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The following material1 is basically a collection of concepts and results of Linear Algebra that are frequently
encountered in Computer Vision and Pattern Recognition. An in-depth treatment can be found in Strang (2016)
and Meyer (2000).

1Part of which is taken from Kolter (2019).
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Basic concepts and notation



Sets of linear equations

Linear algebra deals with sets of linear equations.

Linear algebra provides a way to represent compactly the sets of linear equations, analyzing their properties
and operating on them.

For example:
x1 + 2x2 = 5

−x1 + x2 = 2

is a set of two equations in two variables. It can be compactly represented as

Ax = b

where

A =

[

1 2
−1 1

]

, b =

[

5
2

]

.
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Basic notation

• By A ∈ Rm×n we denote a matrix having m rows and n columns, whose entries are real numbers;
• by x ∈ Rn we denote a vector of n entries. We will treat an n-dimensional vector as a special case of a
matrix, namely a matrix having n rows and 1 column (column vector). A row vector, i.e. a matrix having 1
row and n columns, will be typically denoted by x⊤ ;

• the ith element of vector x is denoted by xi :

x =











x1

x2
...

xn











;

• we denote by aij (or, sometimes, Aij) the entry of A in the ith row and jth column:

A =











a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
am1 am2 . . . amn











;
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Basic notation (cont.)

• we denote by aj the jth column of A:

A =
[

a1 a2 . . . an
]

;

• we denote by a⊤
i the ith row of A:

A =











a⊤
1

a⊤
2
...

a⊤
m











.

Notice that above notation is ambiguous (for example, a1 and a⊤
1 are not one the transpose2 of the other), but

the actual meaning of the symbols will be clear from the context.

2The transpose will be formally defined in the following.
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Matrix multiplication



Product of two matrices

Definition
The product of two matrices A ∈ Rm×n and B ∈ Rn×p is the matrix:

C = AB ∈ R
m×p

where

cij =
n∑

k=1
aikbkj . (1)

• Matrix multiplication is associative:
(AB)C = A(BC).

• Matrix multiplication is distributive:
A(B + C) = AB + AC .

• Matrix multiplication is, in general, not commutative. Indeed, in general, provided that both AB and BA
exist, we have AB 6= BA. In the special case when AB = BA, we say that A and B commute.
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Product of two matrices (cont.)

The matrix product expression (1) holds also for block matrices (or partitioned matrices), i.e. matrices whose
rows and columns are grouped in such a way that each“entry” is actually a submatrix:











A11 A12 · · · A1n

A21 A22 · · · A2n
...

...
. . .

...
Am1 Am2 · · · Amn





















B11 B12 · · · B1p

B21 B22 · · · B2p
...

...
. . .

...
Bn1 Bn2 · · · Bnp











=











C11 C12 · · · C1p

C21 C22 · · · C2p
...

...
. . .

...
Cm1 Cm2 · · · Cmp











where

Cij =
n∑

k=1
AikBkj .

Of course, he columns of A and the rows of B must be partitioned consistently, meaning that, for all k, Aik
must have as many columns as the number of rows of Bkj .
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Vector-vector products

Definition (Dot product)
Given two vectors x, y ∈ Rn , the dot product (or inner product) of x and y is the scalar

x⊤y =
[

x1 x2 · · · xn
]











y1

y2
...

yn











=
n∑

i=1
xiyi ∈ R.

By definition, we have x⊤y = y⊤x .
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Vector-vector products (cont.)

Definition (Outer product)
Given two vectors x ∈ Rm , y ∈ Rn the outer product of x and y is the matrix whose entries are given by
(xy⊤)ij = xiyj , i.e.

xy⊤ =











x1

x2
...

xm











[

y1 y2 · · · yn
]

=











x1y1 x1y2 · · · x1yn

x2y1 x2y2 · · · x2yn
...

...
. . .

...
xmy1 xmy2 · · · xmyn











∈ R
m×n .

By definition, we have x⊤y = y⊤x .
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Matrix-vector products

Matrix multiplication can be looked at in different ways. We will examine some of them in the following, starting
from the special case of matrix-vector products.

Given A ∈ Rm×n and x ∈ Rn , their product is the vector

y = Ax ∈ R
m .

A first way of interpreting Ax is a stack of dot products: by writing A by rows we get:

y = Ax =











a⊤
1

a⊤
2
...

a⊤
m











x =











a⊤
1 x

a⊤
2 x
...

a⊤
mx











.

In words, the ith entry of y is the dot product of the ith row of A and x , i.e. yi = a⊤
i x .
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Matrix-vector products (cont.)

Alternatively, by writing A column-wise we get:

y = Ax =
[

a1 a2 . . . an
]











x1

x2
...

xn











=





 a1







x1 +





 a2







x2 + · · ·+





 an







xn .

In other words, y is a linear combinations of the columns of A, where the coefficients are the entries of x .
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Matrix-vector products (cont.)

If we multiply a matrix on the left by a row vector, we get a row vector y⊤ = x⊤A, where A ∈ Rm×n , x ∈ Rm ,
y ∈ Rn . The row vector y⊤ can be expressed in two ways, as before. If we write A column-wise we have

y⊤ = x⊤A = x⊤
[

a1 a2 . . . an
]

=
[

x⊤a1 x⊤a2 . . . x⊤an
]

,

thus the ith entry of y⊤ is the inner product of x and the ith column of A.

Conversely, if we write A row-wise we have:

y⊤ = x⊤A =
[

x1 x2 · · · xm
]











a⊤
1

a⊤
2
...

a⊤
m











= x1
[

a⊤
1

]

+ x2
[

a⊤
2

]

+ · · ·+ xm
[

a⊤
m

]

this y⊤ is a linear combination of the rows of A where the coefficients are the entries of x .
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Matrix-matrix products

We now focus on the product C = AB and show four different ways it can be thought of.

1. By partitioning A row-wise and B column-wise we get

C = AB =











a⊤
1

a⊤
2
...

a⊤
m











[

b1 b2 · · · bp
]

=











a⊤
1 b1 a⊤

1 b2 · · · a⊤
1 bp

a⊤
2 b1 a⊤

2 b2 · · · a⊤
2 bp

...
...

. . .
...

a⊤
mb1 a⊤

mb2 · · · a⊤
mbp











thus the product C is a matrix whose (i, j)th entry is the dot product of the ith row of A and the jth
column of B.
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Matrix-matrix products (cont.)

2. By partitioning A column-wise and B row-wise we get

C = AB =
[

a1 a2 · · · an
]











b⊤1
b⊤2
...

b⊤n











=
n∑

i=1
aib⊤i

where the last equality follows from the generalization of the product matrix to partitioned matrices. Thus,
the product AB is written as a sum of outer products aib⊤i , each of which is an m × p matrix.

3. By representing B by columns, and interpreting the matrix-matrix multiplication as a set of matrix-vector
products, we get

C = AB = A
[

b1 b2 · · · bp
]

=
[

Ab1 Ab2 · · · Abp
]

,

thus the jth column of C is a column vector obtained as the product of A and the jth column of b:
cj = Abj .
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Matrix-matrix products (cont.)

4. Finally, by representing A by rows we get:

C = AB =











a⊤
1

a⊤
2
...

a⊤
m











B =











a⊤
1 B

a⊤
2 B
...

a⊤
mB











,

thus the ith row of C is the product of the ith row of A and B: c⊤i = a⊤
i B.
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Operations and properties



Identity matrix

Definition
The identity matrix of size n is the square matrix In ∈ Rn×n with ones on the main diagonal and zeros
elsewhere:

(In)ij =

{
1 if i = j
0 if i 6= j

.

