − 1)










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Minimum-time (cont.)

Thus, the generic constraint
c⊤i x(k) ≤ ci0, k = 0 . . . N

can be written as












0 . . .

c⊤i Γ 0 . . .

c⊤i ΦΓ c⊤i Γ 0 . . .

. . .
. . .

c⊤i ΦN−1Γ . . . c⊤i ΦΓ c⊤i Γ













︸ ︷︷ ︸

Ai











u(0)

u(1)

...
u(N − 1)











≤













−c⊤i x(0)

−c⊤i Φx(0)

−c⊤i Φ2x(0)

...
−c⊤i ΦNx(0)













+













ci0

ci0

ci0
...

ci0













︸ ︷︷ ︸

Bi

.
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Minimum-time (cont.)

If R is the number of linear constraints, we get

A =











A1

A2

...
AR











, b =











B1
B2

...
BR











.

The linear constraints on u(k) can be easily introduced, by adding further row-blocks to the matrices A and b.
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Minimum-fuel

The minimum-fuel problem consists of minimizing, for fixed N , the cost

J =

N−1∑

k=0

ck|u(k)|

subject to

ΦNα+

N−1∑

k=0

ΦN−k−1Γu(k) = β.

In other words, we want to steer the state from x(0) = α to x(N) = β in N steps while minimizing the “fuel”,
assumed to be the weighted sum of the absolute values of the control sequence.
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Minimum-fuel (cont.)

To reduce the problem to a linear programming one, we introduce the auxiliary variables g0, g1, . . . , gN−1 and
solve:

min
gk,u(k)

0≤k≤N−1

N−1∑

k=0

ckgk

s.t.

−gk − u(k) ≤ 0 k = 0, . . . , N − 1

−gk + u(k) ≤ 0 k = 0, . . . , N − 1

ΦNα+
∑N−1

k=0 ΦN−k−1Γu(k) = β
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Kalman filter (outline)



Kalman filter

A fundamental result in Control Theory is the duality between optimal control and optimal estimation.

The dual counterpart of the linear quadratic regulator is the Kalman filter, which is basically an optimal
observer.

In the following, we sketch the basic results, exploiting the duality of linear systems. For a thorough treatment
of the subject, refer for instance to Magni and Scattolini (2014).
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Kalman filter (cont.)

We begin by stating a particular LQ problem: given the system

ẋ(t) = Ax(t) +Bu(t)

we consider the auxiliary output z(t) = Hx(t) and the cost:

J =

∫ ∞

0
z⊤(t)z(t) + u⊤(t)u(t)dt.

This is a standard LQ problem where Q = H⊤H � 0 and R = I ≻ 0. If (A,B) is reachable and (A,H)

observable, we can find the optimal gain matrix K by solving the Riccati equation

A⊤P + PA+H⊤H − PBB⊤P = 0, (20)

and letting
K = B⊤P.
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Kalman filter (cont.)

We now consider the closed-loop system:

ẋ(t) = (A−BK)x(t) + I∆(t) (21)
[

u(t)

z(t)

]

=

[

−K
H

]

x(t) (22)

having ∆(t) as input and the compound vector [u⊤(t) z⊤(t)]⊤ as output. The impulse response of the system
is clearly:

W (t) =

[

−K
H

]

e(A−BK)tI =

[

−Ke(A−BK)t

He(A−BK)t

]

.

It can be shown that the optimal gain is the one that minimizes
∫ ∞

0
tr
[

W⊤(t)W (t)
]

dt =

∫ ∞

0

∑

i,j

W 2
ij(t)dt

which is the energy of the impulse response.
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Kalman filter (cont.)
Indeed, the cost is:

J =

∫ ∞

0
x⊤(t)H⊤Hx(t) + u⊤(t)u(t)dt,

and the optimal gain K is such that it is minimized (for any initial state x(0) = x0) by the control
u(t) = −Kx(t). Since we have

x(t) = e(A−BK)tx0,

the optimal cost can be written as:

