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Two-parameters models

ke

5T

A model is specified with two real parameters 61, 6>

p(yl61,62)

the prior is then a bivariate distribution 7(61, 62) and the posterior is then
a bivariate distribution as well

7'['(91, 92‘}/) X p(y|01762)ﬂ-(91792)
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Two-parameters models: nuisance parameters

Suppose that one of the parameters, say 65 is a nuisance parameter, in
which case we may be interested in the marginal posterior for 61, which is
obtained as

L
marginal of the joint posteriors 4 - J —--‘/
- c
74 - (c
m(b1ly) = /W(91,92|Y)d92 = /P(y|91,92)7r(91,92)d92
L——-———-l’—\
or as a mixture of conditional posterior —_=
L 1 A -
w(0aly) = [ w(Ouloa, (0l .

—

TF(}N) =
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Likelihood

Let

Yis- -y Ynlp, 0% ~ IID(N(p, 0%))
The likelihood is

1
vl 0%) o (0%) 2 exp {g - u)2}
l
y

x (0-2)—n/2 exp {% - (i — 7+ N)2}
o (02) ™" exp {—%(&2 +(y - u)z)}
x (@) "o { - pa((n- )+ g - W)}

a function of the sufficient statistics

ny s =n_12(yj—7)2= 52,
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@ Normal model with noninformative prior
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Noninformative prior specification

Consider the improper prior

m(p,0%) < (0%)7

that is, ;2 and o2 are independent and

o m(u) x k
o m(0?) o (02)7t

Equivalently, we could say that 7(log o?) o k
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Noninformative prior specification

The posterior is

m(p, o?|y) o< p(ylp, 0?)(o?) 7t PERY

x () o) e {5 (0= ) + 05— )}

—

n 1
o (0_2)71/2 exp{_ﬁ(y/ _M)Z} (0_2)7(n+1)/2 exp{_ﬁ(n_ 1)52}

2 N (5. 22 2| inVev2(n—1.5s2
ulo?,y N(y,”n) o?|ly~Minv-x2(n—1,5%) _ [v-)s”’
2

=

x 2
We already know that the posterior for ;. conditional on 02 is ¥+,

2
o) =N (7.7

(In fact the problem is no different than what we discussed as a single
parameter model assuming o known.)
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Posterior with noninformative prior

The marginal posterior for o2 is
2() — 2
m(o®ly) = /W(u,a ly)dp

x [or e {-galn -1+ o7 - )}

- - -

~ :,_2e (n—1)s2" [2702
X o X —
P 202 n

x (02)(M1)/2 gy {_w}

202

that is
a?ly ~inv-x3(n —1,5?)
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Posterior with noninformative prior (cont.)

Reacall that by
o2y ~inv-x?(n —1,5%)

we mean that

s (n— 1)52
0O —d 7)(

and compare this with the usual result on the sampling distribution of s2.

, X NXi—l

Note also that it is equivalent to write

-1 (n—1)s°
o2y ~ inv-Gamma <n2 ’(n 5 )s >

o1 n—1 (n—1)s?
(c°) "y Gamma( 5 5
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Marginal posterior for p

m(ply) = /0 m(p, o%|y)do?
/4

:/Ooa”zexp —%(-‘(n—l)s + (y M)) do®
; y L

-~

A (n—1)s2+n(y—p)2
20 20

/ ( ) exp{—z} —dz

0

2z
x A™"/2 /OO 222 exp {—2} dz v - M
o, . ‘ZL_S_;—-— A//;“I
« (14 M)/ ~ tra(7,5%/n) .
(n - 1)5 Y - —
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Marginal posterior for p

ply ~ tn—l(}7752/”)

Hence
which is equivalent to Va
K=y y ~th1 =
s/\/n "
analogous to the usual result for the pivotal quantity
y—p 1 02 ~ 11 c
S/ﬁ bl n—
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Predictive distribution for y - 6% 0 2serve tu
J [poor v M)
4;2&0 ‘W’ 7/ 7{( B y«
In general \"7

p719) = | [ p311.0% 30(.0?ly)dndo?