For example, the following are identity matrices:

I1 =
[

1
]

, I2 =

[

1 0
0 1

]

, I3 =







1 0 0
0 1 0
0 0 1






, · · · , In =













1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1













.

For all A ∈ Rm×n we have:
ImA = A = AIn .
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Transpose

Definition
Given a matrix A ∈ Rm×n , its transpose denoted by A⊤ ∈ Rn×m is the n × m matrix such that

(

A⊤
)

ij
= Aji .

For example:

A =

[

1 2 3
4 5 6

]

, A⊤ =







1 4
2 5
3 6






.

The following properties hold:

•
(
A⊤)⊤ = A

• (AB)⊤ = B⊤A⊤

• (A + B)⊤ = A⊤ + B⊤
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Symmetric matrices

Definition
A square matrix A ∈ Rn×n is said to be symmetric if

A = A⊤.

Definition
A square matrix A ∈ Rn×n is said to be skew-symmetric or anti-symmetric if

A = −A⊤.

For example, the following matrices are respectively symmetric and skew-symmetric:






1 3 5
3 5 7
5 7 9













0 −1 −2
1 0 −1
2 1 0






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Symmetric matrices (cont.)

Any square matrix A ∈ Rn×n can be written as the sum of a symmetric matrix and a skew-symmetric matrix, in
view of the following identity:

A =
1
2

(

A + A⊤
)

+
1
2

(

A − A⊤
)

.

For example:






1 2 3
4 5 6
7 8 9







=







1 3 5
3 5 7
5 7 9






+







0 −1 −2
1 0 −1
2 1 0






.
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Trace

Definition
The trace of a square matrix A ∈ Rn×n , denoted as tr(A) or trA, is the sum of the elements of the main
diagonal:

trA =
n∑

i=1
aii .

The following properties hold:

• trA = trA⊤

• tr(A + B) = trA + trB

• tr(αA) = α trA, ∀α ∈ R

• tr(AB) = tr(BA)
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Inverse

Definition
Let A be an n × n square matrix: A ∈ Rn×n . If there exists a matrix B such that

AB = BA = In ,

then B is called inverse of A, and denoted by A−1 .

The following properties hold true (in the identities below, we assume that all the inverses do exist):

• the inverse, if it does exist, is unique;

•
(
A−1)−1

= A;

•
(
A−1)⊤ =

(
A⊤)−1 .

= A−⊤ ;

• (AB)−1 = B−1A−1 .

For example:

B =

[

−1 1
2

1
2 0

]

is the inverse of A =

[

0 2
2 4

]

.
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Inverse (cont.)

Definition
A square matrix A is said to be invertible or non-singular if A−1 exists.

It is said to be non-invertible or singular otherwise.

In the following we will give necessary and sufficient conditions for a matrix being invertible.

The inverse can be used to solve a linear systems of equations. Let the system be Ax = b, where A ∈ Rn×n and
x, b ∈ Rn . Then, provided that A is invertible, by multiplying both sides by A−1 we get

x = A−1b.
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Geometric interpretation of the dot product

The dot product (or scalar product or inner product) between the vectors x and y
has the following geometrical meaning:

x · y = ‖x‖ ‖y‖ cosϑ

where ϑ is the acute angle between the two arrows that represent x and y. When
the vectors are treated as single-column matrices, the dot product is obtained by a
matrix product as follows:

x · y = x⊤y = y⊤x.

ϑ
<latexit sha1_base64="yuHzz8ui64ZodUytUMl5sJSkMTs="></latexit>

x
<latexit sha1_base64="aMLu05kaO/eTT2FszMJvJdnwwGY="></latexit>

y
<latexit sha1_base64="xUFTlu096/r1mfVoR+Lh3ENqd4w="></latexit>

Definition
Two vectors x and y are said to be orthogonal if their dot product is zero:

x⊤y = 0.

If x and y are orthogonal, the arrows representing x and y are mutually perpendicular.
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Norms

Definition (Vector norm)
A norm is any function ‖·‖ : Rn −→ R that satisfies the following properties:

1. ‖x‖ > 0, ∀x 6= 0 (positivity);
2. ‖ax‖ = |a| ‖x‖ , ∀a ∈ R (homogeneity);
3. ‖x + y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality).

Examples of norms are:

• Euclidean norm:

‖x‖2 =

√
√
√
√

n∑

i=1
x2

i

• L1 norm:

‖x‖1 =
n∑

i=1
|xi |

• L∞ norm (or max norm):
‖x‖∞ = max

i
|xi |
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Norms (cont.)

The level surfaces of the previous norms are, respectively, spheres, diamonds and cubes.

k · k
2

<latexit sha1_base64="jPTdNsSWOc4ki8IER02dtMn1I+o="></latexit>

k · k
1

<latexit sha1_base64="gcoC7sAci+h8hcBtvstvS5+JvPY="></latexit>

k · k
∞

<latexit sha1_base64="xWH+UtcDKfwpxxCbpX4Bk1csUD8="></latexit>

The previous norms are a special case of the Lp norm, defined as

‖x‖p = p

√
√
√
√

n∑

i=1
|xi |p

for p ∈ R, p ≥ 1.
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Norms (cont.)

Any vector norm induces a corresponding matrix norm in the following way.

Definition (Induced matrix norm)
Let ‖ · ‖ be a vector norm. The corresponding induced matrix norm is defined as

‖A‖ = max
‖x‖=1

‖Ax‖

Thus, we can define ‖A‖1 , ‖A‖2 , ‖A‖∞ .

Informally speaking, the induced Lp norm of A is a measure of the maximum “amplification” that a vector
x ∈ Rn may incur when multiplied by A, when the length of the vectors are measured using the vector norm Lp .
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Norms (cont.)

Definition (Frobenius norm)
Given a matrix A, its Frobenius norm is defined as

‖A‖F =

√
√
√
√

m∑

i=1

n∑

j=1
a2

ij

Thus, the Frobenius norm is the Euclidean norm of a column vector obtained by stacking all the entries of A.

It can be easily checked that

‖A‖F =
√

tr
(
A⊤A

)
.
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Determinant

Definition (Determinant)
Let A ∈ Rn×n . The determinant of A, denoted as det(A), detA or |A|, is a scalar defined, by either of the
following recursions:





det(A) =
n∑

j=1
aij(−1)i+j det(A\i,\j) (i fixed)

det(a) = a

or






det(A) =
n∑

i=1
aij(−1)i+j det(A\i,\j) (j fixed)

det(a) = a

where A\i,\j is a matrix obtained from A by suppressing the ith row and the jth column. The determinant
does not depend on fixed indices 1 ≤ i ≤ n and 1 ≤ j ≤ n.

For example, the determinant of a 2 × 2 matrix takes the form:

det

([

a b
c d

])

= ad − bc.
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Determinant (cont.)

The determinant of a 2 × 2 matrix has the following geometric meaning: its
absolute value represents the area of the parallelogram defined by the rows
of the matrix, as shown in the figure.

It represents also the area of a parallelogram (in general, different) defined by
the columns.

The above geometrical meaning extends to three dimensional volume and
n-dimensional volume. (0, 0)

<latexit sha1_base64="QVASDKIrB/Rj8G6QTKutr7vo6CU="></latexit>

(a, b)
<latexit sha1_base64="WFu46rusFyBjDoIuRl0W0KnMxqc="></latexit>

(c, d)
<latexit sha1_base64="+Gq2DNzZCzEWz4W8tEkhS2ZIVok="></latexit>

(a+ c, b+ d)
<latexit sha1_base64="Y3kAJjH0cALgvigFnZMV7/fVruo="></latexit>
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Determinant (cont.)

