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Generalities

• Population
• What is the population

«Adults 16 years of age or older who were healthy or had stable chronic 
medical conditions, including but not limited to human immunodeficiency virus 
(HIV), hepatitis B virus, or hepatitis C virus infection, were eligible for 
participation in the trial. Key exclusion criteria included a medical history of 
Covid-19, treatment with immunosuppressive therapy, or diagnosis with an 
immunocompromising condition.»

«This report does not address the prevention of Covid-19 in other populations, 
such as younger adolescents, children, and pregnant women.»



Generalities

• Sample 
• «With the use of an interactive Web-based system, participants in the trial 

were randomly assigned in a 1:1 ratio to receive 30 μg of BNT162b2 (0.3 ml 
volume per dose) or saline placebo. Participants received two injections, 21 
days apart, of either BNT162b2 or placebo, delivered in the deltoid muscle. 
Site staff who were responsible for safety evaluation and were unaware of 
group assignments observed participants for 30 minutes after vaccination for 
any acute reactions.»

• Sampling strategy: random assignment
• Observational/experimental
• Other relevant features: double blind

• Are there any issue related to sampling in this case?









Outcome measure
For clinical trials, a planned measurement described in the protocol that is used to determine the effect of an 
intervention/treatment on participants. For observational studies, a measurement or observation that is used to 
describe patterns of diseases or traits, or associations with exposures, risk factors, or treatment. Types of outcome 
measures include primary outcome measure and secondary outcome measure.

Outcome measure – endpoint(s)



Soglia al 30% (ipotesi nulla 
VE<=30%) è usata anche 
nei trial di Moderna e 
AstraZeneca 



Statistical model

• A parametric statistical model is a triplet
• Sample space

• Parameter space

• Distribution family

• A Bayesian model also requires a prior distribution

(Hints: look for possible reparametrizations/ nuisance parameters/ 
sufficient statistics.)



CASES NON CASES

Vaccinated 𝑛𝑣1 𝑛𝑣2 𝑁𝑣 = 𝑛𝑣1+𝑛𝑣2

Controls 𝑛𝑐1 𝑛𝑐2 𝑁𝑐 = 𝑛𝑐1 +𝑛𝑐2

𝑛1=𝑛𝑣1+𝑛𝑐1 𝑛2=𝑛𝑣2+𝑛𝑐2 𝑁

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝑉𝐸 = 1 − 𝐼𝑅𝑅

ො𝜋𝑣 =
𝑛𝑣1

𝑛𝑣1 + 𝑛𝑣2

ො𝜋𝑐 =
𝑛𝑐1

𝑛𝑐1 + 𝑛𝑐2

𝐼𝑅𝑅 =
ො𝜋𝑣
ො𝜋𝑐

Vaccine and controls are randomly assigned with a 1:1 ratio, so
𝑁𝑣=𝑁𝑐 = 𝑁/2

IRR is the calculated ratio of confirmed cases of Covid-19 illness per 
1000 person-years of follow-up in the active vaccine group to the 
corresponding illness rate in the placebo group

𝑛𝑣1~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁𝑣, 𝜋𝑣)

𝑛𝑐1~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁𝑐, 𝜋𝑐)

N is fixed (total sample size)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

Vaccine efficacy was estimated by 100 × (1 − IRR)

The incidence rate ratio (IRR) is the incidence rate for the treated 

divided by the incidence rate for the control.

𝐼𝑅𝑅 =
ෝ𝜋𝑣

ෝ𝜋𝑐
= 
𝑛𝑣1

𝑛𝑐1

𝑉𝐸 = 1 − 𝐼𝑅𝑅



CASES NON CASES

Vaccinated 𝑛𝑣1 𝑛𝑣2 𝑁𝑣 = 𝑛𝑣1+𝑛𝑣2

Controls 𝑛𝑐1 𝑛𝑐2 𝑁𝑐 = 𝑛𝑐1 +𝑛𝑐2

𝑛1=𝑛𝑣1+𝑛𝑐1 𝑛2=𝑛𝑣2+𝑛𝑐2 𝑁

𝑛𝑣1|𝑛1 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛1, 𝜃)

𝜃 = 𝑃 𝑉𝑎𝑐𝑐 𝐼𝑛𝑓

𝑛1 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁, 𝜋)

𝜋 =
1

2
𝜋𝑣 +

1

2
𝜋𝑐

We consider the parameter

𝜃 = 𝑃 𝑉𝑎𝑐𝑐 𝐼𝑛𝑓 =
𝑃 𝑉𝑎𝑐𝑐 𝑃(𝐼𝑛𝑓|𝑉𝑎𝑐𝑐)

𝑃(𝐼𝑛𝑓)
=

1
2𝜋𝑣

1
2 𝜋𝑣 +

1
2𝜋𝑐

=
𝜋𝑣

𝜋𝑣 + 𝜋𝑐

This is a reparametrization where

𝜃 =
𝐼𝑅𝑅

𝐼𝑅𝑅 + 1
=
1 − 𝑉𝐸

2 − 𝑉𝐸

Se inference on VE can be based on inference on .