— ————

and it can be shown that

- _ 1
e (3 142)5)

o N
I
E(M7) 7" 7
v Jony
Y, 24
V‘Mt‘ob.ﬁr/j—“ “'//Zlé W(\/“
a9 et
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Predictive distribution for y, proof

First note that we have proven that
[

n = —n/2
m(ply) = /W(M’02,}/) W(fi’)ﬁ)daz = (1 + M) ~ to1(y,5%/n)

(n—1)s?
N(y.g2/n)

Then note that

p(7ly) = / / P()"/Iu,Uz,y)ﬂ(xj,ff2l_y)dud02
= [ [ ot 2yt ,Ly)dydwﬁ'/c’_z[ /

/(/[/j ! 2 2
= [/ ol ety ) (o2l
./\/'(.y,az(l—l-l/n))

1
o 2
~ th— ) 1 o
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Conjugate prior specification

Let the prior be %4

2 o2 ~
° /'L|U NN<M07R_O> &
o 02 ~inv-x%(vp,03)
) | SU
Remember that this means
2
e Vo U0
0% =4 020, i.e. 0% ~ inv- Gamma( 0, 0 0)
oo 27 2
so that )
ers Voo
E(0?) = "% Mode(o?) = -2
vy —2' Vo + 2
and

7(02) o (02) (02 exp { —g03 /(202)} £
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Conjugate prior specification: joint and marginal
Since Ko
2 -1 _ko N2
m(1lo?) x o exp { 5 (1~ o)? |
7(0?) o (02)~(0/241) exp {—1/00(2)/(202)}
the joint prior density is

m(p,0%) = m(plo®)m(o?)

— — 1 ‘ ‘

- — — =~ - — — -\;3_'\ A —
\ v

label this as the
N-inv-x2 (10, 03/ Ko, 10, 08)
Note also that marginally

. 2\ —(r0+1)/2
(1) (1 i 0(“—;‘0)) ~ tyo1i0, 52 /o)
1/00'0 = —_— -

£
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Posterior with conjugate prior

m(p, 02ly) o< p(y|p, o®)m(p, 0%)
2\—n/2 1 2 - 2
x (2o { =L (0= 15 4 a7 — ) | x

PN SR
X o 1(0_2) (°/2+1)exp{—§(Voa(z)-l-ﬁo(lto—ﬂ)z)}

( 2) (Vo+n)/2+1)exp - Voao@(n—l)i’
202 = - . =~

1
x o *1(0-2) (Vn/2+1)exp{—ﬁ (VnO' K/n(

—_— e ==

where

_ Kopo + ny
Ko+ n
Kn=4Ko+n

Vh =1+ n

2 2 Kon
Vnos = v, +(n—1)s° +
nYp 0090 ( ) Ko

—_— —_——

n(}7 — o)®
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Detail

Ko(po — p)* + n(y — p)* =
= ro(1§ — 2upo + 12) + n(7? — 27 + %)
= (w0 + n)p? — 2u(ropo + ny) + (kop + ny?)

-N\2 =\ 2

K +n K +n _

(0 + 1) (u_M) ~ (ko + n) (M) + ropid + ny?
Ko+ n Ko+ n

s o
= kn (0 — pn)? — (K33 + 2kopony + n?7?) + Kopd + ny?
Ko +n
= kn (1 — pn)® — P (Kug + 2kopony + n*y* — (ko + n)(kopp + ny?))
0
1
= kin (= pn)? — = (K§1d + 2ropony + n°y? — Kgug — nroy® — Konug — n*y?)
0
1 _ _
= kn (1 — pn)® — (2kopony — nkoy® — Konpg)
Ko +n
nKo — -
= fn (= pn)? + —— (7 + 1§ — 2107)
Ko+ n
Ko _
= kn (1 — pn)? + (o — )
“+n
.
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Detail (cont.)

vy + kopo — p)? + (n—1)s* + n(y — p)?) =

= vpog + (n—1)s* + (o — 7)% + in (1 — 11n)’?

Ko+ n
= Vn0 + fin (10 — :U«n)2

— -
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U=l e o
Posterior with conjugate prior

Then
1L, a2|y ~ N—inv—Xz(u,,,U,z,//ﬁn, Vp, 0,2,)
with
£/ Ko po + 2. G
_ Kopo + ny v/ -
fin Ko+ n g;_‘e: + 4;72_
Kn= Ko+ n
Vn =1 —+n d:/‘ /w#—#_
KRon _
1/,,0% = 1/008+(n— 1)s2+ (y—uo)2 P
— —_— ———e -T‘ Oi__
Note that B . Z
E(o?ly) = L% _ voog + (n — 1)s* + 295 (¥ — o)
Vp — 2 v+n—2

— —
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Posterior for u with conjugate prior

One can draw conclusions directly from the bivariate posterior distribution
(for instance, a posterior credibility region may be obtained for the pair), it

may also be interesting, however, to investigate one parameter only,
typically the mean.

it is then relevant to know that

e conditionally to a value for the variance ¢

= 2
2 N Koo +ny o
(ulo®,y) ( P

e Marginally

o oy )2
) x (14 "= el

2
VnU,z, ~ tVn(/’Ln’o-n/Hn)

—_— ——
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Example: Newcomb measurements

Simon Newcomb set up an experiment in 1882 to measure the speed of
light by observing the time required for light to travel 7442 meters.