The following properties hold, for A ∈ Rn×n :

• det(AB) = det(A) det(B)

• det(αA) = αn det(A), where α ∈ R

• det(I) = 1

• det(A−1) =
1

det(A)

• A is invertible⇐⇒ det(A) 6= 0

• if A is invertible, then the inverse can be written as

A−1 =
1

det(A)
adj(A)

where the adjoint matrix adj(A) ∈ Rn×n is such that (adj(A))ij = (−1)i+j det(A\j,\i)
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Linear independence

Definition
The set of vectors x1, x2, . . . , xm ∈ Rn is said to be linearly independent if

m∑

i=1
αixi = 0 =⇒ αi = 0, ∀i

Equivalently, a set of vectors is linearly independent if no vector can be written as a linear combination of the
remaining vectors. For example, the vectors

x1 =







1
2
3







x2 =







4
5
6







x3 =







2
1
0







are not linearly independent because x3 = −2x1 + x2 .
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Orthogonal matrices

Recall that two vectors x, y ∈ Rn are orthogonal if x⊤y = 0.

Definition
A vector x ∈ Rn is normalized if ‖x‖2 = 1.

Definition
A square matrix U ∈ Rn×n is orthogonal if all its columns are orthonormal, i.e.:

1. normalized, and
2. orthogonal to each other (mutually orthogonal).

It follows that
U⊤U = I = UU⊤,

thus the inverse of an orthogonal matrix is its transpose.

It can be shown that, if U is orthogonal, then

‖Ux‖2 = ‖x‖2

thus operating on a vector with an orthogonal matrix will not change its Euclidean norm.
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Rank

Definition (Column rank)
The column rank of matrix A ∈ Rm×n is the size of the largest subset of columns of A that constitute a
linearly independent set.

Definition (Row rank)
The row rank of matrix A ∈ Rm×n is the size of the largest subset of rows of A that constitute a linearly
independent set.

Proposition
For any A ∈ Rm×n the column rank and the row rank are equal.

In view of the above Proposition, we can simply refer to the rank of a matrix A, denoted by rank(A) or rankA.
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Rank (cont.)

The following properties hold:

• for A ∈ Rm×n , rank(A) ≤ min(m,n). If rank(A) = min(m,n), then A is said to be full rank (more precisely,
if the rank is n it is full column rank, if the rank is m it is full row rank).

• rank(A) = rank(A⊤)

• rank(AB) ≤ min(rank(A), rank(B))

• rank(A + B) ≤ rank(A) + rank(B)

• A ∈ Rn×n is full rank⇐⇒ det(A) 6= 0

• if B is invertible, then rank(AB) = rank(A)

• if B is invertible, then rank(BA) = rank(A)
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Span

Definition (Span of a set of vectors)
The span of a set of vectors {x1, x2, . . . , xm} is the set of all vectors that can be written as a linear
combination of {x1, x2, . . . , xm}:

span{x1, x2, . . . , xm} =

{

v : v =
m∑

i=1
αixi , αi ∈ R

}

For example, the span of
{[

1
0

]

,

[

0
1

]}

is the whole R2 since any vector v ∈ R2 can be written as

v = α1

[

1
0

]

+ α2

[

0
1

]

for some α1, α2 .
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Span (cont.)

Let {x1, x2, . . . , xm} be a set of vectors and suppose that xi can be expressed a linear combination of the
remaining vectors:

xi =
∑

j 6=i
αjxj .

It is easy to prove that:
span({x1, x2, . . . , xm}) = span({x1, x2, . . . , xm} \ xi).

As a consequence, the span of a set of vectors is equal to the span of the largest subset of independent vectors.
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Subspaces

Definition (Subspace)
Let V be a subset of Rn : V ⊆ Rn . It is said to be a subspace of Rn if it is closed with respect to linear
combinations:

u, v ∈ V =⇒ αu + βv ∈ V, ∀α, β ∈ R.

Clearly, Rn is a subspace of itself. Moreover, the span of any set of vectors of Rn is a subspace of Rn .
Conversely, any subspace of Rn can be written as the span of a suitable set of vectors of Rn .

Definition (Basis)
Let V be a subspace of Rn . A set of vectors {v1, . . . , vm} is said to be a basis for V if both the following
properties hold:

• V = span{v1, . . . , vm} (V is generated by {v1, . . . , vm})
• the set {v1, . . . , vm} is linearly independent.
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Subspaces (cont.)

For example, the sets
{[

1
0

]

,

[

0
1

]}

and
{[

1
2

]

,

[

−1
0

]}

are both basis of R2 . The set {[

1
2

]

,

[

−1
0

]

,

[

5
1

]}

is not a basis, because the set of vectors is not linearly independent. A subspace has an infinite number of
different bases, nut they all share the same number of elements, as state by the following proposition.

Proposition
If {v1, . . . vp} and {w1, . . . ,wq} are both bases of the same (sub)space V , then p = q.

Thus we can formulate the following definition.

Definition (Dimension)
The dimension of a (sub)space V , denoted by dimV , is the number of vectors of any basis of V . The null
subspace V = {0} has dimension zero.

Felice Andrea Pellegrino 554SM –Fall 2020 Supplementary material: Linear Algebra–p36



Range and nullspace

Definition (Range of a matrix)
The range (or columnspace, or image) of a matrix A ∈ Rm×n , denoted by imA, is the subspace of Rm given
by the span of the columns of A:

imA = {v ∈ R
m : v = Ax, x ∈ R

n} .

Properties:

• dim (imA) = rank(A)

• imA = im(AA⊤)

Definition (Rowspace)
The span of the rows of A ∈ Rm×n (a subset of Rn) is said to be the rowspace of A and denoted by im(A⊤).
Its dimension is equal to the rank of A: dim(im(A⊤)) = rank(A⊤) = rank(A).
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Range and nullspace (cont.)

Definition (Nullspace)
The nullspace (or kernel) of a matrix A ∈ Rm×n , denoted by kerA, is the set of all vectors of Rn that equal 0
when multiplied by A:

kerA = {x ∈ R
n : Ax = 0} .

Since Au = 0,Bv = 0 =⇒ A(αu + βv) = 0, it follows that kerA is a subspace.

The following fundamental theorem establishes a relationship between dim(kerA) and dim(imA).

Theorem (Rank-nullity theorem)
Let A ∈ Rm×n . Then

n = dim(imA)
︸ ︷︷ ︸

rankA

+dim(kerA).
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Range and nullspace (cont.)

Another fundamental result is the following.

Theorem
For A ∈ Rm×n we have
{

w : w = u + v, u ∈ im(A⊤), v ∈ kerA
}

= R
n and im(A⊤)∩kerA = {0} .

In other words, the rowspace and the nullspace of a matrix have trivial
intersection and together span the whole Rn . They are said to be orthogonal
complements, denoted as im(A⊤) = ker(A)⊥ .

R
n

<latexit sha1_base64="oaYflyaIZK2/9ufpsmhrl1V8e+M="></latexit>

im(A>)
<latexit sha1_base64="h8IpmxhntI1zlBwt77jAsn0hm6U="></latexit>

kerA
<latexit sha1_base64="BXzgeoLrc1Z/OpFZzocjzfvbqB8="></latexit>

(dimn− r)
<latexit sha1_base64="CA8Hq36gCIGPQ/qIKH+kqCFQxxE="></latexit>

(dim r)
<latexit sha1_base64="fFYHNbw+37VDu0PC2PKPfZ7ufSI="></latexit>
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QR decomposition

Theorem (QR decomposition)
Every matrix A ∈ Rm×n with linearly independent columns can be uniquely factored as

A = QR,

in which the columns of Q ∈ Rm×n are an orthonormal basis for imA and R ∈ Rn×n is an upper-triangular
matrix with positive diagonal entries.