Jo(x0) =

∫ ∞

0
x⊤
0

W⊤(t)W (t)
︷ ︸︸ ︷

e(A−BK)⊤t
(

H⊤H +K⊤K
)

e(A−BK)t x0dt

=

∫ ∞

0
x⊤
0 W⊤(t)W (t)x0dt

Now, by taking

x0 =











1

0

...
0











,
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Kalman filter (cont.)
we observe that the optimal gain is such that the quantity:

Jo(x0) =

∫ ∞

0
x⊤
0 W⊤(t)W (t)x0dt =

∫ ∞

0

n∑

i=1

W 2
i1(t)dt

is minimized. By taking successively

x0 =











0

1

0

...











, . . . x0 =











0

...
0

1











,

we prove that
∫ ∞

0

n∑

i=1

W 2
i2(t)dt, . . . ,

∫ ∞

0

n∑

i=1

W 2
in(t)dt

are minimized and thus
n∑

j=1

∫ ∞

0

n∑

i=1

W 2
ij(t)dt =

∫ ∞

0

∑

i,j

W 2
ij(t)dt =

∫ ∞

0
tr
[

W⊤(t)W (t)
]

dt

is minimized.
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Kalman filter (cont.)

We now consider a state estimation problem, in the presence of

• a process disturbance v(t) and
• a measurement noise w(t).

Let the system be

ẋ(t) = Ax(t) +Bu(t) + Ev(t)

y(t) = Cx(t) + w(t)

and consider the standard observer

˙̂x(t) = (A− LC)x̂(t) +Bu(t) + Ly(t). (23)

By defining the estimation error as e(t) = x̂(t)− x(t) we get

ė(t) = (A− LC)e(t) + Lw(t)− Ev(t) (24)
η(t) = Ie(t) (25)

where η(t) is the error itself.
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Kalman filter (cont.)

The aim is to choose L optimally, in terms of rejection of disturbance and noise. A possible choice is minimizing
the cost:

J =

∫ ∞

0
tr
[

W⊤
η (t)Wη(t)

]

dt

where Wη(t) is the impulse response matrix of the system (24)-(25). Intuitively, we are trying to render small the
effect of the disturbance and the noise on the estimation error.

By taking the dual of (24)-(25) we get:

[

A− LC L −E
I 0 0

]

dual←−→







A⊤ − C⊤L⊤ I
[

L⊤

−E⊤

] [

0

0

]







which is the same as (21)-(22) if we apply the substitutions shown on the right side.






A−BK I
[

−K
H

] [

0

0

]







A ← A⊤ B ← C⊤

K ← −L⊤ H ← −E⊤
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Kalman filter (cont.)

Thus, we can exploit duality for solving the problem.

Since:

• tr
[
MM⊤

]
= tr

[
M⊤M

]
, and

• the impulse response matrix of the dual system is the transpose impulse response matrix of the primal,

we can simply apply the substitutions to the primal Riccati equation (20), obtaining the dual Riccati equation:

AP + PA⊤ + EE⊤ − PC⊤CP = 0, (26)

solve for the positive definite P̄ , and let the optimal filter gain be

L = P̄C⊤. (27)
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Kalman filter (cont.)

The Kalman filter is most frequently presented in a stochastic framework. Consider the system:

ẋ(t) = Ax(t) +Bu(t) + Ev(t)

y(t) = Cx(t) + w(t)

and assume that the disturbance v and the measurement noise w are uncorrelated zero-mean Gaussian
white-noise stochastic processes with unit covariance:

E

[

v(t)v⊤(τ)
]

= δ(t− τ)I, E

[

w(t)w⊤(τ)
]

= δ(t− τ)I,

where E denotes expectation.

Then, if (A,E) is reachable and (A,C) observable, the estimator (23), with L taken according to (26) and (27), is

• asymptotically stable;

• optimal, in the sense that it minimizes the asymptotic expectation of the estimation error:

J = lim
t→∞

E

[

‖x(t)− x̂(t)‖2
]

.
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