With respect to the (𝜋𝑣, 𝜋𝑐) parametrization we are using the new parametrization (𝜃, 𝜋) where

𝜃 =
𝜋𝑣

𝜋𝑣 + 𝜋𝑐
; 𝜋 =

1

2
𝜋𝑣 +

1

2
𝜋𝑐

The inverse transformation is
𝜋𝑣 = 2𝜃𝜋; 𝜋𝑐 = 2(1 − 𝜃)𝜋

𝑛𝑣1~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁𝑣, 𝜋𝑣)

𝑛𝑐1~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁𝑐, 𝜋𝑐)

𝑝 𝑛𝑣1, 𝑛𝑐1; 𝜋𝑣, 𝜋𝑐 = 𝑝 𝑛𝑣1; 𝜋𝑣 𝑝 𝑛𝑐1; 𝜋𝑐

𝑛𝑣1|𝑛1 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛1, 𝜃)

𝑛1 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑁, 𝜋)

𝑝 𝑛𝑣1, 𝑛1; 𝜃, 𝜋 = 𝑝 𝑛𝑣1|𝑛1; 𝜃 𝑝 𝑛1; 𝜋

The sampling distribution is obtained as the 
joint distribution of 𝑛𝑣1 and 𝑛1=𝑛𝑣1+𝑛𝑐1 which 
is the product of the conditional distribution of 
𝑛𝑣1|𝑛1 and the marginal of 𝑛1. 
The latter does not depend on 𝜃.

The sampling distribution is obtained as the 
joint distribution of 𝑛𝑣1 and 𝑛𝑐1 independent 
binomial variables.

The two parametrizations/likelihoods



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)
Likelihood
We consider the observation that out of 𝑛 cases 𝑛𝑣
are from vaccinated individuals, then

𝑛𝑣|𝑛 ~ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝜃, 𝑛)
where

𝜃 = 𝑃 𝑉𝑎𝑐𝑐 𝐼𝑛𝑓 =
𝜋𝑣

𝜋𝑣 + 𝜋𝑐

Prior
We need a prior on , the following is used (SM)

𝜃~𝐵𝑒𝑡𝑎 0,700102, 1
Which corresponds to

𝐸 𝜃 = 0.4118 ↔ 𝐸(𝑉𝐸) = 30%
or, in terms of 95% intervals

𝜃𝜖[0.005, 0.964] ↔ 𝑉𝐸𝜖[−26.2, 0.995]

See: 
https://statmodeling.stat.columbia.edu/2020/11
/13/pfizer-beta-prior-vaccine-effect/

𝜃 =
𝐼𝑅𝑅

𝐼𝑅𝑅 + 1
=
1 − 𝑉𝐸

2 − 𝑉𝐸
𝑉𝐸 =

1 − 2𝜃

1 − 𝜃
𝐼𝑅𝑅 =

𝜃

1 − 𝜃

https://statmodeling.stat.columbia.edu/2020/11/13/pfizer-beta-prior-vaccine-effect/


CASES

Vaccinated 𝑛𝑣 = 8

Controls 𝑛 − 𝑛𝑣 = 162

𝑛 = 170

𝜃~𝐵𝑒𝑡𝑎 0,700102, 1

𝜃|𝐷𝑎𝑡𝑎~𝐵𝑒𝑡𝑎 0,700102 + 8, 1 + 162



CASES

Vaccinated 𝑛𝑣 = 8

Controls 𝑛 − 𝑛𝑣 = 162

𝑛 = 170

𝜃|𝐷𝑎𝑡𝑎~𝐵𝑒𝑡𝑎 8.700102, 163

𝐸 𝜃 𝐷𝑎𝑡𝑎 =
8.700102

8.700102 + 163
= 0.0506

𝐸 𝑉𝐸 𝐷𝑎𝑡𝑎 = 0.9467



CASES

Vaccinated 𝑛𝑣 = 8

Controls 𝑛 − 𝑛𝑣 = 162

𝑛 = 170

𝜃|𝐷𝑎𝑡𝑎~𝐵𝑒𝑡𝑎 8.700102, 163

𝑀𝑒 𝜃 𝐷𝑎𝑡𝑎 = 0.04893

𝑀𝑒 𝑉𝐸 𝐷𝑎𝑡𝑎 = 0.9485



CASES

Vaccinated 𝑛𝑣 = 8

Controls 𝑛 − 𝑛𝑣 = 162

𝑛 = 170

𝜃|𝐷𝑎𝑡𝑎~𝐵𝑒𝑡𝑎 8.700102, 155

𝜃𝜖[0.02319, 0.08799]
𝑉𝐸𝜖[0.9035, 0.9762]

Credibility intervals (2.5%, 97.5% quantiles)



Conclusion

• What is the final criterion to decide on the efficacy of the vaccine?