For example:







0 −20 −14
3 27 −4
4 11 −2







=
1
25







0 −20 −15
15 12 −16
20 −9 12













5 25 −4
0 25 10
0 0 10






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Eigenvalues and eigenvectors

Definition
Given a square matrix A ∈ Rn×n , we say that λ ∈ C is an eigenvalue of A and x ∈ Cn is the corresponding
eigenvector if

Ax = λx, x 6= 0. (2)

The pair x, λ is sometimes referred to as an eigenpair.

Intuitively, the above definition means that multiplying A by an eigenvector x results is a vector having the
same direction as x but scaled by a factor λ.

Eq. (2) is equivalent to
(λI − A)x = 0, x 6= 0.

But (λI − A)x = 0 has a non-zero solution if and only if (λI − A) is not full rank, i.e. if and only if

det(λI − A) = 0.

Thus the eigenvalues are the roots of the nth degree polynomial

p(λ) = det(λI − A),
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Eigenvalues and eigenvectors (cont.)

called the characteristic polynomial. As a consequence, an n × n matrix has n (not necessarily distinct)
eigenvalues λ1, . . . , λn .

If λ̄ is an eigenvalue, the set of the corresponding eigenvectors (whose union with {0} is a subspace called
eigenspace) is the set of non-zero solutions of the system

(λ̄I − A)x = 0.

The following properties hold, for any A ∈ Rn×n .

• trA =
∑n

i=1 λi ;

• detA =
∏n

i=1 λi (thus, a singular matrix has at least one zero eigenvalue);

• the rank of A is equal to the number of non-zero eigenvalues of A;
• if A is non-singular and (x, λ) is en eigenpair of A, then (x, 1/λ) is an eigenpair of A−1 ;

• if A is triangular, its eigenvalues are the entries of main diagonal;

• if A is symmetric, then its eigenvalues are real;

• if A is symmetric, then its eigenvectors are orthogonal.
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Eigenvalues and eigenvectors (cont.)

Theorem (Schur decomposition)
Any matrix A ∈ Rn×n can be expressed as

QUQ∗,

where U is an upper triangular matrix and Q is a unitary matrix (i.e. a matrix whose conjugate transpose Q∗ is
also its inverse).

Notice that, in general, both U and Q are complex valued.

Example (real eigenvalues):
[

7 −2
12 −3

]

=
1√
5

[

1 −2
2 1

][

3 −14
0 1

]

1√
5

[

1 2
−2 1

]

.

Example (complex eigenvalues):
[

1 1
−2 3

]

=
1√
3

[

1 1 − j
1 + j −1

][

2 + j −1 + 2j
0 2 − j

]

1√
3

[

1 1 − j
1 + j −1

]

.
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Eigenvalues and eigenvectors (cont.)

Theorem (Schur diagonalization)
Any symmetric matrix A ∈ Rn×n , having eigenvalues λ1, . . . , λn , can be expressed as

A = TΛT⊤,

where Λ = diag (λ1, . . . , λn) and T is orthogonal. The columns t1 . . . tn of T are eigenvectors of T associated
to, respectively, λ1, . . . , λn (in other words, (λi , ti) is an eigenpair).

Example:

[

1 2
2 1

]

=

[

−
√

2
2

√
2

2√
2

2

√
2

2

][

−1 0
0 3

][

−
√

2
2

√
2

2√
2

2

√
2

2

]

.
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Quadratic forms

Definition (Quadratic form)
Given a square matrix A ∈ Rn×n and a vector x ∈ Rn , the scalar value x⊤Ax is called a quadratic form:

x⊤Ax =
n∑

i=1
xi(Ax)i =

n∑

i=1
xi(

n∑

j=1
aijxj)i =

n∑

i=1

n∑

j=1
aijxixj .

Since the transpose of a scalar is equal to the scalar itself we have

x⊤Ax = (x⊤Ax)⊤ = x⊤A⊤x.

Moreover, by averaging the first and last member, which are equal, we get

x⊤Ax = x⊤
(

A
2

+
A⊤

2

)

︸ ︷︷ ︸

symmetric part of A

x

thus only the symmetric part of A contributes to the quadratic form.
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Quadratic forms (cont.)

Definition (Positive definite matrix)
A matrix A ∈ Rn×n is positive definite (denoted by A ≻ 0) if

x⊤Ax > 0, ∀x 6= 0, x ∈ R
n .

Definition (Positive semidefinite matrix)
A matrix A ∈ Rn×n is positive semidefinite (denoted by A � 0) if

x⊤Ax ≥ 0, ∀x ∈ R
n .

The following matrices are, respectively positive definite and positive semidefinite:

A1 =

[

5 0
0 10

]

, A2 =

[

0 0
0 10

]

.

Indeed, the respective quadratic forms are x⊤A1x = 5x2
1 + 10x2

2 > 0, ∀x 6= 0 and x⊤A2x = 10x2
2 ≥ 0, ∀x .

Notice that the definitions above imply that a positive definite matrix is also positive semidefinite.
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Quadratic forms (cont.)

Definition (Negative definite matrix)
A matrix A ∈ Rn×n is negative definite (denoted by A ≺ 0) if

x⊤Ax < 0, ∀x 6= 0, x ∈ R
n .

Definition (Negative semidefinite matrix)
A matrix A ∈ Rn×n is negative semidefinite (denoted by A � 0) if

x⊤Ax ≤ 0, ∀x ∈ R
n .
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Quadratic forms (cont.)

Recall that all eigenvalues of a symmetric matrix are real. The following results are useful.

Lemma
A symmetric matrix A is positive (negative) definite if and only if all its eigenvalues are strictly positive
(negative):

A ≻ 0 ⇐⇒ λi >
(<)

0 , i = 1, . . . ,n

where λi denotes the i-th eigenvalue of A .

Lemma
A symmetric matrix A is positive (negative) semidefinite if and only if all its eigenvalues are non-negative
(non-positive):

A � 0 ⇐⇒ λi ≥
(≤)

0 , i = 1, . . . ,n

Observe that, for non-symmetric matrices, the eigenvalue check must be carried out on the symmetric part.

Felice Andrea Pellegrino 554SM –Fall 2020 Supplementary material: Linear Algebra–p46



Quadratic forms (cont.)

The following properties are useful:

• for any A ∈ Rm×n , the matrices (A⊤A) ∈ Rn×n and (AA⊤) ∈ Rm×m are both positive semidefinite;

• the gradient ∇ (regarded as a column vector) of a quadratic form is:

∇x⊤Ax = 2Ax (if A is symmetric);

• the Hessian matrix H(·) of a quadratic form is:

H(x⊤Ax) = 2A (if A is symmetric).
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Quadratic forms (cont.)

Theorem (Cholesky)
Any real symmetric and positive definite matrix A can be decomposed uniquely as the product of lower
triangular matrix having strictly positive eigenvalues and its transpose:

A = LL⊤.

For example:







4 12 −16
12 37 −43

−16 −43 98







=







2 0 0
6 1 0

−8 5 3













2 6 −8
0 1 5
0 0 3






.
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Principal Component Analysis (PCA)

x(1)
<latexit sha1_base64="xPRKm41Ph4/fusyJLvK3NScc83Q="></latexit>

x(2)
<latexit sha1_base64="fOlTHE/fnM5ZEt4YTd/qM4XM/kk="></latexit>

d
<latexit sha1_base64="cz3fVujutLVro11xUVJ67HOKdOU="></latexit>

An important application of Schur diagonalization is the Principal Component Analysis (PCA). The PCA has many
motivations and interpretations. The most common is ”find the direction along which the data varies the most”.