. ¢
n=66 _
Z = 24826.2
s=10.8

True value: 24833.02

a i H

r T T T 1
24760 24780 24800 24820 24840

Time (nanoseconds)
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Example: Newcomb measurements

Simon Newcomb set up an experiment in 1882 to measure the speed of
light by observing the time required for light to travel 7442 meters.

n=66
Z = 24826.2
s=10.8

True value: 24833.02

I Trasformation: y = z — 24800
H\ T H\ T — _)7 — 262 - -
e 0 2 43 True value: 33.02

Time-24800 (nanoseconds)
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Newcomb measurements, posterior for o2

4
o?|y ~ inv-x3(65,10.8°)
65

E(o?ly) = 5 210.82 =120.34

/ s
E(Uzly) = 1097 T T T T T

=

- —
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Newcomb measurements, posterior for o

.82
M’y ~ te5 (2 .2, 6 1292)
- . //
2 Fyem s
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Newcomb measurements, posterior for o

10.82
wly ~ tes (26.2, o :1.3292)

r T T T 1
-40 -20 0 20 40

Time-24800 (nanoseconds)
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Newcomb measurements, posterior for il

10.82
wly ~ tes (26.2, o :1.3292)

Posterior interval:

P te6.0.075 — = 26.241.997x1.329

V66 — N~

T T
23.6 26.2 28.8

[23.6,28.8] .

33 by
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Newcomb measurements, predictive distribution
~ — 2 :L
7/7 NZ’/&-/ {7' g //(J”h))

Py ~ tes (26.2, 10.82 (1 66) = 10. 882

. x
Posterior interval: | M A
1 Iy £
v+t 1+ = é %\
y 66,0.975S + 66

— T 1 1
0 10 20 30 40 50

262 :l: 1997 X 1088 Time- 24800(nanoseconds)
[4.47,47.93] “Te4 Q<Z‘/‘"—“
v 2
(Iy}/(a.c' 72—//0\/5/?’/
(J, ~ - 7
g = T
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Reparametrization

It is convenient to reparametrize the model writing 7 = 1/02, so the
likelihood is

Pyl ) o T2 exp { =767 + (7 - %)}

the parameter 7 is also called precision.
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Likelihood

Let y € RY be a vector of observations and assume
y’:u7z NN(M7Z)7
then, for one observation,

Pyl ) = (2m) el 2 exp {3~ ) TE My - )

X i—u)}
/:1

tr(X 150)}

while for n observations

3

p(y1s- - Yalp, T) o< [£] 72 eXP{

\l—‘ I\)\l—\

o |Z|72 exp {

where So =7 (vi — ) (yi — 1) 7.

Francesco Pauli Multiple parameter models 29 / 32



e Univariate e Multivariate

Model with ¥ known

A priori, let u ~ N (uo, No), then
p(uly, X) o< p(y|p, Z)m(p)

mexp{Z(y, p) ! u);(uuoT)/\ol(uuo)}

o exp {—%(u — ) (NG 4 nE ) (- un)}
where
pn = (Ag "+ nE 1) HAG o + nE 1Y)

Note that the result resembles that for the unidimensional normal
distribution, the posterior is a N (g, Ap) with At = Ayt 4+ nZ L.

Francesco Pauli Multiple parameter models
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Model with g, > unknown
We consider the prior defined by
plZ ~ N (po, X/ ko)

Y ~ Inv-wishart(Ay*, vo)

where the latter means that
1
7(X) o | X772 T exp {—Etr(/\oz_l)}

and so the prior is

_d+yg 1
(%) o |25 I

1 _ K _
X e><p{—§tr(/\oZ =S po)E l(u—uo)}

T Lol parameter models T NS
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Model with p, > unknown (cont)

The posterior distribution belongs to the same family with parameters

Ko
Un =

I€0+HMO+/€0+H

Kn=Kg+n

y
Vo =1Vg+n

Hon — _ T
ANp=No+ S+ — —
n 0 Ko n(y 10)(¥ — po)

where

5= Z(Yi -Ni-y)7"
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