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

𝑉𝐸 = 1 − 𝐼𝑅𝑅

Success: 𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
To
1) compensate for interim analysis
2) Control overall type I error rate at 2.5%

2) Type I error rate is a frequentist concept, so here 
we are assessing a frequentist property of a 
Bayesian procedure.
How does it work?
Forget interim analysis for now, assume the 
decision rule for rejecting the null hypotheses

𝐻0: 𝑉𝐸 ≤ 30% 𝜃 ≥ 0.4118
is

𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
Checked at 𝑛 = 164, that is, the condition is

𝑛𝑣 ≤ 53
(since 𝑃 𝜃 < 0.4118 𝑛𝑣 = 54 = 0.985 and 
𝑃 𝜃 < 0.4118 𝑛𝑣 = 53 = 0.99), then the type I 
error occurs if

𝑛𝑣 ≤ 53|𝜃 > 0.4118
Which has probability at most

𝑃(𝑛𝑣 ≤ 53 𝜃 = 0.4118 = 0.0122



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

𝑉𝐸 = 1 − 𝐼𝑅𝑅

Success: 𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
To
1) compensate for interim analysis
2) Control overall type I error rate at 2.5%

1)



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

𝑉𝐸 = 1 − 𝐼𝑅𝑅

Success: 𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
To
1) compensate for interim analysis
2) Control overall type I error rate at 2.5%

1) This means that the actual stopping rule was to 
end declaring efficacy if at any of the following # 
of infected observed the number of vaccinated 
among them were below the threshold

Vacc
(threshold)

Cases

6 32

15 62

25 92

35 120



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

𝑉𝐸 = 1 − 𝐼𝑅𝑅

Success: 𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
To
1) compensate for interim analysis
2) Control overall type I error rate at 2.5%

1) This means that the actual stopping rule was to 
end declaring efficacy if at any of the following # 
of infected observed the number of vaccinated 
among them were below the threshold

Vacc cases

6 32

15 62

25 92

35 120



CASES

Vaccinated 𝑛𝑣

Controls 𝑛 − 𝑛𝑣

𝑛

𝜋𝑣 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑣𝑎𝑐𝑐𝑖𝑛𝑒)

𝜋𝑐 = 𝑃(𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑜𝑛|𝑐𝑜𝑛𝑡𝑟𝑜𝑙)

𝐼𝑅𝑅 =
𝜋𝑣
𝜋𝑐

𝑉𝐸 = 1 − 𝐼𝑅𝑅

Success: 𝑃 𝑉𝐸 > 30% 𝐷𝑎𝑡𝑎 ≥ 0.986
To
1) compensate for interim analysis
2) Control overall type I error rate at 2.5%



Conclusion

CASES

Vaccinated 𝑛𝑣 = 8

Controls 𝑛 − 𝑛𝑣 = 162

𝑛 = 170

𝜃~𝐵𝑒𝑡𝑎 0,700102, 1

𝜃|𝐷𝑎𝑡𝑎~𝐵𝑒𝑡𝑎 0,700102 + 8, 1 + 162

𝐸 𝜃 𝐷𝑎𝑡𝑎 =
8.700102

8.700102 + 163
= 0.0506

𝐸 𝑉𝐸 𝐷𝑎𝑡𝑎 = 0.9467
𝜃𝜖[0.02319, 0.08799]
𝑉𝐸𝜖[0.9035, 0.9762]

Credibility intervals 
(2.5%, 97.5% quantiles)









http://skranz.github.io//r/2020/11/11/CovidVaccineBayesian.h
tml?utm_source=feedburner&utm_medium=feed&utm_campa
ign=Feed%3A+skranz_R+%28Economics+and+R+%28R+Posts%2
9%29

http://skranz.github.io//r/2020/11/11/CovidVaccineBayesian.html?utm_source=feedburner&utm_medium=feed&utm_campaign=Feed%3A+skranz_R+%28Economics+and+R+%28R+Posts%29%29