Suppose we are given a set of n points x1, . . . , xn ∈ Rm . Assume that the set has zero mean:

µ
.
=

1
n

n∑

i=1
xi = 0.

(If the set has nonzero mean, we can subtract µ to all the vectors). Let a direction in Rm be represented by a
unit vector d ∈ Rm . The component of xi along the direction d is thus given by the dot product d⊤xi . The
amount of ”variation of the data set along d” can be quantified as the empirical variance of the components, i.e.

1
n

n∑

i=1

(

d⊤xi
)2

.

Felice Andrea Pellegrino 554SM –Fall 2020 Supplementary material: Linear Algebra–p52



Principal Component Analysis (PCA) (cont.)

Finding the direction of maximal variance amounts to solving the following optimization problem:

argmax
‖d‖2=1

n∑

i=1

(

d⊤xi
)2

= argmax
‖d‖2=1

n∑

i=1

(

d⊤xi
)(

x⊤
i d
)

,

where the division by n has been omitted since the minimizer is the same.

By collecting the data in the matrix
X =

[

x1 x2 . . . xn
]

we have

d⊤X =
[

d⊤x1 d⊤x2 . . . d⊤xn
]

and X⊤d =











x⊤
1 d

x⊤
2 d
...

x⊤
n d











thus the objective function can be written more compactly and the problem becomes

argmax
‖d‖2=1

d⊤XX⊤d.
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Principal Component Analysis (PCA) (cont.)

The matrix XX⊤ is called covariance matrix and is symmetric and positive semidefinite by construction. Thus,
according to the Schur’s diagonalization theorem, it can be diagonalized by an orthogonal transform:

XX⊤ = TΛT⊤ = T











λ1 0 . . .

0 λ2 0 . . .

0 0
. . . 0

0 0 0 λm











T⊤

where λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0. Thus, the objective function becomes

d⊤TΛT⊤d,

and we search for the maximizing unit vector d. By letting

y = T⊤d,

and observing that ‖y‖2 = 1 ⇔ ‖d‖2 = 1, the problem becomes

argmax
‖y‖2=1

y⊤Λy,
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Principal Component Analysis (PCA) (cont.)

whose solution, since the eigenvalues appear in decreasing order, is y = [1 0 . . . 0]⊤ . Thus, the maximizing d
is

d = Ty = t1,

i.e. the first column of T , corresponding to an eigenvector associated to the largest eigenvalue.

From the above, it should be clear that the subsequent columns of T , i.e. t2, t3 . . . represent directions,
orthogonal to each other and to t1 , exhibiting a decreasing variance.

x(1)
<latexit sha1_base64="xPRKm41Ph4/fusyJLvK3NScc83Q="></latexit>

x(2)
<latexit sha1_base64="fOlTHE/fnM5ZEt4YTd/qM4XM/kk="></latexit>

t1
<latexit sha1_base64="eVJau//6mBoW7axpaQ1hPQWLP9E="></latexit>

t2
<latexit sha1_base64="jwpVz9MYxdptvj2udZclq660yYw="></latexit>
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Principal Component Analysis (PCA) (cont.)

T
<latexit sha1_base64="SNmyi9+Mx37DHIElPXb91PwPON4="></latexit>

x1<latexit sha1_base64="2/XU+ypaiqMyXAHLMHwc/HnE0NQ="></latexit>

x̂1<latexit sha1_base64="QY/nbsmabk3urbuQ6RodmHWpfy0="></latexit>

x̂2<latexit sha1_base64="vhDTleSem0B21t7UTmlSMKnKRFE="></latexit>

x̂3
<latexit sha1_base64="SOT0n9GJXHqe3UDkdZMr//C/X3o="></latexit>

x̂4<latexit sha1_base64="D4N26pKB7trvjeEOMN5lCTTP4A4="></latexit>

x4<latexit sha1_base64="Sqj1KXN4ea2cFx9yfD/FlY5zn9U="></latexit>

x3
<latexit sha1_base64="E5iCXW5tn5SN26f7GrPu7sM3ZFM="></latexit>

x2<latexit sha1_base64="IwzSm2ny9GYmWoZ5mGQXMBFUKGo="></latexit>

The PCA can be used for dimensionality reduction, by projecting the original data in the subspace spanned by
the first k < m columns of T . If x ∈ Rm is a vector of the original set, its projection onto the subspace T
spanned by {t1, t2, . . . , tk} is the vector x̂ ∈ Rm :

x̂ = DD⊤x, where D = [t1 t2 . . . tk ].

The coordinates of x̂ with respect to the basis of {t1, , t2 . . . , tk} of T are given by the vector

z = D⊤x

and are called the first k principal components of x .
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Solutions to linear systems of
equations



Solutions to linear systems of equations

Consider the linear system of equations:
Ax = b. (3)

where A ∈ Rm×n , x ∈ Rn and b ∈ Rm .

For b = 0 the system is said to be homogeneous and (3) becomes

Ax = 0.

From the definition of nullspace, the set of the solutions is thus ker(A). Two cases may occur:

1. rankA = n (i.e. A is full column rank): in that case by the rank-nullity theorem, dim(ker(A)) = 0. Thus
ker(A) = {0} and the trivial solution x = 0 is the only solution;

2. rankA < n: there exist infinite solutions, precisely the set of solutions is a subspace of Rn of dimension

dim(ker(A)) = n − rank(A) ≥ 1.
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Solutions to linear systems of equations (cont.)

For b 6= 0 the system Ax = b is said to be non-homogeneous. The following theorem provides a necessary and
sufficient condition for the existence of solutions.

Theorem
Consider the system

Ax = b,

where A ∈ Rm×n , x ∈ Rn and b ∈ Rm . Then,

the system admits a solution ⇐⇒ rank(A) = rank
([

A b
])

.

Moreover, if it admits a solution, and denoting by x̄ any specific solution to Ax = b, the entire solution set can
be described as

{x : x = x0 + x̄ where x0 ∈ ker(A)} . (4)
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Solutions to linear systems of equations (cont.)

Observe that:

• the condition rank(A) = rank
([

A b
])

is equivalent to b ∈ im(A);

• if rank(A) = n and the system admits a solution, then the solution is unique;

• if A is square and full rank, the condition is certainly satisfied and there exists a unique solution, which is
x = A−1b;

• the set of solutions (4) is a linear variety, as represented in figure.

ker(A)
<latexit sha1_base64="cdtgT2Qq80S/jDkP7eZZp+l22DI="></latexit>

x̄
<latexit sha1_base64="EWH/0S0q9Ww7C36wlXBjNc0bHWM="></latexit>

solution set
<latexit sha1_base64="KMXCcUjAHGAyxhsTW7MXtduqUlw="></latexit>

x1
<latexit sha1_base64="JeSg3DbtZb/j5gTFteEWxwfj1XI="></latexit>

x2
<latexit sha1_base64="xEjDnysUX/1fkaPAW7SIYKMqgHA="></latexit>
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A useful property

In the following we will use the following property.

Property
For any A ∈ Rm×n :

rank(A) = rank(A⊤A) = rank(AA⊤).

Proof.
We first prove the first equality. Let x ∈ ker(A⊤A). Then (A⊤A)x = 0 and multiplying by x⊤ to the left we get
x⊤A⊤Ax = 0 which implies that ‖Ax‖ = 0, thus x ∈ ker(A). We have proven that
x ∈ ker(A⊤A) =⇒ x ∈ ker(A). The opposite implication is obvious, thus

x ∈ ker(A⊤A) ⇐⇒ x ∈ ker(A).

In other words, A and A⊤A have the same nullspace. Since they have the same number of columns n, by the
rank-nullity theorem, the dimension of their columnspaces must be the same. The second equality follows by
the fact that rankM = rankM⊤ .
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Least-squares (approximate) solution to overdetermined systems

When trying to fit a model with real, noisy, data, overdetermined systems of equations are frequently
encountered.

A




























x











=

b




























We want to solve Ax = b for x , but b /∈ imA. In that case the system admits no solution, but still one may want
to find the x such that Ax is the closest possible to b. If we measure the distance using the Euclidean norm we
can state the problem:

min
x

‖Ax − b‖2
2 .
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Least-squares (approximate) solution to overdetermined systems (cont.)

In the frequent case when rankA = n (full column rank), the problem admits a unique solution. Indeed:

‖Ax − b‖2
2 = (Ax − b)⊤(Ax − b) = (x⊤A⊤ − b⊤)(Ax − b) = x⊤A⊤Ax − 2x⊤A⊤b + b⊤b.

By taking the gradient with respect to x and equating to zero, we get

2A⊤Ax − 2A⊤b = 0 or A⊤Ax = A⊤b.

Notice that A⊤A ∈ Rn×n and its rank is n. Thus it is invertible, and, as a consequence, the unique solution is

x̂ = (A⊤A)−1A⊤b. (5)
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Least-squares (approximate) solution to overdetermined systems (cont.)

The least-squares approximate solution admits a geometric interpretation. Indeed, Ax̂ is (by definition) the
point in imA that is closest to b, i.e. is the projection of b onto imA.

imA
<latexit sha1_base64="PSRxdBfhMxqPkT5Zxvtqh0As1lQ="></latexit>

b
<latexit sha1_base64="WZhUQSHSoelIHhMwY4Ut5+oRYU4="></latexit>

Ax̂
<latexit sha1_base64="jw5vWoNSXeNJ4vjFzxn66L+DIBQ="></latexit>

y1
<latexit sha1_base64="N3eX62QQRJYonJza7SCJXSOe4NE="></latexit>

y2
<latexit sha1_base64="qJTrxe+ZfEySKRr9QIxuxKi8hZs="></latexit>
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Minimum-norm solution to underdetermined systems

Another situation that may occur is that of an underdetermined system (more variables than independent
equations), typically having the form

A
[ ]

x
















=

b
[ ]

Assuming that m > n and rankA = m (full row rank) infinite solutions exist.

It can be useful to find the minimum norm solution, i.e. solve the problem:

min ‖x‖2
subject to Ax = b

.

The minimum norm solution x̂ can be shown to be:

x̂ = A⊤(AA⊤)−1b.
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Minimum-norm solution to underdetermined systems (cont.)

Indeed, the minimization problem can be stated as:

min x⊤x
subject to Ax = b

.

By introducing the Lagrange multipliers vector λ ∈ Rm , we get the Lagrangian

L(x, λ) = x⊤x + λ⊤(Ax − b).

The stationarity conditions are

∇xL(x, λ) = 2x + A⊤λ = 0 and ∇λL(x, λ) = Ax − b = 0.

From the first we get x = −A⊤λ/2 thus, from the second, we have λ = −2(AA⊤)−1b. Notice that
AA⊤ ∈ Rm×m is certainly invertible, being rank m. Finally, by substituting in the first we get

x̂ = A⊤(AA⊤)−1b. (6)
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Minimum-norm solution to underdetermined systems (cont.)

The minimum norm solution is orthogonal to kerA, indeed, for any y ∈ kerA we have Ay = 0 and also
y⊤A⊤ = 0. Thus

y⊤x̂ = y⊤A⊤(AA⊤)−1b = 0.

The minimum norm solution admits a geometric interpretation. Indeed, x̂ is the projection of the origin of Rn

onto the solution set of Ax = b.

ker(A)
<latexit sha1_base64="cdtgT2Qq80S/jDkP7eZZp+l22DI="></latexit>

solution set
<latexit sha1_base64="KMXCcUjAHGAyxhsTW7MXtduqUlw="></latexit>

x1
<latexit sha1_base64="JeSg3DbtZb/j5gTFteEWxwfj1XI="></latexit>

x2
<latexit sha1_base64="xEjDnysUX/1fkaPAW7SIYKMqgHA="></latexit>

x̂
<latexit sha1_base64="Q1C0pdEfrvdwT+4bT7x100z+uZU="></latexit>
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Singular value decomposition



Singular value decomposition

Any matrix A ∈ Rm×n can be seen as a linear map from Rn to Rm (it associates Ax ∈ Rm to x ∈ Rn).

The singular value decomposition of A reveals a lot about this map.

Theorem (Singular Value Decomposition)
Any matrix A ∈ Rm×n can be written as

A = UΣV⊤,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices and Σ ∈ Rm×n has the form:

Σ =

[

Σ1 0
0 0

]

, Σ1 =











σ1 0 . . .

0 σ2 0 . . .

...
...

. . .

0 . . . 0 σp











∈ R
p×p

where σ1 ≥ σ2 ≥ . . . σp ≥ 0, and p = min{m,n}.
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Singular value decomposition (cont.)

Definition
The real values σ1, σ2, . . . , σp are called the singular values of A.

Definition
The columns u1, u2, . . . , um of U are called the left singular vectors of A.

The columns v1, v2, . . . , vn of V are called the right singular vectors of A.

Observe that, for 1 ≤ i ≤ p:

Avi = UΣV⊤vi = UΣ














0
...
1
0
...














= U














0
...
σi

0
...














= σiui . (7)

ith row

Similarly, we get
A⊤ui = σivi . (8)
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Singular value decomposition (cont.)

Multiplying (7) to the left by A⊤ and substituting (8) we get:

(A⊤A)vi = σ2
i ui , i = 1, . . . , p,

thus (vi , σ2
i ) is an eigenpair of A⊤A. Similarly we obtain:

(AA⊤)ui = σ2
i vi , i = 1, . . . , p,

thus (ui , σ2
i ) is an eigenpair of AA⊤ .

Indeed, the following property holds true.

Property
Let A ∈ Rm×n .
If n ≥ m, the singular values of A are the square root of the eigenvalues of AA⊤ .
If m ≥ n, the singular values of A are the square root of the eigenvalues of A⊤A.
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Singular value decomposition (cont.)

Property
The rank of A equals the number of non-zero singular values of A.

Proof.
It is sufficient to observe that, since U and V⊤ are nonsingular:

rank(A) = rank(UΣV⊤) = rank(Σ).
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Singular value decomposition (cont.)

The singular value decomposition provides bases for imA and kerA, as shown by the next proposition.

Proposition
If A = UΣV⊤ is a singular value decomposition of A, and rank(A) = r , then:

• the first r columns of U are a basis for imA;
• the last n − r columns of V are a basis for kerA.

Moreover, the Frobenius norm and the 2-norm of A can be characterized in terms of singular value
decomposition:

‖A‖2
F = σ2

1 + σ2
2 + · · ·+ σ2

p

‖A‖2 = σ1.
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Four subspaces

The diagram below shows the four subspaces associated to A (sometimes called the four fundamental
subspaces) and their relationship to the linear map y = Ax .

R
n

<latexit sha1_base64="oaYflyaIZK2/9ufpsmhrl1V8e+M="></latexit>

kerA
<latexit sha1_base64="BXzgeoLrc1Z/OpFZzocjzfvbqB8="></latexit>

(dimn− r)
<latexit sha1_base64="CA8Hq36gCIGPQ/qIKH+kqCFQxxE="></latexit>

(dim r)
<latexit sha1_base64="fFYHNbw+37VDu0PC2PKPfZ7ufSI="></latexit>

R
m

<latexit sha1_base64="8X3JusbaENFpYzn1ugXnCooGUnE="></latexit>

(dim r)
<latexit sha1_base64="fFYHNbw+37VDu0PC2PKPfZ7ufSI="></latexit>

(dim m− r)
<latexit sha1_base64="7zURQ29Z2yHTB+RaKwLEVyuYwRI="></latexit>

ker(A>)
<latexit sha1_base64="Ll4F3yPdd0kfX9BUa04Et+GppfE="></latexit>

imA
<latexit sha1_base64="PSRxdBfhMxqPkT5Zxvtqh0As1lQ="></latexit>

im(A>)
<latexit sha1_base64="h8IpmxhntI1zlBwt77jAsn0hm6U="></latexit>

0
<latexit sha1_base64="er74J6tcpJsjw8Wu2hyB2hZMv0M="></latexit>
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Four subspaces (cont.)

The singular value decomposition provides orthogonal bases for the four subspaces, as represented in the
figure below. The colors of the partitions of U and V correspond to the subspaces of the previous slide.

k
e
r
A

<latexit sha1_base64="BXzgeoLrc1Z/OpFZzocjzfvbqB8="></latexit>

ker(A>)
<latexit sha1_base64="Ll4F3yPdd0kfX9BUa04Et+GppfE="></latexit>

imA
<latexit sha1_base64="PSRxdBfhMxqPkT5Zxvtqh0As1lQ="></latexit>

im
(A

>
)

<latexit sha1_base64="h8IpmxhntI1zlBwt77jAsn0hm6U="></latexit>

U
<latexit sha1_base64="3pCcPdvMjeakFBo4l4GUuZcgVdc="></latexit>

Σ
<latexit sha1_base64="9oJS6Tuh4ak+obRmN6ZpndbRkTo="></latexit>

V
>

<latexit sha1_base64="iirgGtYJIOJKNQSEO7ht2Jou22A="></latexit>

A
<latexit sha1_base64="tpEU8Z3lNlY28F3MI3tiBsmNXZM="></latexit>

=<latexit sha1_base64="qjwtwyOi62xVgZS6x2NTEtQlb88="></latexit>

r
<latexit sha1_base64="+tfjmWtXhG/EDyPHQssq2s359pE="></latexit>

n− r
<latexit sha1_base64="KN7zekNJi1SmR9k/93JJmsq3Rig="></latexit>

m− r
<latexit sha1_base64="b49PGalKtGoYj4nUNkqW6VwtnGk="></latexit>

n
<latexit sha1_base64="snxdN04FVA2scfB/i7m152Ancms="></latexit>

m
<latexit sha1_base64="ftpKalQXnGc0Qrzreq+l75Nt4cs="></latexit>

r
<latexit sha1_base64="+tfjmWtXhG/EDyPHQssq2s359pE="></latexit>

Σ1
<latexit sha1_base64="MMiYr6CLrKBuq6mFnu43JNhwBu0="></latexit>

n
<latexit sha1_base64="snxdN04FVA2scfB/i7m152Ancms="></latexit>
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Geometrical interpretation

The singular values admit the following geometrical interpretation.

The singular values of A ∈ Rm×n represent the length of the semiaxes of the hyperellipse in Rm obtained by
applying the linear map A to the unit hypersphere of Rn (centered in the origin).

R
n

<latexit sha1_base64="oaYflyaIZK2/9ufpsmhrl1V8e+M="></latexit>

R
m

<latexit sha1_base64="8X3JusbaENFpYzn1ugXnCooGUnE="></latexit>

A
<latexit sha1_base64="Gg+Yjcgp/zE0QlWBmvo125iQWCM="></latexit>
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Geometrical interpretation (cont.)

As an example, consider the case R2 −→ R2 :

A
<latexit sha1_base64="Gg+Yjcgp/zE0QlWBmvo125iQWCM="></latexit>

v1
<latexit sha1_base64="cC9LSenvQ3Pql2n2JmNZOL+bo5M="></latexit>

v2
<latexit sha1_base64="dm/TAF+hFkG7hzlqcqImpjFWjiA="></latexit>

σ1u1
<latexit sha1_base64="t7wJ//tuVG7pqQ4J0U9AFaFErPg="></latexit>

σ2u2
<latexit sha1_base64="H3MNa2dBq2CkYUZ9TezIAQzyLBQ="></latexit>

We have
‖Av1‖ = ‖σ1u1‖ = σ1 ‖u1‖ = σ1

‖Av2‖ = ‖σ2u2‖ = σ2 ‖u2‖ = σ2
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Singular values and eigenvalues

The singular values are different from the eigenvalues. In particular:

• the singular values are defined for any matrix, while the eigenvalues exist only for square matrices;

• the singular values are always real;

• the singular values are always non negative;

• if A is square, then the singular values can be computed by taking the square root of the eigenvalues of
either A⊤A or AA⊤ :

σi =
√

λi(A⊤A) =
√

λi(AA⊤).
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Example

Let

A =

[

1 0 0
0 2 0

]

,

thus the map is from R3 to R2 . We can compute the singular values as
√

λi(AA⊤):

AA⊤ =

[

1 0 0
0 2 0

]







1 0
0 2
0 0







=

[

1 0
0 4

]

=⇒ λ1 = 4, λ2 = 1

thus σ1 = 2, σ2 = 1.
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Example (cont.)
It can be easily checked that a singular value decomposition is3

A =

[

0 1
1 0

][

2 0 0
0 1 0

]







0 1 0
1 0 0
0 0 1







A
<latexit sha1_base64="Gg+Yjcgp/zE0QlWBmvo125iQWCM="></latexit>

R
2

<latexit sha1_base64="jBhETf7g5U1evnBOL9APbdgjVoQ="></latexit>

R
3

<latexit sha1_base64="LJbWR22iCj90E9RcB12fW/WX2mQ="></latexit>





1

0

0





<latexit sha1_base64="31q/9BWBQwI3IyjIfpquA5ic4rg="></latexit>





0

1

0





<latexit sha1_base64="Xa82eoe9kpYW/VXKCxPmUGGfHVY="></latexit>





0

0

1





<latexit sha1_base64="Smh0fhl9eUunQJR8GwcWlkP3XEg="></latexit>



0

2

�

<latexit sha1_base64="Yu2KnxXtizbV8H/dLvJzly1WNfc="></latexit>



1

0

�

<latexit sha1_base64="Q/jj8VcYuszxGChokBBpG4U9/Dk="></latexit>

u1
<latexit sha1_base64="0TiID+G6ETRVGBgQgZLM01Iufts="></latexit>

u2
<latexit sha1_base64="LF+Z2s72Ew13js0sIofr9wuJGfg="></latexit>

3the singular value decomposition is not unique: for instance one can change the sign of both ui and vi and get a different SVD, but this is not the
only source of ambiguity.
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Compact SVD and dyadic expansion

Proposition (Compact SVD)
Let A ∈ Rm×n and let rank(A) = r . If A = UΣV⊤ is the singular value decomposition of A, it can be shown
that:

A = UrΣrV⊤
r , (9)

where Ur = [u1 u2 . . . ur ], Vr = [v1 v2 . . . vr ], and Σr = diag{σ1, σ2, . . . , σr}.

Moreover, A admits the following dyadic expansion:

A =

r∑

i=1
σiuiv⊤

i =

r∑

i=1
σiZi , (where, clearly, Zi ∈ R

m×n and rank(Zi) = 1)

For instance, the matrix of the previous example has the following compact SVD and dyadic expansion:
[

1 0 0
0 2 0

]

=

[

0 1
1 0

][

2 0
0 1

][

0 1 0
1 0 0

]

= 2
[

0 0 0
0 1 0

]

︸ ︷︷ ︸

u1v⊤1

+1
[

1 0 0
0 0 0

]

︸ ︷︷ ︸

u2v⊤2
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Low rank approximation

Theorem
Let k < r = rank(A) and A(k) =

∑k
i=1 σiuiv⊤

i . Then:

min
rank(B)≤k

‖A − B‖2 =
∥
∥A − A(k)

∥
∥

2 = σk+1.

In other words, A(k) is the best approximation of rank ≤ k of A, with respect to the 2-norm.

Theorem
Let k < r = rank(A) and A(k) =

∑k
i=1 σiuiv⊤

i . Then:

min
rank(B)≤k

‖A − B‖F =
∥
∥A − A(k)

∥
∥

F =
r∑

i=k+1
σi .

In other words, A(k) is the best approximation of rank ≤ k of A, with respect to the Frobenius norm.

Notice that A(k) can be written as:
A(k) = UkΣkV⊤

k

where Uk = [u1 u2 . . . uk ], Vk = [v1 v2 . . . vk ], and Σr = diag{σ1, σ2, . . . , σk}..
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Non-trivial approximate solutions to homogeneous systems

Consider the homogeneous system Ax = 0, where A ∈ Rm×n . If A is full column rank, the only solution is
x = 0. Otherwise, the system admits non-trivial solutions (in other words, A has non-trivial nullspace).

When trying to fit a model with real, noisy, data, it may well happen that A is full column rank due to noise or
measurement errors, although from a theoretical point of view it should not. Still, one may be interested in
non-trivial approximate solutions. In particular, an approximate solution can be found by solving:

min
‖x‖=1

‖Ax‖2 , (10)

where we state the constraint ‖x‖ = 1 to exclude the trivial solution x = 0 (the choice of the value 1 is
arbitrary, basically because we are interested in the direction of x).

The solution of (10) is easily proven to be the right singular vector associated to the smallest singular value.
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Non-trivial approximate solutions to homogeneous systems (cont.)

Theorem
Let A ∈ Rm×n and let A = UΣV⊤ be its singular value decomposition. The solution of the following
constrained minimization problem:

min
‖x‖=1

‖Ax‖2 ,

is x = vn , where vn is the nth column of V , i.e. the right singular vector associated to the smallest singular
value.

Proof.
Recalling that U and V are orthogonal, we have:

min
‖x‖=1

‖Ax‖2 = min
‖x‖=1

∥
∥
∥UΣV⊤x

∥
∥
∥

2
= min

‖x‖=1

∥
∥
∥ΣV⊤x

∥
∥
∥

2
= min

‖y‖=1
‖Σy‖2 = min

‖y‖=1

∑

i
σ2

i yi .

Since the singular values appear in Σ in decreasing order, the minimum is achieved for y = [0 . . . 0 1]⊤ , thus
the solution is x = vn .
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Orthogonal Procrustes problem

The Orthogonal Procrustes4 problem amounts to finding the orthogonal transformation W that renders the
transformed matrix WB as close as possible to A (in Frobenius norm). Its solution can be expressed in terms of
an SVD.

Theorem (Orthogonal Procrustes problem)
Given two matrices A and B, the solution to the problem

min
W⊤W=I

‖A − WB‖2
F

is W = VU⊤ , where BA⊤ = UΣV⊤ is the singular value decomposition of BA⊤ .

An important special case, frequently encountered in Computer Vision and in Robotics, is B = I , when the aim
is to find the orthogonal matrix W which is closest to a given A:

min
W⊤W=I

‖A − W‖2
F .

The solution corresponds to substituting Σ with the identity matrix in the SVD of A.

4”He killed Damastes, surnamed Procrustes, by compelling him to make his own body fit his bed, as he had been wont to do with those of strangers.“
(Plutarch, Life of Theseus).
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SVD and PCA

We have seen that the PCA of matrix X amounts to performing an eigenvalue decomposition of the (symmetric
and positive semidefinite) matrix XX⊤ :

XX⊤ = TΛT⊤. (11)

Now, considering the SVD of X :
X = UΣV⊤,

we can express the matrix XX⊤ as follows:

XX⊤ =
(

UΣV⊤
)(

UΣV⊤
)⊤

= UΣV⊤V
︸ ︷︷ ︸

I
ΣU⊤ = UΣ2U⊤ (12)

Since Σ2 is diagonal, (12) is an eigenvalue decomposition as well as (11) is, and the columns ui of U are
eigenvectors of XX⊤ associated to the eigenvalues σ2

i .

Thus PCA reduces to computing the SVD of X (without forming XX⊤) and, denoting by Uk the matrix
containing the first k columns of U , the vector of the first k principal components of x is U⊤

k x .
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PCA, dimensionality reduction and SVD

Suppose we are given n points in Rm

X =
[

x1 x2 . . . xn
]

∈ Rm×n

Let
D =

[

d1 d2 . . . dk

]

∈ Rm×k

where k < m be an orthonormal basis for a subspace D of Rm . The projection onto D of a vector x ∈ Rm is

x̂ = DD⊤x.

x
<latexit sha1_base64="uwEH1wLFh+NV2r/5hkQViNJ/2Ws="></latexit>

x̂
<latexit sha1_base64="Se8wvvEhVciH/74lvHpPcHITPoE="></latexit>

D<latexit sha1_base64="D52kGpM8sezSxQ1A6tdMQsQd4co="></latexit>

R
m

<latexit sha1_base64="aYsnJWpEF/DEdKfn2Ql1Pncpjgw="></latexit>
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PCA, dimensionality reduction and SVD (cont.)

We can reduce the dimensionality of the set {x1, . . . , xn} by encoding each xi as the vector zi ∈ Rk of the
components of x̂i along the basis {d1, . . . , dk}:

zi = D⊤xi .

For a given k < m (i.e for a given target dimensionality) what is a reasonable criterion for the choice of D? From
zi ∈ Rk we can reconstruct x̂i = Dzi ∈ Rm ; thus, a reasonable criterion is the minimization of the sum of the
squared reconstruction errors, i.e.

Dopt = argmin
D⊤D=I

n∑

i=1

∥
∥xi − DD⊤xi

︸ ︷︷ ︸

x̂i

∥
∥2

2, (13)

where the constraint guarantees that the columns of D form an orthonormal basis. Recalling the Frobenius
matrix norm, Eq. (13) can be written in compact form as

Dopt = argmin
D⊤D=I

∥
∥X − DD⊤X

︸ ︷︷ ︸
.
=B

∥
∥2

F . (14)
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PCA, dimensionality reduction and SVD (cont.)

Now observe that:

• since D is rank k we have:
rankB ≤ k

• hence, problem (14) can be seen as a constrained low-rank approximation problem (it is constrained
because B must be of the form DD⊤X where D has orthogonal, unit norm columns).

If X = UΣV⊤ is the SVD of X , the solution of the unconstrained problem is well-known to be

B = UkΣkV⊤
k ,

where Uk = [u1 u2 . . . uk ], Vk = [v1 v2 . . . vk ], and Σk = diag{σ1, σ2, . . . , σk} (see the second theorem of
slide 80).

We now show that the unconstrained solution satisfies the constraint and, as a consequence, is the solution of
the constrained problem. More precisely, we show that the unconstrained solution has the form DD⊤X with
D = Uk .
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PCA, dimensionality reduction and SVD (cont.)

Indeed we have:

UkU⊤
k X = UkU⊤

k UΣV⊤

= Uk
[

Ik 0
]
[

Σk 0
0 ⋆

][

V⊤
k
⋆

]

= Uk
[

Σk 0
]
[

V⊤
k
⋆

]

= UkΣkV⊤
k

where ⋆ denotes a submatrix that does not affect the result.
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